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Abstract

This paper offers two new statistical tests for serial correlation with better power properties.
The first test is concerned with wavelet-based portmanteau tests of serial correlation. The
second test extends the wavelet-based tests to the residuals of a linear regression model.

The wavelet approach is appealing, since it is based on the different behavior of the spectra
of a white noise process and that of a weakly stationary process. By decomposing the variance
(energy) of the underlying process into the variance of its low frequency components and that of
its high frequency components via wavelet transformation, we design tests of no serial correlation
against weakly stationary alternatives. The main premise is that ratio of the high frequency
variance to that of the overall variance of a white noise process is centered at 1/2 whereas
the relative variance of a weakly stationary process is bounded in (0,1). The limiting null
distribution of our test is N(0,1). We demonstrate the size and power properties of our tests
through Monte Carlo simulations. Our results are unifying in the sense that Durbin-Watson d
test is a special case of a wavelet-based test.
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1 Introduction

Testing for serial correlation has been long regarded as an important issue for modeling, in-
ference, and prediction.! From the perspective of a stochastic process, testing for the absence
of dynamic dependencies is often important for modeling and forecast evaluation. In a regression
framework, the presence of serial correlation leads to the inconsistency of the ordinary least squares
estimators when the regressors contain lagged dependent variables.

One of the well-known portmanteau tests for serial correlation in econometrics is the so-called
Box and Pierce (1970) (BP) test. Ljung and Box (1978) is a modified version of the BP, improving
its small sample properties. Extension of the BP test to a general class of dependent processes,
including non-martingale difference sequences, is proposed by Lobato et al. (2002). Escanciano and
Lobato (2009) introduce a data-driven BP test to overcome the choice of number of autocorrelations.
The main limitations of these tests is that large samples are required to provide a reasonable
approximation to the asymptotic distribution of the test statistics when the null is true. Hence, our
first objective is to improve the small sample performance of portmanteau tests of serial correlation.

A natural extension of the portmanteau framework is through the residuals of a regression
model. In the linear regression setting, the most well-known test for serial correlation is the d-
test of Durbin and Watson (1950, 1951, 1971).2 The d test has several limitations however. In
particular, it uses a first-order autocorrelation as the alternative model and cannot be used when
the regressors include lagged values of the dependent variable. Moreover, its usage is subject to
standard tables that are cumbersome and often lead to inconclusive results, and are designed for a
one-sided test against positive serial correlation when often negative serial correlation is of interest
as well. The inability to carry out a two-sided test is a serious limitation that we will address
in our tests. Alternative tests proposed by Breusch (1978) and Godfrey (1978) are based on the
Lagrange multiplier principle, but although they allow for higher order serial correlation and lagged
dependent variables, their finite sample performance can be poor.

Unlike time-domain tests, spectral tests may offer attractive frequency localization features with
potential small sample improvements. Hong (1996) uses the kernel estimator of the spectral density
for testing serial correlation of arbitrary form. His procedure relies on a distance measure between
two spectral densities of the data and the one under the null hypothesis of no serial correlation.
Paparoditis (2000) proposes a test statistic based on the distance between a kernel estimator of the
ratio between the true and the hypothesized spectral density and the expected value of the estimator
under the null. However, estimation methods, like the kernel method, cannot easily detect spatially
varying local features, such as jumps. Hence, it is important to design test procedures with the

!See for instance Yule (1926).

2There are several important papers in this area, such as Robinson (1991) which allows for the presence of
conditional heteroskedasticity and long memory alternatives. Andrews and Ploberger (1996) facilitate the testing
for white noise against ARMA(1,1) alternatives and Godfrey (2007) enables comparisons of the Lagrange multiplier
tests with bootstrap-based tests. This list is by no means exhaustive.



ability to have high power against such alternatives. This paper aims to accomplish this goal.

Wayvelet methods are particularly suitable in such situations where the data has jumps, kinks,
seasonality and nonstationary features. The framework established by Lee and Hong (2001) is a
wavelet-based test for serial correlation of unknown form that effectively takes into account local
features, such as peaks and spikes in a spectral density.® Duchesne (2006) extends the Lee and
Hong (2001) framework to a multivariate time series setting. Hong and Kao (2004) extend the
wavelet spectral framework to the panel regression. The simulation results of Lee and Hong (2001)
and Duchesne (2006) indicate size over-rejections and modest power in small samples. Reliance
on the estimation of the nonparametric spectral density together with the choice of the smooth-
ing/resolution parameter intimately affects their small sample performance. Recently, Duchesne
et al. (2010) have made use of wavelet shrinkage (noise suppression) estimators to alleviate the
sensitivity of the wavelet spectral tests to the choice of the resolution parameter. This framework
requires a data-driven threshold choice and the empirical size may remain relatively far from the
nominal size. Therefore, although a shrinkage framework provides some refinement, the reliance
on the estimation of the nonparametric spectral density slows down the rate of convergence of the
wavelet-based tests, and consequently leads to poor small sample performance.

Our approach builds on the wavelet methodology, but is directly based on the variance-ratio
principle, rather than the estimation of the spectral density, often associated with poor small sample
performance. By decomposing the variance (energy) of the underlying process into the variance of
its low and high frequency components via wavelet transformation, we propose to design variance-
ratio type serial correlation tests that have substantial power relative to existing tests.*

The originality of our approach resides in the fact that we directly utilize the wavelet coefficients
of the observed time series to construct the wavelet-based test statistics in the spirit of Von Neumann
variance ratio tests. Since the proposed test statistic is not based on a quadratic norm of the
distance between empirical spectral density and the spectral density under the null hypothesis, a
nonparametric spectral density estimator is not needed and the rate of convergence issues relating to
the nonparametric spectral density are not of first order of importance. In addition, this framework
is important and innovative, as the design we propose leads to serial correlation tests with desirable
empirical size and power in small samples and does not suffer from the aforementioned small sample
limitations of the existing tests. Because the construction of the tests is based on the additive
decomposition of the wavelet and scaling coefficients, the ratio of the sum of the squared wavelet
to scaling coefficients converges to the normal distribution at the parametric rate under the null
hypothesis. Equally importantly, the proposed tests are easy to implement as their asymptotic null

3Such features can arise from the strong autocorrelation or seasonal or business cycle periodicities in economic
and financial time series.

