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Abstract

This note investigates impacts of multivariate generalised autoregressive condi-
tional heteroskedasticity (GARCH) errors on hypothesis testing for cointegrating
vectors. The study reviews a cointegrated vector autoregressive model incorporat-
ing multivariate GARCH innovations and a regularity condition required for valid
asymptotic inferences. Monte Carlo experiments are then conducted on a test sta-
tistic for a hypothesis on the cointegrating vectors. The experiments demonstrate
that the regularity condition plays a crucial role in rendering the hypothesis testing
operational. It is also shown that the Bartlett correction and wild bootstrapping are
useful in improving the small-sample performance of the test statistic of interest.
Keywords: Cointegrating vector, Multivariate GARCH, Monte Carlo experiment,
Bartlett correction, Wild bootstrapping.
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1 Introduction

The objective of this note is to investigate impacts of multivariate generalised autoregres-
sive conditional heteroskedasticity (GARCH) errors on hypothesis testing for cointegrating
vectors. This paper, built on asymptotic theory developed by Rahbek, Hansen and Dennis
(2002), performs various computational analyses to pursue the objective. The introduc-
tory section brie�y reviews the literature on cointegration and GARCH-type models, and
then describes the most signi�cant aspects of this note.
Economic and �nancial time series data often exhibit non-stationary behaviour and

need to be treated as integrated processes rather than stationary. Cointegration intro-
duced by Granger (1981) therefore plays an important role in time series econometrics.
A cointegrated vector autoregressive (VAR) model explored by Johansen (1988, 1996) is
based on Gaussian innovations, so that the maximum likelihood analysis of cointegration

�Correspondence to: Faculty of Economics, Fukuoka University, 8-19-1 Nanakuma, Jonan-ku,
Fukuoka, 814-0180, Japan. E-mail: tkurita@fukuoka-u.ac.jp

1



1995 2000 2005

4.0

4.5

5.0

5.5
(a)

p t
L A

1995 2000 2005

3.5

4.0

4.5

5.0

5.5
(b)

p t
G C

1995 2000 2005

­0.2

0.0

0.2

(c)

u t
L A

1995 2000 2005

­0.2

0.0

0.2

(d)

u t
G C

Figure 1: An overview of US gasoline prices and residuals from vector autoregression

can be conducted. Johansen�s cointegrated VAR model has become a major econometric
tool for applied economists. See Hendry and Mizon (1993), Juselius (2006), and Kurita
(2007), inter alia, for empirical research using cointegrated VAR models.
Modelling volatility is also an important task in applied economics and �nance. An

ARCH model introduced by Engle (1982) has proved to be very useful for this purpose,
and a vast class of ARCH-type models has been developed in the literature such as a
GARCH model by Bollersev (1986) and an exponential GARCH model by Nelson (1991).
See Engle (1995) for selected readings on a class of ARCHmodels. A multivariate GARCH
model is also introduced and its theory is investigated by Bollerslev, Engle andWooldridge
(1988), Engle and Kroner (1995), Kroner and Ng (1998), Jeantheau (1998), Tse (2000),
Comte and Lieberman (2003), inter alia. See Bauwens, Laurent and Rombouts (2006) for
a survey of multivariate GARCH models.
A standard cointegrated VAR model assumes innovation errors to be independently

and identically Gaussian distributed (i.i.d. Gaussian). However, this assumption is often
violated in practice. Residuals from vector autoregression using �nancial and market data
tend to show some temporal dependence, behaving like ARCH or GARCH processes.
Figure 1 displays an example of such processes. Figures 1 (a) and (b) show time series
plots of pLAt and pGCt , which are the logs of weekly spot prices for conventional regular
gasoline (cents per gallon) in Los Angeles and Gulf Coast, respectively. The sample period
runs from the second week in October 1991 to the �nal week in December 2007, and the
data are taken from the webpage of energy information administration of the US. Both
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price series show non-stationary behaviour and wander around in a fairly similar way.
The similarity in behaviour should be due to arbitrage trading in the gasoline market,
suggesting the presence of a cointegrating relationship in the price data. Figures 1 (c)
and (d) display residuals from a vector autoregression with two lags applied to pLAt and
pGCt . Residuals for pLAt and pGCt are denoted by uLAt and uGCt , respectively. The former
residuals, in particular, exhibit high volatility corresponding to GARCH features. The
presence of cointegration in the data leads to the subsequent question of whether a test
statistic for restrictions on the cointegrating vector is robust to in�uences of such GARCH
innovations. It is of interest, in this empirical example, to see whether the cointegrating
vector re�ects the underlying arbitrage trading such that it can be expressed as a vector of
homogeneous elements with opposite sign. This motivates a simulation setting in Section
4 of this note.
A cointegrated VAR model involving multivariate GARCH errors is employed for ap-

