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Topic 3 

Bayesian Econometrics 
4. Bayesian Inference for the Linear Regression Model 
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2 
 

࢟   ൌ ࢼܺ ൅ ,	ሾ0ܰ	~	ࢿ        ;        ࢿ      ௞ሿܫଶߪ

ሺܺሻ݇݊ܽݎ         ൌ ݇    ;    X is non-random 

 Consider two situations: 

(i) “Diffuse” Prior 

(ii) Natural-Conjugate Prior 

 

 Likelihood Function: 

,ࢼሺܮ  ሻ࢟|	ߪ ൌ ,ࢼ|	࢟ሺ݌ ሻߪ ∝ ሼെ	௡expିߪ ଵ
ଶఙమ

ሺ࢟ െ ࢟ሻ′ሺࢼܺ െ  ሻሽࢼܺ

 Re-write the Likelihood function – 

Let      ࢼ෡ ൌ ሺܺᇱܺሻିଵܺ′࢟  . 

Then: 
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ሺ࢟ െ ࢟ሻᇱሺࢼܺ െ ሻࢼܺ ൌ ሾ൫࢟ െ ෡൯ࢼܺ ൅ ሺܺࢼ෡ െ ࢟ሻሿ′ሾ൫ࢼܺ െ ෡൯ࢼܺ ൅ ሺܺࢼ෡ െ  ሻሿࢼܺ

Note that     ൫࢟ െ ෡ࢼ෡൯ᇱ൫ܺࢼܺ െ ൯ࢼܺ ൌ 0 

 So,  

ሺ࢟ െ ࢟ሻᇱሺࢼܺ െ ሻࢼܺ ൌ ൫࢟ െ ࢟෡൯′൫ࢼܺ െ ෡൯ࢼܺ ൅ ሺࢼ െ ࢼ෡ሻ′ܺ′ܺሺࢼ െ  ෡ሻࢼ

ൌ ଶݏݒ ൅ ሺࢼ െ ࢼ෡ሻ′ܺ′ܺሺࢼ െ  ෡ሻࢼ

 Here,   ݒ ൌ ሺ݊ െ ݇ሻ  and ݏଶ ൌ ሺࢋᇱࢋሻ/ሺ݊ െ ݇ሻ ;  where     ࢋ ൌ ࢟ െ  .  ෡ࢼܺ

 So, the Likelihood function becomes: 

,ࢼሺܮ ሻ࢟|	ߪ ∝ ሼെ	௡expିߪ
1
ଶߪ2 ሾݏݒ

ଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿሽࢼ

(i) Diffuse Prior: 

 ݌ሺࢼ, ሻߪ ൌ  ሻߪሺ݌ሻࢼሺ݌
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 ݌ሺߚ௜ሻ ∝ ∞െ     ;      ݐ݊ܽݐݏ݊݋ܿ ൏ ௜ߚ ൏ ∞   ;      ݅ ൌ 1, 2, …… , ݇ 

 ݌ሺߪሻ ∝ 0      ;                 ߪ/1 ൏ ߪ ൏ ∞ 

 So,    ݌ሺࢼ, ሻߪ ∝  ߪ/1

 Apply Bayes’ Theorem – 

,ࢼሺ݌ ሻ࢟|	ߪ ∝ ሼെ	ሺ௡ାଵሻexpିߪ
1
ଶߪ2 ሾݏݒ

ଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿሽࢼ

 First, let’s condition on ߪ, and see what we can observe. 

 Then we’ll marginalize and focus just on the ࢼ vector. 

 Conditioning: 

,ߪ|ࢼሺ݌  ሻ࢟ ∝ exp	ሼെ ଵ
ଶఙమ

ሾݏݒଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿሽࢼ



5 
 

∝ exp ൜െ
1
ଶߪ2

ሾݏݒଶሿൠ exp	൜െ
1
ଶߪ2 ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿൠࢼ

∝ exp	൜െ
1
2 ൫ࢼ െ ࢼଶሺܺᇱܺሻିଵሿିଵ൫ߪ෡൯ᇱሾࢼ െ  ෡൯ሿൠࢼ

 So, the Conditional Posterior is multivariate Normal with a mean of ࢼ෡ and a 

covariance matrix of ߪଶሺܺᇱܺሻିଵ. 

