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1. [5] Check the correct box (T = True, F = False) to the left of each statement. No reasons are
necessary.

g[lg If the universe is R, the statements Vz, Jy, zy > 0 and Jy, Vz, zy > 0 are logically

equivalent.

g@ The negation of the statement “all dogs bite” is “all dogs don’t bite.”

l;' If A and B are sets and A # B, then A® B # (.

[T:J Let R be a binary relation on a set A and let a € A. If R is not reflexive, then (a,a) ¢ R.
g@ For any z € R, [z] = |z| +1

I;l @ For functions f and g, (g o f)(z) = g(z)f(z) whenever both sides are defined.

@ I;l Any two non-empty open intervals of real numbers have the same cardinality.

[‘l;gl;l If X is a countable set and z ¢ X, then X U {z} is countable.

I;} If a, b, c are nonzero integers such that c|a and c|b, then ged(a, b)|c.

g If a,b, c,n are integers such that ac = be (mod n), then either a = b (mod n) or
=0 (mod n).

2. [3] Let A= {a,b,{a,b,c},{0,{0}},{c}}. Check the correct box to the left of each statement.
No reasons are necessary.

@Q{a,b}g/x
g{a,b}eA
LI {0y e 4
D|A|=8
XL TP
D@c

T =
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3. [2] Using basic known equivalences, show that (—p A q) V =(pV q) is logically equivalent to —p.

| C‘W‘P /\Ci'\ v ‘1'(?\/‘1,\ = (“l?/\ﬁ) N (”LP AN 7‘3,\ K'De;\%(o\(é?m

e p A ( c\(\/ ¢ Dt e
=) ‘-[P " j_ Kvistan | T&«ﬂoé

4. [4] Prove the following logical argument, giving a list of statements and reasons.

pVyg
pVr
r—s
qVs

# | statement reason

L.|pVyg premise

2. |—pVr premise

3.|r—s ‘premise
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5. Let A, B and C be sets.

(a) [3] Provethat A\ (BN C) C (ANB)U(ANC).

T lave any X & AN (RN QC)N

J.oxe A and kg (BNCE)

Smee X SUARSA X?é 2 se wdG*

.oxe R o xe C

T8 xec R \r‘ﬁu\ K e (Arf\B SO xe KHsS
T e O ﬁfm\ K€ AnL se xe RIS
T e tRer Qa.uw, ve (ANBREY L (ANC)

(b) [2] Use a Venn diagram to investigate whether these sets may, in fact, be equal. Make a

conjecture. Do not prove it. R :i.\ 2, 0 (73 /Lk: Z\ o .(@/}
{19;% :yL} C _{Hlslél?j
@S 11,2385 RaeS = 1235
Cis = ANGNC® - i\ £33
QAB = AN 2_\\5163785’ YLl]Ej,
, Anc = L&, 75
| Rits = (mea)w cﬂmc\
L6, 7
S AW e ol \Péi } CC‘,U@Q

6. [3] Let a,b,c € Z. Prove that if afb and blc then a|c
S ea a\\> ;A Re A sl ausb
Dme. bl T 04 s\l wa=c
S = o = (@@ = al k)
£z, CKQ\G‘:ZZ( CLLC—
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7. Let A and B be nonempty sets. Consider the statement: if A x B = B x A then A = B.

(a) [1] Write the contrapositive of the given statement.

TE A3, Hen AxB £ BxA.

(b) [3] Prove the statement in (a).

Sugpose- AEB. Then one o’ﬁ m ﬂclﬁ hew
an @\emev»+ Nnot m e otk Ro e Uy
QN Q\PMP/\'\_ Xe A S 'L Xé B SD’\QSL gi QS
= hoos  an ﬂa\ﬁ\n(\@mJr 1 b Tl\er\ (>< Q\B & QKD

omd (¢, 0)¢ Bl ble wdB. oL Ayw 4 BxA
1l C e u)g\a/rﬁ 3\3(—% <. e, LgéLbL\ Ve §\n’\\\a\(‘

(c) [1] What does the result in part (b) tell you about the original statement?

Tk ™ = A L =ttt ard T
Qw\lv(@?og e Al /Qﬁ,\%( Qc:;&kvwl CL WV O\eﬂﬂ&

(d) [1] Does the truth value of the original statement change if A = ()7 Explain.
Yes. I€ A=¢ e AxB = ¢ =8xA
no mater whal set B s

8. [4] Prove that the set of rational numbers is countable. Use a diagram to illustrate your proof.