plication by Bauwens, Deprins and Vandeuren (1997), and simulation studies are also
carried out by Silvapulle and Podivinsky (2000) using univariate ARCH/GARCH error
processes. Turning to econometric theory, Hansen (1992) explores asymptotic theory for
cointegrated regressions in the presence of heteroskedasticity. Rahbek et al. (2002) in-
vestigate e¤ects of multivariate ARCH innovations on inferences in a cointegrated VAR
model, and provide a number of important theorems and simulation studies. Rahbek et
al. (2002) are mainly concerned with a logged quasi-likelihood ratio (logQLR) test for
the determination of cointegrating rank, and demonstrate that the logQLR test is asymp-
totically robust to the ARCH errors under the ful�llment of a regularity condition. Seo
(2007), allowing for multivariate GARCH innovations, explores the asymptotic properties
of maximum likelihood estimators of cointegrating parameters.
The present note, given the cointegrating rank, conducts simulation studies of a

logQLR test statistic for restrictions on cointegrating vectors in the presence of mul-
tivariate GARCH innovations. To the best of the author�s knowledge, such simulation
studies seem to be missing in the literature. Identifying long-run economic relationships
in the data is often of primary interest in empirical modelling. Hence testing interpretable
restrictions on cointegrating vectors plays a crucial role in a cointegrated VAR analysis.
This note reviews that a logQLR test statistic for such restrictions is asymptotically
�2-distributed, provided that the required regularity condition is satis�ed. Monte Carlo
experiments are then conducted on the logQLR test statistic. The experiments highlight
a crucial role played by the regularity condition in drawing reliable statistical inferences
for cointegrating vectors. Huge size distortions are observed when the regularity condition
is violated; in contrast, if the condition is ful�lled, size distortions tend to be small as
the number of observations increases. The Bartlett correction and wild bootstrapping
are then adopted in the experiments in order to improve the small-sample performance
of the logQLR test statistic. Both of the methods turn out to be useful in achieving
the objective. These simulation-based �ndings convey important implications for applied
research and complement asymptotic theory developed by Rahbek et al. (2002) and Seo
(2007).
The organization of this note is as follows. Section 2 reviews a cointegrated VAR
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model with GARCH innovations, and introduces a regularity condition required for the
subsequent asymptotic analysis. Section 3 then provides an asymptotic argument on
inferences for cointegrating vectors. Section 4 conducts various Monte Carlo experiments
involving the Bartlett correction and wild bootstrapping in order to see the performance
of a logQLR test statistic for restrictions on cointegrating vectors. The overall summary
and conclusion are provided in Section 5. All the numerical analyses and graphics in this
note use Ox (Doornik, 2007) and OxMetrics/PcGive (Doornik and Hendry, 2007).
Some notational conventions are used throughout the note. For a certain matrix a

with full column rank, a = a(a0a)�1 and so a0a = I. An orthogonal complement a? is
de�ned such that a0?a = 0 with the matrix (a; a?) being of full rank. A spectral radius is
de�ned as the maximum absolute value of eigenvalues of a certain square matrix A and is
denoted by � (A). Finally, a symbol w! is used to signify weak convergence in a limiting
theorem.

