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ABSTRACT

Vertical mixing in the ocean can sometimes be quantified by measurements of the Thorpe overturning scale,
LT. In regions of weak mixing and weak density gradients such measurements may be limited by slow sensor
response times (or sampling rates) and/or by lack of resolution and noise in the density measurements. On the
other hand, the Thorpe scale can be written as LT 5 ( L2P1(L) dL)1/2, where P1(L) is the probability of the

`
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Thorpe displacement, L. Data from Juan de Fuca Strait, British Columbia, show that, even though the probability
of a small Thorpe displacement is much greater than that of a large Thorpe displacement, it is the large and
more easily resolved values of L that dominate the Thorpe scale. It is found to be possible to determine LT

down to a scale of 0.4 m with a conventional conductivity–temperature–depth instrument. This corresponds to
values of Ky . 1024 m2 s21 in summertime if LT ø (e/N 3)1/2, as is confirmed using velocity and temperature
microstructure data. Here P1(L) is a convolution of the probability distribution of overturn height, P2(H), with
the probability distribution of the fractional displacement within each overturn, P3(L/H ). Data show that P2(H)
is dominated by small overturns, consistent with previous work on the thickness of turbulence patches. Finally,
the distribution of P3(L/H) is examined and compared with the prediction of a very simple kinematic model.
The data show a pattern similar to that predicted by the model, though with more small L/H and fewer medium
to large L/H than in the model.

1. Introduction

Small-scale mixing is crucial in many important is-
sues from global climate to marine productivity. The
processes responsible for the mixing cannot generally
be resolved in numerical models so their effects are
usually parameterized, often with no spatial or temporal
dependence. Measuring the vertical mixing rate Ky is
essential for checking proposed parameterizations and
for direct application.

A technique proposed by Thorpe (1977) involves the
observation of density overturns. The Thorpe scale, or
vertical overturning scale LT, is defined as the root mean
square (rms) of the vertical displacements, or Thorpe
displacements L, required to reorder a measured profile
of potential density so that it is gravitationally stable.
If the Ozmidov scale (Ozmidov 1965) LO 5 0.8LT as
found by Dillon (1982) and the mixing efficiency G 5
0.2 (e.g., Oakey 1982), then the vertical diffusivity
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Ky . 0.1N , where N is the buoyancy frequency of2LT

the reordered density profile.
Unfortunately, use of this technique usually requires

either a large vertical density gradient and stronger mix-
ing than is typically found in the open ocean, or more
sensitive instruments than a conventional conductivity–
temperature–depth (CTD) instrument (e.g., Mudge and
Lueck 1994). The vertical mixing rate is therefore more
often determined by velocity or temperature microstruc-
ture measurements. Here we revisit the possibility of
determining Thorpe scales from potential density data
derived from measurements taken using a CTD in an
estuarine environment where the density gradients are
large and where mixing rates are typically larger than
in the open ocean.

The probability distribution of L in some simple, ide-
alized overturns is examined in the next section, and
the ability of three different CTD instruments to measure
L is discussed in section 3. In section 4 we describe the
collection and processing of CTD data in Juan de Fuca
Strait and present the resulting probability distributions
of L. Section 5 combines our results from the CTD data
with some complementary microstructure velocity shear
and temperature data to confirm a previously determined
relationship (e.g., Dillon 1982; Crawford 1986) between
LT and the Ozmidov scale. Finally, in section 6, we
explore the probability distribution of L/H within over-
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FIG. 1. (a) Hypothetical potential density profiles, su, including idealized, arbitrary, overturns. The thick
line shows the overturning regions, where L ± 0. (b) Profiles of the corresponding L, (c) histogram of L
(the occurrence of L 5 0 has not been plotted), and (d) L2P1(L).

turns of height H and compare the measured distribution
with that for a simple kinematic model.

2. The probability distribution of the Thorpe
displacement

The vertical overturning scale may be written as

1/2`

2L 5 L P (L) dL , (1)T E 11 2
0

where P1(L) is the probability distribution of L over a
profile. As L is squared in (1), large displacements are
more important than small displacements for determin-
ing LT provided that the distribution of P1(L) falls off
less steeply than 1/L3.

To illustrate the application of (1), we consider the
distribution of L arising from some simple overturns
superimposed on a linear potential density profile (see
Fig. 1). The two cases examined are (i) a single, large
overturn and (ii) multiple overturns of arbitrary, and
varying, vertical extent. Note that the occurrence of L
equal to zero has not been plotted in the histograms;
zero L is most probable as it represents the parts of the
water column that are not overturning (stably stratified).