4Recently, Fan and Gencay (2010) propose a unified wavelet spectral approach to unit root testing by providing
a spectral interpretation of existing Von Neumann unit root tests. Xue and Gengay (2010) propose wavelet-based
jump tests to detect jump arrival times in high frequency financial time series data. These wavelet-based unit root,
cointegration and jump tests have desirable empirical size and higher power relative to the existing tests.



distributions are nuisance parameter free.
In Section 2, we illustrate our tests and generalize it to the linear regression setting subsequently.
In Section 4, we present the Monte Carlo simulations. Conclusions follow afterwards.

2 Portmanteau Tests

Let {yt}z;l be a univariate weakly stationary time series process with E(y;) = u =0, Var(y) =
o2, Cov(yt,yi—j) = El(yt — u)(ye—j — u)] = ~; for all j > 0. The jth order autocorrelation is
p; = /Y- We consider tests for Hy : pj = 0 for all j > 1 against Hy : pj # 0 and 0 < |p;| < 1 for
some j > 1. Our starting point will be the unit-scale discrete wavelet transformation (DWT) with
Haar filter.® This will be a good benchmark to compare against with Daubechies (1992) compactly
supported wavelet filters. A further extension will be the unit-scale maximum overlap discrete
wavelet transformation (MODWT) to gain further efficiency. We will show that the test based on
MODWT with the Haar filter resembles the Durbin-Watson d test in the linear regression setting.

2.1 DWT - Haar Filter Case

Let {h;} = (ho, ..., hr—1) be a finite length discrete wavelet filter such that it integrates (sums)
to zero ZlL:_Ol h; = 0 and has unit variance ZlL:_Ol h? = 1. In addition, the wavelet (or high-pass)
filter h; is orthogonal to its even shifts; that is, ZlL:_Ol hihiyo, = 0 for all nonzero integers n. For
all the wavelets considered here, the scaling (low-pass) filter coefficients are determined by the
quadrature mirror relationship

g =Dy for 1=0,...,L—1. (1)

The inverse relationship is given by h; = (—1)'gr_1_;. The scaling filter coefficients integrates
(sums) to ZlL:_Ol g1 = /2 and has unit variance ZlL:_Ol g? = 1, orthogonal to its even shifts; that is,
ZlL:_Ol G1914+2n, = 0 for all nonzero integers n.5

Consider the unit scale Haar DWT, {h;}§ = (ho = 1/v2,hy = —1/V/2) of {yt}z;l where T is
assumed to be even.” The wavelet and scaling coefficients are given by

1
Wi1 = ——=(yor —yo1), t=1,2,...,T/2, 2
t,1 \/E(y% Yot 1) / ( )
1
Vit = —=Wor +y2—1), t=1,2,...,T/2. (3)

V2

The wavelet coefficients {W; 1} capture the behavior of {y;} in the high frequency band (1/2,1),
while the scaling coefficients {V; 1} capture the behavior of {y;} in the low frequency band (0,1/2).

5A technical introduction to wavelet transformations is presented in Appendix Al.
5Note that ZZL;Ol gihit2n = 0 for all integers n, see Percival and Walden (2000), page 77.
"This assumption can easily be relaxed under several boundary treatment conditions.



The total variance of {yt}z;l is given by the sum of the variances of {W;;} and {V;;}. Since for
a white noise process, the variance of the scaling coefficients {V; 1} and the wavelet coefficients
{W 1} are distributed evenly, the following test statistic is proposed:

T/2
Wt21

: (4)
T/2
Vz€21 + >t / Wt21

Gr1 = T/2

Heuristically, CA¥T71 should be close to 1/2 under Hy, since the numerator is half of the denominator,
while under Hy, 0 < G71 < 1. These statements are formalized in the following lemma.

~ ~ _ 2
Lemma 2.1 Under Hy, Gr1 = %—l— op(1), while under Hy, Gr1 = E(y2t+yi(7y12§2fg(7yl;§—y2t71)2 +
op(1).

Equations (2) and (3) imply:

1
_(ygt + y%t—l + 2y21Y2t—1) (5)

1
; ~(y3; + Y3r_1 — 2y2ey2e—1) and Vi) = 3

W, =
t,1 2

Using Equation (5), together with Equation (4), we obtain the following under Hy

/2
Gry = T/2 Ve gtTl/z - (6)
1 £1
_ 3 3/12(11215 +y31) — 23/12 YotY2e-1 1)
?/12 (Y3 + Y31
1 1 o, (T 1

= 3" %(yyfy) 3@ =3 ol 0

Note that:

0 < E(yat — y2r-1)° _ L (Wtz,l) <1

E(yat +y2-1)* + E(yat —y2u-1)* g (Vt?1> +E (Wt2,1>

We conclude that it is the relative magnitude of the variance of the wavelet coefficients to that
of the scaling coefficients that determines the power of the test based on CA¥T71 and we expect test
based on CA¥T71 to have substantive power against Hy. Under Hq, the ratio approaches to zero for a
stationary long memory process and approaches to one for a short-memory process. The asymptotic
null distribution of GTJ under Hy is summarized in the following theorem.

Theorem 2.2 Under Hy, \/2T(CA¥T71 —1/2) = N(0,1) where N(0,1) is the standard normal
distribution.



Proof: Noting that

T/2
R e Y
—7N(20;§;72/ 2) 4 0y(1) = —Uz(T/Qi);ﬁg(o’ D4 o,(1) (10)
- T ) (1)
VAT (Gra—5) = N(0,1)+ 0,(1) under the Ho. (12)

2

because of the symmetry of the normal distribution around its mean.