2 Cointegrated VAR model with GARCH errors

This section reviews a cointegrated VAR model incorporating multivariate GARCH in-
novations. The main reference is Rahbek et al. (2002). Let us consider an unre-
stricted VAR(k) model for a p-dimensional time series Xt conditional on the initial values
X�k+1; :::; X0 as follows:

�Xt = (�;�c)

�
Xt�1

1

�
+

k�1X
i=1

�i�Xt�i + �t; for t = 1; :::; T; (1)

where �, �i 2 Rp�p and �c 2 Rp all vary freely. The innovation sequence �t is assumed to
follow the following multivariate GARCH process introduced by Engle and Kroner (1995):

�t = 

1=2
t "t;


t = 
+
lX
i=1

mX
j=1

�
	ij�t�i�

0
t�i	

0
ij + �ij
t�i�

0
ij

�
; (2)

where "t has an independent and identical distribution with mean zero and variance Ip,
with its density being positive continuous, 
 is a p � p positive de�nite and symmetric
matrix, 	ij and �ij are p� p real matrices. The process (2) belongs to a class of BEKK-
GARCH(l) processes (see Engle and Kroner, 1995). Note that the process (2) is assumed
here, but it should be tested in practice using such methodology as suggested by Linton
and Steigerwald (2000). In order to �nd the Granger-Johansen representation of (1), which
provides a basis for I(1) cointegration analysis, three conditions need to be introduced.
These are given in Assumption 2.1.

Assumption 2.1 (cf. Theorem 4.2 in Johansen, 1996)

1. The characteristic roots obey the equation jA(z)j = 0; where

A(z) = (1� z) Ip � �z �
k�1X
i=1

�j (1� z) zi;
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and the roots satisfy jzj > 1 or z = 1.

2. Reduced rank condition: (�;�c) = �(�0; 
0) for �; � 2 Rp�r and 
0 2 Rr with r < p.

3. Full rank condition: rank (�0?��?) = p� r for � = Ip �
Pk�1

i=1 �i.

Let ��0 = (�0; 
0), X�
t�1 =

�
X 0
t�1; 1

�0
and p� = p + 1 for future reference. The �rst

condition ensures that the process is neither explosive nor seasonally cointegrated. The
second condition says that the matrix (�;�c) is of reduced rank structure, in which �
vectors are called adjustment vectors, while �� vectors are referred to as cointegrating
vectors or cointegrating parameters. This condition implies that there are at least p � r

common stochastic trends and cointegration arises when r � 1. The third condition
prevents the process from being I(2) or of higher order. The cointegrating rank r is,
in practice, unknown to investigators, thus it needs to be determined based on the data
analysis. A logged quasi-likelihood function for (1), which is introduced in the next sub-
section, is maximized by reduced rank regression, so that a logQLR test statistic for the
determination of cointegrating rank is then constructed; the logQLR test statistic is given
by the null hypothesis of r cointegration rank, denoted as H (r), against the alternative
hypothesis H (p). See Rahbek et al. (2002) for details. This note is concerned with
hypothesis testing on ��, given the cointegrating rank.
If Assumption 2.1 is satis�ed and the innovation sequence �t is stationary and ergodic,

it is then shown that (1) has the Granger-Johansen representation. Moreover, in order
to fully validate the asymptotic analysis of cointegration using (1), it is necessary to
introduce an additional regularity condition. Let Yt = �t�

0
t and Ut = Yt�
t, and consider

an autoregressive expression of Yt based on (2):

Yt = 
t + Ut

= 
+
lX
i=1

mX
j=1

	ijYt�i	
0
ij +

lX
i=1

mX
j=1

�ijYt�i�
0
ij + Vt;

where Vt = Ut�
Pl

i=1

Pm
j=1�ijUt�i�

0
ij. Applying vectorisation operator vec to both sides

leads to

vec (Yt) = vec (
) +
lX
i=1

mX
j=1

�ijvec (Yt�i) + vec (Vt) ;

where �ij = (	ij 
	ij) + (�ij 
 �ij) : De�ning yt = vec (Yt) ; ! = vec (
) and vt =
vec (Vt), one �nds the companion form of yt to be0BBB@

yt
...

yt�l+2
yt�l+1

1CCCA =

0BBB@
!
...
0

0

1CCCA+�
0BBB@

yt�1
...

yt�l+1
yt�l

1CCCA+
0BBB@

vt
...
0

0

1CCCA
where

� =

 Pm
j=1�1j � � �

Pm
j=1�l�1j

Pm
j=1�lj

Ip(l�1) 
 Ip(l�1) 0p(l�1)�p 
 0p(l�1)�p

!
: (3)
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The regularity condition is then provided in Assumption 2.2.