In case (i), that of the single, large, simple overturn,
the distribution of L is flat and L2P1(L) increases with
increasing L. In case (ii), the distribution of L is simply
a sum of overturns, and so is critically dependent on
the number, and vertical extent, of the overturns chosen.

Since LT can be computed as the square root of the
integral of L2P1(L), these examples suggest that, even
in a profile containing multiple small overturns, small
values of L may contribute little to the magnitude of
LT. Two other relevant quantities are defined here: (i)
the probability distribution P2(H) of the overturn height

H and (ii) the probability distribution P3(L/H) of L with-
in an overturn. These quantities are related to P1(L) by

` `

2P (L) 5 HP (L /H )P (H ) dH H P (H ) dH,1 E 3 2 E 2@
0 0

(2)

where the denominator is determined from the require-
ment that P1(L) dL 5 1 and we have assumed that

`
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P3(L/H) is independent of H. We will later consider
P3(L/H) using a simple model and for a real dataset,
but first we consider the limitations of determining L
with some conventional CTD instruments.

3. CTD instrument resolution of Thorpe
displacements

The accuracy with which each L can be measured
using a CTD profiler depends on the noise level of the
measured potential density profile compared with the
background, or mean, vertical potential density gradient.
The relative importance of depth and density resolution
for a particular CTD can be estimated from

dr Dz instR 5 , (3)
dz Drinst

where dr/dz is the background density gradient and
Dzinst and Drinst are the instrument depth (pressure) and
density resolution, respectively. The value of R for a
particular instrument determines which measurement,
pressure or density, limits the resolvable density struc-
ture. If R . 1, resolution of the pressure is the limiting
factor, whereas if R , 1 it is the density measurement
that restricts the resolution of the density profile.

Table 1 gives the value of R for three different CTD
instruments based on the manufacturer’s specifications
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TABLE 1. Value of the parameter R for three different CTD instruments under two different stratification regimes in Juan de Fuca Strait.
If R . 1, resolution of the pressure is the limiting factor, whereas if R , 1 it is the density measurement that restricts the resolution of the
density profile.

Instrument and manufacturers’ specifications(a)

R value

(winter)

1dr
25 21ø 1.0 3 10 m

rdz

(summer)

1dr
25 21ø 3.0 3 10 m

rdz

Applied Microsystems, Ltd. STD 12 plus
Sampling rate 5

Dz 5
DT 5
DC 5
Dr 5

15 s21

0.07 m(b) 1 0.05 m(c) 5 0.12 m
0.0018C
0.0003 S m21

0.0038 kg m23

0.32 0.95

Sea-Bird Electronics, Inc. 911plus
Sampling rate 5

Dz 5
DT 5
DC 5
Dr 5

24 s21

0.04 m(b) 1 0.07 m(c) 5 0.11 m
0.00028C
0.00004 S m21

0.0006 kg m23(d)

1.83 5.50

Sea-Bird Electronics, Inc. Seacat 19
Sampling rate 5

Dz 5
DT 5
DC 5
Dr 5

2 s21

0.50 m(b) 1 0.03 m(c) 5 0.53 m
0.0018C
0.0001 S m21

0.0022 kg m23(d)

2.41 7.23

(a) Sensor resolutions are based on the manufacturer’s specifications.
(b) Vertical resolutions are additionally based on the assumption of a 1 m s21 descent rate. In the case of the SBE with pumped temperature–

conductivity ducts, the resulting vertical resolution is that specified by the manufacturer for a 1 m s21 descent rate (Sea-Bird Electronics,
Inc., Application Note No. 38, 1992).

(c) Based on the manufacturer’s specification and the full scale depth range of the pressure sensor used. The SBE 911plus CTD had a full
scale pressure range of 10 000 psi absolute ø 6730 m. The AML STD 12 plus had a full scale pressure range of 1000 dbar ø 990 m. The
SBE Seacat 19 had a full-scale pressure range of 300 psi absolute ø 205 m.

