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1. [4] Suppose the statement p <> ¢ is false. Find all combinations of truth values for p, g,
and 7 such that the statement (=7 <> p) V (r A —q) is true.
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2. [3] Use known logical equivalences to show that ¢ — (p — ¢) is a tautology.
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3. [2] Use the blank to indicate Whether each statement is True or False. No justification
is necessary.

= (p->og) ENEE Y, q\
—_ \’{ 7 \ V .
| The negation of the statement p — g is p A —q. =5 7TAT 4,

E The converse of the statement p — =g is p — gq.
TThe statement 3z, (z? = 2) — (27 < 2) is true for the universe Q.

T_ The statement “Every picture tells a story” has a hidden existential existentiat-
quantifier.
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4. [4] Use known logical equivalences and rules of inference to show that the following
argument is valid.
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5. [3] Let A, B and C be sets. Give a counterexample to show that the statement

“If AUC =BUC then A= B.” is false. B ~
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6. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. The letters A and B represent sets.

\ Ifz€ AN B, then (z,z) € A x B.

T PO =0.

T If A+ B, then ANB G AU B.

E If the symmetric difference of A and B is not empty, then A Z B.
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7. Let A, B and C be sets. Suppose that A C B and B C C.

(a) [3 ] Prove that A C C.
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(b) [1] For the sets A, B and C' as above, suppose that (B\ A) # 0. Is it true that
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8. [4] Let A and B be sets. Use any method except a Venn diagram to prove the identity
(AN B)° A° U B°. Hint: there is a short argument that uses set-builder notation.
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9. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.

| For any set A, there exists a reflexive relation on A.

i If R is a symmetric relation on a set A with at least two elements, then there
exist a,b € A such that (a,b), (b,a) € R.

‘Fl_ If R is a relation on {a,b,c} such that (a,b) € R and (b,a) € R, then R is

antisymmetric. )

If R is a transitive relation on {a,b,c} such that (a,b) € R and (a,c) € R, then

(b,c) € R.

-
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10. [4] Let ~ be the relation on N defined by a~bif and only if 35 > - +2 Prove that ~

is reflexive and anti-symmetric.
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11. [2] Suppose that R is an equivalence relation on the set A = {a,b, ¢, d, e} such that the
partition of A into equivalence classes determined by R is {{a b c} {d},{e}}. Write

R as a set of ordered palrs
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12. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessar £
- = O)(-3) ~\ S
L Suppose a,b,q,r € Zand b < 0. If g = bg+, O < r < |b], then ¢ = [a/b].
¥ If |A| =10 and f: A — B is onto, then |B| = 10.
Y_A functlon f+A— Bis 1-1if and only if for every a € A there exists exactly

one b € B such that (a,bd) € f.
[ If the function f: A — B is invertible, then the inverse function, f 1:B—> Ais

1-1 and onto.
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13. [4] Let f : {0,1,...} —= {0,1,...} be defined by f(z) = 2% — 5z + 6. Show that f is
neither 1-1 nor onto. = (~3)( K.ml\‘)
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14. Let X = {a,b,c,d,e, f}, and let f: X — X be given in the table below

=l|al|blc|d|el|f
=|blcla|fl|d]|e

(a) [1) Find g = fo f.

z=|a|b|c|d]|e]f
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(b) [2] Use any method to show that g = f~!.
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15. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.

E When —17 is divided by 4, the remainder is —1.
| If p and g are different prime numbers, then lem(p, q) = pq.

T (1101101), = (45)56.
1 I3k = 15¢, then 5 | k.
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16. Consider the integers m = 900 and n = 189 = 337. Fill in the blanks:

2 . A 2
(a) [1] The prime factorization of m is 0'2 5 . Qoo = 3 xio00

= 32,,2, 2
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(b) [1] ged(m,n) Z%G?andlcm(mn 255?

