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This exam consists of 29 questions for a total of 80 marks. In order to receive full or partial credit you
must show your work and justify your answers, unless otherwise instructed.
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1. [3] Let p, g, r be statements. Suppose that p V ¢ is true. Find all truth value assignments of p, g,
and r such that ¢ — —(p <> r) is false.
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2. [4] Use known logical equivalences and the Laws of Logic to prove that (p — r) V ¢ is logically
equivalent to p — (=g — 7).
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3. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

1 - . .
"\ The converse of “If Vancouver wins the Stanley Cup, then Gary owes me $5” is “If Gary

owes me $5, then Vancouver wins the Stanley Cup”.

The contrapositive of “I eat popcorn only if I am at the movie theatre” is “I don’t eat
opcorn if I'm not at the movie theatre”.

p
The negation of “All dogs play frisbee” is “No dogs play frisbee”.

A A

For statements p and ¢, p V q logically implies p A q.
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4. [4] Use known logical equivalences and inference rules to show that the following argument is

valid. L
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5. [2] Give a counterexample to show that the following argument is invalid. Be sure to explain why
you have shown that it is invalid.
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6. [2] Let A = {0,1,{2,3}}. Indicate on the blank whether each of the following statements are
True (T) or False (F); no justification is necessary.
i 2e€ A
T gea
T {1} € P(A).
F ja=2
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7. [2] Consider the universe U = {0,1,2,3}. Determine the truth value of the statement
Jx,Vy, (y > 2) — ((z +y)? > 16). Explain your reasoning.
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8. [4] Let A and B be sets such that AU B C A. Prove that B C A, using an argument that starts

with “Let x € B...” Then, use the universe U = {1,2,3} to give an example that satisfies the
statement where the sets A and B are not equal.

led xe B,
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9. [2] Let A and B be sets. Indicate on the blank whether each of the following statements are True
(T) or False (F); no justification is necessary.

>
- "' \ % o

‘/t_'{nEZ:lgn2§5}={x€]R:(x2—1)(x2—4)=0}. zz' it - Zt\(t?—ﬁ

T A®BCAUB.

U If P(A) = P(B), then A = B.

/ . .
1 There exists a set with exactly 2 proper subsets.
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10. [3] Let A, B, and C be sets. Show that (AUB)N(CNB°)* = (A\C)UB. Hint: Use set-theoretic
identities (i.e. the Laws of Set Theory).

(AN UR = (AncHuB Jdeflh A ANE
= (AUB) N (BULT) Arst

c L&
= (AR N (R NCHO De Mezan
= CAIR) N (BT comm.

11. [2] In a group of 40 musicians, 22 of them play string instruments, 25 play woodwinds, and 7
of them play neither strings nor woodwinds. How many of the musicians play both strings and
woodwinds? Be sure to justify your calculations.

let S e He =ek o vurkr<taas wa@L&.‘,\ 8’(*\“:’\3
W o u N : 1 a 7 ) Ly pedINA g
Wank  [SAW)
1Suwl= \g\ f\wl—-\8nw)

3| 2 leawl = 13LE AWl —\Sow)
- 22 + 26 ~ 2333
=u6-%

1 =\,_\

12. [2] Let ag, a1, as, - - - be the sequence given by a,, = 2n + 5 for n > 0. Write a recursive definition

for this sequence. qo =5
Ay = Xy +2 5, N2
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13. [3] Let ag, ay,as, - -+ be the sequence defined recursively by ay = 0 and a,, = 2a,_1 + 5 for n > 1.
Express each of a1, as, and a3 as a sum of terms involving 2s, 5s, and exponents; then, use that
work to conjecture a (correct) formula for a,. You don’t need to prove that your formula is

correct.

Q= 2a,+S = 2.0 &5 5
A,= 2 +S = 2(2:0¢B) +3 =2°0 +2:.5 +S
Qo = 2Q,+5 =2(22~o +2-5 +€\+S

= 23'0 Lr2%. 54+ 2.6 S

5 (2"-\) _s@H)

‘2=
14. [2] Suppose that we would like to prove that 3™ > 2n? for all n > 6 by induction. After proving
that this inequality is true for n = 6 directly, we move on to the induction. Write an appropriate
Induction Hypothesis to begin the induction portion of the proof. You do not need to continue

the proof.

%u,()rpoﬁe t\'D\MQ e;(\g(g avx m"\e%a,( Jk? 6
Such ¥at '3 245 Lo Az e el X

15. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.
-
_[_ Suppose that a,, = a,_ — 2a,_s3 for n > 4. If the terms a7, as, ag of the sequence are 6,—4,8,
then a9 = —16. Qo = Qg- ZG:,, a -uL-2:-06
ﬁ Let p(n) be an open statement in the integer variable n. If you are proving that p(n) is true
for all n > 5 by induction, then you don’t need to prove any base cases.

V' Define a set X by saying that 2,5 € X and if z € X, then 2z € X. Then 15 € X.

flf S(n) is an open statement such that S(1) and S(2) are true and S(k) = S(k + 2) for all
k> 1 then S(n) is true for all n > 1.

/
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16. [5] Let ap =2, a; = 1, and a,, = a,,_1 + 6a,,_o for n > 2. Use induction to prove that
a, = 3"+ (=2)" for all n > 0. Be sure to clearly include all four parts of an induction proof!
o o
%a‘ic'S. When wn=o we_ \hove Q, 2 =23 + (- a —
When w2l we hage q( =

2&—(2\ —
. Shnt bwe oben wnoo ow\c)w%n n=1.
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17. [4] Prove that for integers a, b, and ¢, if a | 2b and b | 3¢, then a | 12¢.

su@@ose Q\Z‘Q ounrnd \ok'?sc .

