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1. [3] Suppose the statement p <> —¢ is true. Find all combinations of truth values for
D, q, and r such that the statement (r <> p) A =(r V —q) is true.
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2. [3] Use known logical equivalences to show that (g — p) — —q is logically equivalent
to =(p A q). .
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3. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.

1 The contrapositive of the statement “if this question has the answer false, then
the next question has the answer true” is “if the next question has the answer
false, then this question has the answer true”.

& The converse of the statement p — —¢ is —p — q.
L The statement Vz, (z? = 3) — (z > 10) is true for the universe Q.
E The negation of the statement 3z, Iy, zy = 7 is Vz, Iy, zy # 7.
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4. [3] Use rules of inference and known logical equivalences to show that the following

argument is valid.
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5. [3] Give a counterexample to show that the statement “For all sets A, B, and C, if
A\C = B\ C, then A = B.” is false. Remember to explain why your example
demonstrates that the statement is false.
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6. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. The letters p, g, and r represent statements.

1 If p=gq,qg=r,and r = p, then p, ¢, and r are all logically equivalent.

E If the conclusion of an argument can never be true, then the argument is not
valid.

i If ¢ is a tautology and p is any statement, then p = q.

1 If s(z) is an open statement and the universe of z is not empty, then
vz, (@) = (B, 5(z)]. =
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7. [3] Let A and B be sets. Suppose that A C B. Prove that AU B = B.
Nolee or BEAUD | ecamse AUD = §x: xek Vxe B
Now, (ensiok r any Y& AVS ,
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8. [3] Let A and B be sets. Show that (A°N B)°N (A°\ B)® = A. Hint: set-theoretic
identities.
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9. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. The letters A, B, and C represent sets.

F_ If the symmetric difference A @ B # (), then A is not a subset of B.
B P12 = {1} {2} {1.2}}.

¥ IfAG B, then 4° G B,

T @\Buc=\cupB\o).
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[4] Use induction to prove that any integer n > 12 can be written as a sum of 3s and

7s. (Note: a sum that involves only threes is acceptable, and the same for sevens.)
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11. [3] Let ag,a1,... be the sequence defined by ag = 9, and a, = 6a,_1 +9 forn > 1

Find a4, as, a3 and a4 — there is no need to simplify — then use your work to guess a

formula for a,. It is not necessary to prove that your formula is correct, but note that
it is not sufficient to express a, as a sum.

o= 60 ¥ 2 QA9 = 63

0,36 A, +9 = (98 +(q A

Oy =6y + R A YA BT Y R
A= 0 Uy¥q =6 A+6>q+6%q46+9
R
s {—;> 63 VvV

12. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. Unless otherwise specified, lower case letters represent integers

E If s(n) is an open statement such that s(k) logically implies s(k+ 1) for all &£ > 0,
then s(n) is true for all n > 0.

Cheel " N3\ M n

There is an integer  such that (1z)10 = (z1);. %23

f_ Whether a number is even or odd depends on the base in which it is represented

T If p1,Ds,...,pn are odd prime numbers, then the number N = p;p, -

Ppt+21is
not divisible by any of p1,pa, ..., Pp.
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13. [4] Let by, by, ... be defined by by = 0, b; = 2, and b, = 4b,_; — 4b,_9, n > 2. Use
induction to prove that b, = n2™ for all n > 0.
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14. [3] Let a, b, and c be integers such that 3a | b and 90 |c. Prove that 27a|c.
‘?>q\‘c) se d3keZ sh» b=z zak
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Qe L
klez, so Tla\C . H
15. [2] Use the blank to indicate whether each statement is True or False. No Justlﬁcatlon

is necessary. All lower case letters denote 1ntegers

1 If m>1and a=km+0, then a =0 (mod m).
T (2233)s = (AF)s
If lem(a, b) < ab, then a and b are not relatively prime.

I If b > 1is even, then a number written in base b is even if and only if its last digit
is even.
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16. [3] Use the Euclidean Algorithm to find d = ged(2200, 572), and then use your work to
find integers « and y such that 2200z + 572y = d. A

200 = Y. 572 + UBH — udHi = Aeo - FIT
€99 = | -Hgd + B8 — K =S 72 =\ el
g = § 8% +HY —» 44 =HYY -S-3¢

gg = 7 Y '\"O('-S\OP
3(;&&1@6,‘571) 4y
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Yy =
2 .UBH - 5§72 T G (R0 - B STR2) ~ T ST

- (‘,.’)\‘100 "‘23'5.71

17. Let a,b,c,p € Z.
(a) [3] Prove that if p is prime and p|ab, then pl|a or p|b.
Sv\p\oos'{ Q\&\o TEC V\O\, we cé-e kaer7
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(b) [1 ] Give an example to show that the statement if albc, then a|b or alc is not true

for all integers a, b and c.
az6, b=2, (=%, Twa )23 | buy
G2 el GAD.

18. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. All lower case integers denote integers.

T gcd (250530710 60 x 77) = 225171

T If a|b then lcm(a,b) = |b)|.

