UNIVERSITY OF VICTORIA
EXAMINATIONS DECEMBER 2024

MATH 122: Logic and Foundations

CRN: 12079 (A01), 12080 (A02), 12081 (A03), 12082 (A04)

Instructors: K. Krishnan (A01), S. Dore-Hall (A02) & J. Noel (A03 & A04)

Duration: 3 Hours.

Answers are to be written on the exam paper.
No calculator is necessary, but a Sharp EL-510R (plus some letters) calculator is allowed.

This exam consists of 20 questions for a total of 80 marks. In order to receive full or partial credit you
must show your work and justify your answers, unless otherwise instructed. Question 1 consists of 28
true/false questions labelled TF 1 to TF 28 to be answered on the bubble sheet at the end of the booklet.
True is A and False is B on the bubble sheet.

There are 12 numbered pages, not including covers, and one bubble sheet.

Students must count the number of pages before beginning and report any discrepancy immediately to
the invigilator.



Do your rough work here. Nothing written here will be marked.
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1. [14] Use the bubble sheet provided on the last page of the test booklet to indicate whether
each statement is True (A) or False (B). No justification is necessary.

[T@l] The contrapositive of p A —r is r A —p.

@‘F 2] If the statement p — ¢ is false, then ¢ must be false.

(DF 3] pA-p=pV-p

4] The negation of 3z, Vy, p(z) <> q(x,y) is logically equivalent to
Va, 3y, (p(z) A —q(z,y)) V (=p(2) A g, y)).

ntl_1

@F 5] If t e R\ {1} and n € N, then 1+ 2z 42 +--- 42" = *—=.
@F 6] For any positive integers n and k, the remainder when n is divided by k is n— |n/k|k.

[T@ 7] The Fundamental Theorem of Arithmetic states that every integer n > 2 has a unique
greatest common divisor and least common multiple.

[’]@8] R is the set of all rational numbers.

[TF/9] If a and b are positive integers, then a and b are relatively prime if and only if
lem(a,b) = ged(a,b).

(DF 10] lem(225'11,233951119%) = 23395111%.
[’J@ll] For a,b € N, the fraction a/b is rational if and only if it is in lowest terms.

@‘ 12] Let n be a positive integer. If the sum of the digits of the base 7 representation of
n is divisible by 6, then n is divisible by 6.
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In questions TF 13-TF 15, let X = {1, {1}, {1,2},{3}}
[T@l?,] feX.
(DF 14] (1 X)A({L} € X) A1} € X) A ({1}} € X).
[TE) 15] |X U{1,2,3,4}| = 8.
([(TF 16] The set A = {0, {0}} satisfies A C P(A).

@F 17] 0 is a relation on {).
@‘ 18] The relation R = {(1,2),(2,3),(3,1)} on {1,2,3} is antisymmetric.

[@19] The relation ~ on Z where a ~ b if and only if a and b are relatively prime is an
equivalence relation.

@F 20] There does not exist an injective function from an infinite set to a finite set.

[’1@21] The function f : Z — Q defined by f(z) = x/2 for € Z has an inverse.
@F 22] Every function f from a set A to a set B is a subset of A x B.
[’J@ 23] Let A and B be finite sets. If f : A — B is surjective, then it must also be injective.

(DF 24] 1f |A| = 3, then |P(P(A))] = 2°.

[’I@25] The set of prime numbers is uncountable.
[’1@26] If A and B are sets such that A G B, then |A| < |B.
@F 27] Every uncountable set has a countable subset.

[’]@28] The set {x € R : 2% = 2} is uncountable.
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2. [3] Use a truth table to determine whether —(—p — ¢) V (-p <> ¢) is a tautology. Write a

sentence that explains how your work shows that your conclusion is correct.
O @
Pl | P2y 7o | mpesg| O
TIT| F T
F E =

3. [4] Use the Laws of Logic and known logical equivalences to show that (p — (p A =¢q)) A ¢ is
logically equivalent to —p A q.

(? — (’\)I\'lq,\\ 7\O\r

S (—\@\/(f\zk’vq,\\ NN Knoun LE.

& ((797\?:95;\ (v 7)) ~ G " =

e (7T K (7py —“’y\\ Noe LN '\%“\@b&\[
P (py ﬁﬁ(\ A O\r 1@)&«4’?‘\-\'

<=7 (2PAg) v (—Tﬁ/Zc‘K Drst+.

<> (e '\QL\ v o Vvnsun~  Cudtadection

<= PRy 1<>>e/.,c\$+\|
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4. [4] Use the Laws of Logic, known logical equivalences and inference rules to show that the
following argument is valid. Jusitfy each step.

