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Topic 2: Summary Measure For Populations 
 

 
SRecall, parameters are characteristics of data. 
SRecall, parameters summarize data. 
 
We need to be able to compute such measures for individual 
and “_______” data. 
 
 
“The most commonly used parameters for interpreting and 
understanding the meaning of values in populations are 
measures of central tendency and v__________.  They 
summarize data for logical presentation.” 
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Measures of Location 
 
�There are several measures of “_______ tendency”: 
 
(i)  The Mode: The value that occurs ____ often. Or in a 

frequency distribution, it is the point or class mark 
corresponding to the value with the highest frequency. 

 
 

Example: Age of students in driving school: 
                       
                     {16, 16, 17, 18, 16, 19.} 
 
Mode=___ 
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Problems with Mode (as a measure of central tendency): 
 
(1) Mode may not be near the ______ of the data. 
 
(2) Data may have ____ than one mode. 

     16      17     18     19

Frequency

3
2
1
0

Age

Mode is not
representative of

central location of
the distribution of

ages.
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However, for purely descriptive purposes, the mode can be useful 
in representing the ____ frequently occurring value: 
 

 

High
School

B.A. M.A.

Highest Education
Level Achieved

Frequency

Mode is high
school.
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Example: Using the mode with a frequency distribution: 
 

Income Frequency 
80 ≤X < 100  
100 ≤X < 120  
120 ≤X < 140  
140 ≤X < 160  
160 ≤X < 180  
180≤X < 200  
200≤X < 220  

 fi =∑ 40  
 

  Modal Interval is {180 ≤X < 200}. 
 

 This is the mode because it is the interval with the most values within it. 
 

 190 is also considered the “mode” because it is the mid-point of  {180 ≤X < 200}. 
 

Both are correct! 
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“Another measure of central tendency is the Median”: 
 
(ii)  The Median: The ______ value in a set of numbers arranged 

in order of magnitude. 
  
 I.e. the “______” ranked value in the data. 
             (Put into ascending order first!) 
 
 
Example:   Sales: N=9 (odd number of values) 
 

{14, 15, 18, 19, 20, 21, 23, 25, 26} 
 

 
                                               ______ 
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Example: Sales: N=12 (____ number of values) 
 

{16, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 27} 
− − − −

=median 20.5
124 34  

 
 
 
 

Note: 
20 21

2
205

+
= .

 

 
 
 
 
 
    

6th  7th 
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Example: Using the median with a frequency distribution: 
        Income              Frequency          Cumulative Frequency 
   80 ≤X < 100                          2 
 100 ≤X < 120              _                      8 
 120 ≤X < 140              _     16 
 140 ≤X < 160              _     22 
 160 ≤X < 180              _     25 
 180 ≤X < 200            13     38 
 200 ≤X < 220              2     40=N  
                           fi∑ = 40  
 
N=40 
40\2=20 which is an even number.   
 
Find the interval that contains the 20th and 21st ranked 
observations. 
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Median is ____-way between the 20th and 21st ranked observations 
–  
DMedian class is (140 to 160). 

 
Note: Could take the middle of the interval as the median: ___. 
 
Or  DCould ______ data is spread evenly through the interval: 
 
      16th       17th    18th     19th      20th    21st       22nd obs. 
 
           
         140                                                                         160 income 

                                        153.333           156.666  

Divide interval into 6 ____ parts. Pick the value between the 20th 
and 21st observations. 
 

Median =
153.333+156.666

2




 = 155 

20/6=3.333 
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Example: 20th observation on the boundary or 20th and 21st observations in different intervals: 
 

        Income               Frequency          Cumulative Frequency 
  80 ≤X < 100         _                          2 
100 ≤X < 120       __                        14 
120 ≤X < 140         _                   20 
140 ≤X < 160         _                        24 
160 ≤X < 180       __                        34 
180 ≤X < 200         3                   37 
200 ≤X < 220         3                   40=N  
                          fi∑ = 40      
 
                                          20th      21st        22nd      23rd    24th observation 
   
 
 
  120                                  140     145      150      155     160 income 
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We could ______observation 20 is on the boundary of the interval. 
We could also assume that the interval {140 to 160} is divided into 
4 parts. 
 
The median is calculated as follows: 

Median =
140 +145

2




 = 142 5.

