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This exam contains 13 pages (including this cover page) as well as the
yellow instructions page at the end. Count the number of pages in this
examination paper before beginning to write, and report any discrepancy
immediately to the invigilators. This exam consists of 26 questions, to be
answered on the exam paper. Duration: 3 hours

Do not open this packet until instructed to do so.

1. Identifying information: Enter your Student ID, Name, and Lecture Section at the top of
this page now. Fill out and sign the yellow instruction page on the back of this exam
now.

2. Only the following materials are permitted:

(a) Your UVic Student Identity Card (place it on your desk now).

(b) Pens, pencils, erasers, and a ruler are permitted at your desk. If you have a pencil case
it must be stored with your belongings in the front of the room.

(c) A calculator is permitted. If you use a calculator, it must be a Sharp brand calculator
with model number beginning EL510-R.

3. No notes, outside paper, or aid other than the ones listed above is permitted. You are
responsible for ensuring that any unauthorized material is stored with your belongings at the
front of the room.

4. Show all calculations on this paper for all problems, unless the question specifies otherwise.
We may disallow any answer given without appropriate justification.

5. If you need to leave the room during the exam, raise your hand until an invigilator comes to
you. Students may not leave during the first 30 minutes or the last 15 minutes of the exam.

Do not open this packet until instructed to do so.
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1.(3 points) Suppose the statement (¬p∨ r) is true. Find all combinations of truth values for
p, r, s such that (r ↔ s) ∧ (p ∨ ¬s) is true.

2.(3 points) Use known logical equivalences to prove that (p ∧ s) → r is logically equivalent
to p→ (s→ r).

3.(2 points) Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

The negation of “There is an answer to every question” is “There is no
answer to every question”.

The statement ∀x, [(x < 0)→ (5x > 0)] is true for the universe N.

The statements ∀x ∃y, x+y = 0 and ∃y ∀x, x+y = 0 are logically equivalent
for the universe Q.

The statements ∀x ∃y, xy = 0 and ∃y ∀x, xy = 0 are logically equivalent for
the universe Q.
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4.(7 points) Determine whether each of the following arguments is valid or invalid. If valid,
use known logical equivalences and laws of inference to prove that it is valid.
If invalid, provide a well-explained counterexample to demonstrate that it is
invalid.

(a)

¬(p ∧ r)
¬r → s
p

∴ s

(b)

¬(p ∧ r)
s ∨ ¬r
s→ p

∴ p ∧ s
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5.(3 points) Let A,B, and C be sets such that A ⊆ B ∪ C. Use the definition of subset to
prove that A \B ⊆ C. Your proof must begin with “Take any x ∈ A \B”.

6.(3 points) Provide a well-explained counterexample to show that the following statement
is false: For all sets A, B, and C, A \ (B ∩ C) = (A \B) ∩ (A \ C).

7.(2 points) Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

For all sets A and B, if A ∩B = ∅, then A = ∅ or B = ∅.
{∅} ⊆ P(A).

For all sets A, B, and C, if A⊕B = C, then A ⊆ C and B ⊆ C.

|{∅, {∅}, 8, ∅}| = 3.
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8.(3 points) Suppose that A and B are sets such that |A ∪ B| = 28, |A| = 2|A ∩ B|, and
|B| = 3|A|. What is |B \ A|?

9.(3 points) Let a1, a2, . . . be the sequence recursively defined by a1 = 4, and for all n ≥ 2,
an = 7an−1 + 4.

(a) Calculate a2, a3, and a4.

(b) Use your work in (a) to guess a closed form formula for an. (That is, your
formula should not involve recursion, nor should it express an as a sum using
Σ notation or · · · .) Do not prove that your formula is correct.
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10.(5 points) Use induction to prove that, for all integers n ≥ 0,

0 · 20 + 1 · 21 + 2 · 22 + · · ·+ n · 2n = 2 + (n− 1)2n+1.
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11.(5 points) Let s1, s2, . . . be the sequence recursively defined by s1 = 1, s2 = 1, s3 = 1, and
for all n ≥ 4, sn = sn−3 + sn−2 + sn−1.
Use induction to prove that, for all integers n ≥ 1, sn < 2n.
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12.(2 points) Let a and b be positive integers. Use the blank to indicate whether each statement
is True (T) or False (F). No justification is necessary.