L = ( = v Prevncso
v 2 N e A Premsse.
ST h,le g > \\2 P
5 e S &\Qw\x\lu?ogl
6 . C\/——\ S t IS Lo
Rw\e

5. [3] Give a counterexample to show that the following argument is invalid. Be sure to explain
why your counterexample shows that it is invalid.

per (T co=
(-rVs)—q v \ F T r
g "

1 he q e At aﬂ—bi%vneyé =

sack R *%QWS Adpre adl T
£t concluamn 0 F

L M Qf%u,v,,\e;k S e
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6. [4] Let a,b,c € Z. Prove that if a | b and a | ¢, then a | (b+ ¢).

Bupeome  allb and ol
.0 X e H <)l ak-=2b
¢ T e sl el=c

Nowd
brc = a¥ +« a L
= qg(k+Q)
Senee X O, xele H

S, Q\ o+

7. [3] Find the base 16 (hexadecimal) representation of 2766. Use the symbols A, B,C, D, E, F
to represent the digits 10, 11,12, 13, 14, 15, respectively.

2366 = (FRA X\ + IH =
\FJaa = o < b + 1> C

IO <= O X \6 + O B

S aq,eé, = CACG_\\‘O
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8. [4] Use the Euclidean Algorithm to find ged(3774,1512) and then use your work to find integers
x and y such that 3774z + 1512y = ged(3774,1512).

3FFY =2 |91 x 2+ F50°

1Si12 = 750 x2 + \2X
1So  : 2. X 62 + G <« -- %co\(3?44,|€cz\=@,
2 2 cC x2 + o

E= 150 —\12x 62

950 - (1S12 —9Sor2 \xb2
F90 x \2S —

IS12 ¥ 62

(2324 —1S(12%42) x 128 — |S12 X620
337 x (28 — \S (12 X 312

- 2334 £ 129 4 1BDlzx (=232

s ~

H

e 8

9. [3] What is the remainder when (—113)% is divided by 13?7 Show your work.

—\y = -\ *cu‘\l‘; =5 Cunoo \z\
- uWoo Lo _ 2\ ROO 00 R
S (mun) = K :béb‘ \ = \6 = 3 eo(map’("s\
Lo
2222 3% e T (20) = 3T T A (ned )
i‘\

A+ =\ (vr\oé\%
T The rewmowdec W
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10. [3] Let p be a prime number and let a and b be integers. Use the Fundamental Theorem of
Arithmetic to prove that, if p | ab and p { a, then p | b.

Sene ?\\\0- o orme D DI SN A= oV
™ Yoo D¢ e S:ac)rmaahm D—K Q,

gmq P\ oo 3 P CARMA NI st m\(“b&
PTIMR Cor ot zakion 3"\ a b

Sma YRe Rre Socoes a{ ab  are YRe DPMMNLS
‘ot DA &R N Awide o T D

O e Neovcdor "? b

NP |\ b

11. [4] Use induction to prove that 14+ 345+ -+ (2n — 1) = n? for every integer n > 1.

RBownis . LsRen n=1, Lws = |\ Z %S = \2:_\

l

2 Sty AYWaa Wl N T\

P

T« Sceppose thae O an mdeger X7

s 4. A4 eee 4+ (2K -V = X%

I Lo L3k oo H(RED ) =020
£33 4 voo +<&L\L4«\-\\

= a4 seo & (9.\& ~) - (2\4+D Cmﬂv\ﬁ\q SQ-oo\
— — —_—

_ 2 « 2N AN oy xd.

- (.96-\—\\2 , o Wanited

° <

LRy wovedtun AR e & (20 = A" )
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12. Let by, by, ... be the sequence recursively defined by = 5 and b,, = 2b,_1 + 5 for n > 1.

(a) [2] Find by, by, by and by. Leave each of these as a sum rather than computing a numerical

value.

NN )
o, = e+ B = 275 S

\oz: &b‘_\_s - &('233%‘(‘%\"‘3
= s+ 2SS + 5
LR — —_ —_—
by = ab,rss al25rS+SY) © 5
= 23S+ 2§ +2:S+5S
b, = 2bg*S ca(2%2+2°- 5+ 2.5+ V%S
é‘\,c542/3.§+223 2SS & S

N

(b) [2] Based on your work from part (a), guess a formula for b, for all integers n > 0. Give
your final answer as a closed-form formula that is not a summation. You do not need to
prove that your formula is correct.

