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1. [3] Use any method to determine whether (¬p ! q)^ (q $ p) is a contradiction. Write
a sentence that explains your conclusion.

2. [4] Use known logical equivalences to show that (p^ q) ! ¬r is logically equivalent to
q ! ¬(p ^ r).

3. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

q logically implies p ! q.

The negation of “if you practice regularly then you are good at tennis” is “If you
don’t practice regularly then you are not good at tennis”.

The converse of “some Kawasaki motorcycles are fast” is “All fast motorcycles
are Kawasakis”.

The contrapositive of “all mathematicians like logic” is “anyone who does not like
logic is not a mathematician”.
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4. [2] Suppose the universe is U = {1, 2, 3, 4}. Determine the truth value of the statement
9x, 8y, (x2 < 5) ! (y < 2). Explain your reasoning.

5. [4] Use known logical equivalences and inference rules to show that the following argu-
ment is valid.

¬(q ^ ¬p)
q _ r
¬r

) p

6. [3] Give a counterexample to show that the following argument is invalid. Be sure to
explain why you have shown that it is invalid.

p ! ¬q
q _ r
¬r

) p

7. [2] Let A = {a, b, {c}, {a, b}}. Use the blank to indicate whether each statement is
True (T) or False (F). No justification is necessary.

c 2 A.

; ✓ A.

{a, b} 2 A \ P(A).

|A| = 3.
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8. [4] Let A and B be sets such that A \ B = ;. Prove that A ✓ B, using an argument
that starts with “Take any x 2 A . . .”. Then, use the universe U = {1, 2} to give an
example that shows the sets A and B need not be equal.

9. [4] Let A,B and C be sets. Show that (A\B)[ (A[Bc)c = B. Hint: there is a short
argument that uses set-theoretic identities.

10. [2] Let A,B and C be sets. Use the blank to indicate whether each statement is True
(T) or False (F). No justification is necessary.

A \ B = A [ B if and only if A = B.

If A� B = A, then B = ;.
If A \ B = A \ C, then B = C.

If |A| = 3 and |B| = 4, then |A⇥ B| = 34.
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11. [2] In a group of 32 mathematicians, 25 like co↵ee and 16 like both co↵ee and tea. Two
mathematicians like neither co↵ee nor tea. How many mathematicians like tea but not
co↵ee?

12. [3] Let a, b, c, d 2 Z. Prove that if a|b and c|d, then ac|bd.

13. [2] All lower case letters in this question represent integers. Use the blank to indicate
whether each statement is True (T) or False (F). No justification is necessary.

If p is prime and p | ab, then p | a or p | b.
lcm(2372, 215271) = 215271.

gcd(a, b) | lcm(a, b).

If gcd(a, b) = 2, then gcd(2a, 2b) = 4.
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14. [4] Use the Euclidean Algorithm to find d = gcd(1250, 560) and then use your work to
find integers x and y such that 1250x+ 560y = d.

15. [3] Find the base 6 representation of 2019.

16. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

The last digit of 9999 is 9.

If a ⌘ 0 (mod 12) then a ⌘ 0 (mod 4).

If ak = b then every prime divisor of b is a divisor of a.

(1101010)2 = (6A)16.
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17. Let k be an integer such that k ⌘ �1 (mod 4).

(a) [2] What is the remainder when 7k3 � 9 is divided by 4?

(b) [2] What is the last digit of the base 4 representation of k? Why?

18. [4] Use induction to prove that 0 · 0! + 1 · 1! + 2 · 2! + · · ·+ n · n! = (n+ 1)!� 1 for all
integers n � 0.
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19. [3] Let a1, a2, . . . be the sequence recursively defined by a1 = 0, and an = 3an�1 + 7
for n � 2. Express each of a2, a3, a4, and a5 as a sum of terms that involve 3, 7 and
exponents. Then, use your work to guess a (correct) formula for an. It is not necessary
prove that your formula is correct. (Suggestion: first use your work to express an as a
sum of n terms, as above, and then use that sum to obtain a formula.)

20. [4] Let b0, b1, . . . be the sequence defined by b0 = 5, b1 = 10 and bn = 4bn�1 � 4bn�2 for
n � 2. Use induction to prove that bn = 5 · 2n for all n � 0.
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21. [4] Let f : R ! [0,1) be defined by f(x) = 2x2. Show that f is onto but not 1-1.
(Note: [0,1) = {x : x � 0}.)

22. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

bn/2c+ dn/2e = n for all integers n.

If |A| = 122 and there exists a 1-1 function f : A ! B, then |B| = 122.

A function f : A ! B is onto if for every a 2 A there exists b 2 B such that
(a, b) 2 f .

For any set A, the identity function on A is invertible.
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23. [4] For sets A,B and C, let f : A ! B and g : B ! C be 1-1 functions. Prove that
g � f : A ! C is 1-1.

24. Let A = {1, 2, . . . , 50}. Fill in the blanks. No justification is necessary.

(a) [1] The number of functions f : A ! {1, 2, 3} is .

(b) [1] The number of subsets of A⇥ A is .

(c) [1] The number of 1-1, onto functions f : A ! A is .

(d) [1] The number of proper subsets of A that contain 50 and do
not contain 49 is .
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25. [3] Use a diagonal sweeping argument to prove that N⇥ N is countable.

26. [2] Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

Any subset of {2, 4, 6, 8, . . .} is countable.

If a < b then the closed interval [a, b] of real numbers is uncountable.

The intersection of any two uncountable sets is uncountable.

For any set A there exists a set B such that |B| > |A|.

/END