(d) The resulting density resolution of each instrument is calculated assuming a temperature–conductivity–pressure space based on the
extreme values measured in Juan de Fuca Strait in Feb and Aug 1998 and using the nonlinear equations of state (Fofonoff and Millard
1983). The ranges used were 6.7–12.78C, 3.2–3.8 S m21, and 0–170 dbar, respectively.

and on the mean potential density gradients observed
in Juan de Fuca Strait in February and August 1998.
The Sea-Bird Electronics, Inc. (SBE) 911plus CTD,
Seacat 19 CTD, and Applied Microsystems Ltd. (AML)
STD 12 plus CTD were chosen because they are rep-
resentative of equipment readily available to us.

In choosing the depth resolution (Dz for Table 1) we
have taken one contribution to be the sampling interval
times a typical descent rate of 1 m s21. We have then
added a second contribution corresponding to the res-
olution of the pressure sensor. We realize that by as-
suming a slowly varying descent the limitation by the
pressure sensor resolution could be removed. Doing this
would reduce the value of R in Table 1, particularly for
the SBE 911plus.

The ratio R is also reduced below the value shown
in Table 1 if one assumes that the appropriate value of
Dr is the instrument noise. Instrument noise may be
several times the resolution but its effect could be re-
duced by vertical averaging, albeit at the expense of
vertical resolution.

Examining the values of R in Table 1 and taking the
above considerations into account, our conclusion is that

detection of overturns using the AML STD 12 plus is
limited by the sampling rate (and hence, presumably,
the sensor time constants). For the Sea-Bird instruments,
the limitation comes from both the time constants and
the density resolution, though in summer the time con-
stant is a more serious constraint than the density res-
olution and noise. While one may sometimes have the
ability to increase the depth resolution, without loss of
data quality, by varying the profiling rate, one cannot
usually alter the density resolution of a particular CTD.
A modest limitation by the depth resolution is thus pref-
erable to a limitation by the density resolution.

4. Distributions of Thorpe displacements in
overturns from CTD data collected in Juan de
Fuca Strait

a. Juan de Fuca Strait

Juan de Fuca Strait separates southern Vancouver Is-
land from the northern coast of Washington State (see
Fig. 2). It is a fairly straight-sided channel, about 100
km long and 20 km wide, with water depths of less than
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FIG. 2. Map showing Juan de Fuca Strait, bathymetric contours, and CTD station positions; C-line stations are shown as triangles, A-line
stations are shown as shaded circles, and the time series station is shown as a filled square.

200 m except at the western mouth where depths reach
250 m. The strait receives much of the freshwater runoff
from southern British Columbia and northern Washing-
ton State, via Georgia Strait and Puget Sound. In par-
ticular, it is the main conduit of the Fraser River dis-
charge to the Pacific Ocean.

The strait is stratified with the largest stratification
(and vertical salinity variation) occurring in summer,
coincident with the peak of the Fraser River discharge
and the period of southeastward coastal winds (up-
welling favorable). Tides within the strait are mixed,
mainly semidiurnal with tidal currents of about 1 m s21.
The strait is affected by rotation and has a strong (es-
tuarine) shear flow with a mean flow Richardson number
of about 5 in August, depending on the magnitude of
the seasonal mean shear flow.

b. Instruments and data collection

The winter CTD data used in this paper were collected
on 22 and 23 February 1998 using a SBE 911plus CTD
aboard the Research Vessel Thomas G. Thompson,
cruise designation Tn075. Casts were made at 10 sta-
tions on a transect across Juan de Fuca Strait (C line)
(see Fig. 2).

Summer data were collected on 31 July and 1 and 2
August using a SBE 911plus CTD aboard the Canadian
Coast Guard Vessel Vector, cruise designation 9834.
Casts were made at 57 stations, including two repetitions
of an across-strait transect (C line), one along-strait tran-
sect (A line), and a 24-h, hourly, time series at 1248
079W, 488229N (see Fig. 2).

Both SBE 911plus CTD instruments had a sampling
rate of 24 s21 and had dual temperature and conductivity
sensor packages. In February the CTD was lowered at
a rate of 0.5 m s21 and in August the rate was 0.75 m
s21. In both February and August flow through the con-
ductivity cells was pumped. This maintains a steady
flow rate of 30 cm3 s21 through the cell and leads to an
effective delay of 0.073 s in the response of the con-
ductivity cell relative to the temperature sensor. This is
corrected in real time by the SBE 11plus deck unit.

c. Data processing

The data were corrected for the short-term mismatch
of the sensor responses (Lueck and Picklo 1990; Mor-
ison et al., 1994) in order to minimize sharp spikes in
salinity and density. Corrections were also made for the
long-term thermal lag of the conductivity cell (Lueck
and Picklo 1990; Morison et al. 1994).