Cemarder e ROCA

TA conrams €\r€\/v\ \(&:¥WY\C&Q =5

j\L S{JDL wen e ‘Y\()Tuk,&réc) \Owl \1*@\1 avyvuld s

Contams everny  <lemest | e « oy
Ama <o L v\'\ <\e mem’% C’/\ @
° CD % Co’bwrc\'a\k) ‘e

e m

Q
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(4]

9. [4] Consider the relation R defined on the set Z of integers by (a,b) € R if and only if
a — b < 5. Consider the statements below. If a statement is true, prove it. If it is false, give a
counterexample.

(a) R is reflexive. | Twa .

Tq@ cuu\ RE Z ‘TLQ/

(b) R is symmetric. Talse p
(o1 eR bl ©—-o=Tle= |
& (o 0) ‘ff’(\ bfe lo&-0 41‘
(c) R is antisymmetric. Yalso
(LoyeR  bic =
(0,0eR  bic O=L=2-~|
But (0. -,

(d) R is transitive. False
G,O sYyYeR b =2
(5,0 ¢ R Ple S -o=" |
buft\ C\—OQX%K ‘OZQ \\D -0 = (0 ﬁ'l—b

3] Let f: A— Bandg: B — C be functions. Prove that if g o f is one-to-one then f. is
one-to-one.

@

é
©

Sme Ggo& s
)
R S g

Q

(\}\)Ouf\‘ 2 T Clz_\
o %wq\\\ = g (£

%OJ; C,Q\\ | CSOJ; Cal\

t~—~'\\ QA= R5
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11. Let f: R — R be the function defined by f(z) =4 + |2z + 3|.

(a) [1] Determine rng f.

[2}(4-%\'7/() ,Q/V\a a\\ Ceal -‘ép\s ™ E‘_o)oo\
Can avrrse
Se TNy X = CH,OO\
(b) [2] Give reasons why f is neither one-to-one nor onto.
Fy= w4+ |22 = 0
F(-5) = p | 2:(-5) +3| =\
St e =5 L v not 1—| .
DM e ey = L\ ooj ;V X SXV “Q'Cx\lo
. L is neh onto

(c) [1] Explain how to replace the target R of f with a set B C R so that the function
g : R — B, defined by g(z) = f(z) for all z € R, is onto.

Lotk = Vf\b L = EL‘T DO\ 7
Tlen k)vl ()‘(/LQ"YH ¥ uN Cﬁf\ VOxﬂférQ \ < e \;\ W O\,\“\Q
T B avises as o Vablea A +.

(d) [1] Explain how to replace the domain R of g with a set A C R so that the function
h: A — B, defined by h(z) = g(z) for all z € A, is one-to-one and onto.

ek A= E”%ﬁ:@B . Pec xR
$G) = wt \2xx3) = K243
blc 2R 2 > O LM@( &c\ﬁgjv?/w:) ol d

1=\ y CDY\d Q‘\/e_\/* &\er\fzn% O’K 15 le‘tie< Qo O
(e) [2] Find a formula for AL, - Jalose O’Q "‘t%\_c —g,\ . _O\

T @) |
Bay = L4 2R
B = hGD & /‘;\) = {4+2X
& -t g

; , P
TF oy Ch,ae)  Hen -A:\:;—? s (‘%,co\
oo Tm) = e |
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12. [3] Let a and b be integers and let p be a prime such that ged(a,p?) = p and ged(b, p®) = p.
Determine gcd(ab pt).

Ged CO\ P ) = P = '{;“’*?U““?’“jr UX r ™ Pl -Qa,c“\l« =
& G. 1 L
: 3 2 . _ {
%Ca (_\D 1? 3 = @ =) *ék? onent D/\ P ™ prme Locn
4 b s 2

.o exp- 0"\ P ™ ?f\m—c S;OLLH 6’5\0\ s (+2
S cd (ab, ?L*B

13. [2] Use the Fundamental Theorem of Arithmetic to prove that every integer n > 2 is divisible
by a prime number.

=1 AL Sa%s QNQ(U\ N >/ 2. can o< kUYVQCl NLL%

(N H~ezf\ oA

., & o
A= O -\ ‘L‘ (U4
NP s Pe
where  @ach pc s pone, €ach «-7 | \ ond
P Le2<-- < <
< K - < < .
Se = PPN Pt il so ?l\n

14. [3] Determine the last digit of 3356.