 Recall that ࢼ෡ is the MLE for the coefficient vector (= OLS). 

 So, ࢼ෡ is the Bayes estimator under various symmetric Loss Functions. 

 Marginalizing: 

ሻ࢟|ࢼሺ݌ ൌ න ,ࢼሺ݌ ߪሻ݀࢟|	ߪ
ஶ

଴
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∝ න ሼെ	ሺ௡ାଵሻexpିߪ
1
ଶߪ2 ሾݏݒ

ଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ ߪ෡൯ሿሽ݀ࢼ
ஶ

଴
 

 Change of variables:   ܿ ൌ ቂݏݒଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ቃࢼ

ݖ ൌ  ଶߪ/ܿ

 So:  	

ݖ݀ ൌ െቀଶ௖
ఙయ
ቁ ߪ݀ ;  ߪ݀ ൌ െሺߪଷ/2ܿሻ݀ߪ ;  ݖ ൌ ሺ௖

௭
ሻଵ/ଶ 

 

 ݌ሺࢼ	࢟|ሻ ∝ ׬ ሼെ	ሺ௡ାଵሻexpିߪ ଵ
ଶఙమ

ሾݏݒଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ ஶߪ෡൯ሿሽ݀ࢼ
଴  

∝ න ሺ
ܿ
ሻݖ

ିሺ௡ାଵሻ/ଶ݁ି௭/ଶሺെߪଷ/2ܿሻ݀ݖ
଴

ஶ
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∝ න ቀ
ܿ
ቁݖ

ି௡ାଵଶ ݁ି
௭
ଶሺ
1
2ሻ ൬

1
൰ݖ

ଷ
ଶ
ܿ
ଷ
ଶሺ
1
ܿሻ݀ݖ

ஶ

଴
 

∝ ܿି௡/ଶ ׬ ቀݖ
೙
మ	ି	ଵቁ݁ି௭/ଶ݀ݖஶ

଴  

Kernel of a Gamma density with shape = (n / 2), scale = ½ 

The integral = Γሺ௡
ଶ
ሻሺଵ
ଶ
ሻ௡/ଶ       It’s a finite constant. 

 ݌ሺࢼ	࢟|ሻ ∝ 	 ܿି	
೙
మ ൌ ሾݏݒଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿି௡/ଶࢼ

 This is the kernel of a Multivariate Student-t density. 

 Specifically, it’s MVST   ቂࢼ෡		; ଶሺܺᇱܺሻିଵሺݏ	 ௩
௩ିଶ

ሻቃ . 
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 Once again, ࢼ෡ is the Bayes’ estimator under various symmetric Loss 

Functions. 

 The marginal densities of a MVST density are univariate Student-t 

densities, so the Marginal Posterior p.d.f. for each ߚ௜ is Student-t, with a 

mean (= median = mode) equal to ߚప෡ . 

 Similarly, we can obtain the Marginal Posterior p.d.f. for ߪ : 

ሻ࢟	|	ߪሺ݌ ൌ න ,ࢼሺ݌ ࢼሻ݀࢟|	ߪ
ஶ

ିஶ
 

ൌ න …න න න ,ࢼሺ݌ ଵߚሻ݀࢟|	ߪ
ஶ

ିஶ

ஶ

ିஶ

ஶ

ିஶ

ஶ

ିஶ
ଶߚ݀ …  ௞ߚ݀	

 It turns out that 
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ሻ࢟	|	ߪሺ݌ 	∝  ଶሿߪଶ/2ݏݒሾെ݌ݔሺ௩ାଵሻ݁ିߪ	

 This is the density for an Inverted Gamma distribution. 

 It has the following features – 

(i) Single mode at ߪ௠ ൌ ݏ ቂ ௩
௩ାଵ

ቃ
ଵ/ଶ

 . 