The effect of ship and vertical CTD package motion
was removed from each cast by only keeping data for
the first occurrence of a pressure greater than all pres-
sures previously encountered. This ensured that the re-
cords contained no depth reversals (although the weath-
er was calm for all casts and depth reversals were in-
frequent). Any spikes remaining in the conductivity and
temperature data were removed by calculating the 25-
point running mean and using this to replace values that
were further away than three times the standard devi-
ation defined over the same 25 points. Spikes were in-
frequent in our datasets. The despiked temperature and
conductivity signals were then used to construct poten-
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FIG. 3. Profiles of mean buoyancy frequency, N (s21).

tial density profiles for the midwater region, avoiding
the surface and bottom mixed layers. An upper depth
limit of 20 m was used, as this was the maximum depth
of the surface mixed layer. The depth of the bottom
mixed layer was determined separately for each profile.
By calculating the values of LT based on the potential
density profile, instead of the temperature profile, we
eliminate the problem of spurious temperature overturns
caused by salinity-compensated intrusions.

The method of Galbraith and Kelley (1996, hereafter
GK) was then applied to the data to identify overturning
regions and the Thorpe scale was calculated. There are
other techniques for determining Thorpe scales from
CTD data (e.g., Ferron et al. 1998; Alford and Pinkel
2000) but the method of GK appears particularly robust.
Galbraith and Kelley essentially apply two tests to un-
stable regions in any potential density profile to try and
distinguish false density inversions caused by noisy
CTD data from real overturning regions. First, they es-
tablish a ‘‘run-length’’ criterion whereby the probability
density function of the length of adjacent positive or
negative values (runs) in the profile of the Thorpe fluc-
tuation, r9 5 r(z) 2 (z), is compared with the prob-r̂
ability density function of random noise (i.e., an inde-
pendent repeated Bernoulli trial). Overturning regions
with ‘‘run-lengths’’ less than a noise threshold value are
rejected. Second, they test the T–S relationship of the
overturning region and reject regions where the T–S
relationship is not ‘‘tight.’’ This is done as follows:
within each reordering region they perform a linear least
squares fit for each of temperature and salinity to the
observed potential density. They then calculate the root-
mean-square value of the difference between the ob-
served potential density and the straight line fits for
temperature and salinity. These quantities are then non-
dimensionalized by the rms value of the Thorpe fluc-
tuation density within the same reordering region. Over-
turns where the maximum of this ratio (for either tem-
perature or salinity) exceeds 0.5 are rejected. Such over-
turns are judged by GK to be reordering regions that
have insufficiently tight T–S relationships to be regarded
as signatures of overturning motions. The reader is re-
ferred to GK for further details of the method.

Values of LT were calculated from the profiles of L
using only those overturning regions positively identi-
fied by the GK method. Thorpe scales were calculated
for the entire midwater region (LTwc) for each profile,
as well as for individual overturns (LTovt), where an
overturn is defined as a gravitationally unstable region
of the profile over which the values of L sum to zero.

The ability of the method of GK to reject spurious
overturning regions was tested by applying the method
to some of our observed potential density profiles that
had (i) been reordered so as to be gravitationally stable
and (ii) had profiles of random noise, with a normal
distribution and a standard deviation of 0.002 kg m23,
added to them. The GK method detected no overturning
regions that passed both tests. It thus seems likely that

the GK method does not accept false overturns. It is
possible that the method rejects some true overturns,
but these are likely to be small ones that do not con-
tribute greatly to LT. We will later compare the values
of LT obtained with and without application of the GK
method.

d. Results

Figure 3 shows the mean profile of buoyancy fre-
quency, N (s21), for February and August calculated at
10-m depth intervals from sorted temperature, salinity,
and pressure profiles. The mean-flow Richardson num-
ber was estimated to be 5.8 in August. This was cal-
culated using the maximum shear (between 30 and 90
m) of the along-channel component of the time-aver-
aged mean flow and the mean value of N over the same
depth interval. The mean flow profile was derived from
a 28-day record (3–31 July) of velocities measured by
a bottom mounted acoustic Doppler current profiler
(ADCP) using 4-m bins and the mean value of N was
determined from the August CTD profiles using 10-m
bins. Unfortunately we have no velocity data for Feb-
ruary.