2.2 DWT - Length-2 Filter Case

Consider the unit scale {h;}} = (ho, h1) filter DWT of {yt}z;l where T is assumed to be even.?
The wavelet and scaling coefficients are given by

Wii = hoya + hiyo—1, t=1,2,...,T/2, (13)
Vit = goyar + giya—1, t=1,2,...,T/2. (14)

These statements are formalized in the following lemma.

G ; 2l E(hoyat+hiyze—1)2
Lemma 2. nder H, =1 = .
3 Under Hy, Gr1 = 5+0p(1), while under Hy, Gr,1 E(h()y2t+h1y2t71)2+E(90y2t+91y2t71)2+
0:17(1)-

Equations (13) and (14) imply:
W2 = (hoysy + haysi_1 + 2hohiyayz—1) and Vi = (goy3, + 919511 + 29091 Y2ey2e—1) (15)

Using Equation (15), together with Equation (4), we obtain the following under Hy

T/2

éT’l T/2 2 Wtj}/2 2 (16)
Vi 22 Wi
T T
_ h > /12 Yo + it i y2t 1+ 2hohy Zt S yaryar (17)

T
(h§ + 95) th/l y3, + (B + g7) Zt y2t 1 +2(hoh1 + gog1) Zt 1 YorY2t—1

8This assumption can easily be relaxed under several boundary treatment conditions.



(hoh1 + gog1) = (hoh1 — hoh1) =0, h§ +h3 =1, g3 + g7 = 1, hy = —ho, h{ = h3 and go = —hy,
g1 = hg)? so that

T/2 T/2 T/2
A _ h%(Zt /1 y2t + Zt /1 y2t 1) — 2h2 th/l Y2tY2t—1
Grap = (18)
Zt y2t+2t 1y2t 1
_ o2 2h3 S oy 2 op(T)
= h2—

T/2 T/2 -0
> /1 y2t >t /1 y2t 1 Op(T)

The asymptotic null distribution of C?T 1 under Hj is summarized in the following theorem.

= h{ + 0p(1) (19)

Theorem 2.4 Under Hy, /T M — N(0,1) where N(0,1) is the standard normal dis-
tribution.

Proof: Noting that

T/2
Zt /1 Y2tY2t—1

G- hg B _2hg T/z(yzt +931) 2

— _2h27N(0 ;;72/2) +op(1) = _2h302(€£§¥;ZN(0, D +o,(1) (21)

_ w2 Nﬁ% T op(1) (22)

T2 @Tzi;hg) N(0,1) + 0p(1) under the H. (23)
0

For Haar filter, h3 = 1/2 so that we obtain the same result in Equation (12).

2.3 DWT - General Filter Case

Since as the length of the filter L increases, the approximation of the Daubechies wavelet filter
to the ideal high-pass filter improves'?,
Our goal here is to capitalize on such power gains through more general filters. For a general

we expect tests based on GT 1 to gain power as L increases.

wavelet filter {h;} lL:_Ol, the unit scale wavelet and scaling coefficients are'! given by

L—1 L—1
1= Z hiyot—y mod T', Vi1 = Z qiy2t— mod T, (24)
1=0 1=0

9This is from the quadrature mirror filter property, gi = (—l)thL,l,l.

OPercival and Walden (2000) provide an excellent discussion on this matter.

g —bmod T stands for “a — b modulo T”. If j is an integer such that 1 < j < T, then jmod T = j. If j is
another integer, then j mod T'= j 4+ nl" where nT is the unique integer multiple of 7" such that 1 < j+nT < T.



where ¢t = 1,...,7/2 and T is assumed to be even. Again the wavelet coefficients {W; 1} extract
the high frequency information in {y;} , whereas scaling coefficients {V; 1} extract the low frequency
information in {y;}. This implies that the variance of the wavelet and scaling coefficients should
be evenly distributed under H(, which forms the basis for serial correlation tests. The following
definition for éél

T/2
/th

T/2
‘/1521‘1’2 /

forms the basis of the serial correlation test. Heuristically, G% 1 should be close to 1/2 under Hy,

éIL“,l = (25)

T/2 2
1 Wis

since the numerator is the half of the denominator, while under Hj, CAleﬂl is bounded in interval
(0,1). It is the relative magnitude of the variance of the wavelet coefficients to that of the scaling
coeflicients, together with filters with better frequency localization features, which will determine
the power.

Equations 24 imply:

T/2 T/2 /L—1 2
oWk = (Z hiy2t—1 mod T) (26)
t=1 t=1 =0
L-1 T/2 L—2 L—2 T/2
= MEY U tmoar +2D B D i1 > Y2 jmod T Y2t-1-lmod T
=0 =1 =0 1= t=1
T/2 T/2 /L-1 2
Z Vt?l = (Z 91Y2t—1 mod T) (27)
t=1 t=1 =0
L-1 T/2 L—2 L-2 T/2
= T Ut tmoar +2 D95 D hi41 Y Y2t—jmod T Y2t—1—L mod T
=0 t=1 =0 1= t=1
T/2
2 2
> (Wh+VA) = (28)
t=1
L-1 T/2
2, 2 2
= (hi +91)Zy2t—l mod T T
1=0 t=1
—2 L2 T/2
2 (hj+97) > (i1 +9141) Y Y2t—jmodT Y2r-1-tmodr  (29)
7=0 l=j t=1

The reduced form of the denominator for CA¥7L~1 in Equation (25) is stated in the following lemma.



T/2 T/2 T/2 T
Lemma 2.5 th/l (Wt2,1 + Vtz1) = th/l Y3, + th/z Yai 1 = 211 Vi -
Proof: See Appendix B.

The asymptotic null distribution of CA¥T71 under Hy is summarized in the following theorem.

(ij—l/z) > = V2T(Gpy1 — 1/2) = N(0,1) + 0,(1) where
T ) |

N(0,1) is the standard normal distribution.

Theorem 2.6 Under Hy, /T/2

Proof: See Appendix B.

