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1. [2] Suppose the statement p — —¢ is FALSE. Circle all statements guaranteed to be TRUE.
No justification is needed.
e ~(q+<p)
e p— ¢
e pA(g
e ~(pVq)

2. [3] If the argument below is valid, then prove it, citing logical equivalences and inference
rules. Otherwise, give a counterexample to show that the argument is invalid.

b—q
Vg
—-r

-p
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3. Suppose the universe of n and t is the integers. Consider the statement:

dn,Vt,n +t < 10.

(a) [2] Write the negation of the statement using quantifiers and other mathematical sym-
bols.

(b) [2] Determine the truth value of the given statement. Briefly justify your answer.

4. [2] Let A={0,{1,2,3},{0,{0}},5,{1}}. Circle all TRUE statements. No justification is

needed.
e 3c A
o {{0.{0}}} c A
° {@} e A
o [P(A)| =2

5. [3] Use known logical equivalences to obtain a statement logically equivalent to p <> ¢ that
involves ONLY the statements p and ¢, their negations, and the logical connective A.
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6. [3] Let A and B be sets. Prove that (AN B)¢ = A°U B¢, where X¢ is the complement of
the set X.

7. [2] Let R be a symmetric, and transitive relation on the set A = {1,2,3}. Prove that if
(1,2),(1,3) € R, then R= A x A.

8. [2] Let f: A — B be an invertible function, where A and B are two different sets. Circle all
TRUE statements. No justification is needed.

e The range of f~!is A.
o f~lo f =iy, the identity function on A.
e |A| = |B]|.

e For every invertible function g : B — C, the function g o f is also invertible.
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9. Define h: R — R by

1 <
h(x):{Zx ifx <0

32 ifx>0.

(a) [2] Prove that h is onto. (Hint: Let y € R and consider the cases y < 0 and y > 0
separately.)

(b) [1] Is h 1-1? No justification is needed.

10. [2] Circle all UNCOUNTABLE sets. No justification is needed.

e NxR
e {R,Q.Z}

e the interval (—oo,4)
e {reR:22+3=0}
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11. [3] Prove that the interval (0,1) of real numbers is uncountable.

12. [2] Circle all TRUE statements. No justification is needed.

e If p is prime and p | ab, then p | a or p | b.

e For a,b,q, 7 € Z, if a = bq + r then gcd(a,b) = ged (b, ).

e No power of 10 is a multiple of 28.

e For all a,b,d € Z, if a = b (mod n) and b = d (mod n) then a*> = bd (mod n).
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13. [4] Let A be a set and R be the ‘subset’ relation on P(A), that is, (X,Y’) € R if and only if
X CY. Prove that R is anti-symmetric and transitive.

14. [3] Let a =473 and b = 242. Find ged(a, b) using the Euclidean algorithm. and express it
as axr + by for some integers x and y.
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15. (a) [2] Let n = (abc)s. Show that n =a+ b+ ¢ (mod 4).

(b) [1] Complete this statement for the integer n = (abc); above: 4 | n if and only if ...

16. Let ag, aq, ... be the sequence recursively defined by ag = 0, and a,, = 2 4+ a,,_; for n > 1.

(a) [1] Compute ay,as,az and a4, and then guess a formula for a,, that is valid for all n > 0.

(b) [2] Use induction to prove that your guess is correct.
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17. Define a sequence b, by by = 5,b; =9, and for n > 1,
bn = bn—l + bn—2-

(a) [3] Use strong induction to prove that b, < 5-2" for all n > 1.

(b) [1] Prove that the function f: N — R defined by f(n) = b, is O(2").

18. [2] Prove that [%| + [£] =k for all k € Z.
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19.

20.

21.

[3] Let A = {(11, az, . .. ,alo} and B = {bl, bg, ceey bﬁ}
justification is necessary.

(a) The number of subsets of B is

(b) The number of 5-element subsets of A is

d) The number of functions f: A — B is

e) The number of 1-1, onto functions g : A — A is

Complete each statement. No

)

)
(c) If [ANB| =3 then [AU B| =
(d)

)

)

(
(

f) The number of binary relations from A to B is

[2] The twelve members of a motorcycle club all have different motorcycles. Four of them
ride motorcycles made by Kawasaki, three ride Hondas and five ride BMWs. How many ways
can their 12 bikes be parked in a single line at the coffee shop if the first two bikes in the line

must be made by the same manufacturer.

[2] What is the probability that a randomly selected binary sequence of length 9 has exactly

4 ones?
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22. [2] In a lunch room of 30 students, 17 have juice, 20 have sandwiches, and 12 have cookies.
Exactly 8 have juice and sandwiches, 8 have juice and cookies, 7 have sandwiches and cookies,
and 4 have all three items. How many students have at least one of these items?

23. Consider the statement: 3 | 2*" — 1 for all n > 0.

(a) [3] Prove the given statement using mathematical induction.

(b) [1] Prove the statement again using congruences.
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24. Suppose a,b € N.

(a) [2] Prove that if ¢ = ax + by for some integers x and y, then gcd(a,b) | c.

(b) [1] Is the converse true? No justification is necessary.

25. [2] Show that f(n) = n?® is not O(n?).

26. [2] Consider the function f(n) = 5y/n — 10nlog(n) + 15log(n)?. Circle all true statements.
No reasons are necessary.

— END OF EXAMINATION —