(ii) ܧሺߪ	|	࢟ሻ ൌ ݒݏ
భ
మ ቂΓሺ௩ିଵ

ଶ
ሻቃ / ቂΓሺ௩

ଶ
ሻቃ        ;   ݒ ൐ 1 . 

(iii) ܸܽݎ. ሺߪ	|	࢟ሻ ൌ ቂ௩௦
మ

௩ିଶ
ቃ െ ሾܧሺߪ	|	࢟ሻሿଶ      ;   ݒ ൐ 2 . 

(iv) ܵ݇݁ݓሺߪ	|	࢟ሻ ൌ ݏ ቐ
ቂ୻ቀೡషమమ ቁቃቀೡమቁ

భ
మ

ቂ୻ቀೡమቁቃ
െ ቀ ௩

௩ାଵ
ቁ
ଵ/ଶ
ቑ /ඥܸܽݎ. ሺߪ	|	࢟ሻ          

ݒ   ; ൐ 2 . 
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 Generally, the Skewness is positive. 

 Under our standard Loss Functions, the Bayes estimator of ߪ differs from 

the OLS – associated estimator  (= s). 

 However, recall that ݒ ൌ ሺ݊ െ ݇ሻ, so  ݒ → ∞  when  ݊ → ∞ . 

 So,   lim௡→ஶ ௠ߪ ൌ  .     ݏ

 Also,     ݏ	
௩
భ
మቂ୻ቀೡషభమ ቁቃ

ቂ୻ቀೡమቁቃ
ൌ ݏ ቂΓሺ௩

ଶ
൅ 1ሻΓሺ௩ିଵ

ଶ
ሻቃ / ቂΓሺ௩

ଶ
ሻቃ
ଶ
 , 

So,   lim௡→ஶ ሻ࢟|	ߪሺܧ ൌ  .     ݏ
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(ii) Natural Conjugate Prior: 

 Given the Normal Likelihood function, the N.C. prior is   

,ࢼሺ݌  ሻߪ ൌ  ሻߪሺ݌ሻߪ|	ࢼሺ݌

where 

;		ߚ̅] ሻ   is a (conditional) Multivariate Normalߪ|	ࢼሺ݌  [	ଵିܣଶߪ	

 ሻ  is  Inverted Gamma  (w , c)ߪሺ݌

 ݌ሺࢼ	ߪ|ሻ ∝ ݌ݔ௞݁ିߪଵ/ଶ|ܣ| ቄെ ଵ
ଶఙమ

ሺࢼ െ ࢼሺܣ′ഥሻࢼ െ  .ഥሻቅ    ;     A  is  p.d.sࢼ

ሻߪሺ݌ ∝ ,	ݓ     ;      ଶሻሽߪଶ/ሺ2ܿݓሼെ݌ݔሺ௪ାଵሻ݁ିߪ ܿ ൐ 0 

 Choose values of w, c, ࢼഥ and A to reflect our prior beliefs. 
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 Recall that the Likelihood Function is 

,ࢼሺܮ  ሻ࢟|	ߪ ൌ ,ࢼ|	࢟ሺ݌ ሻߪ ∝ ሼെ	௡expିߪ ଵ
ଶఙమ

ሺ࢟ െ ࢟ሻ′ሺࢼܺ െ  ሻሽࢼܺ

 Apply Bayes’ Theorem: 