2
Since ( lL:—l(L/z) h%l_1> = 1/2, the limiting distribution of the test statistic is same as in Equa-
tion (12).

2.4 MODWT - General Filter Case
L-1

For a general wavelet filter {fu}l . the unit scale wavelet and scaling coefficients are!? given
by B
. L—1 N L—1
Wii= Z hiyt— mod T, Vi1 = Z Giyt—1 mod T, (30)
1=0 1=0

where t = 1,...,T. Again the wavelet coefficients {Wt,l} extract the high frequency information

in {y;}, whereas scaling coefficients {TN/“} extract the low frequency information in {y;}. This
implies that the variance of the wavelet and scaling coefficients should be evenly distributed under
Hy, which forms the basis for serial correlation tests. The following definition for GQL~71

o~
~L > WA
T17 ST 1 T 77
> i1 Vt?l + D i1 Wt2,1

forms the basis of the serial correlation test. Heuristically, C~¥7L~1 should be close to 1/2 under Hy,

(31)

since the numerator is the half of the denominator, while under Hj, C~¥7L~1 is bounded in interval
(0,1). It is the relative magnitude of the variance of the wavelet coefficients to that of the scaling
coeflicients, together with filters with better frequency localization features, which will determine
the power.

Equation (30) imply:

T To/L-1 2
YW o= > (Z hiyt—1 mod T) (32)
t=1

124 — bmod T stands for “a — b modulo T”. If j is an integer such that 1 < j < T, then jmod T = j. If j is
another integer, then j mod T' = j 4+ nl" where nT is the unique integer multiple of 7" such that 1 < j+nT < T.




T
)

L—2 L2 T

- ) B B

= hi E Yi—lmod T T 2 E h; E hit1 E Yt—j mod T Yt—1—l mod T
=0 1= =1

t=
<
l

N
Il

o
—

M=

L 2
G1Yt—1 mod T) (33)

T

~9 _
> VA =
t=1

=1 \1=0
L1 T L-2 L-2 T
= T Ui tmoar +2D 05 D Gi41 Y Yi—jmod T Yi—1—Imod T
=0 t=1 =0 1=y =1
T —~ ~
> (Wt%l + Vt?l) = (34)
t=1
L1 T
N
= Z(hl +37) Zytz—l mod T+
1=0 t=1
2 L2 T
2) (hj+3;) Z(hlﬂ + Gi41) Z Yt—j mod T Yt—1—1 mod T (35)
=0 1= t=1

The reduced form of the denominator for CA¥7L~1 in Equation (31) is stated in the following lemma.

Lemma 2.7 23;1 (ng + ‘N/tzl> = Z?:l Y7

Proof: See Appendix B.

The asymptotic null distribution of C~¥T71 under Hy is summarized in the following theorem.

Theorem 2.8 Under Hy, \/T< Z(L(;T(Ll/_z)l{z) )2 = \/4T(C~¥T71 —1/2) = N(0,1) + 0,(1) where
234 hai—1

. 2
N(0,1) is the standard normal distribution and ( lL:—l(L/z) h%l_1> = 1/4.

Proof: See Appendix B.

3 Residual-based Tests

Let y; = x}0 + u; where x; is a vector of exogenous regressors. {u;} is a weakly stationary
process with E(u;) =0, Var(u;) = 02, Cov(ug, ut—j) = Elugus—;] =y, for all j > 0. The jth order
autocorrelation is p; = vj/v0. Let B be any consistent estimator of 3 obtained from the observed



sample and let 4y = y; — XQB We consider tests for Hy : p; = 0 for all j > 1 against Hy : p; # 0
and 0 < [p;| < 1 for some j > 1.
We illustrate the test with level-one MODW'T decomposition with Haar filter below,

T 1172 AT A2 1INT o s 1T -
CNJT Zt:l Wt,l _ 2 Zt:l Uy — 3 thz Ugthg—1 1 5 thz UtUt—1
T,1 5 T =T o0

T T o T o, T - T -
S VA i W D UF 2 > U

The null distribution in this particular case will be vV47T'( ~§~71 —1/2) = N(0,1).

It is interesting to note that under Hy, G%l can be expressed as

T 157 T /[~ N
ar. . — Zt:l Wt2,1 . i > i (U — ut—1)2

T1 7 T W2 T 2 T -2

> i1 i1t > i1 t1 D i Uy
since the denominator is equal to the overall variance of the data. Equation (36) differs from the
Durbin-Watson test only by the factor 1/4 in the numerator. The value of the Durbin-Watson test

lies between 0 and 4 and the wavelet test lies between 0 and 1. The wavelet test has a simple null
distribution which is standard normal.

(36)

4 Monte Carlo Simulations

In this section, we investigate the finite sample performance of the new wavelet tests.'3 Figures
1 and 2 illustrate that empirical distribution of the wavelet-based tests closely approximates the
standard normal distribution for sample sizes as small as 50. Tables 1 and 2 report the results
of the portmanteau tests where the wavelet test (CAJTJ) is compared to the Ljung-Box (LB) and
Box-Pierce (BP) tests. Comparisons are carried out at the 1% and 5% levels. The data is simulated
from an AR(1) process, y; = ¢ys—1 + us, where ug ~ iidN (0, 1) and MA(1) process, ys = uy +0Ous_1,
where u; ~ iidN (0, 1). All simulations are with 200 observations and 5,000 replications.

We provide two sets of wavelet tests results, one with discrete wavelet transformation (DWT)
in Table 1, and the other is maximum overlap discrete wavelet transformation (MODWT) in Table
2. The DWT portmanteau test in Table 1, CA¥T71, has good empirical size relative to LB and BP
tests. The empirical size of CA¥T71 is 0.011 and 0.050 at the 1% and 5% levels. The empirical size
of LB and BP tests are 0.019, 0.063 and 0.011, 0.041 for 1% and 5% levels, respectively. The LB
test over rejects at both nominal levels. The BP tests under rejects at the 5% level. Furthermore,
empirical size of LB and BP tests are sensitive to the lag length selection where the degree of
over or under rejection magnifies significantly at different lag lengths. The DWT portmanteau test
possesses significant power advantage over its competitors. The power of CA¥T71 can be as large as
91% higher than its competitors.

