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Answers are to be written on the exam paper.
No calculator is necessary, but a Sharp EL-510R (plus some letters) calculator is allowed.

This exam consists of 20 questions for a total of 80 marks. In order to receive full or partial credit you
must show your work and justify your answers, unless otherwise instructed. Question 1 consists of 28
true/false questions labelled TF 1 to TF 28 to be answered on the bubble sheet at the end of the booklet.
True is A and False is B on the bubble sheet.

There are 12 numbered pages, not including covers, and one bubble sheet.

Students must count the number of pages before beginning and report any discrepancy immediately to
the invigilator.

 



Do your rough work here. Nothing written here will be marked.
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1. [14] Use the bubble sheet provided on the last page of the test booklet to indicate whether
each statement is True (A) or False (B). No justification is necessary.

[TF 1] The contrapositive of p → ¬r is r → ¬p.

[TF 2] If the statement p ↑ q is false, then q must be false.

[TF 3] p → ¬p ↓ p ↔ ¬p

[TF 4] The negation of ↗x, ↘y, p(x) ≃ q(x, y) is logically equivalent to
↘x, ↗y, (p(x) → ¬q(x, y)) ↔ (¬p(x) → q(x, y)).

[TF 5] If x ⇐ R \ {1} and n ⇐ N, then 1 + x+ x2 + · · ·+ xn = xn+1→1
x→1 .

[TF 6] For any positive integers n and k, the remainder when n is divided by k is n⇒⇑n/k⇓k.

[TF 7] The Fundamental Theorem of Arithmetic states that every integer n ⇔ 2 has a unique
greatest common divisor and least common multiple.

[TF 8] R is the set of all rational numbers.

[TF 9] If a and b are positive integers, then a and b are relatively prime if and only if
lcm(a, b) = gcd(a, b).

[TF 10] lcm(2251111, 2339511199) = 2339511199.

[TF 11] For a, b ⇐ N, the fraction a/b is rational if and only if it is in lowest terms.

[TF 12] Let n be a positive integer. If the sum of the digits of the base 7 representation of
n is divisible by 6, then n is divisible by 6.
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In questions TF 13–TF 15, let X = {1, {1}, {1, 2}, {3}}

[TF 13] ↖ ⇐ X.

[TF 14] (1 ⇐ X) → ({1} ⇐ X) → ({1} ↙ X) → ({{1}} ↙ X).

[TF 15] |X ∝ {1, 2, 3, 4}| = 8.

[TF 16] The set A = {↖, {↖}} satisfies A ↙ P(A).

[TF 17] ↖ is a relation on ↖.

[TF 18] The relation R = {(1, 2), (2, 3), (3, 1)} on {1, 2, 3} is antisymmetric.

[TF 19] The relation ′ on Z where a ′ b if and only if a and b are relatively prime is an
equivalence relation.

[TF 20] There does not exist an injective function from an infinite set to a finite set.

[TF 21] The function f : Z ↑ Q defined by f(x) = x/2 for x ⇐ Z has an inverse.

[TF 22] Every function f from a set A to a set B is a subset of A∞ B.

[TF 23] Let A and B be finite sets. If f : A ↑ B is surjective, then it must also be injective.

[TF 24] If |A| = 3, then |P(P(A))| = 28.

[TF 25] The set of prime numbers is uncountable.

[TF 26] If A and B are sets such that A ⊋ B, then |A| < |B|.

[TF 27] Every uncountable set has a countable subset.

[TF 28] The set {x ⇐ R : x2 = 2} is uncountable.
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2. [3] Use a truth table to determine whether ¬(¬p ↑ q) ↔ (¬p ≃ q) is a tautology. Write a
sentence that explains how your work shows that your conclusion is correct.

3. [4] Use the Laws of Logic and known logical equivalences to show that (p ↑ (p → ¬q)) → q is
logically equivalent to ¬p → q.
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4. [4] Use the Laws of Logic, known logical equivalences and inference rules to show that the
following argument is valid. Jusitfy each step.

p ↑ (q ↑ ¬r)
¬s ↑ r
p

↭ q ↑ s

5. [3] Give a counterexample to show that the following argument is invalid. Be sure to explain
why your counterexample shows that it is invalid.

p ≃ r
(¬r ↔ s) ↑ q

↭ q
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6. [4] Let a, b, c ⇐ Z. Prove that if a | b and a | c, then a | (b+ c).

7. [3] Find the base 16 (hexadecimal) representation of 2766. Use the symbols A,B,C,D,E, F
to represent the digits 10, 11, 12, 13, 14, 15, respectively.
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8. [4] Use the Euclidean Algorithm to find gcd(3774, 1512) and then use your work to find integers
x and y such that 3774x+ 1512y = gcd(3774, 1512).

9. [3] What is the remainder when (⇒113)400 is divided by 13? Show your work.
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10. [3] Let p be a prime number and let a and b be integers. Use the Fundamental Theorem of
Arithmetic to prove that, if p | ab and p ⫅̸ a, then p | b.

11. [4] Use induction to prove that 1 + 3 + 5 + · · ·+ (2n⇒ 1) = n2 for every integer n ⇔ 1.
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12. Let b0, b1, . . . be the sequence recursively defined b0 = 5 and bn = 2bn→1 + 5 for n ⇔ 1.

(a) [2] Find b1, b2, b3 and b4. Leave each of these as a sum rather than computing a numerical
value.

(b) [2] Based on your work from part (a), guess a formula for bn for all integers n ⇔ 0. Give
your final answer as a closed-form formula that is not a summation. You do not need to
prove that your formula is correct.
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13. [4] Let a0, a1, . . . be the sequence recursively defined by a0 = 0, a1 = 2 and an = 4an→1 ⇒ 4an→2

for all n ⇔ 2. Use induction to prove that an = n2n for all n ⇔ 0.

14. [3] Let A,B and C be finite sets. What does the Principle of Inclusion-Exclusion say about
|A ∝ B ∝ C|? Your answer should be an equation with |A ∝B ∝ C| on one side.
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15. [4] Let A and B be sets such that A ↙ A ∈B. Prove that A ∝B ↙ B. Your proof must begin
with “Take any x ⇐ A ∝ B . . . ”

16. [4] Give a counterexample to show that the following statement is false: “For any sets A,B
and C, if A \B = A \ C, then B = C.”
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17. Let R be the relation on Q defined by (x, y) ⇐ R ∋ x⇒ y ⇐ Z.

(a) [3] Prove that R is an equivalence relation.

(b) [1] Find, or describe, the equivalence class [5].

18. [3] Let f : N ↑ R be defined by f(n) = 1
n+5 . Prove that f is injective.
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19. [2] Let f : (0, 1) ↑ (1, 4) be defined by f(x) = (x+1)2. Find a function g : (1, 4) ↑ (0, 1) such
that g △ f is the identity function on (0, 1). Writing down a correct function is good enough;
you do not need to prove that it has the property.

20. [3] Prove that the set {2a3b : a, b ⇐ N} is countable.

/END