~A
Gu_,ua-h \'bnz Qv\.‘S *-g“-§+o°a +2-S’—(—S
= S(&“‘fzv"\*e'»o*-z»\-\)
= S (tr2r--=22)
= 5 . a“*\°\
2 -\

- S (QV\JH-\\>
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13. [4] Let ag, ay, ... be the sequence recursively defined by ag = 0, a1 = 2 and a,, = 4a,_1 — 4a,_»
for all n > 2. Use induction to prove that a, = n2" for all n > 0.
o
RBasgsis ! When n=0, g2 = ©-4

N'l\ev\ \/\:\) Q\‘—’Zz (.a’\ ——

;.4-\%1 -s‘nn‘)vﬂ'*{%\p%,\nc_o%we\gkv\

§

=

= |
Tw ¢ Seppese there v oan whege L

T sk ans " Ror qzopi ... A

Is'  Want Qo = Oy g0

Loole ax AL, S L= we Woure A2,

-

\

—
o 2

Ry L\q\c_- I_\Cku-\
U N VN
_ 2.\102\4«-\‘ (k—ﬁ &\4-\-\
= (av- (e 2“7
- (2N %\ | en Warded
- %4\ wd\uc‘k?m) QA= N2 +n % O

14. [3] Let A, B and C be finite sets. What does the Principle of Inclusion-Exclusion say about
|AU BUC|? Your answer should be an equation with |AU B U C| on one side.

lpo @oc\ = Al &= 0\ » \e)\

- (ANR\ — \An¢\ — \T&r\¢\
+ \lAnBN )

\

o TN
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15. [4] Let A and B be sets such that A C AN B. Prove that AU B C B. Your proof must begin
with “Take any z € AUB...”

SQ\P\’)OSQ e AR
Toke andy R e AoR .
S, e A oo xeR

ias xe%) \)ue\Nz <§or\<z.
Suppese %< A
Sma A< AN e ANAR

o ¥ e A and ReD

So *eB
So I ve AOR, M xR
Le. QAo £ X

16. [4] Give a counterexample to show that the following statement is false: “For any sets A, B
and C, if A\ B=A\C, then B=C"

het U= 20, A=d , V=1L, =37

Tlen MG =
R\c = ¢

ou V=2 C
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17. Let R be the relation on Q defined by (z,y) e R &z —y € Z.

(a) [3] Prove that R is an equivalence relation.

refletive & ik ve @, Tlan w—x=o e Z
£ (1\136'3 ano B K e Clevtye,

S%wxmf)«r\*g '~ Sc«()\')o%.q CL, "’\3 e . \hena Y-y e &
[Ltnee M=% = “()(’AJS\ , e WWaoe /\.«&"%éz
2. (/\-3 ,~L\ & -(‘2 N0 "(2 W\ s\émm*;\( )

‘Hav\%?“tid{ K gg&?{;oge (,%\_\\ ) (\x'z\eza
m ‘L-\—SG Z Odr\.é A’&‘—E e Z

de K=Y+ (e ¢ A
%f\)
= x¥-Z
S, e,y eR and & U Moo ST Ue

R G an QQulda,\evu.z_ redade o

®

(b) [1] Find, or describe, the equivalence class [5]. _
Cs) = 1 (QL\\\é'RTl = Stf“g -5 TY </
Sene '5—/3&.2 & me K Cs 1 =Z.

D

18. [3] Let f: N — R be defined by f(n) = #5 Prove that f is injective.

guf\)?o‘&e L) = LCV\L\

Tlew \ _ - A
;0 Y\1+‘S = “‘2:\—%

®

-‘u Ny T Do o o :‘ Vs W\&QQ_&I& .
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19. [2] Let f:(0,1) — (1,4) be defined by f(z) = (x+1)% Find a function g : (1,4) — (0, 1) such

Y —> Y
that g o f is the identity function on (0,1). Writing down a correct function is good enough
you do not need to prove that it has the property.

Take 5(*\ = Ix -\

AN = L'L\-\\Z
r = Y4\
Ve %or L%\ N
= C-S(CC%\\ SR b S
= (e = Jea® Com Do HA bfC
= KA\ -\ L% 0.
= KK

20. [3] Prove that the set {2¢3% : a,b € N} is countable.

72°%. albenS € 4 sulonek P o cserdelle
<sek \'f) Ccium\n\u\e M GQ

Lmcece A O QD%V\-LQ\QL{’\ <0

[

A
32%3% a hen.
™
Q?T%“b - o ’\t
¢ewﬂ Q\eun e
™ 2 2 oA 3R abed]
QTS \\2%&23 A *s\‘@\zuwo*‘
S Nha Seq,
3
& 2 a ?> \\Z <_ ) e o ed) \o\‘
20+ 29“6‘ 2’9%2_ - e ovnvus<

Conde mg SN o

a\e merss cr\’x(?\o. Qo g ao @{ iz% q\MQ‘g
© T2 qb e\ 9 counlable

JEND



