MATH 122 [A01, A02, A03, A04, AO5] — April 2017

1. [3] Use a truth table to determine whether —p V (g — (p A q)) is a tautology. (Here
and elsewhere, be sure to clearly state you

@swer to the questlon')
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2. [4] Use known logical equivalences to show

éhat =(pV (=p A q)) is logically equivalent
to = p A —q.
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3. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

T The converse of p—qis —p—q.
T If p— g is false, the truth value of (-pV-g) = (perq)is false.
1 The statement 3z, 3y, (22 = —3y) A (zy < 0) is true if the universe of z,y is Z.

T The fact that there are infinitely many prime numbers can be proved by showing
that for every natural number n there exists a prime number p with p > n
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4. [4] Write the following argument in symbolic form, and then use known logical equiva-
lences and inference rules to show that it is valid. Please clearly indicate which letters

correspond to which statements. Justify each step.

I am not wearing a pink tie or I am wearing a red shirt.
If it is not Saturday, then I am wearing a pink tie.
I am not wearing a red shirt
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5. [3] Explain in detail why n =9 is a counterexample to the following argument.
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If n is prime, then 7 is not a sum of two odd numbers.
If n is even, then it is a sum of two odd numbers.

3., nisodd or nis a sum of two odd numbers.
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If n is not prime, then n is even.
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6. [3] Prove that for all sets A, B, and C, A\(BNC) = (A\B) U (A\C). .
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7. [4] Let A and B be sets such that AU B = B. Prove that AN B = A.
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8. [2] Let A = {1,{2,3},{1,2,3}} and B = {1,2,{1,2,3}}. Use the blank to indicate
whether each statement is True (T) or False (F). No justification is necessary.
C_ ACB.
[ 0cCA\B.
T _ 2€¢ANB.
T |AUB|=6.
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9. [3] Give a counterexample to show the following statement is false: For all sets A, B

and C, (A\B) U (B\C) = A\C. You should clearly define your sets and explain why

your example shows that the statement is false.
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10. [2] Let R be the relation on Z defined by (z,y) € R < 3z + 4y = 1. Prove that R is
antisymmetric. e, .
o, e L P NP 1 NV Yo
S%{;fgﬁf}} -3 é: ﬂ‘,ﬂ% WAK} N <g“w&%; oy B T §
& S
S o 5 .
%mu.C&{\&K% 2y =
i = N e o ¢ R
{ Wy N %;: \ R O =\
o f i g .
J o X 5";\&& = R st o4 W A
mo @ )< = &
, —
o &\ s i |
& { {:;%\ i :,,,;Mg - %% VA e Nf.{;wf/p; e

<

11. [2] Use the blank to indicate whether each statement is True (T) or False (F). No

justification is necessary.

E Any relation on {1,2,3} contains at most 2® ordered pairs.

E_ If R is an antisymmetric relation on Z and (1,2) ¢ R, then (2,1) € R.

"1_ The relation R = {(1,1),(2,2), (3,3)} on {1,2,3} is transitive.

T If~isan equivalence relation and z ~ y, then the equivalence class of z equals

the equivalence class of y.
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12. (a) [3] Let ~ be the relation on Z defined by a ~ b < 6 | a® — b%. Prove that ~ is an
equivalence relation.
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(b) [1] Which of 1,2,...,7 belong to the equivalence class [11]?
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13. [2] Show that the function f: N — {4,5,...} defined by f(z) = z* + 3 is not onto.
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14. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.
T If f: A — B is onto then the range of f is B.
E_ Every function g : {a,b,c,d,e} — {z,vy, 2} is onto.
"L There is a bijection f:{1,2,...,m} = {1,2,...,n} if and only if m = n.
T}: Iff:A— Bis1-1, thensoisigo f.
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15. [4] Suppose f : A — Band g : B — C are both 1-1 functions. Prove that gof: A — C
is 1-1.
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16. [3] Let A = {1,2,3}, B = {w,z,4,2},C = {r,s,t}. Let f : A = B be given by
[ =1{(1,2),(3,2),(2,y)}. Find a function g : B — C such that go f : 4 — C is
go f={(1,7),(2,5),(3,t)}. Explain why g o f is invertible and find (g o f)~1.
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17. [2] Use the blank to indicate whether each statement is True (T) or False (F). No

justification is necessary.

1 If a € Z and 5|a® then 5|a?.

4 Ifa,b €N then ged(a,b) | lem(a,b).

“1_ If pis prime and @ € Z then ged(a,p) € {1, p}.
T 5[(2345)15.
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18. [4] Prove that divisibility is a transitive relation on Z. That is, prove that for all
a,b,c € Z, if a|b and blc, then alc.
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19. [3] Find all ordered pairs of integers (c, d) such that (cd)s = (dc)o.
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20. [2] Use the blank to indicate Whether each statement is True (T) or False (F). All
variables are integers. No justification is necessary.
I If p is an odd prime number, then p = 1 (mod 4) or p = 3 (mod 4).
T (dodrdo)7 = dy + dy + dp (mod 3).
T Ifa=5 (mod 6), then a® =2 (mod 3).
1 The integer n is odd if and only if |n/2] < [n/2].
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21. [4] Use the Euclidean Algorithm to show that ged(2017,122) = 1 and then use your
work to find integers = and y such that 2017z + 122y = 1.
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22. [3] Suppose k = 3 (mod 5). Find the remainder when 11k + 12 is divided by 5.
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23. [3] Let p be a prime number. Prove that if p|ab, then p|a or p|b. Give an example to
show that the statement can be false if p is not prime.
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24. [4] Use induction to prove that 1 +2+---+n = Ei%ﬂl for all n > 1.
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25. In a group of 348 students, 321 liked Math 122, and 286 liked Math 101. Sixteen
students liked neither of these courses. ,
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(a) [1] How many of the students liked both courses? —_— 2372
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(b) [1] How many of the 348 students did not like Math 1017
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26. [4] Let bo, by, ... be the sequence defined by by = 2, b; =5 and b, = 5by,.1 — 6b,_o for
n > 2. Use induction to prove that b, = 2" + 3" for all n > 0.
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27. [2] Use the blank to indicate whether each statement is True (T) or False (F). No

justification is necessary.
_{ The number of proper subsets of a finite set A equals the number elements of the

power set of A minus 1.
1 There is no set A for which there are exactly 21° relations on A.

T=_ If |A| = 7 and |B| = 10, then |A x B|=17.
"B~ The number of 1-1 functions f:{1,2,...,5} = {1,2,...,100} is 100!.

/END