Assumption 2.2
(cf. Proposition 2.7 in Engle and Kroner, 1995; Theorems 5 and 6 in Rahbek et al., 2002)
The spectral radius of � is smaller than unity, that is, � (�) < 1:

Rahbek et al. (2002) use Markov chain theory developed by Meyn and Tweedie (1993)
to derive a regularity condition equivalent to Assumption 2.2, and prove a class of lim-
iting theorems relating to cointegration. As demonstrated by Rahbek et al. (2002), the
satisfaction of Assumption 2.2 implies (i) the existence of the second order moment of the
sequence �t such that E (�t�

0
t) = �, where � is a positive de�nite and symmetric p � p

matrix; (ii) the law of large numbers and the functional central limit theorem hold for �t;
and (iii) appropriate sums of �t converge to stochastic integrals.
Note that Assumption 2.1 provides the same conditions as those in the conventional

Gaussian case (see Theorem 4.2 of Johansen, 1996), whereas Assumption 2.2 is the addi-
tional regularity condition allowing for the existence of multivariate GARCH innovations.
In the next section, the impacts of such GARCH innovations on hypothesis testing for
cointegrating vectors are reviewed in an asymptotic context.

3 Asymptotic inferences for ��

This section reviews asymptotic inferences for cointegrating vectors when multivariate
GARCH innovations exist in the model. The presence of such GARCH innovations leads
to a quasi maximum likelihood analysis, rather than the exact maximum likelihood analy-
sis based on i.i.d. Gaussian innovations in Johansen (1996). This section is therefore
concerned with the asymptotic properties of a quasi-maximum likelihood estimator and
test statistic.
Let us introduce a concentrated quasi-likelihood function for (1) as follows:

logQL (�; �;�) = �T
2
log (det�)� 1

2

TX
t=1

(R0t � ���0R1t)
0
��1 (R0t � ���0R1t) ; (4)

where R0t and R0t denote residuals from the regression of �Xt and X�
t�1 on a set of the

past values �Xt�1; :::;�Xt�k+1, respectively. In addition, the sample product moments
of the residuals are de�ned as�

S00 S01
S10 S11

�
=
1

T

TX
t=1

�
R0t
R1t

��
R0t
R1t

�0
:

Maximising (4) then boils down to solving the following eigenvalue problem:

det (�S11 � S10S00S01) = 0;

which yields the quasi-maximum likelihood estimator, b��, as a set of r eigenvectors cor-
responding to the r largest eigenvalues b�i for i = 1; :::; r:
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Investigations of long-run economic relationships in the data are often of primary
interest in empirical research. Applied economists therefore attach importance to testing
theory-consistent restrictions on cointegrating vectors. The original logged likelihood ratio
(logLR) test based on i.i.d. Gaussian innovations is explored by Johansen (1988). See
also Johansen (1996, Chs.7 and 13) for details. Restrictions on cointegrating vectors are
formulated in various ways according to research objectives, and the simplest formulation
of them would be

H0 : �
� = H'; (5)

where H is a p� � s dimensional known matrix for s � r and ' represents s � r dimen-
sional unknown parameters to be estimated. Determining the cointegrating rank r using
Johansen�s procedure under the assumption of i.i.d. Gaussian innovations, one can then
construct the logLR test statistic for the null hypothesis H0 given in (5) against the al-
ternative H (r). It is known that the logLR test statistic is asymptotically �2-distributed
(see Johansen, Ch.13).
A question of interest that follows is whether a logQLR test statistic for the null

hypothesis H0 against H (r) in the presence of multivariate GARCH innovations also has
an asymptotic �2 distribution. The logQLR test statistic of interest can be expressed as

logQLR(H0 jH (r)) = T
rX
i=1

log
n�
1� e�i� =�1� b�i�o ; (6)

where e�i for i = 1; :::; r correspond to the r largest eigenvalues solved from
det (�H 0S11H �H 0S10S00S01H) = 0:

See Johansen (1997, Ch.7) for details. The limiting distribution of b��, together with that
of the logQLR test statistic, are provided in Theorem 3.1, in which b�� is normalised on
c0 = (�0; 0) so that

�b�0c; b
0c�0 = b�� �c0b����1 = b�� ��0b���1. Theorem 3.1 is regarded as a

modi�ed version of Corollary 3 in Rahbek et al. (2002) in that the restricted intercept
is taken into account and multivariate GARCH innovations are assumed rather than
multivariate ARCH.