(c) [2] The smallest multiple & of 189 such that ged(m, k) = 45 is 5 X (R F

17. (a) [2] Prove that if k =3 (mod 8), then 7- £**'6 + 1 is divisible by 8.
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(b) [2] Is there an integer n > 1 such that the last digit of 122" is 27 Are the infinitely
many such integers n?
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18. [2] Use the blank to indicate whether each statement is True or False. All variables
are integers. No justification is necessary.
-

4 | (dkdk 1. d1d0>10 if and only if 4 | (dldo)lo
If a=1 (mod 6) then a =1 (mod 3).

If p1, 2, . . ., P are the first n prime numbers, then the integer N = pyps - - “pp+1

L
-1
’F’
is prime. ,
-
\ Tt follows from 2016 = 7 x 250 + 266 that gcd(2016, 250) = ged (250, 266).
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19. [4] Let a,b and c be integers such that a + b+ c = 0. Let d be an integer such that
d|aand d|b. Prove that d | c.

Suppose dla amd dib.
Tlen 3 Re Z gl Sk=c
¢ 3 e Z <« JdoL=0

New @ = —a-b =
Smee (mk-2)e A Jdlc

20. [4] Use induction to prove that 1-1142-2+-.. 4+ n - nl

n>1. C)K‘:l
n. = n (h~\\‘

=n+1)! -1, for all integers

A\ ~a L = c\(-\‘»"«i\

Raars . When n=| L\mztg\ =
= (-l =2l g =)

5 Q ﬁ,\ -_—

g’x‘;ﬁ e WS = o et g "Ci'm 1 T '“"%‘( ot JJ“"Qﬁ v AR f.

e B
TH .. /\Ssqmé

' (-1 122 %aee + v, (k*\\
"@J‘( S, k=
_ ( \ : i
TS - \Wank el 22.2 siee o (k) ()|

2 (Qea) ! -

\5(‘; + 2;?2,‘. A mea A Ui«a?\j(\«:fﬁl

% 3
by \ B L ¢ ¥
\ﬁ_——_’/m——————-\'m‘:ﬂ

~ (,\4*\\\
= (Jz*\\‘ L\ 4 Uﬁ*\\l -\

e

= (s Ceal - = ’Q\zuczﬁ\‘ —
S"ﬁ.%:’ ;f\’% ,,,jt‘u LA
L L e 220 +--e+¢\\(\,‘(v\-p\\ \?/ﬂ7/(

A - S VN A uaﬂ\(\cm\(,
S



MATH 122 A01, A02, A03, & A04 — April 2016 8

21. [4] Let ag, a1, ... be the sequence defined by ay = 3, and a, = 5a,_1 + 3 for n > 1.
Find ay, az,a3 and a4, then use your work to conjecture (i.e. guess) a formula for a,.
It is not necessary prove that your formula is correct, but note that it is not sufficient
to express a, as a sum.

= 5@, +3 = S-=-32 + 3 v = ¥
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22. [4] Use the strong form of induction to prove that any integer n > 8 can be written as
a sum of 3s and 5s. Note: the basis step should cover several values of 7.
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23. [3] Use a diagonal sweeping argument to prove that the set N x N is countable
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is necessary.

24. [2] Use the blank to indicate whether each statement is True or False. No justification

_\ If A and B are infinite sets such that |A|

[ and B are infinite sets such that |A|

|Bl, then [P(A)| = [P(B)|.
"\ The union of any two countable sets is countable
E j@l=10,1)

|B| and a € A, then |A\ {a}| < |B]
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25. (a) [1] Complete the statement of the Principle of Inclusion-Exclusion for two sets:
auBl= 181 + 18} — LANR)

(b) [2] How many integers in the set S = {1,2,3,...,3000} are divisible by 2 or 37
A : sev Suutsible “%{ 2

o

R, Set n o 3
Wan {% 1 A D ﬂ%; ‘%
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26. [2] Let A= {1,2,3,4,5,6}. Fill in each blank. No justification is necessary. S 00
(@) Ax 4= ox b | o sy
(b) The number of subsets X C A such that {1,2,3} C X is € ﬂq 5,6

)
(c) The number of functions f: A — {w, z,y, 2} is Lo -4 = \—\—<°
(d) The number of 1-1 functions g : {a,b,c} = Ais & =5 = Y

END