Examples of typical cleaned potential density profiles,
the corresponding L profiles, and the same L profiles
after applying the method of GK are shown in Fig. 4,
one set of profiles each for the winter and summer da-
tasets.

For the February dataset the method of GK found 36
overturns and gave an rms LTwc of 0.77 m for the primary
sensor pair (CT1). The data from the secondary sensor
pair (CT2) contained the same number of overturns but
gave an rms LTwc of 0.81 m. The reader is reminded that
LTwc includes the parts of the water column where L 5
0, between overturning regions. Values of LTovt ranged
from 0.1 to 4.5 m for CT1 and from 0.12 to 4.6 m for
CT2. Without applying the method of GK, the rms LTwc

was 1.09 m for CT1 and 1.02 m for CT2.
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FIG. 4. (a) Cleaned potential density profile, (b) profile of L, and (c) profile of L after processing the data
using the method of Galbraith and Kelley (1996). The three upper panels show an example from the winter
dataset; the three lower panels show an example of the summer data. Not all the overturning regions in the
density profiles show up clearly due to the large density range and the resolution of the figure.

For the summer data, the method detected 345 over-
turns in the data from CT1, with an rms LTwc of 0.45
m, and 329 overturns from the CT2 data with an rms
LTwc of 0.46 m. Values of LTovt ranged from 0.03 m to
5.1 m for CT1 and from 0.14 to 5.1 m for CT2. Without

the restrictions of GK the rms LTwc was 0.52 m for CT1
and 0.55 m for CT2.

The vertical distribution of LTovt for both datasets us-
ing CT1 is shown in Fig. 5. Here LTovt is plotted as a
constant over the vertical extent of each overturn. In
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FIG. 5. Depth distribution of LTovt for (a) winter overturns from 10 casts and (b) summer overturns from 57 casts. The depth of each
horizontal bar indicates the vertical extent of the overturn; the magnitude of LTovt is indicated by the length of each bar.

February, large overturns occurred between 20 and 60
m and between 120 and 140 m, while in August there
were large overturns in the middle of the water column.
This may be due to a stronger mean shear in summer
as a consequence of the peak in the discharge of the
Fraser River. The small to medium overturns were fairly
evenly distributed.

Figures 6a and 6b show the probability distributions
P1(L) of L and L2P1(L) for the winter and summer da-
tasets. Note that the distribution of L2P1(L) increases
with increasing L, as in Fig. 1d, row ii.

On the suggestion of a referee, we have also checked
whether L is lognormally distributed, as might be ex-
pected if, as proposed for the turbulent dissipation rate,
L arises from a multiplicative series of independent
events (e.g., Frisch 1995). The distribution of log10(L)
shown in Fig. 6c spans 2.6 decades in winter and 3.3
decades in summer and both distributions are approx-
imately lognormal over much of their range. Probability
plots using log10(L) for the abscissa are shown in Fig.
6d; the plot should be linear if the variable is lognormal.
In winter the log10(L) distribution is linear between 2%

and 90% cumulative probability while in summer the
distribution is linear between 5% and 75% cumulative
probability.

5. Inferring vertical mixing rates for Juan de Fuca
Strait

The Thorpe scale LT is essentially the rms vertical
length scale of density inversions. On dimensional, or
energetic grounds, it is expected to be proportional to
the Ozmidov scale, LO 5 (e/N 3)1/2, where e is the dis-
sipation rate of kinetic energy. Dillon (1982) and Craw-
ford (1986) find that LO ø 0.8 LT, so, with Ky 5 0.2

N (Oakey 1982), we expect that the eddy diffusivity2LO

Ky ø 0.1 N, the form of which is dimensionally in-2LT

evitable.
Seventeen coincident microstructure velocity shear

and temperature profiles were collected in Juan de Fuca
Strait in August 1996 (see Fig. 7) and provided inde-
pendent estimates of LO and LT. The microstructure pro-
filer was equipped with two shear probes, a fast and
slow temperature probe, a conductivity sensor, and a
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FIG. 6. (a) Mean histogram of L (the occurrence of L 5 0 has not been plotted), (b) mean distribution of L2P1(L), (c) histogram of log10(L),
and (d) cumulative probability plot of log10(L), calculated from midwater potential density profiles from the CT1 sensor pairs. The winter
distributions are the average of 10 casts and the summer distributions are the average of 57 casts. The corresponding rms midwater Thorpe
scales 1/2 are 0.77 m for the winter data and 0.45 m for the summer data.2LTwc

pressure gauge (Dewey et al. 1987). The fast sensors
(shear-1, shear-2, and fast temperature) had a sampling
rate of 248 s21 while the slow sensors (T, C, and P) had
a sampling rate of 31 s21. Unfortunately the fast tem-
perature sensor and the conductivity sensor did not work
properly and will not be discussed further. The shear
probes were calibrated in the Ocean Turbulence Labo-
ratory at the University of Victoria prior to the deployment.