Theorem 3.1 (cf. Corollary 3 in Rahbek et al., 2002)
Suppose that both Assumptions 2.1 and 2.2 are ful�lled. The asymptotic distribution ofb�� normalised on c0 = (�0; 0) is then given by(

T�
�0
?

�b�c � �
�

T
1
2 (b
c � 
)

)
w!
�Z 1

0

GuG
0
udu

��1 Z 1

0

Gu (dVu)
0 ;

where

Gu =

�
�0?CWu

1

�
and Vu =

�
�0��1�

��1
�0��1Wu;

for C = �? (�
0
?��?)

�1 �0?. The processWu denotes a p-dimensional Brownian motion for
u 2 [0; 1] with variance �, so that Gu and Vu are independent. Furthermore, the logQLR
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test statistic (6) is asymptotically �2-distributed with the degree of freedom r (p� � s), that
is,

logQLR(H0 jH (r))
w! �2r(p��s):

Proof. Follow the proof of Corollary 3 in Rahbek et al. (2002) and the proof of
Theorem 2 in Hansen and Johansen (1999) using � de�ned in (3) above, instead of using
a matrix (13) in Rahbek et al. (2002).

Thus one is able to conduct a standard �2-based asymptotic inference for restrictions
on the cointegrating vectors, even in a situation where multivariate GARCH innovations
are involved in the model. This is an encouraging �nding for applied economists willing
to analyse �nancial data with GARCH features. The next section, using Monte Carlo
experiments, checks the validity of Theorem 3.1 in the context of asymptotic inferences
and also examines small-sample properties of the logQLR test statistic.

4 Monte Carlo experiments

This section conducts Monte Carlo experiments on the logQLR test statistic discussed in
the previous section. The design of an arti�cial data generation process (DGP) is based
on an empirical bivariate model estimated from the gasoline price data in Figure 1. A
reduced rank regression using the price data �nds a single cointegrating vector with its
coe¢ cients being almost homogenous with opposite sign. Hence the DGP is de�ned in
such a way as it incorporates (i) a single cointegrating vector of homogeneity with opposite
sign, and (ii) multivariate GARCH innovations:

�
�X1;t

�X2;t

�
=

�
�0:2
0

��
1 �1 0:1

�0@ X1;t�1

X2;t�1

1

1A
+

�
0:3 0:0

0:1 0:1

��
�X1;t�1

�X2;t�1

�
+

�
�1;t
�2;t

�
;�

�1;t
�2;t

�
= 


1=2
t

�
"1;t
"2;t

�
;

where ("1;t; "2;t)
0 � IN (0; I2) and the parameters are given by


t = 
+	11
�
�1;t�1; �2;t�1

�0 �
�1;t�1; �2;t�1

�
	011 + �11
t�1�

0
11;


 = 0:062 �
�

1 0:5

0:5 1

�
; 	11 =

�
 11  12
0  22

�
; and �11 =

�
�11 �12
0 �22

�
:

Note that X1;t and X2;t correspond to pLAt and pGCt respectively, so that all the para-
meters apart from those in the GARCH innovations are close to round-o¤ values of the
estimates from the price data. The initial values are taken from the gasoline price data,
and the number of replications is 10; 000 apart from wild bootstrap experiments in Section
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4.3. The null hypothesis H0 needs to re�ect homogeneity with opposite sign and is thus
formulated by

H0 : �
� = H';

where

H =

�
1 �1 0

0 0 1

�0
;

and ' is a 2� 1 unknown parameter vector to be estimated.
Let � = (	11 
	11) + (�11 
 �11), and the spectral radius of � is