1311 the following tables, we report empirical size and power and do not adjust the empirical power for variations
in empirical size.

10



In Table 2, we study the MODWT-based portmanteau test. Similar to Table 1, the C~¥T71 test
has almost exact size whereas its competitors suffer from size distortions. The size distortions of
the LB and BP tests vary across different lag lengths which is difficult to choose optimally. With
MODWT-based wavelet test C~¥T71, the power can be as large of 354% relative to the powers of LB
and BP tests. N

In Table 3, the study the residual-based tests. The MODWT test, G |, has good empirical size
relative to DW-d and BG tests. BG test has serious size distortions and this distortion gets worse
at higher lags. Given such desirable empirical size and better power, the égﬂl test is a reliable,
practical residual-based test statistic.

5 Conclusions

Our tests provide a novel approach in separating the variance of the data by constructing test
statistics from its lower and higher frequency dynamics. Our results provide a unifying framework
where Durbin-Watson d test is a special case of a wavelet-based test. The intuitive construction
and simplicity are worth emphasizing. The simulation studies demonstrate the significant power
improvement of our tests with desirable empirical sizes.

11



Gt LB BP
AR(D)/¢ 1% 5% | 1% 5% | 1% 5%
-0.30 0.675 0.866 | 0.596 0.782] 0.549 0.746
-0.20 0.272 0.516 | 0.207 0.371 | 0.172 0.322
Size 0.00 0.011 0.050 | 0.019 0.063 | 0.011 0.041
0.20 0.275 0.517 | 0.179 0.353 | 0.146 0.302
0.30 0.682 0.866 | 0.553 0.740 | 0.501 0.699
MA(M)/6 1% 5% | 1% 5% | 1% 5%
-0.30 0.575 0.794 | 0.421 0.644 | 0.369 0.592
2020 0.237 0477 | 0.156 0.317 | 0.124 0.262
Size 0.00 0.011 0.050 | 0.019 0.063 | 0.011 0.041
0.20 0.242 0.480 | 0.176 0.339 | 0.139 0.289
0.30 0.580 0.800 | 0.441 0.667 | 0.385 0.611

Table 1: SIZE AND POWER OF THE CAJTJ TEST
The wavelet test statistic is calculated with a unit scale DWT and with the Haar filter. The AR(1)
data is simulated from y; = ¢ys—1 + u, where wy ~ idN(0,1). The MA(1) data is simulated
from y; = wuy + Oup_1, where wu; ~ idN(0,1). All simulations are with 5,000 replications and
200 observations. GTJ is the wavelet test which is based on standard normal critical values of a
two-sided test. LB and BP are Ljung-Box and Box-Pierce tests which are based on chi-squared

distribution with 20 degrees of freedom.

12



Gt LB BP
AR(D)/¢ 1% 5% | 1% 5% | 1% 5%
-0.30  0.949 0.987 | 0.596 0.782] 0.549 0.746
-0.20 0.593 0.805 | 0.207 0.371| 0.172 0.322
Size 0.00 0.009 0.051 | 0.019 0.063 | 0.011 0.041
0.20 0.582 0.796 | 0.179 0.353 | 0.146 0.302
0.30 0.950 0.984 | 0.553 0.740 | 0.501 0.699
MA(M)/6 1% 5% | 1% 5% | 1% 5%
-0.30 0.921 0.979 | 0421 0.644 | 0.369 0.592
2020 0.552 0.786 | 0.156 0.317 | 0.124 0.262
Size 0.00 0.009 0.051 | 0.019 0.063 | 0.011 0.041
0.20 0.553 0.776 | 0.176 0.339 | 0.139 0.289
0.30 0.920 0.982 | 0.441 0.667 | 0.385 0.611

Table 2: SIZE AND POWER OF THE C~¥T71 TEST
The wavelet test statistic is calculated with a unit scale MODWT and with the Haar filter. The
AR(1) data is simulated from y; = py;—1 + u¢, where uy ~ iidN (0, 1). The MA(1) data is simulated
from y; = wuy + Ouy_1, where wu; ~ 4idN(0,1). All simulations are with 5,000 replications and
200 observations. G is the wavelet test which is based on standard normal critical values of a
two-sided test. LB and BP are Ljung-Box and Box-Pierce tests which are based on chi-squared

distribution with 20 degrees of freedom.
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T DW-d BG
AR(D/¢ 2% 10% | 2% 10% | 2% 10%
-0.30 0.345 0.633| 0.267 0.519 | 0.341 0.621
Size 0.00 0.019 0.097 | 0.012 0.084 | 0.025 0.120
0.30 0.256 0.526 | 0.249 0.502 | 0.215 0.511
MA(1)/60 2% 10% | 2% 10% | 2% 10%
-0.30 0.168 0.427 | 0.166 0.402 | 0.161 0.418
Size 0.00 0.019 0.097 | 0.012 0.084 | 0.025 0.120
0.30 0.282 0.567 | 0.195 0.445 | 0.279 0.562

Table 3: S1ZE AND POWER OF THE éTTl TEST
The wavelet test statistic is calculated with a unit scale MODWT and with the Haar filter. The data
is simulated from y; = 142214+ 3wor + 43 —5x4e —6x5:+us, up = pus—1+€; where ¢ ~ iidN(0,1)
and |p| < 1. Under the null hypothesis, p = 0 and under the alternative p # 0. {z;}i_; are
generated from multivariate normal distribution with a correlation coefficient of 0.1. All simulations
are with 50 observations and 5,000 replications. égﬂl is the wavelet test, DW-d is the Durbin-
Watson test and BG is the Breusch-Godfrey test. Durbin-Watson significance levels are calculated
for a two-sided alternative with critical vales of d > 4 — 1.32, or d < 1.32 for 2 percent level and
d >4 —1.50, or d < 1.50 for 10 percent level for T' = 50. Breusch-Godfrey test critical values are

calculated with x?(1).
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Figure 1: The null distribution of é% 1

