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1. [3] Find all truth values for p, ¢ and r for which ¢ A (—r — p) is true.

2. [4] Use known logical equivalences to show that p — (¢ V r) is logically equivalent to
(pA—q) —r.

3. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
_ If p& g then -p & —q.

The negation of Vx,3dy,x Ay is Vx,dy, ~x V —y.

The statement Vo, x < 2x is true for the universe R.

If an argument is valid, then its conclusion is true.
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4. [4] Use known logical equivalences and inference rules to show that the following argu-
ment is valid.

pP—=q
r — —q
r

-p

5. [3] Give a counterexample to show that the following argument is invalid.

p—q

-q — s
T — s
-p
-p

6. [2] Let A, B and C be sets. Use the blank to indicate whether each statement is True
or False. No justification is necessary.

 IfAxB=0,then A=0 or B=0.
If ACZ and B CR, then A C B.

_ If10€ Aand 3 € B then 30 € A x B.
__ If C eP(A) then A\C € P(A).
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. [4] Suppose that A C B. Prove that A C AN B, using an argument that starts with
“Take any x € A ...”. Are the sets A and AN B actually equal? Explain.

. [4] Let A and B be sets. Show that (A \ B) U (A°U B°)¢ = A. Hint: set-theoretic
identities.

. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
_ The relation () on {1, 2,3} is reflexive.

___ If R is a symmetric relation on {1,2,3,4} and (1,2) € R then R is not antisym-
metric.

__ The relation ~ on {2,4,6,...} defined by = ~ y if and only if x —y = 2 is
transitive.

If ~ is an equivalence relation on N such that 1 ~ 2 and 1 % 3 then 2 +¢ 3.
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10. [5] Let A ={1,2,...,11}, and let ~ be the relation on A defined by a ~ b < 3| (a—b).
Prove that ~ is an equivalence relation on A and find the partition of A it determines.

11. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
_ Foranyx € R, [—z] = —[z].
__ There exists a one-to-one function from {1,2,3} to {1,2}.

_All functions from a finite set A to a set B consist of the same number of ordered
pairs.

A function f: A — B has an inverse if and only if it is a 1-1 correspondence.
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12. [4] Let f:Z — Z be defined by f(z) = 2z. Prove that f is 1-1 but not onto.

13. [4] For sets A, B and C, let f: A — B and g : B — C be onto functions. Prove that
go f:A— C is onto.

14. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
__ If pla and pl|b then p|a — b.
__ For integers a, b and ¢, if a|b and b|c then ac.
_ lem(2374,3%72) = 233%76.
_ If ged(a, b) = 3 then there exist integers x and y such that ax + by = 6.
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15. [4] Use the Euclidean Algorithm to find d = ged(2500,1110) and then use your work
to find integers x and y such that 2500x + 1110y = d.

16. [4] Find the base 12 representation of 2015. Use the symbols § and x to represent 10
and 11, respectively.

17. [2] Use the blank to indicate whether each statement is True or False. All variables
are integers. No justification is necessary.
__ The last digit of 20163 is 6.
__ Ifa=0 (mod 2) then a # 0 (mod 3).
If ak = b then every prime divisor of a is a divisor of b.

_(110010)5 = (32)16.
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18. [3] Suppose k has the prime factorization p{'ps? - - - p¢». Prove that if s = k2, then every
exponent in the prime factorization of s is even. Is the converse true? Explain.

19. [4] Use induction to prove that for all n > 1, ﬁ + ﬁ +- 4 ﬁ = 5.
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20. [4] Let aq,as, ... be the sequence defined by a; = 2, and a,, = a,_1 + 2n for n > 2.
Find ay, ag, ay and as, then use your work to obtain a formula for a,, (note: a formula,
not just a summation). It is not necessary prove that your formula is correct.

21. [4] Let bo, by, ... be the sequence defined by by = 2, by =5 and b,, = 5b,,_1 — 6b,,_5 for
n > 2. Use induction to prove that b, = 2™ 4+ 3" for all n > 0.
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22. [4] Let F = {5,10,15,...}. Use a diagonal sweeping argument to prove that F x F is
countable.

23. [2] Use the blank to indicate whether each statement is True or False. No justification
is necessary.
_If Ais a countable set and B is an uncountable set, then A U B is uncountable.
For any real numbers a, b such that a < b, the closed interval [a, b] is uncountable.
__ If AG B then |A| < |B|.
_ Theset {1,—2,3,—4,5,—6,...} is countable.
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24. [2] An airline surveyed 200 passengers and recorded the following information about
the type of non-alcoholic beverages they liked: 78 passengers liked coffee, 70 liked tea,
and 66 liked orange juice; 35 liked both coffee and tea, 40 liked both tea and orange
juice, 15 liked both coffee and orange juice, and 15 liked all three types of beverages.
How many passengers liked only orange juice or none of the three beverages?

25. [2] Let A ={1,2,3,4,5}. Fill in each blank. No justification is necessary.
(a) |[Ax Al =
(b) The number of subsets of A that contain neither 1 nor 2 is

(¢) The number of functions f : A — {w,x,y, 2z} where f(1) = w, f(2) = z and
1(5) # , i |

(d) The number of relations on A is

JEND



