UVic — MATH 122 — Logic and Foundations Final Exam
Date: Apr. 15, 2025 Time Limit: 3 hours

Instructors:

A01 — CRN 21925 — K. Krishnan

A02 & A03 — CRNs 21926 & 21927 — A. Sodhi
A04 — CRN 21928 — B. Anderson-Sackaney

Before starting your test, enter your name and student ID (clearly) on this page.

This exam contains 22 pages (including this one, and scrap pages)
and 27 questions, worth a total of 80 marks.

You may not open the exam until instructed to do so. In the meantime, please read the
following instructions:

» No textbooks or class notes are allowed on this exam. A calculator is not necessary,
but a Sharp EL-510R, EL-510RN, or EL-510RNB calculator is allowed.

o Answer each question in the space immediately below that question. In order to
receive full or partial credit you must show your work and justify your answers, unless
otherwise instructed.
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[3] 1. Use any method to determine whether (pV¢q) — (p — ¢) is a tautology. Write a sentence

that explains your conclusion.
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[3] 2. Use laws of logic and known logical equivalences to show that (p A —q) — r is logically
equivalent to p — (¢ V r).
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[2] 3. Let A, B, and C be sets. Check the appropriate circle to indicate whether each statement
is true or false. No justification is necessary.

True False

) W O Ifp— (qVr)is false, then g is false.
) O W If an implication is true, so is its converse.

(c) ®W. O Ifpand g are logically equivalent, then —p = —q.
) O R

The negation of the statement “All squares are rectangles.” is
the statement “There exists a rectangle that is not a square.”
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[2] 4. Suppose the universe is U = {1,2,3,4}. Determine the truth value of the statement
Jz,Vy, (y > 3) — (2* < 7). Explain your reasoning.

Troe . TUoesze =0 - PN —«—Q ‘3‘.‘52—
. aldeinedt e 2< t u dAvue ) q.&r) -«_Q
%}% €. sldemnedt XZ<C 7 v ke

Lo The sledteme Koo

[4] 5. Use known logical equivalences and inference rules to show that the following argument

is valid. ( ?—7")%/ ’PTQVV\'M

p—=q reNnTS—2
rVop 2 ¥y vV I ¥
q = ﬁ/ ‘?M\'\T'&
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[3] 6. Give a counterexample to show that the following argument is invalid. Be sure to explain
why what you have shown demonstrates that it is invalid.
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[2] 7. Check the appropriate circle to indicate whether each statement is true or false. No
justification is necessary. Let A = {«, 8, {7}, {a,7}}.

True False
@) ® O gcAa
) O TN rveA
© & O Aap}eP(A)
@ O & {antcA
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[4] 8. Let A and B be sets such that AU B = B.
(a) Prove that A C B using an argument that starts with “Let x € A...”.

ledd x<e A,
%:S &Qg‘/\ (3% LT X & @s\)s

Smwe AR =g, r e

(b) Use the universe U = {x,y} to give an example that shows that the sets A and B
need not be equal.

A=p , B=24498 - (len QU@
= gb \)25(‘\{3 = {*)\{5, =28 xR

[4] 9. Let A, B, and C be sets. Using any method, prove that AN (BNC) = (ANB)U(ANC).
Hint: There is a short proof using the laws of set theory.

ANRND) = AN (BT deCritran
= A (B waT) PeMurgain
= (AARTYO (AR <) P < ibutive
= AR U (AN el t7

[2] 10. Check the appropriate circle to indicate whether each statement is true or false. No
justification is necessary. Let A, B, and C be sets.

True False
¥ O IfACB, then B¢Z A

F~ IfAUB=AUC, then B=C.
@ UBCA®B, then A=o.
O IHKACB,then AxCCBxC.
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[2] 11. Cetatea is an infraorder of acquatic mammals that includes whales, dolphins, and por-
poises. Of the 95 species of cetaceans, 33 are under threat, and 6 of the species under
threat can be found in the waters of British Columbia. There are 45 species which are
neither under threat, nor can be found in BC. How many cetaceans can be found in

British Columbia? [} T = =t U nSen et
R = =2l Ksaone o

LQE Wale s c‘( LC
e} o \F

R B ceraceans ‘CU‘('W\Q o B
=2 (F 46 = 25

[3] 12. Let a,b,c € Z. Prove that if a | b* and b* | ¢3, then a? | ¢3.