If gcd(a, b) = 15 then gcd(4a, b) = 15.

If 6 | ab, then 6 | a or 6 | b.
For any prime number p, if p | a and p | b2, then p | (6a− b).

If a ≡ b (mod 8) then 3a2 − 5 ≡ 11ab + 3 (mod 8).

13.(3 points) Let a, b, and c be integers. Prove that if a | b and ab | c, then a3 | bc.

14.(2 points) Use the Euclidean Algorithm to determine gcd(7912, 3870).

15.(2 points) Explain why there are no integers x and y such that 30x + 12y = 10.
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16.(2 points) Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

lcm(22 · 36, 23 · 34) = 22 · 34

gcd(20!, 25!) = 5!

If p is a prime number, and a is an integer such that a and p are not relatively
prime, then p | a.

If a is an integer, then a and a + 1 are relatively prime.

17.(2 points) Write 2773 in base 11, using A to represent 10.

18.(5 points) (a) Suppose that 6(3x − 5) ≡ 12 (mod 17). What is the remainder when x is
divided by 17?

(b) What is the remainder when a = 5 · 284 − 16 is divided by 17?
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19.(2 points) Let A = {1, 2, 3, 4, 5, 6, 7}. Use the blank to indicate whether each statement is
True (T) or False (F). No justification is necessary.

∅ is an equivalence relation on A.

If R is an anti-symmetric relation on A and (1, 3) ∈ R, then R is not
symmetric.

If R is a relation on A, and |R| < 7, then R is not reflexive.

If R is an equivalence relation on A, and (2, 6) ∈ R, then [2] ∩ [6] = ∅.

20.(5 points) Let ∼ be the relation on Z defined by a ∼ b if and only if 5 | (3a − 3b). Prove
that ∼ is an equivalence relation.
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21.(2 points) Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

The relation {(x4, x) : x ∈ R} is a function from R to R.

Let n ∈ N. The function f : {1, 2, ..., 2n} → {0, 1, 2, 3, ..., n} defined by
f(a) = ba

2
c is surjective (i.e., onto).

Let A and B be sets. Then a function f : A→ B has an inverse if and only
if it is both injective (i.e., one-to-one) and surjective (i.e., onto).

Let A, B, and C be sets. If f : A → B and g : B → C are functions, then
g ◦ f is bijective if and only if f and g are both bijective.

22.(4 points) Let f : Z→ Z be defined by f(n) = 2n + 1.

(a) Prove that f is injective (i.e., one-to-one).

(b) Prove that f is not surjective (i.e., onto).

23.(2 points) Let f : Z→ Z be defined by f(n) = −n.

(a) Show that f ◦ f is the identity function on Z.

(b) Is f invertible? Give a brief explanation of your answer.
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24.(2 points) Let X = {1, 2, 3} and let Y = {1, 2, 3, 4, 5, 6, 7, 8}. Fill in each blank. No
justification is necessary, and you do not need to simplify your answer.

• |X ×X| =

• The number of subsets of Y that contain no elements of X is

• The number of injective (one-to-one) functions with domain X and codomain

(target) Y is

• The number of surjective (onto) functions with domain X and codomain

(target) Y is

25.(3 points) Let A = N, and let B =
{

1
n

: n ∈ N
}

. Prove that A ∪B is countable.

26.(3 points) Use the blank to indicate whether each statement is True (T) or False (F). No
justification is necessary.

If A is an infinite set, and a ∈ A, then |A \ {a}| 6= |A|.
If A and B are infinite sets, then there is a bijection f : A→ B.

If B ⊆ Q, then B is countable.

The open interval (−1, 3) has the same cardinality as the open interval (2, 9).

There are sets A and B such that A is uncountable, B is uncountable, and
A ∩B is countable.

There is a set B such that, for all sets A, |A| ≤ |B|.
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[Blank - Do not remove]

[END]