,ࢼሺ݌ ሻ࢟|	ߪ ∝ ,ࢼሺ݌ ,ࢼሺܮሻߪ  ሻ࢟|	ߪ

 So, ݌ሺࢼ, ሻ࢟|	ߪ ∝ 

݌ݔሺ௡ା௞ା௪ାଵሻ݁ିߪ ൤െ
1
ଶߪ2 ቄܿݓ

ଶ ൅ ൫ࢼ െ ࢼ൫ܣഥ൯ᇱࢼ െ ഥ൯ࢼ ൅ ሺ࢟ െ ࢟ሻ′ሺࢼܺ െ  ሻቅ൨ࢼܺ

 Define:    ߛ ൌ ൫ࢼ െ ࢼ൫ܣഥ൯ᇱࢼ െ ഥ൯ࢼ ൅ ሺ࢟ െ ࢟ሻ′ሺࢼܺ െ  ሻࢼܺ

 ൌ ܣᇱሺࢼ ൅ ܺᇱܺሻࢼ െ ഥࢼܣᇱ൫ࢼ2 ൅ ܺᇱ࢟൯ ൅ ሺ࢟ᇱ࢟ ൅ ഥ′ࢼ  ഥሻࢼܣ

 This is Quadratic in the ࢼ vector – we’ll “complete the square”. 
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 ݍ ൌ ሺܽݔଶ ൅ ݔܾ ൅ ܿ	ሻ ൌ ܽሺݔ ൅ ௕
ଶ௔
ሻଶ ൅ ሺܿ െ ௕మ

ସ௔
ሻ 

 ݍ ൌ ሺ࢞ᇱ࢞∗ܣ ൅ ࢈′࢞ ൅ ܿ	ሻ ൌ ቀ࢞ ൅ ଵ
ଶ
ቁ࢈ଵି∗ܣ ∗ܣ′ ቀ࢞ ൅ ଵ

ଶ
 	ቁ࢈ଵି∗ܣ

൅൬ܿ െ
1
ܣ′࢈4

∗ିଵ࢈൰ 

 So, 

ߛ ൌ ࢼൣ െ ሺܣ ൅ ܺᇱܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯൧′ሺܣ ൅ ܺᇱܺሻൣࢼ െ ሺܣ ൅ ܺᇱܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯൧

൅ ࢟′࢟ ൅	ࢼഥᇱࢼܣഥ െ ൫ࢼܣഥ ൅ ܺᇱ࢟൯′ሺܣ ൅ ܺ′ܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯ 

 Define:   ࢼෙ ൌ ሺܣ ൅ ܺ′ܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯ . 
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 So,  ݌ሺࢼ, ሻ࢟|	ߪ ∝ ݌ݔሺ௡ା௞ା௪ାଵሻ݁ିߪ ቄെ ଵ
ଶఙమ

ଶܿݓൣ ൅ ࢟ᇱ࢟ ൅ ഥࢼܣഥᇱࢼ ൅

																															൫ࢼ െ ܣෙ൯′ሺࢼ ൅ ܺᇱܺሻ൫ࢼ െ ෙ൯ࢼ െ ܣෙ′ሺࢼ ൅ ܺ′ܺሻࢼෙ൧ቅ 

∝ ݌ݔሺ௡ᇲା௞ାଵሻ݁ିߪ ൜െ
1
ଶߪ2 ൣ݊′ܿଵ

ଶ ൅ ൫ࢼ െ ܣෙ൯′ሺࢼ ൅ ܺᇱܺሻ൫ࢼ െ  ෙ൯൧ൠࢼ

where:    ݊ᇱ ൌ ሺ݊ ൅   ሻݓ

݊ᇱܿଵଶ ൌ ሺܿݓଶ ൅ ࢟ᇱ࢟ ൅ ഥࢼܣഥᇱࢼ െ ܣෙ′ሺࢼ ൅ ܺ′ܺሻࢼෙሻ 

 As before, let’s first condition on ߪ, and see what we can observe. 

 Then we’ll marginalize and focus just on the ࢼ vector. 
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Conditioning: 

 The conditional posterior p.d.f. for ࢼ should be Multivariate Normal as a 

consequence of the Natural Conjugacy of the prior. 

 ݌ሺࢼ	ߪ|, ሻ࢟ ∝ ݌ݔ݁ ቄെ ଵ
ଶఙమ

ൣ൫ࢼ െ ܣෙ൯′ሺࢼ ൅ ܺᇱܺሻ൫ࢼ െ  ෙ൯൧ቅࢼ

 This is MVN ൣ	ࢼෙ	, ܣଶሺߪ ൅ ܺᇱܺሻିଵ	൧ . 