Swopese (b 10 X v sl qk =1~
S wopose \Oq(Qz, S S sl LYe=c®
< - c? = % o :&\02\21 = Qq\é\L_Q\ =a%l*a
= a®k"Q)
Smw M oec £ kioaed
s.oa®\ s

[2] 13. Check the appropriate circle to indicate whether each statement is true or false. No
justification is necessary. Let a,b,c,d € Z.

True False
ﬁ O Supposea+b=c. Ifd|candd|a, then d|b. b= c-a
& O ecd(a,b)]lem(ab) gedla b) la o~ K\ Raim(s
O R If a | b2, then a | b.
& (O Let p be a prime. If p | ab, then p | a or p | b.

(a)
(b)
()
()
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[4] 14. Use the Euclidean Algorithm to find d = ged(632,288), and then use your work to find
integers x and y such that 632z + 288y = d.

£32= Q4238 + 56
23% = 5,56 + B< Q«d (£32,23%)

5 = Fx¥% 4+ O

K=z 29F% —SXS6
- 25y — Sx (632 —24 257 )
= 54 (%2 &+ Ul ¥x2F¥
- c22(-5) + 288 0N
~ J

[2] 15. Find the base 11 representation of 2025. If needed, use « to represent the digit 10.
20235 = \ga x L+ \

lsa = tex \\ + X

[ &6 = Cx \\ £S5

([ = &x \\ \

s 202S = (\S%\\‘\

[2] 16. Check the appropriate circle to indicate whether each statement is true or false. No
justification is necessary. Let a,b € Z.

True False
(a) & O  If ged(a,b) = 2, then there exist z,y € Z such that ax + by = 10.
(b) \& O Ifa=7 (mod 12), then a =1 (mod 3).

(c) ﬁ (O  Ifbis even, then b*> =0 (mod 4).
i |

(d) w\ (O LetneNandr € Rwithr > 1. Then 14+r+r?+---+7r" = T
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[3] 17. Find the last digit of 3%° in base 5, that is if 3°°° = (d,d,,_; ... dy)s, find dp.

=i %‘* S—\ = \ (w\oég\
325’0‘ ZUS’B = 3 <(,§4\e2_>
= 3
= QU Cwed S‘)

= L (med S)

o The last- C:h%?’\‘ N (W

4] 18. Use induction to prove that 3® > n? for all n > 2.
[ p

2
Rasts 1 IS ncz. 3 =23 =9 and 2779
—’—?f\-e*emen’\' A when MN22.
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3 > k= (weak mduction)
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£ 3 42 4 T
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[4] 19. Let z, denote the recursively defined sequence where z; = 0, and 2,1 = 4z, + 2 for all
n>1.

(a) Find 29, z3, 24, and z5. You may leave your answers unsimplified.
2. 42,52 = hoo+2

z\,&: W, +2 = R-2+2
2, =4 Z k2 2K (q 2 42\ +2_

St dibez 2 2
Zs %Z‘Q+l = Ix (Lb 2 AL 2a2) -2 T L&-P%Z + 4 < 2442

(b) Use your work in (a) to find a formula for z, that depends only on n, and is valid 2
for all n > 1. Your answer should not involve a sum of many terms. You do not
need to prove that your formula is correct.

Besed on Lq\ R S

~3
Z2n= L‘< 'L A 4(' A . o T s S

= 2 ( lear.. +6"77)

= 2 ("= a-0) = 2(4"‘1\3 (3

[4] 20. Let a,, denote a sequence recursively defined by a; = 1, a3 = 8 and a,, = 6a,,_1 + 16a,,_
for all n > 3. Prove that a,, = 8! for all n > 1.

[ ~\
@Qé(% e h:\\Q\z\ 2 %2\2?0:\ -

:, 84&&61//\@/\*‘ ™ e CSJ'Q‘-M nw o ‘% (JS-QQI/I na2

;Ei- gu@ﬁxxe ‘\‘eev% Qﬁ(%vl‘i @wv\ ‘Y\T\”Q%eu k 2 2
Suehh o Q, = %Q—\ S L=12,. .k

T2 Land o shed a, =% =gk

ot (
Look  odr Qo - S A 2| Desyv 2% &
We CON  Loe o Tecwrsmm o .
~\ ~ .
T e Ry = C;C{L—\—\BQK \ = (~¥ «\6- b\( JH.
= 6. T 6.8 = AT g g

N =T u\qwf\.&}. Sl B-( Ynd wedron
Qn

=N\ ¥n =22
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[4] 21. Let f : [0,00) — [0,00) be defined by f(z) = 2* + 1. Prove that f is 1 — 1 (injective)
but not onto (surjective). Carefully explain your reasoning. Note that [0,00) = {z : >
0,z € R}.