� (�) = maxf
�
 211 + �211

�
;
�
 222 + �222

�
g:

The baseline setting for the experiments is as follows:

	11 :  11 =  22 =  12 = 0:5;

�11 : �12 = 0:5; �11 = �22:

The spectral radius is thus given by � (�) = 0:52 + �211: There is empirical evidence that
o¤-diagonal elements in the coe¢ cient matrices such as  12 can be non-zero; see Bauwens
et al. (1997), Rahbek et al. (2002), Pojarliev and Polasek (2003), inter alia. In order to
allow for such evidence, both  12 and �12 are di¤erent from zero in the above DGP.
The experiments conduced below permit �11 to take four di¤erent values: 0:7; 0:8;

0:85; and 0:9. The corresponding values of the spectral radius are 0:74; 0:89; 0:9725; and
1:06, respectively. That is, the regularity condition in Assumption 2.2 is not satis�ed only
when �11 = 0:9. It is of interest, throughout this section, to see how simulation results
vary according to cases where the regularity condition is ful�lled or not.
This section comprises three sub-sections. Section 4.1 presents quantile-quantile plots

of the logQLR test statistic to check the importance of the regularity condition in con-
ducting asymptotic inferences. Section 4.2 then gives recursive rejection frequencies of
the test in order to see how fast size distortions reduce as the number of observations
increases. Recursive rejection frequencies are de�ned as the rates of the null hypothesis
being rejected as the sample size increases step by step; thus they can be interpreted
as recursively-recorded empirical sizes. Finally, Section 4.3 applies the Bartlett correc-
tion and wild bootstrapping to the logQLR test statistic with a view to reducing size
distortions.

4.1 Quantile-Quantile plots

This sub-section inspects quantile-quantile (QQ) plots of the logQLR test statistic ac-
cording to several values of spectral radius. In order to check the validity of Theorem 3.1
in an asymptotic context, the number of e¤ective observations, denoted by T , needs to
be large and so T = 500.
Figure 2 plots various empirical quantiles of the logQLR test statistic against quantiles

of a �2 (1) distribution. The vertical axis corresponds to the empirical quantiles, while the
horizontal axis to the quantiles of the �2 distribution. Empirical QQ plots are expressed
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by various dotted lines, whereas the baseline asymptotic QQ plots, based on the �2

distribution, are displayed by the thick straight line of 45 degree. The empirical QQ plots
are based on the four di¤erent values of �11: 0:7; 0:8; 0:85; and 0:9, as described above.
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Figure 2: Quantile-Quantile plots (T = 500)

Size distortions are fairly small, according to Figure 2, when �11 takes the �rst three
values or the spectral radius is smaller than 1:0. In stark contrast, when �11 = 0:9 so the
spectral radius does not satisfy the regularity condition, size distortions are enormously
large, giving rise to the problem of serious misleading inferences. The importance of the
regularity condition in asymptotic inferences is manifest in Figure 2. These results are
consistent with the asymptotic argument presented in the previous section.

4.2 Recursive rejection frequencies

Next, this sub-section examines recursive rejection frequencies of the logQLR test statistic
in question. A nominal size is 5% and T increases from 50 to 500.
As shown in Figure 3, size distortions are rather large in all the cases when T is

small. The distortions, however, steadily decrease and empirical sizes approach to 5% as
T increases, when the regularity condition in Assumption 2.2 is satis�ed. An exceptional
case is again when �11 = 0:9 so the spectral radius does not meet the regularity condition.
Size distortions in this case are very large regardless of the numbers of observations,
thereby yielding the problem of serious misleading inferences. These features are in line
with Figure 2.