¥ 1257t~ 2018 = 11 (mod 7).

I Ifa=9 (mod 12), then a = 3 (mod 4). ex:// ea=9
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19. (a) [2] Find the last digit of 331%3.
BIZT Y (wmed (o)
(3) = B\ = | (weed 10)

(33 = (3 )0 3P = T (aeedh 1)
\“- v 229 = 7 (weeeh 10)
T s M Lms\-a\t:):)- ol '53”3

(b) [1] Find the last digit of the base 3 representation of 332,

3-5\1—‘, 20 CLwod ) \vecomse BB = Bril.

se  lest axtal—- Y O i base S,

20. [3] Let A, B,C, D be sets such that A C C and B C D. Prove that A x B C C x D.
Cheose  cuww (x,4) &€ AXB

Twevn X e A end ye B,

Bt keC, o xe&C.

Audd BED, s 4y &b,
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21. [2] Use the blank to indicate whether each statement is True or False. No justification
iS necessary.

i For any set A, the relation R = ) is a symmetric, transitive, and antisymmetric
relation on A.

_\ If |[A] = n, and R is a relation on A that contains fewer than n ordered pairs,
then R is not reflexive. '

I If |A| = n, then there are 2" relations on A.

E If R a symmetric and transitive relation on the set A, then R is reflexive.
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22. [3] Let R be the relation gn N,.= {1,2, ...} where (a,b) € R if and only if ¢ < 2. Prove

that R is reflexive and antisymmetric.
Lellexive: ¥ ne RN, 8
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23. [2] Let R be an equivalence relation on A = {1,2,3,4,5,6}. Suppose R has exactly
three different equivalence classes, and (1, 3), (1,4), (6,2) € R. Find the partition of A

into equivalence classes.
L= §4,3,u Ky Qasses D'&,Ez‘&,:ﬂ

[27) = 27-’6%3

1512858 ‘eecomse 16 sel) ovr Sel2]
Yot me. oW \ee awly rwe classes.
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24. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
1 For any set A, the identity function ¢4 is a reflexive relation on A.
® If A and B are sets with |A| = 5 and |B| = 7, then a function f : A — B contains
exactly 7 ordered pairs. '
¥ Iff: A Bis1l, then |4 > |B|.
i There are 2* — 2 onto functions f : {1,2,3,4} — {0,1}.
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25. Let f: (0,00) — R be defined by f(z) = z? + 5.
(a) [2] Show that f is 1-1.

Swepose 3 ab €(0,0) sudh oot )z §0).
Twn  oF>S = L's§

P
Bk ave o~k b0 | 50 eaazb.
Lot =8e) B ez, L

(b) [1] Show that f : R — R, defined by f(z) = 2 + 5, is not 1-1. -
SN2 6 =5 b ¥,

26. Suppose f: A— B and g: B — C are both onto functions.
(a) [3] Prove that go f : A — C is an onto function.

Suwepose el
Tom leewse & 15 eye 3 YEDR g ). ﬂéj):?-
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(b) [1] Suppose f and g are also both 1-1. Is g o f invertible? Explain.

oo, Yew 9of 15 bijedhie omd g0 twwediMe.

27. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary. '
E Every subset of an uncountable set is uncountable.
1 If A and B are countable sets, then A U B is countable.

1 The relation R on the set of all subsets of the universe defined by (X,Y) € R
if and only if there is a 1-1 correspondence between X and Y is an equivalence
relation.

1 Any interval of real numbers with positive length has the same cardinality as R.
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28. [3] Use a diagonal sweeping argument to prove that the set Z x Z is countable.

The Qﬁ}\.gu.}_\‘v\% S duce hees ey elaument

of Z. appearing inm i

B RC R T B Thd P Pl PR |

we will Uuee Y le RW? ‘o ‘9%‘\4'—1 W
el we (eawn Swee P d{aejov\c\\lj:_

' £

2t ART)) 5 ) TM&‘ Ve C\w-\ («,&5}
1\ \ ; : 3 40 Yo Yue row
-2 =Yed (-zj-h\(-zﬂ} (-2, g Eey Lovitsgowd e gy o &
: e 2 srapeme
“ (\#o\ C\)'\\ C\Jl) (\J -2) ol Mre o\ Limim Cou,\p
ol } (_-QJO\ L, -ty (’b\) L=\ -7.) L. tn e 2 SvaLasanle,
) - e —_—
@Y= (o) (o) =» (0,-2) ) — Lo
? -l i -2 N

swe\W3 s ) kk-hb&‘\\ W ey O"\)"f5 ws e
Seqtincd Mek Wes eutvy evd-ol My
8{\&, PSP\ Mngrav WV e_{em£ ZKZ"

29. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.

1 If |A| = n, then the number of non-empty subsets of A is 2" — 1.

1 The number of 1-1, onto functions f : {1,2,3} — {1,2,3} is the same as the
number of 1-1 functions g : {1,2,3} — {1, 2, 3}.

1 The number of subsets of {a, b, c,d, e} that contain a or b is 25 — 25,
i |P(X)| > | X| for any set X.

/ END