1=\, §<-L‘p’\'>b‘3€ LC"'(\\: ‘Q('ﬁz_\
s »«Ly( ~ wo A
To X =Ap  Sme & n elhed an
Lo, &)

Nt en'o ! take W20

TL‘QI/\ 'S(‘f\\: \(
= [W(N=0 E X3 \=0

@ ¥=-\ R 9 veopssible
™ W,
ooo S ) T\.Q—K— UV\—%‘

. Check the appropriate circle to indicate whether each statement is true or false. No
2] 22. Check th iate circle to indicate wheth h stat tis t false. N
justification is necessary.

True False “V: ?(\‘ O,Q?‘Z')‘.\,_ \ (V\\V\)-T

(a) O & A function f C A x A is never an equivalence relation.

(b) g{ () There are exactly 2* possible relations t}aat can be defined on a set

of 2 elements. k A~ A L:. L\_ € hao & 4 %Q\b?g{ <,
The relation Q on Z defined such that (a,b) € Q if and only if

a = b (mod 7) partitions Z into 6 equivalence classes. “d—

O ¥
(d) O & There are no relations on any given set that are simultaneously
symmetric and antisymmetric.
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[4] 23. Forsets A,Band C,let f: A — Band g: B — C be onto (surjective) functions. Prove

that go f: A — C'is onto. — \

Talke cel. - ,
- - 2 £ 3(

Soce ] ™ o A beR By I
5,-3. 3(‘0) =

S £ v C/V\“\‘Dl < &GA Srl‘ ’QCC\\:‘Q,
Then go~ (&) = g (F Ca)
= %Uo)

e © %OS: B ot

[4] 24. Define the relation R on R such that (z,y) € R if and only if z — y € Z. Prove that R
is an equivalence relation.

T’l@ %\(\SSL«) \\QQC%T\f \Saw\me;\*{‘«\c é‘-\ '\‘CQY\S’PL.\QQ’
velexive Take an X . The ¥X—<x-oc Z.
o (D ER 2 R, 3‘3W\W\CA\{\\< |

%ammﬁ)ﬁfi g%\s?pco% <, GR and <>(‘a3\6‘2.
Tlen X~~)=~\’<C—%« Tlen Q¥ =~k <

S (g0 e R and R G 29 muedic .

tansTdie Dugppose ><,u),2—ér\?\ Qnd Cﬂ,k\\\C\s‘Z‘)e&
Tlen y\_ﬂ:kez SN %—Z:«QC—_Z—

T, X~2 = 7(:—\34- 3~2 = 4 Q K. (k@R

900 2 =) C\QQAS’;'\’TV’Q ebc Q &y an eck\k?\), (e\ld\
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[2] 25. Consider the set A ={0,1,2,3,4,5,6,7} with the relation R on A defined by (a,b) € R
if and only if a® — b? is divisible by 3. The relation R is an equivalence relation (you do
not need to show this). Find all the equivalence classes of R.

O ¢ veoled to o 3, 6
Vg ovSeded o L2204 5 TF

AN eqwsd alence <o S
70,367, Tv24,575

[3] 26. Prove that {n'/™ :n € N,m € N} is countable using a diagonal sweeping argument.
Hint: In the proof that N x N is countable, the ordered pair (n,m) appeared in row n
and column m of the array.

. \ \ ¢ (
' 7\ “( \Xf/% (J EU‘Q/‘\\ N bey N (=
l
‘((& ZVZ- '1(7“ 4/2_\,,-, é C::\ULV]/'\V\ ™\
C(\ . \> \ ‘ S Ve DSequence ﬁr\cjr“teolgo\
/\ (( >’\ (1 cj
> 2 3=k vy e aows Mcludes

Quew( <\erned s The
acay 2. esely elemet of 20t men
oo The <X U LWwuntub(e

[2] 27. Check the appropriate circle to indicate whether each statement is true or false. No
justification is necessary.

True False

(a) O $ Let A be a set with 2 elements and let B be a set with 3 elements.
There are exactly two 1-1 (injective) functions A — B. (3 oS

(b) ‘g{ (O A function f has an inverse if and only if the relation Qj‘cw\e:’\“
{(b,a) : (a,b) € f} is a function. MeSS

c) O & The set {4/|z] : x € Q} is uncountable.
(d) ﬁ\ (O The set of odd integers is countable.

\Jé]$

[END OF EXAM]
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