4.3 Bartlett correction and wild bootstrapping

Size distortions due to the breakdown of the regularity condition in Assumption 2.2, as
observed in Figures 2 and 3, will be very di¢ cult to remedy, for the corresponding limiting
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Figure 3: Recursive rejection frequencies

distribution may not exist. Size distortions when the regularity condition is satis�ed,
however, are expected to be moderated by the Bartlett correction and bootstrapping.
This is because the distortions in this case stem from small T and tend to diminish as T
increases, as shown in Figure 3.
This sub-section, using these techniques, aims to address the issue of size distortions

when T is small. First, let us brie�y explain the Bartlett correction, based on Bartlett
(1937) and Johansen (2000). The idea is to correct a logged likelihood ratio test statistic,
logLR, by its �nite-sample expectation for a given parameter point � under the null
hypothesis. In practice, however, it is not possible to derive the expectation explicitly.
One can instead �nd its approximation

E� (logLR) = f

�
1 +

BC

T

�
+Op

�
T�

3
2

�
;

where f is the expectation of the limiting distribution, corresponding to the degree of
freedom for a �2 distribution in conventional cases, and BC represents how the remaining
parameters under the null hypothesis distort the expectation. The term BC is said to be
the Bartlett correction factor; this is because a corrected logLR test de�ned as

logLR

1 + T�1BC
;

has expectation f + Op

�
T�

3
2

�
, thus probably leading to a distribution closer to the

asymptotic distribution than the original logLR test statistic. Under the assumption of
Gaussian errors, Johansen (2000) derives BCs for logLR tests for various hypotheses on
the cointegrating vectors; one of them is for a logLR test in which the null hypothesis
corresponds to (5), as given in Corollary 6 in Johansen (2000). The idea of the Bartlett
correction may also be applied to (6) in such a way as

logQLR(H0 jH (r))
1 + T�1BC�

; (7)

11



where BC� denotes the Bartlett correction factor under the assumption of GARCH inno-
vations. Since the test statistic logQLR is also asymptotically �2-distributed, as shown
in Theorem 3.1 above, the correction factor BC� may be close to the factor BC derived
under the Gaussian assumption, apart from the error covariance matrix. Thus, Corollary
6 in Johansen (2000) may lead to the following expression of BC�:

BC� =

�
1

2
(p+ s� r + 3) + kp

�
+
1

r
[(2p+ s� 3r + 1) � (�) + 2c (�)] ;

where

� (�) = tr fV�g ;
c (�) = tr

n
P
�
Ir+(k�1)p + P

��1
V�

o
+tr

n�
P 


�
Ir+(k�1)p � P

�
V�
� �
Ir+(k�1)p 
 Ir+(k�1)p � P 
 P

��1o
;

for

V� =
�
�0��1�

��1
��1�� ;

P =

0BBBBB@
Ir + �0� �0�1 : : : �0�k�2 �0�k�1

� �1 : : : �k�2 �k�1
0 Ip : : : 0 0
...

...
...

...
0 0 : : : Ip 0

1CCCCCA ;

and ��� represents variance of �
�0X�

t conditional on �Xt; :::;�Xt�k+2. Note that 
 in
Johansen (2000) is replaced by � in BC� de�ned above, due to the presence of GARCH
errors. It is expected that the Bartlett-corrected logQLR test statistic, (7), performs
better in small sample than the standard logQLR test statistic.
Let us turn to wild bootstrapping. Davidson and Flachaire (2001) investigate a wild

bootstrap method in the presence of heteroskedastic errors. Gonçalves and Kilian (2004),
and Cavaliere, Rahbek and Taylor (2008) then demonstrate the validity of the method in
drawing accurate �nite-sample inferences in time series context. Following Cavaliere et al.
(2008) and Fachin (2000), a residual-based wild bootstrap algorithm in the cointegrated
VAR model is formulated as follows:

1. Fit a cointegrated VAR model with no restriction on its cointegrating vector, and
�nd unrestricted coe¢ cients and residuals b�t: Next, �t a cointegrated VAR model
with a restriction H on its cointegrating vector as in (5), and calculate the test
statistic (6), which is denoted by logQLR.