P, Tleve =St ™ s v 2 L s L.
2\y= Xa  and 2ac =
:_ \ 28 = 4'%4
= 4 -bve
= 2. (2h)- L

= 2. (ka) : L2 - (2w L) e
Smw X L axe m'\‘%,arij 20 v 2wl

:.oa \\zc
18. [2] Find the base 6 representation of 4783.
HLFSI= 6x FA4F +\

31GQt =26x \32 + 8
{32 = b 22 + O

22 =2 & X %3 + 4
3 zbto £+ 3

S.oLUARNR =(‘3u¢o‘3)\ C

19. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

E (35)9 = (53)7

T The integer (5A29B678),3 has a remainder of 8 when divided by 13.
fFora,primep,ifp|NandN:(1-2-3 ----- n) + 1, then p > n.
-

_kb The integer a = 2 - 153 has 9 different positive divisors.

L moce 2 o'adgd L gadave 2ead
+han S I -
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0. [2] Use the Euclidean Algorithm to find ged(3759, 336)

XN 236X Il + 63
2336 = 63x5  + 2| &« gcd (2359,336)
63 = 2 +3 4+ o = 21

21. [3] Let k be an integer with the last digit of 9. What is the last digit of 5k'* + 13k* — 16?7 Show
your work.

We wank « <l oecza euwmel

SJL‘Z _(_\1\/}_,\40 = ¢ Cvr\cOo\ \o\
Now

ES
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|

1

= G\ 41339 ~16
25 4+ 3 3~4
= 36 =
f. The \cot gl g 6.

6 Cwmed 0)
22. [2] Indicate on the blank whether each of the following statements are True (T) or False (F)
no justification is necessary.
-

\_ For integers a and b, if a = 2b and ged(b,5) = 1, then a does not have 5 as a factor in its
prime power decomposition

U 1f ged(a, b) = 6, then there exists integers x and y such that ax + by = 24
T ta?=1 (mod 5), then a =1 (mod 5)

U The last digit (i.e. the ones digit) of 99%

Q9 |
(qa'\ € Cii_ Q-@Z,S%?modlo\

(
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23. Consider the relation R on the set Z defined by (a,b) € R if and only if a + 2b is an odd integer.
Answer each of the following and provide a proof or counterexample as an explanation.

(a) [1] Is R reflexive?
No . For example (0,0) 4 <
wluachh O ecen.
. ? nst- Te&:(eﬁtve

(b) [1] Is R antisymmetric?
No . Sme \+2.3 =7 & ad
(A e R
Dk 4201285 so (3D (R

' Q V\,o"\‘ Ovv\:lr‘i i\a,VV\W\e/'\"f‘t

(c) [2] Is R transitive?

Nes. Supeose  (ab) )Q\o D) <.

Tlen a+2% & 030 oond b+2c o &)
RS SURY QPN P\
s AL2c N\ o C(’)ZQ 2 G QneA
s (e, eR . RS Ao Thive

24. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

/_r'The relation R on Z defined by R = {(a,b) : ab > 4} is symmetric.
If a relation R on a non-empty set A is transitive, then it also is reflexive.

If R is an equivalence relation on a non-empty set A, then it is not antisymmetric.

T[T T

If R is a equivalence relation on A, then R is a function A — A.
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25. [3] Let R be the relation on the set A = {10,11,12,...,99999} defined by aRb exactly when the
second-to-last digit of a equals the second-to-last digit of b. (i.e. when the tens digit of a equals
the tens digit of b.) It can be shown that R is an equivalence relation. (You do not need to prove
this.) How many equivalence classes does R have? Explain. Describe the equivalence class that

12201 belongs to. < -20'/\.&\\/ Q,\&MQS
& possible 2% GLoh dagiis
= (O
Ciz201) = et of = ;A Wit e dugto

= Ltso,101,-+0409,200, 201 | .., 29, oo, 93%00,39%01 , ... %AG]
26. [3] Consider the function f : N — R defined by f(z) = 2* — 8. Determine if f(x) is one-to-one.
If it is, provide a proof. If it is not, provide a counterexample.

gq@‘poie g C(\\ = 't (‘z\
(R

2
:a K\-% = K}-g
2
° \(:l =

9 2
A li\\ = \{71\

%w'\‘ X\, L, € N D "("e\«'/) o] K, 2 Ly
e woth ol PosTHine
27. [3] Let B be the set of odd integers, that is B = {2n + 1 : n € Z}. Consider the function

f:Z — B defined by f(x) = 2z + 7. Determine if f(z) is onto. If it is, provide a proof. If it is
not, provide a counterexample.

etk 20l e R.
T8 A = 2n+\
+Ron 2Lt T = 20\
2%x = 2n—-GL
& X o= (@2n-N[2 = a-3
S d\éZ) e Nowe n-3e £

o X o ento

N
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28. [4] Use a diagonal sweeping argument to show that N x N is countable.

‘ : \ jx N cgpears
T\B | ' M +be OL\NQ7

‘ The <eq. tnArcaked)
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29. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

_ | For non-empty finite sets A and B, if a function f : A — B is one-to-one but not onto, then
Al # |B.

— The function f: R — R defined by f(z) = [x] is onto.

T Fora countably infinite set A, if there exists a one-to-one and onto function f : A — B,
then B is also countably infinite.

_ L The set A= {n?:n e Z} is countable.

JEND
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