The microstructure shear was calculated from

du S Vc c5 ,
2dz GW

where Sc is the shear probe calibration, Vc is the voltage
signal, G is the shear channel gain, and W is the fall speed.
The dissipation rate, e (J kg21) was then calculated from
the despiked shear data using the relationship,

215 ]u
e [ n ,1 22 ]z

where n is the molecular viscosity of seawater at the
local temperature. The variance of the shear data was
calculated, following Dewey et al. (1987), by integrating
the power spectrum between 1 and 50 s21 to remove
noise in the shear data.

Estimates of LTovt were made from the slow temper-
ature profiles using only the part of the water column
where the T–S relationship was monotonic. This T–S
region was found from two CTD casts: one taken im-
mediately before and one immediately after the micro-
structure profiling, which lasted for three hours.

Values of LOovt were calculated as by Dillon (1982) and
Crawford (1986), using the relationship LOovt 5 ( / 3)1/2,e N
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FIG. 7. Examples of temperature and velocity shear data from two airfoil shear probes collected in Juan de Fuca Strait during Aug 1996:
(a) cleaned temperature, (b) Thorpe displacement from the part of the water column where the T–S relationship is monotonic, (c) shear, and
(d) dissipation rate.



3430 VOLUME 31J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 8. The relationship between LOovt and LTovt calculated from
microstructure shear and temperature data collected in Juan de Fuca
Strait in Aug 1996. The regression shown minimizes the function

| yi 2 bxi | (Press et al. 1989). Data from 19 overturns were usednSi51

to compute LOovt and LTovt.

where is the mean dissipation rate and is the meane N
value of the buoyancy frequency over each overturn
from the reordered stable potential density profile. Using
the values of LOovt and LTovt calculated from the micro-
structure data we found LOovt ø 1.06 LTovt, in close agree-
ment with the relationship found by Dillon (1982) and
Crawford (1986); see Fig. 8.

Ott and Garrett (1998) estimated an eddy viscosity
Ay ø 0.02 m2 s21 for Juan de Fuca Strait based on a
balance between the along-strait pressure gradient and
internal friction. If one believes that this sets a lower
bound for the dissipation rate (as it includes the con-
tribution from the mean shear alone), e $ (1 2
Rf)Ay (d /dz)2, where Rf . 0.15 is the flux Richardsonu
number. For a mean vertical shear of 0.007 m s21 and
summer stratification N . 0.012 s21, LTwc should exceed
0.7 m. Our CTD observations show that, on average,
the measured LTwc in August 1998 is considerably less
than this value. Conversely, the mean ‘‘midwater’’ col-
umn dissipation rate ^e& calculated from ^e& 5 0.64

suggests that Ay & 0.005 m2 s21. The discrep-3 2N LTwc

ancy between our measurements and the estimate of Ott
and Garrett (1998) could be associated with time var-

iability, but our data were obtained near mean slack neap
tide, precisely the condition which Ott (2000) and Ott
et al. (2001, manuscript submitted to J. Phys. Ocean-
ogr.) found was associated with the largest values of
the Reynolds stresses within the stratified region of the
shear flow.

We also find that on average 12% of the water column
was overturning in February but only 2% was over-
turning in August. The reason for this is not clear as
we have no evidence for dramatic seasonal differences
in the mean bulk Richardson number (S. Mihaly 2000,
personal communication), though of course on any giv-
en day the situation could be far from the seasonal mean.

Because of the sparseness of our data in space and
time, and the strong tidal currents in Juan de Fuca Strait,
it is not reasonable to discuss the profile to profile var-
iations in the mixing rate calculated from the data. How-
ever, using the empirical relationship between LTovt and
LOovt , extending it to the whole water column and using
our mean values of , we estimate that the average2NLTwc

value of Ky is 5 3 1024 m2 s21 in February and 2 3
1024 m2 s21 in August 1998.