2. Generate T wild bootstrap residuals b�bt fromb�bt = b�twt; for t = 1; :::; T;

where wt is an independent N (0; 1) scalar sequence and b�t is sampled with replace-
ment and equal probabilities.
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3. Using the unrestricted coe¢ cients and wild bootstrap residuals, construct pseudo
data recursively from

�Xb
t = b�b��0X�b

t�1 +

k�1X
i=1

b�i�Xb
t�i +

b�bt ; for t = 1; :::; T;

where the initial values are Xb
i = Xi for i = �k + 1; :::; 0:

4. Fit cointegrated VAR models with and without the restriction H using the pseudo
data, and calculate a wild bootstrap logQLR test statistic, which is denoted by
logQLRb:

5. Repeat 2 - 4 in B times.

6. Compute a wild bootstrap p-value by pb = B�1PB
i=1 1

�
logQLRbi > logQLR

�
and

reject the null hypothesis at a signi�cance level �b if pb < �b:

As small-sample properties are of interest, Monte Carlo experiments in this sub-section
focus on two cases where T = 50 and T = 100. With regard to a set of experiments
involving wild bootstrapping, the number of wild bootstrap replications is 500 or B = 500,
while the number of Monte Carlo replications is 5; 000, so that the total number of loops is
500�5; 000. For a comparative analysis, a set of experiments using the standard logQLR
test is also conducted.
The results of the experiments are presented in Table 1. Empirical sizes of the standard

logQLR test statistic are provided, then followed by those of the Bartlett-corrected and
wild bootstrap logQLR test statistics. All the estimates are rounded to one decimal place.
According to the table, both of the Bartlett-corrected and wild bootstrap logQLR tests
lead to much smaller size distortions than the standard logQLR test. The wild bootstrap
tests, in particular, exhibit only negligible distortions when the regularity condition is
satis�ed with T = 100. In contrast, the breakdown of the regularity condition gives rise
to noticeable size distortions even when these techniques are used, although the distortions
are smaller than those in the standard case. The experiments demonstrate the validity of
these methods in addressing size distortions when T is small.

5 Summary and conclusion

A standard cointegrated VAR model assumes innovation errors to be independently and
identically Gaussian distributed. This assumption, however, is not always ful�lled in
practice. Residuals from vector autoregression using �nancial and market data tend to
show some temporal dependence, behaving like ARCH or GARCH processes. Rahbek et
al. (2002) thus investigate e¤ects of multivariate ARCH innovations on inferences in a
cointegrated VAR model. Rahbek et al. (2002) are mainly concerned with a logQLR
test for the determination of the cointegrating rank. This note, based on Rahbek et al.
(2002), inspects impacts of multivariate GARCH innovations on hypothesis testing for

13



Standard logQLR Test

(T = 50)

Level n �11 0:7 0:8 0:85 0:9

10% 26:8 26:5 28:9 31:8

5% 17:8 17:3 19:3 22:9

1% 6:1 6:3 7:5 10:5

(T = 100)

Level n �11 0:7 0:8 0:85 0:9

10% 18:2 17:5 18:6 23:8

5% 11:0 11:0 11:5 16:6

1% 3:3 3:7 4:1 7:4

Bartlett-Corrected logQLR Test

(T = 50)

Level n �11 0:7 0:8 0:85 0:9

10% 13:2 13:1 14:2 17:6

5% 7:0 7:1 8:0 11:3

1% 1:8 2:0 2:3 4:0

(T = 100)

Level n �11 0:7 0:8 0:85 0:9

10% 9:6 9:9 11:1 19:1

5% 5:0 5:2 6:2 13:0

1% 1:1 1:3 1:9 5:8

Wild Bootstrap logQLRb Test

(T = 50)

Level n �11 0:7 0:8 0:85 0:9

10% 10:9 10:8 12:8 16:4

5% 6:0 5:9 6:7 9:6

1% 1:2 1:7 1:8 3:3

(T = 100)

Level n �11 0:7 0:8 0:85 0:9

10% 10:4 9:3 9:9 14:3

5% 4:7 4:6 5:3 8:6

1% 1:0 1:1 1:2 3:0

Table 1: Bartlett correction and wild bootstrapping

cointegrating vectors. It is reviewed that the logQLR test statistic for such restrictions
is asymptotically �2-distributed, provided that the required regularity condition is satis-
�ed. Monte Carlo experiments are then conducted on the test statistic of interest. The
experiments highlight a crucial role played by the regularity condition in drawing reliable
statistical inferences. The Bartlett correction and wild bootstrapping are also used in
the experiments, and both of the methods have proved to be useful in improving the
small-sample performance of the test statistic.
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