[ I I I I
-4 -2 0 2 4

G-Test Null Distribution

Circles: The null distribution of é%l for ' = 50 with 5,000 simulations. Solid Line: N(0,1).
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Figure 2: The null distribution of é% 1

T T T T T
-4 -2 0 2 4
G-Test Null Distribution

Circles: The null distribution of é%l for "= 100 with 5,000 simulations. Solid Line: N (0, 1).
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Appendix A - Wavelet Transformations'*

A wavelet is a small wave which grows and decays in a limited time period.'® To formalize the
notion of a wavelet, let ¢(.) be a real valued function such that its integral is zero, ffooo P(t)dt =0,
and its square integrates to unity, ffooo¢(t)2dt = 1. Thus, although #(.) has to make some
excursions away from zero, any excursions it makes above zero must cancel out excursions below
zero, i.e., 1(.) is a small wave, or a wavelet.

Fundamental properties of the continuous wavelet functions (filters), such as integration to zero
and unit variance, have discrete counterparts. Let h = (hg,...,hr—1) be a finite length discrete
wavelet (or high pass) filter such that it integrates (sums) to zero, ZlL:_Ol h; = 0, and has unit
variance, ZlL:_Ol h12 = 1. In addition, the wavelet filter A is orthogonal to its even shifts; that is,

Z hihiion = Z hihiyon, =0, for all nonzero integers n. (37)

l=—00

The natural object to complement a high-pass filter is a low-pass (scaling) filter g. We will
denote a low-pass filter as g = (go, - . ., gr.—1). The low-pass filter coefficients are determined by the
quadrature mirror relationship®

g =D,y for 1=0,...,L—1 (38)

and the inverse relationship is given by hy = (—1)!gr_1_;. The basic properties of the scaling filter

are: Y150 01 = V2 Xilg 0} =

Z gig142n = Z gigi+2n = 0, (39)

l=—00

for all nonzero integers n, and

Z giliyon = Z gihiyon =0 (40)

l=—0c0

for all integers n. Thus, scaling filters are average filters and their coefficients satisfy the orthonor-
mality property that they possess unit variance and are orthogonal to even shifts. By applying both

1 This appendix offers a brief introduction to Wavelet transformations. Interested readers can consult Gencay et al.
(2001) or Percival and Walden (2000) for more details.

15This section closely follows Gengay et al. (2001), see also Percival and Walden (2000). The contrasting notion is
a big wave such as the sine function which keeps oscillating indefinitely.

16Quadrature mirror filters (QMFSs) are often used in the engineering literature because of their ability for perfect
reconstruction of a signal without aliasing effects. Aliasing occurs when a continuous signal is sampled to obtain a
discrete time series.
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h and g to an observed time series, we can separate high-frequency oscillations from low-frequency
ones. In the following sections, we will briefly describe discrete wavelet transformation (DWT) and
maximum overlap discrete wavelet transformation (MODWT).

A.1 Discrete Wavelet Transformation

With both wavelet filter coefficients and scaling filter coefficients, we can decompose the data
using the (discrete) wavelet transformation (DWT). Formally, let us introduce the DWT through
a simple matrix operation. Let y to be the dyadic length vector (T' = 27) of observations. The
length T vector of discrete wavelet coefficients w is obtained via

w =Wy

where W is an T x T orthonormal matrix defining the DW'T. The vector of wavelet coefficients
can be organized into J + 1 vectors, w = [w1, Wa, ..., wy, v,] , where w; is a length T/27 vector
of wavelet coefficients associated with changes on a scale of length \; = 2/=1 and v is a length
T /27 vector of scaling coefficients associated with averages on a scale of length 27 = 2.

The matrix WV is composed of the wavelet and scaling filter coefficients arranged on a row-by-row
basis. Let

hy = [hi N1, haN—2, -, hi, hig)

be the vector of zero-padded unit scale wavelet filter coefficients in reverse order. Thus, the coeffi-
cients h1 0, ..., h1,,—1 are taken from an appropriate ortho-normal wavelet family of length L, and
all values L <t < T are defined to be zero. Now circularly shift h; by factors of two so that

h{? = (A1, hio, hav—1 han2. .. b bl

h§4) = [h1,37 h1,27 hl,lv hLO Tt h1’5’ h1’4]/

and so on. Define the 7'/2 x T' dimensional matrix W; to be the collection of 7'/2 circularly shifted
versions of hy. Hence,

wr =02 w7 n)

Let hy be the vector of zero-padded scale 2 wavelet filter coefficients defined similarly to hy. W is
constructed by circularly shifting the vector hy by factor of four. Repeat this to construct W; by
circularly shifting the vector h; (the vector of zero-padded scale j wavelet filter coefficients) by 27,
The matrix V; is simply a column vector whose elements are all equal to 1/v/T. Then, the T x T
dimensional matrix W is W = Wy, Wa, ..., Wy, VJ]/.

When we are provided with a dyadic length time series, it is not necessary to implement the
DWT down to level J = logy (7). A partial DWT may be performed instead that terminates at level
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Jp < J. The resulting vector of wavelet coefficients will now contain T'— T'/2”» wavelet coefficients
and T/27r scaling coefficients.
The orthonormality of the matrix W implies that the DW'T is a variance preserving transfor-

mation: ‘
T/27 J [T/2

T
2
Iwi* =D vf,+ > [ Dowiy| =D wi=Ilyl*.
t=1 j=1 \ t=1 t=1
This can be easily proven through basic matrix manipulation via
IyI2 = ¥'y = VW) Ww = w W Ww = w'w = [l

Given the structure of the wavelet coefficients, ||y||2 is decomposed on a scale-by-scale basis via

J
2 2 2
Iy [1* =D llewsll* + [fosl (41)
j=1
where |Jw;||* = 3;/12] wzj is the sum of squared variation of y due to changes at scale A\; and
J
lvs|* = 3;/12 vz 7 is the information due to changes at scales \; and higher.