6. The distribution of P3(L/H)

As shown by (2), P1(L) is a convolution of the prob-
ability distribution of overturn height, P2(H), with the
probability distribution of the fractional displacement
within each overturn, P3(L/H). The distributions of
P2(H), Fig. 9, show a preponderance of small values of
H. Similarly, Gregg et al. (1986) and Yamazaki and
Lueck (1987) found that thin turbulence patches were
more common than thick patches, based on an analyses
of temperature microstructure data. They also noted that
thick patches had much higher dissipation rates than
thin patches and therefore were significant contributors
to the total mixing rate. From probability plots (not
shown) we found that the log10(H) distribution is almost
linear (implying lognormality) between the 5% and 50%
levels in winter and between the 2% and 75% levels in
summer, although we have only a small number of mea-
surements of H in each case.

We have no theoretical prediction with which to com-
pare the distribution of P2(H), neither do we have suf-
ficient data to check the assumption that P3(L/H) is
independent of H. Proceeding with this assumption,
however, Fig. 10 shows P3(L/H) for all observed over-
turns in winter and summer. As a first step in exploring
the shape of this distribution, we compare it with a
simple kinematic model in which every point in a profile
has an equal probability of having a displacement to
every other point. This is the same as assuming that
each possible rearrangement of the original profile is
equally likely.

We illustrate this with a set of five points, representing
points on a stable density profile (i.e., 1, 2, 3, 4, 5) and
consider that the points have been reordered from some
previous density profile (such as 5, 3, 4, 1, 2). If each
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FIG. 9. Mean distribution of P2(H ) for (a) winter and (b) summer.

point can previously have been at any other point, then
we can construct a matrix showing how many chances
each point has of being moved from m places away,
where m 5 0 to 4. For a set of five points, the matrix
is given below:

Point number n

Move of m places

0 1 2 3 4

1
2
3
4
5

1
1
1
1
1

1
2
2
2
1

1
1
2
1
1

1
1
0
1
1

1
0
0
0
1

Total 5 8 6 4 2

Then, the probability of each displacement m 5 0,
1, 2, 3, 4, is 5/25, 8/25, 6/25, 4/25, and 2/25 respectively.
Thus, for an arbitrary set of n points the probability of
zero displacement (m 5 0) is n/n2, and the probability
of a displacement of one unit or more (m 5 1, . . .4) is
2(n 2 m)/n2. Using (1), the square of the Thorpe scale
is then just

1 1
2 2L 5 H 1 2 , (4)T 21 26 n

where H is the overturn height. For large n, 5 1⁄ H 2.2LT

Figure 10 shows the model distribution for a set of

50 points, normalized to lie between 0 and 1, super-
imposed on our mean distributions of P3(L/H). The data
have a larger probability of small L/H, but a smaller
probability of medium to large L/H than the simple model.

For each set of n points, however, there is a subset
of combinations that do not represent an n-point over-
turn, but instead represent an overturn, or multiple over-
turns, which have length less than n. This set includes,
but is not limited to, those cases where 1 → 1 and n
→ n, for example. For n 5 5, there are 49 such com-
binations, out of a total of 120, which do not represent
a 5 point overturn, leaving 71 that do. In general, while
there are n! rearrangements of n points, the number F(n)
which represent a complete n-point overturn is given by
the recurrence relation1

n21

F(n) 5 n! 2 k!F(n 2 k) for n $ 2. (5)O
k51

We have subtracted from n! the number k! of rear-
rangements of the first k points times the number of
complete overturns in the remaining n 2 k points, and
then sum this from k 5 1 to n 2 1. While a 1 point

1 We confess that the derivation of (5) did not occur to us imme-
diately, but a Monte Carlo computer simulation led us to the integer
sequence (Sloane and Plouffe 1995, integer sequence M2948) and
hence to a reference for the recurrence relation (Comtet 1972).



3432 VOLUME 31J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 10. Mean distribution of P3(L/H) for all observed overturns in winter and summer and
the normalized distribution from the model for a set of 50 points. The error bars shown are the
95% confidence intervals for the winter data based on a bootstrap method using 1000 iterations;
error bars for the summer data are similar in magnitude.

overturn is undefined, we must choose F(1) 5 1 to have
(5) give F(2) 5 1 correctly.

It can be seen from Fig. 11 that, when n is small, the
restriction of considering only n-point overturns reduces
the probability of moving a small number of places, but
increases the chance of moving a large number of places.
As n tends to infinity, the distribution approaches that
of the original unrestricted model. In our dataset, there
are typically tens of points in each overturn (this de-
pends on the instrument resolution of course), so the
unrestricted model is an appropriate benchmark.