Marginalizing: 

 ݌ሺࢼ	࢟|ሻ ൌ ׬ ,ࢼሺ݌ ஶߪሻ݀࢟|ߪ
଴  

 In the case of the “Diffuse” Prior, we evaluated the integral: 

න ሼെ	ሺ௡ାଵሻexpିߪ
1
ଶߪ2 ሾݏݒ

ଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ ߪ෡൯ሿሽ݀ࢼ
ஶ

଴
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 We showed that it was proportional to 

ሾݏݒଶ ൅ ൫ࢼ െ ࢼ෡൯ᇱܺᇱܺ൫ࢼ െ  ෡൯ሿି௡/ଶࢼ

 Here, we need to integrate  

݌ݔሺ௡ᇲା௞ାଵሻ݁ିߪ ൜െ
1
ଶߪ2 ൣ݊′ܿଵ

ଶ ൅ ൫ࢼ െ ܣෙ൯′ሺࢼ ൅ ܺᇱܺሻ൫ࢼ െ  ෙ൯൧ൠࢼ

with respect to ߪ . 

 Immediately, then: 

ሻ࢟|	ࢼሺ݌ ∝ ൣ݊′ܿଵଶ ൅ ൫ࢼ െ ܣෙ൯′ሺࢼ ൅ ܺᇱܺሻ൫ࢼ െ ෙ൯൧ࢼ
ିሺ௡ᇲା௞ሻ/ଶ

 

 This is the kernel for the density of a Multivariate Student-t distribution. 
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 ݌ሺࢼ	࢟|ሻ  is   MVSTൣߚሙ		; 			݊′ܿଵଶሺܣ ൅ ܺᇱܺሻିଵ/ሺ݊ᇱ െ 2ሻ൧ 

 So, the Bayes estimator of ࢼ, under our standard Loss Functions, is 

ෙࢼ ൌ ሺܣ ൅ ܺ′ܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯ 

 Recall that the marginal densities of a MVST are univariate Student-t, 

centered at the ߚሙ௜ elements. 

 If we want to draw inferences about ߪ, we can obtain the marginal posterior 

p.d.f. for this parameter. Conjugacy tells us that it will be Inverted Gamma. 

 ݌ሺߪ	|	࢟ሻ ൌ ׬ ,ࢼሺ݌ ሻஶ࢟	|	ߪ
ିஶ  ࢼ݀

∝ ݌ݔሺ௡ᇲାଵሻ݁ିߪ ቈെቆ
݊′ܿଵଶ

 ଶቇ቉ߪ2
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 This is indeed the kernel of an Inverted Gamma density. 

 Now, let’s note some interesting and important features of the N.C. Bayes 

estimator of ࢼ:   

ෙࢼ ൌ ሺܣ ൅ ܺ′ܺሻିଵ൫ࢼܣഥ ൅ ܺᇱ࢟൯        ;   doesn’t depend on w or c 

(i) A is positive-definite, so the estimator is defined even if rank(X) < k. 

(ii) How does this relate to the “problem” of Multicollinearity? 

(iii) We can write 	

ෙࢼ ൌ ൬
1
ଶߪ ܣ ൅

1
ଶߪ ܺ′ܺ൰

ିଵ
൬
1
ଶߪ ࢼܣ

ഥ ൅
1
ଶߪ ܺ

ᇱܺࢼ෡൰ 

(iv) ࢼෙ is a matrix weighted average of ࢼഥ and ࢼ෡ (= OLS = MLE). 
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(v) Individual elements of ࢼෙ need not lie “between” the corresponding 

individual elements of ࢼഥ and ࢼ෡. 

(vi) If ࢼഥ ൌ ෙࢼ  ෡ thenࢼ ൌ ෡ࢼ ൌ  ഥ . (This makes intuitive sense.)ࢼ

(vii) Some non-Bayesian estimators of ࢼ are can be interpreted as special 

cases of this N.C. Bayes estimator: 

 The “Ridge” estimator: 

ࡾ෡ࢼ ൌ ሺܫߢ ൅ ܺᇱܺሻିଵሺܺᇱܺሻࢼ෡    

ܣ ൌ ഥࢼ and    ܫߢ ൌ 0  .  Why “shrink” the estimator towards zero? 

 James-Stein  & Theil’s “mixed” regression estimators are other examples. 