A.2 Maximum Overlap Discrete Wavelet Transformation

An alternative wavelet transform is maximum overlap discrete wavelet transformation (MODWT)
which is computed by not sub-sampling the filtered output. Let y be an arbitrary length T" vector
of observations. The length (J 4 1)T vector of MODWT coefficients w is obtained via

W =Wy,
where W is a (J +1)T x T matrix defining the MODWT. The vector of MODWT coefficients may
be organized into J + 1 vectors via
W =W, Wy,...,wys, v, (42)

where w; is a length T vector of wavelet coefficients associated with changes on a scale of length
Aj = 2/~ and v is a length T vector of scaling coefficients associated with averages on a scale of
length 27 = 2\, just as with the DWT.

Similar to the orthonormal matrix defining the DWT, the matrix W is also made up of J+1
sub-matrices, each of them 7" x T', and may be expressed as
Wi
W,

W,
Vi
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The MODWT utilizes the rescaled filters (j = 1,...,J)
hj =h;/2//? and §; =gs/27/%

To construct the 7' x T" dimensional sub matrix Wl, we circularly shift the rescaled wavelet filter
vector h; by integer units to the right so that

_ S oy~ vy ~(no1y ~ 1T
W, = [hg1>,hgz>,hg3>,...,hgfv DY Ry (43)

This matrix may be interpreted as the interweaving of the DW'T sub matrix W; with a circularly
shifted (to the right by one unit) version of itself. The remaining sub matrices Wg, .. .,17\//] are
formed similarly to Equation 43, only replace h; by flj.

In practice, a pyramid algorithm is utilized similar to that of the DWT to compute the MODWT.
Starting with the data z; (no longer restricted to be a dyadic length), filter it using h; and g; to
obtain the length T vectors of wavelet and scaling coefficients w1 and vy, respectively.

For each iteration of the MODWT pyramid algorithm, we require three objects: the data
vector x, the wavelet filter /; and the scaling filter ;. The first iteration of the pyramid algorithm
begins by filtering (convolving) the data with each filter to obtain the following wavelet and scaling
coefficients:

L1 L1
Wy = g hiYt—tmod T and vy = § 1Yt —1 mod T
=0 =0

where t = 1,...,T. The length T vector of observations has been high- and low-pass filtered to
obtain T coefficients associated with this information. The second step of the MODWT pyramid
algorithm starts by defining the data to be the scaling coefficients v; from the first iteration and
apply the filtering operations as above to obtain the second level of wavelet and scaling coefficients

L-1 L—1
Woy = Z hiv1 t—2imod T and vy = Z G1V1,t—21 mod T
=0 =0
t=1,...,T. Keeping all vectors of wavelet coefficients, and the final level of scaling coefficients,

we have the following length T’ decomposition: W = [W; Wy Va]'. After the third iteration of the
pyramid algorithm, where we apply filtering operations to va, the decomposition now looks like
W = [W] Wy W3 Vg]/. This procedure may be repeated up to J times where J = logy(T') and gives
the vector of MODWT coefficients in Equation 42.

Similar to DWT, MODWT wavelet and scaling coefficients are variance preserving

] Z tJ+Z (Z%,) Zéyfz Iyl -
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and a partial decomposition J, < J may be performed when it deems necessary.

The following properties are important for distinguishing the MODWT from the DWT. The
MODWT can accommodate any sample size T', while the J,th order partial DWT restricts the
sample size to a multiple of 277, The detail and smooth coefficients of a MODWT are associated
with zero phase filters. Thus, events that feature in the original time series can be properly aligned
with features in the MODWT multi resolution analysis. The MODWT is invariant to circular
shifts in the original time series. This property does not hold for the DWT. The MODW'T wavelet
variance estimator is asymptotically more efficient than the same estimator based on the DWT.
For both MODWT and DWT, the scaling coefficients contain the lowest frequency information.
But each level’s wavelet coefficients contain progressively lower frequency information.
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Appendix B — Proofs

Proof of Lemma 2.5: Let v; = (2/7) 2212 Y2t mod T Y2t—j mod T SO that

/2
(2/T) Z (Wt2,1 + Vt?l) = (44)
=1
L1 L2
D (hf 4970 +2(ho + 90) Y (hiyr + gir) v +
1=0 1=0
2(h+ g1 Z hist + gi41) i1 + 2(he + g2 Z hist + gie) v + o+
—1 1=2
2(hp—2 + gL—z)(hL—1 +grL-1)7.
Alternatively,
/2
(2/T) Z (Wt2,1 + Vt?l) = (45)
=1
L1 L2 L3
Y0 (B +07) +2m Y (hihiss + gigen) + 272 Y (hihiya + gigiga) +
1=0 1=0 1=0
L—4

273 Z(hzhz+3 +q9143) + - -+ 2vL-1(hohr—1 + gogr-1)-
1=0

Noting that {hl}lL: and {gl}l ~, are ZlL 01 h? =1, Zl o 97 =1, orthogonal to their even shifts

hohs + hihs+...+hp_shp_1 = 0 (46)
hohg + hihs +...+ hy_shp_1 =

hohr—2 +hihp—1 = 0

gog2 + 9193+ ...+ gr—39.—1 = 0 (47)
gog4 + 9195+ ... +9L-59L-1 =

gogr—2+g19.-1 = 0
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and because of the quadrature mirror filter g; = (—1)"**hy_;_y,

(hoh1 + gog1) + (hiha + g192) + ...+ (hp—2hr—1 +9rL—29L-1) = 0 (48)
(hohs + gog3) + (hiha + g194) + ...+ (ho—ahp—1 +9r-49L-1) =

(hohr—1 + 909r.—1) = 0

Placing the restrictions implied by Equations (46 - 48), together with ZlL:_Ol h? =1, ZlL:_Ol g =1,
into Equation (45) leads to

Z (W2 + V) = 2(T/2)v (49)