\r\)a»«* deZO,\H‘— G(/S S, _L g%ggi c\ Cvned (g\

Q?: ) = ‘\\ = -z Q (mao\to\
The laak dugit w9

33

1

15. [3] Find the positive integer b if (122), = (203),.
4_3)\0 = \"b‘z"\" be'tB\
(203) 5 = 2F xo-F43 = (o]

o \Q *’2_\3+2 = Lloj
b +2b—Aq =©
(b)) (b-a) =0
A N A T S
%huk —1\ isnt a \9@0& % =g
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16. [5] Let a, be the sequence recursively defined by ag =1, a; = -3, a, = —6a,-1 — 9a, for
n > 2. Use strong induction to show that a, = (—3)" for all integers n > 0.

&MS When n=0, ag=| = (_330

\W hain n=\, S —“—(-’3\“
'°°° Stnd Ao whRon MN=© o n=\.

; O
. Assame  Qg= (=3)

Q, = (- %\\
:(*%\\' Q‘D{SU‘YY\L 2 1.
_ e
3. Want Q\_i_t\ = [} .
ool o Rexy - Do Ry T 2 y W howve

.O\l—i-\r\: *(qu -C\G\x‘ -\

-6 ( SXK — 9 ( %\ ‘—\ <‘3~)\4*\
- 2 (=D M

A\

D (201) = 635 as anted

i

2y Shveng Tnduetion cxm=<->>\ % o
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17. (a) [2] Assumethat 1+2+4-- - +k = @(12/—2))2 for some k > 1. Use this hypothesis to prove
that

1424+ (k+1)= i+ 1 & (L)

2
LRS: L 220~ +(\<Jc\>
= lEZx 212 = QESSRN
- | .
= Q"“c (U2)) /7_ v (') %
= 1 [ 3 L b S WX ‘
i!‘,k—t ~ 5 s +\\}k. - _\,\Z
- ,'\i[iil—'k k4 %] = (Q 1 Z

2

(b) [2] Is the statement 1 +2+ ... +n = M true for all integers n > 17 Explain.

WNo. W hein n=y LWS = | |
D us = Q+’/z\l (D 9

—

> pa 3
Rk (@ e an mduckion step ) bus Y ooas

case (gn'+ )
18. [2] Let a1, as,as,... be the sequence recursively defined by a; = 1 and, forn > 1, a,, = 3ap_1+1.
Find the first 4 terms of the sequence and conjecture a formula for a,. Do not prove it.

A=\
Qo = ?301-\ +\
QS = ?)Ctl*\

JI

ERNE
SRR
P e

2 (143l A0 )

= %?*,\_\_gzv\‘\'—5°\ *'\

J]

I

I

qq = 3‘:‘:5*\

C N —\ =2
N g QA = 3 3 4 e 1)

= C‘ZSH“‘D/L%_[\ \-ﬁ r\7/\
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19. Let A= {a,b,c} and B = {u,z,y, z}. Answer the following questions. No reasons are necessary.

(a) [1] There are (,\,5 functions from A to B.

(b) [1] There are |2t (o 1 — 1 functions from A to B. L.3.2 = 4 (0

(c) [2] There are|3 2| functions f from A to B such that f(a) = z or f(a) =v.
Ley® 1 (et

20. Let S = {1,2, ..., 1000}.

(a) [2] Explain why the number of integers in S divisible by 11 is [1000/11] = 90. State a
general result in which 11 is replaced by an arbltrary positive integer b.

e &»ASUA 3 W A oa= bc-tr
B\\ NP % )V\ G Lq)b,l
-, 2~ \_q \os* : are. ol l‘?SS D o
Qc:%kai ﬁ%o O\ PR b/ Lc“(\ol‘t\35,>d,

(b) [3] How many integers in S are divisible by at least one of the numbers 3,5, 11?
Az S Aav. ey 3 . S Looo =

. l A - . .
B: * . c > : .\(\) <\l + lo
i a “ Z
{1 = : L\,

Qo
\I\‘lCW\‘% . \A\JB\)Q\

= \Al+t5\+\¢\~ LAABL -~ \and)
X AN %QQ\

looo \600 \ooo | \coo | 3 | Loc0
L 1S 33
[oool \_\OO@ X
k o=

l%mC\

Ji

= 5(5

(c) [2] How many integers in S relatively prime to 165? UO)
’\65 A[LSR\ | Egery bl ™ % -y '
AN OS5 \olt \01 me. 0’( . And Hun w= al( cf(fg\am

/ END OF EXAMINATION

- o
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