 
 
If we assumed that the 20th and 21st observations are in different 
_________: 
 
Median 120 to 160 or Median =140. 
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(III)   The Mean: The  “balancing” point of data. 
        Calculate “mean” or average in several ways: 
 

(i) ______ Arithmetic Mean: [ ]µ = + + + = ∑1 1
1 2N

X X X
N

XiL N  
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Example: Temperatures: {22, 20, 16, 24, 18, 16, 21, 19, 23} N=9 
 
µ = 19 889.  
 
Note for comparison: 
 
Putting data is ascending order: 16, 16, 18, 19, 20, 21, 22, 23, 24 
 
� ____=16 (occurs twice) 
� ______=20 (5th observation) 
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Property: data values  “balance” about __. Proof: 
 
 

                        

( ) ( ) ( ) ( )
( ) ( )

( )

X X X X

X X X X

X N

N N

X

N
X N

N

N

i
i

N

i
i

N

i
i

N

1 2 3

1 2 3

1

1

1

0

− + − + − + + −

= + + + + − + + + +

= −

= − =

=

=

=

=

∑

∑
∑

µ µ µ µ

µ µ µ µ

µ

µ µ

µ µ

L

L L

Since  hence: =, .
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Problems with the ____: 
 
(A)   Affected by ________ in the data. 
 
� One strange observation misrepresents the data.) 
 
(B) Each data point gets _____ weight when calculating µ–     
      Dunrealistic 
 
� (Does not take into account _________ or importance of certain   
    values.) 
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Variations:  
 
(ii) Weighted Arithmetic Mean 
 

In situations in which some values are more ________ than others, 
a weighted average should be used. 
 

                              

[ ]
[ ]µ

µ

W

W

=
+ + +

+ + +

=











=

=

∑

∑

W X W X W X
W W W

W X

W

N N

N

i i
i

N

i
i

N

1 1 2 2

1 2

1

1

L

L
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Example: Grouped Data 
 
        Income       Frequency (fi )          Mid-Point (Xi) 
   80 ≤X < 100       _                        90 
 100 ≤X < 120       _                 110 
 120 ≤X < 140       _                 130 
 140 ≤X < 160       _                 150 
 160 ≤X < 180       _                 170 
 180 ≤X < 200    __                 190 
 200 ≤X < 220      2                 210 
                    fi∑ = 40  
 
If there are K intervals (K=7), then the weighted arithmetic mean is: 
 

Weight 
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( ) ( ) ( )[ ]

µ

µ

µ

W

W

W

=





















=
× + × + + ×

+ + + + + +
=

=

=

∑

∑

f X

f

i i
i

i
i

1

7

1

7

90 2 110 6 210 2
2 6 8 6 3 13 2

154 6

L

.  

 
 

Other “means” are used when the data are all in ______ (or 
rates of change: i.e. price indices; change in yields on stocks 
and bonds.) 
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(iii) G_______ Mean: GM gives equal weight to changes of equal 
________ importance. It cannot be used if any value is ‘0’ in the 
data. 

      

( )µG

where  is the product operator

= × × × × =










=
∏X X X X XN

N
i

i

N N

1 2 3

1

1

1

L

Π .  

 
 
Example: Two interest rates: 

( )

X
X

Note

G

1

2
1

2

54%
6 7%

54 6 7 6 015%
54 6 7

2
6 05%

=
=

= × =

=
+

=

.
.

. . .

:
. .

.

µ

µ
                        

µ µG A<
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Things to Note: 
 
(i)     µG <µ if all Xi>0 and not all the same. 
 

(ii)         Log 

                         = 1
N

1
N

                         = 1
N

                          = 1
N

Gµ =


















 = × ×

+ + +

=

=

=

∏

∏

∑

Log X

Log X Log X X X

Log X Log X Log X

Log X

i
i

N N

i
i

N

n

N

i
i

N

1

1

1
1 2

1 2

1

( )

( )

( )

L

L  

(Arithmetic mean of logs of data.) 
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In what sense is the geometric mean a _________ point for the 
data? 
Recall: ( ) ( ) ( ) ( )X X X X N1 2 3 0− + − + − + + − =µ µ µ µL  
 
In the case of the geometric mean: 

( )
( )
( )

[ ] [ ] [ ]

X X X X

X

X and X X

G G G

N

G

i
i

N

G

N
G

N

G

N

G i
N

G i
N

N

G
N

i

1 2 3

1

1 1

1

µ µ µ µ

µ

µ

µ

µ µ µ































=








= =

= =





⇒ =

=
∏

∏ ∏ ∏

L

Since     
 

Everything balances multiplicatively about the ‘neutral’ ratio of _____ –
this is why the geometric mean is appropriate with ratio data. 
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(iv)    H_______ Mean: it is the reciprocal of mean of reciprocals. 