T/2 T/2

T
= Zytz = Zygt +Zy§t—1
t=1 t=1 t=2
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Proof of Theorem 2.6: Let v; = (2/T) Zth/lz Y2t mod T Y2t—j mod T-

T/2 L1 L2 L-3 L—4
2/T)> (W) = Y hi+2n Y (i) +2v2 > (Mhige) + 23 Y (hibuys) + ..+ 2vL-1(hohr1).
t=1 =0 =0 =0 =0

because {h}2 = 0 is orthogonal to its even shifts and Zl 01 h? =1

hohs + hihs +...+ hp_shr_1
hohg + hihs +...+ hy_shp_1 =

hohr—2 +hihp—1 = 0

so that
T/2 L—2 L—4 L—6

2/T)> (W) = vo+2m > (i) +2v3 Y (uhigs) + 295 > (hhugs) + -+ 2y0-1(hohr 1)
=1 1=0 1=0 1=0

By using Lemma (2.5), CA¥7L~1 is written as

T/2

éél - T/2 WtTl/z
VAL W
ZtT/f Yz +2(T/2) (71 S (hibuga) + 73 Yoi2g (hibuys) + 35 Sy (uhugs) + -+ ’YL—l(hOhL—l))
- 23/12 Y3 + 2212 Y31
1 2(1/2) (71 S (b)) + 3 o0 (hiss) + 75 S0 (hihugs) + .+ 7L—1(h0hL—1)>
A 23/12 Yor + 2212 Y31

2N (0, 0°T/2) (015 (hehusa) + L4 (ahues) + 01 (huss) + .+ (hohi-1))
T/2 T/2
>t /1 y2t >t /1 y2t 1

_ 2
2( L(L/2) h21_1> N(0, 0*T/2)

- 252T/2 +op(l)
B N(O 1) ( L— (L/2) h21_1>2 1
= - T/2 + op(1)
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2 ~
Since (Zf:}“/z) h21_1> —1/2, V2T (Gél . %) = N(0,1) + 0p(1).
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Proof of Lemma 2.7: Let v; = (1/7) 23;1 Yt mod T Yt—j mod T SO that

T
Ty (WA +VA) = (50)
t=1
L-1 L2
D (4370 +2(ho + o) Y (huyr + @) v +
1=0 1=0
L-2 L—2

2(h1 +§1) Y (bt + G )y + 2(he + G2) D (hasn + G yien + - +
=1 z

2(hg 2+ gr—2)(hr—1 + dr_1)m-

[|
N

Alternatively,
T — ~
TN (Wh+ V) = (51)
t=1
L1 L2 L3
Yo (B + 1) + 2 > (huhugs + Gige) + 272 Y (hihuya + Gidig2) +
1=0 1=0 1=0
L4 o
2y3 Y (hubuys + Gigirs) + - -+ 2y0-1(hohr—1 + Godr—1)-
1=0

Noting that {iu}lL:_ and {gl}l Z, are ZlL 01 h? =1/2, Zl o G =1/2, orthogonal to their even
shifts

}Nloflg —I—}Nllilg —I—...—I—}NlL_g}NlL_l = 0 (52)
}Nl(]fl4 + }Nllil5 + ...+ }NlL_5}~lL_1 =

hohr—a +hihp—1 = 0

G092 + G193+ ...+ gr—3gr—1 = 0 (53)
goga + 9195+ ...+ 9591 =

gogr—2+ag19.—1 = 0
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and because of the quadrature mirror filter §; = (—1)l+1l~1L_1_l,

(hoh1 + Gogn) + (hiha + §1G2) + ..+ (hp—2hr—1 + GL—2G-1) = 0 (54)
(hohs + gogs) + (hiha + G194) + ...+ (ho—ahp—1 + gr—4gr—1) =

(hohr—1+ Gogr—1) = O

Placing the restrictions implied by Equations (52 - 54), together with ZlL:_Ol h? =1/2, ZlL:_Ol g’ =
1/2, into Equation (51) leads to

T
Z (Wtz,l + Vtz1> = T (55)
t=1
T
= DU
t=1

27



Proof of Theorem 2.8: Let «; = Tt Zthl Yt mod T Yt—j mod T+

T L-1 L2 L3 L4
Ty (Wt2,1> = 90> i+ 2y Y (hua) + 272 > (hihuga) + 298 (hihugs) + ...+ 2y0-1(hohr—1).
=1 1=0 1=0 1=0 1=0

because {ﬁl}f:_ol is orthogonal to its even shifts and ZlL:_Ol h? =1/2

}Nl(]ilg + }Nllilg + ...+ }NlL_gilL_l
}Nl(]il4 + }Nllil5 + ...+ }NlL_5}~lL_1 =

hohr—a +hihp—1 = 0

so that
T2 L-2 L-4 L6 o
Ty (Wt2,1> = Yo+ 20 Y (uhin) + 29 Y (ibugs) + 295 ) (huys) + -+ 2v2-1(hohr 1)
=1 1=0 1=0 1=0

By using Lemma (2.7), C~¥7L~1 is written as

~I 23;1 Wtzl
Gri = T {72 T
D=1 Vit 2= Wia
Sy rer (71 SR (i) + 73 g (ihugs) +v5 S (ihugs) + -+ 'YL—l(}NlO}NlL—l)>
(1/2) S v + (1/2) Xy vE
1 2T (71 S (ahug) + 73 o1 (huss) + 95 o0 (hahugs) + -+ 7L—1(’~1071L—1)>

Ty T (1/2) Sl g2+ (1/2) S8 2,
2N(0,0'T) ( Eo (b)) + 30050 (hugs) + 2120 (habus) + .+ (’NloleL—l)>
(1/2) S w2 + (1/2) Sy vy

_ ~ 2
2 ( lel(L/z) h21_1> N(O, O'4T)

= - O'2T + OP(]‘)
~ B 2
2N (0, 1) ( L h21_1>
= - \/T + OP(]‘)
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~ 2 ~
Since (zf:‘l“/ 2 h21_1> —1/4, VAT (Ggl . %) = N(0,1) + 0p(1).
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