In the unrestricted case discussed first, with n! rear-

rangements of n points, the number of displacements
by m points is M(n, m), where

M(n, 0) 5 n! and

M(n, m) 5 2(n 2 m)(n 2 1)!

for m 5 1, · · · , n 2 1. (6)

The total number of displacements is n 3 n!. Dividing
M(n, m) by this gives the probabilities previously cited.

For the restricted case, excluding those that do not
represent a complete overturn, the number of displace-
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FIG. 11. Normalized probability distributions of the modified kinematic model for n 5 3, 4, 5,
6, 7, and 8 (lines with symbols) taking into account only n-point overturns, and the original
kinematic model distribution for a set of 8 and 50 points (lines without symbols), also normalized.

ments by m points is now given by the recurrence re-
lation

n2m21

N(n, m) 5 M(n, m) 2 k!N(n 2 k, m)O
k51

n21

2 F(n 2 k)M(k, m). (7)O
k5m11

The first correction to M(n, m) removes, for each k, k!
times the number of complete overturns in the remaining
n 2 k points, as in the derivation of (5). We must also
remove all the unrestricted possibilities in the first k
points, multiplied by the number F(n 2 k) of complete
overturns in the remaining n 2 k points. As for F(1),
we must take N(1, 0) 5 1 to initiate (7). We have
checked the result of (7) by computer evaluation, though
this becomes lengthy for n * 8.

The probability P(n, m) of displacement by m points
in an n point overturn is just

P(n, m) 5 N(n, m)/nF(n). (8)

For n 5 5, it leads to P(n, m) 5 0.11, 0.29, 0.26, 0.20,
and 0.14 instead of 0.20, 0.32, 0.24, 0.16, and 0.08 for
m 5 0, 1, 2, 3, 4.

The shape of the probability distributions from our
data is rather uncertain as shown by error bars in Fig.
10, which represent the 95% confidence interval about
the mean, calculated using a bootstrap method with 1000
iterations. The smoothness of the final curves in Fig.

10, however, suggests much smaller error bars. The sim-
ple kinematic model distribution (Figs. 10, 11) some-
what resembles the mean distribution from the data,
though the data do show a preference for more small
displacements than given by our simple model. This
could be the effect of molecular diffusion; it would be
interesting to compare our findings with P3(L/H) from
direct numerical simulation of, say, Kelvin–Helmholtz
instability.

The shape of the probability distribution function of
the normalized Thorpe displacement might depend on
the situation (circumstance or location?) but it is not
known what the external nondimensional parameters
are. By averaging data from many overturns we hope
that we have included measurements from all stages of
instability, so the shape of the probability distribution
function averages out any time dependence. The shape
may also depend on the instability mechanism; here we
assume shear instability is the main process. Possible
relevant nondimensional parameters could be (i) the
minimum Richardson Number achieved and (ii) the
length of time for which the Richardson number is less
than 0.25 compared with the Brunt–Väisälä period. We
suggest that the shapes of P3(L/H) and P2(H) are worthy
of further investigation both observationally and theo-
retically.

7. Conclusions
We conclude that the Thorpe scale in Juan de Fuca

Strait was about 0.77 m in February and 0.45 m in
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August 1998 and that frequent small overturns do not
contribute significantly to the estimate of the mean
Thorpe scale. We have reliably detected values of Ky ,
as small as 2 3 1024 m2 s21 with an ‘‘off the shelf’’
CTD. We believe that better results could be obtained
with a CTD that is decoupled from ship motion (i.e.,
free fall) and with a finer resolution pressure sensor (i.e.,
one with a full scale pressure range suited to coastal
water depths as opposed to midocean water depths). The
CTD measurements are biased toward large Thorpe dis-
placements so that detailed interpretations of the cal-
culated mixing rates must consider whether sufficient
samples to give adequate statistics have been obtained.

We have introduced various probability distributions.
One, the distribution P2(H) of overturn height, falls off
rapidly with increasing H though we lack a theory for
its shape. The probability distribution P3(L/H) of scaled
displacements within overturns shows rather more small
displacements than given by a kinematic model in which
all possible contributions are equally likely. The prob-
ability P1(L) of displacements is a convolution of P2(H)
and P3(L/H). More investigation of these concepts
would seem to be worthwhile.
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