                        

µH

ii

N

N X

=


















=
∑

1
1 1

1
 

 
Generally: µ µ µH G A< <  
 
Example: {2, 4, 7, 8} 
 
µ = 525.  
µG = 4 60.  
µH = 393.  

 



Econ_245 Topic 2 
Page 26 

 

 



Econ_245 Topic 2 
Page 27 

The general location of data is a useful measure, but we need more.  
Extending the idea of the median: 
 

P__________:  ‘divide data into 100 equal parts’. 
 
Rank the data into ascending order. 
 
Calculate ________in the data list below which a fixed_________ 
of the data lie. 
 
The Kth percentile:    

P N K
K = ×





=

( )
100

where  N #  of observations and K = %.  
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Then (1) If PK is integer, add 0.5. 
         (2) If non-integer, round to next higher integer.   
 
This locates the position of the Kth percentile. 
 
 
Example: (1, 3, 4, 7, 9, 11)     N=6 
 
P30

6 30
100 18= ×



 =

( ) .   D    2nd observation 
 
The 30th percentile is 3. 
 
(1,  3,  4,  7,  9, 11)       
 
 

location 
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Example:{1, 3, 5, 7, 8, 9, 9, 11 12, 14}   N=10 
  

P17
10 17

100 1 7= ×



 =

( ) .        D  2nd observation 

 
The 17th percentile is ‘3'. 

 
 
 

P45
10 45

100 4 5= ×



 =

( ) .
       D  5th  observation 

 
The 45th percentile is ‘8'. 

 

7 Kth percentile is the point in the ranked data, below which K% 
of the data lie. 
    
                              K % 
 0%                                                                 100%      
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Special Cases: 
 
♦ 25th Percentile = First Quartile (Q1) 
♦ 50th Percentile=Second Quartile (Q2) = Median 
♦ 75th Percentile = Third Quartile (Q3) 
♦ (Q3-Q1) = “Interquartile Range” 
 
Percentiles divide the data into ___ equal parts, each representing 
one percent of all values. 
 
Eg. The 90th percentile is the value that has 90% of all values 
below it and 10% above it. 
 
Q________ divide the data into __equal parts; Only 3 quartile 
values are necessary to divide the data into 4 parts.  
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Example : I____________ Range 
 
{3, 5, 7, 2, 1} 
 
Step 1: Order data: 
 

{1, 2, 3, 5, 7}   n=5 
 
 
Step 2: Location 
 

Q P th3 75
5 75

100 3 75 4= = ×



 = ⇒( ) .

 

4th observation = 5 
 

Q P nd1 25
5 25

100 1 25 2= = ×



 = ⇒( ) .

 

 
2nd observation =2 
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Step 3: Interquartile calculation: 
 

Q Q3 1 5 2 3− = − =[ ]  
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The Shape of A Distribution 
 Often having a method for describing the _____ of a frequency 

distribution is often more helpful than just being able to describe 
the _______ location of a set of data. 
 

 
 
 
 
 
 
 
 
 

Most “real world” 
distributions are called 
________ distributions, 
implying one mode or 

peak. 

A distribution with 2 
peaks is called a 
bi distribution.
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A frequency distribution is said to be s________ if its shape is the 
same on both _____ of the ______: Median = Arithmetic Mean. 
If a distribution is uni-modal and symmetric then: 
 
                                      Mean=Mode=Median 
 

                        



Econ_245 Topic 2 
Page 35 

An asymmetric frequency distribution is said to be ______: 
 
 1)     to the ____ (down) if: mean < median< mode. 
 2)     to the _____ (up) if:    mean >median> mode. 

 
      Positively (_____) skewed              Negatively (____) skewed 
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Measures of Dispersion: 
 

Measures of central location and general ‘shape’ are not enough 
to properly describe a distribution of data because variability or 
s_____ is ignored. 
 
The Range: the range is the ________ difference between the 
highest and lowest values in the data set. 
 
R=(Xmax - Xmin) 
 
Advantages: 
 

Independent of measure of _______ location 
Easy to calculate 
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Disadvantages: 
 
zIgnores all data except 2 items 
zThese values may be “________.”  I.e. not representative. 
 
 
Example: Price of Phones:  {10, 37.5, 25, 35, 7, 15, 45, 27} 
                  R=(45-7)=$38 
 
Rank Data:{7  10  15  25  27  35  37.5  45} 
 
(45-7)=__   =  RANGE 
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The Mid-Range(s): Measure of the ______ of the innermost  
                                     concentrated portion of the data.   
 

Obtained by _________ a specified proportion of the extreme  
    values at both ____ of the ordered values in the data set. 
   
 (Order data and exclude a certain proportion at either end of the  
   data set.) 
 
Use these to avoid _______ problems. 
 
Example: Interest Rates 
 
First, order the data:  
                 {6.3, 6.4, 6.5, 7.0, 7.2, 7.5, 8.5, 9.1, 9.2, 11.4} % N=10 
 
80% Mid-range D discard top and bottom __% of data (20%) 
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*Calculate the 10th and 90th p__________. 
 

P90 90 10 100 9 05 9 5= × = ⇒( ) / . .  add  position:
(9.2 +11.4) / 2 = 10.3  

 

P th
10 10 10 100 1 05 15= × = ⇒( ) / . .  add  position:

(6.3+ 6.4) / 2 = 6.35  

 

R80=(10.3-6.35) =3.95%. 
 
Note: 50% ___-_____= Inter-quartile Range. 
 
 
A selection of mid-ranges provides a “picture” of the dispersion in data. 
But, a single summary measure would be more helpful: 
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The Variance: A single summary measure of data d_________. 
 

 Takes account of ___ N data values 
 Adjusts the data to take account of t______ level.  I.e. use the 

mean, µ, in calculations. 
 
Construction: Calculate deviation from the mean for each 
observation: 

( ) ( ) ( ) ( )X X X X N1 2 3− − − −µ µ µ µ, , , ,L  
 
 
We could add these “dispersions” together: 
 
( ) ( ) ( ) ( )X X X X N1 2 3 0− + − + − + + − =µ µ µ µL  
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But this sum is always ____, and some of the deviations will be 
positive and some negative: 
 
For example:{1, 2, 3} 
                            � mean=2 
 

(1-2) + (2-2) + (3-2) = (-1) + (0) + (1) = 0 
 
So, we need to deal with the positive and negative signs: 
 
 
Two Options: 
 
Take the “s______” or take “a_______” values of the individual 
deviations. 
     
In each case, we need to scale the sum by dividing by N to get the 
correct order. 
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This leads to: Two Measures of the Variance: 
 
 

(A) Mean _______ Deviation: square each deviation and divide       
                                                             by N: 
                         

                                   
( )MSD

N
Xi

i

N

= −
=
∑1

1

2

µ
 

 
In the case of a population, we also call this the Population 
Variance:   (σ 2  ---  sigma squared) 
 
*Note the _____: if data are in $, MSD and the variance are in $2. 
 
So, we often report the standard deviation, which is the _____ root 
of the variance: Standard deviation =  Variance = σ .  
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(B)      Mean Absolute Deviation: Sum the ________ deviation  
                                                           and divide by N: 
 

                                             
MAD

N
Xi

i

N

= −
=
∑1

1
µ
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Example: N=10; Interest Rates; µ=7.91% 
 
 

i Xi (Xi -µ) (Xi -µ)2 |(Xi-µ)| 
1  -1.61 2.5921 1.61 
2  -1.51 2.2801 1.51 
3  -1.41 1.9881 1.41 
4  -0.91 0.8281 0.91 
5  -0.71 0.5041 0.71 
6  -0.41 0.1681 0.41 
7  0.59 0.3481 0.59 
8  1.19 1.4161 1.19 
9  1.29 1.6641 1.29 

10  3.49 12.1801 3.49 
  Sum=0 =∑ 23 969 2. (%)  =∑ 1312. (%)
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Mean square deviation 
 

                  

MSD

MAD

= = =

=

= =

σ

σ

2 223969
10

2 3969

15548%

1312
10

1312%

.
. (%)

.

.
.

same units 

 
Mean absolute deviation 
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Warning: Rounding error can be an issue. 
 
Alternative Formula for the Variance (MSD): 
 

( )

( )

σ µ

σ µ µ

σ µ µ µ

µ

σ µ µ µ

σ µ

2

1

2

2 2 2

1

2 2 2

1 11

2 2 2

1

2 2 2

1

1
2

1
2

1
2

1
2

= − ⇐

= + − ⇐

= + −








 ⇐ =

= + −










= + −

=

=

= ==

=

∑

∑

∑ ∑∑ ∑

∑

∑

N
X Expand

N
X X

N
X X

N
X N N

N
X N

i
i

N

i i
i

N

i
i

N

i
i

N

i

N

i
i

N

i

Take summation operator through

Since 
X

N

                                                                then: N = X   

i

i

( )

N

N
X N

N
X

i

N

i
i

N

i
i

N

µ

σ µ

σ µ

2

1

2 2 2

1

2 2

1

2

1

1

=

=

=

∑

∑

∑











= −










=








 −  
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Note: 
µ µ µ µ µ µ2

1

2 2 2 2 2

i

N

N
=
∑ = + + + + =L
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What About Grouped Data? 
 
 
For the Variance: 

( )[ ]σ µ2 2

1

1
= −

= ⇒ =

=
∑

∑

N
X f

where

f f N

i i
i

K

i i

:
      K =#  of groups

      frequency 
 

 
 
 
 

[ ]MAD
N

X fi i
i

K

= −
=
∑1

1
µ

 

 
 
 

NOTE Xi: = midpoint  
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Example: House Prices ($'000): calculate the variance and SD. 
 

Class 
(i) 

Mid-Point
(Xi) 

Frequency 
(fi) 

(Xi-µ)2 (Xi-µ)2 fi

100<X≤200 150  20,736 62,208 
200<X≤300 250  1,936 52,272 
300<X≤400 350  3,136 47,040 
400<X≤500 450  24,336 121,680

  N=50  283,200

( ) ( ) ( ) ( )[ ]

µ

µ

µ

=

= × + × + × + ×

=

∑1

1
50

150 3 250 27 350 15 450 5

294

N
X fi i  

 

                                

( )σ

σ

2 21
50

283 200 5664 000

7526 000

= =

=

, ($' )

. ($' )  
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Issue:  Accuracy With Grouped Data 
 

We used mid______ of groups as representative values for the  
    calculations of mean and variance. 
 
YThe effect on the mean is __________. 

 
The effect on the ________ is not! 

 
 
Must use Sheppard’s Correction (for the ________): 
 

                         

( )σ σC

2h

where h = class width

2 2
12= −
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Example: 

σ

σ

2 2

2 2

5664 000
4830 7 000

=

=

($' )
. ($' )C  

 
 

 
YUsing intervals instead of actual data values, the variance is   
   _____________.   
 
 

YAs the interval width gets smaller and smaller, eventually use  
   individual values. 
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Comparing Dispersions of Two Populations 
 
How do you compare standard deviations if: 
(i)     S____ (average value) differs and/or 
(ii)    U____ of measurement differ across populations? I.e. £,¢,$. 
 
�Must construct a u_______ measure which is scale free: 
 
 
Coefficient of Variation (CV) 
 

C V. . * %=










σ
µ

100
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Example:   
Population 1 

($) 
Population 2 

(Kg.) 
 104 
 107 
 102 
  

 
 
µ
σ

=
=

=

2 5
1118

44 72%

.
. ($)

. . .C V            

µ
σ

=
=

=

104 33
2 055

197%

.
. ( .)

. . .
kg

C V  
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Measuring Skewness 
 
Recall: 
 
(i)    Skewed n_________ if mean < median. 
(ii)   Skewed p_________ if mean  > median. 
 
Both measures have the same units. 
 
 
Pearson’s Skewness Measure: 

Skew
mean median

=
−




⇒ + −

σ
" " " " " "0

 

 

Unitless measure for comparison. 
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Example: {25, 22, 31, 35, 30, 27, 28, 45, 50, 100} 
 
 

µ

σ

=
=

=

=
−




=

39 3
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21882
39 3 305
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median

skew  

 
 

Unitless –O.K. for comparisons. 

 


