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1. [3] Let p, q,r be statements. Suppose that pV ¢ is true. Find all truth value assignments of p, g,
and r such that ¢ — = (p <> r) is false.

2. [4] Use known logical equivalences and the Laws of Logic to prove that (p — r) V ¢ is logically
equivalent to p — (=g — 7).

3. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

___ The converse of “If Vancouver wins the Stanley Cup, then Gary owes me $5” is “If Gary
owes me $5, then Vancouver wins the Stanley Cup”.

_ The contrapositive of “I eat popcorn only if I am at the movie theatre” is “I don’t eat
popcorn if I'm not at the movie theatre”.

__ The negation of “All dogs play frisbee” is “No dogs play frisbee”.
__ For statements p and ¢, p V ¢ logically implies p A q.
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4. [4] Use known logical equivalences and inference rules to show that the following argument is
valid.
PAQ
—(q A )
(pAT) =S
s

5. [2] Give a counterexample to show that the following argument is invalid. Be sure to explain why
you have shown that it is invalid.
pVyq
g
r—s
. DAS

6. [2] Let A = {0,1,{2,3}}. Indicate on the blank whether each of the following statements are
True (T) or False (F); no justification is necessary.

___2c A
__ Dhe A

— {1} e P(A).
4] =2
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7. [2] Consider the universe U = {0,1,2,3}. Determine the truth value of the statement
Jx,Vy, (y > 2) — ((z + y)? > 16). Explain your reasoning.

8. [4] Let A and B be sets such that AU B C A. Prove that B C A, using an argument that starts
with “Let € B...” Then, use the universe U = {1,2,3} to give an example that satisfies the
statement where the sets A and B are not equal.

9. [2] Let A and B be sets. Indicate on the blank whether each of the following statements are True
(T) or False (F); no justification is necessary.
_ {neZ : 1<n?*<5={reR : (z*-1)(2* —4) =0}.
__ A@BCAUB.
— If P(A) ="P(B), then A= B.

__ There exists a set with exactly 2 proper subsets.
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10. [3] Let A, B, and C be sets. Show that (AUB)N(CNB°)° = (A\C)UB. Hint: Use set-theoretic
identities (i.e. the Laws of Set Theory).

11. [2] In a group of 40 musicians, 22 of them play string instruments, 25 play woodwinds, and 7
of them play neither strings nor woodwinds. How many of the musicians play both strings and
woodwinds? Be sure to justify your calculations.

12. [2] Let ag, a1, ag, - - - be the sequence given by a,, = 2n + 5 for n > 0. Write a recursive definition
for this sequence.
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13.

14.

15.

[3] Let ag, ai, as, -+ be the sequence defined recursively by ag = 0 and a,, = 2a,,_1 + 5 for n > 1.
Express each of aq, as, and az as a sum of terms involving 2s, 5s, and exponents; then, use that
work to conjecture a (correct) formula for a,. You don’t need to prove that your formula is
correct.

[2] Suppose that we would like to prove that 3™ > 2n3 for all n > 6 by induction. After proving
that this inequality is true for n = 6 directly, we move on to the induction. Write an appropriate
Induction Hypothesis to begin the induction portion of the proof. You do not need to continue
the proof.

2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

___ Suppose that a,, = a,,_o — 2a,,_3 for n > 4. If the terms a7, ag, ag of the sequence are 6,—4,8,
then ap = —16.

_ Let p(n) be an open statement in the integer variable n. If you are proving that p(n) is true
for all n > 5 by induction, then you don’t need to prove any base cases.

_ Define a set X by saying that 2,5 € X and if x € X, then 2z € X. Then 15 € X.

_ If S(n) is an open statement such that S(1) and S(2) are true and S(k) = S(k + 2) for all
k > 1, then S(n) is true for all n > 1.
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16. [5] Let ap =2, a3 = 1, and a,, = a,,_1 + 6a,_» for n > 2. Use induction to prove that
a, = 3"+ (—=2)" for all n > 0. Be sure to clearly include all four parts of an induction proof!
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17. [4] Prove that for integers a, b, and ¢, if a | 2b and b | 3¢, then a | 12¢.

18. [2] Find the base 6 representation of 4783.

19. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.
— (35)9 = (53)7
_ The integer (5A29B678);5 has a remainder of 8 when divided by 13.
_ Foraprimep,ifp| Nand N=(1-2-3+---- n) + 1, then p > n.

___ The integer a = 2 - 15 has 9 different positive divisors.
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20. [2] Use the Euclidean Algorithm to find ged(3759, 336).

21. [3] Let k be an integer with the last digit of 9. What is the last digit of 5k'* 4+ 13k — 16? Show
your work.

22. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

_ For integers a and b, if a = 2b and ged(b,5) = 1, then a does not have 5 as a factor in its
prime power decomposition.

_ If ged(a, b) = 6, then there exists integers = and y such that ax + by = 24.

___Ifa*=1 (mod 5), then a =1 (mod 5).

___ The last digit (i.e. the ones digit) of 99% is 1.
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23. Consider the relation R on the set Z defined by (a,b) € R if and only if a + 2b is an odd integer.
Answer each of the following and provide a proof or counterexample as an explanation.

(a) [1] Is R reflexive?

(b) [1] Is R antisymmetric?

(c) [2] Is R transitive?

24. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.
_ The relation R on Z defined by R = {(a,b) : ab > 4} is symmetric.
__ If arelation R on a non-empty set A is transitive, then it also is reflexive.
_ If R is an equivalence relation on a non-empty set A, then it is not antisymmetric.

__ If R is a equivalence relation on A, then R is a function A — A.
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25. [3] Let R be the relation on the set A = {10,11,12,...,99999} defined by aRb exactly when the
second-to-last digit of a equals the second-to-last digit of b. (i.e. when the tens digit of a equals
the tens digit of b.) It can be shown that R is an equivalence relation. (You do not need to prove
this.) How many equivalence classes does R have? Explain. Describe the equivalence class that
12201 belongs to.

26. [3] Consider the function f : N — R defined by f(z) = z* — 8. Determine if f(z) is one-to-one.
If it is, provide a proof. If it is not, provide a counterexample.

27. [3] Let B be the set of odd integers, that is B = {2n + 1 : n € Z}. Consider the function
f:Z — B defined by f(z) = 2z + 7. Determine if f(z) is onto. If it is, provide a proof. If it is
not, provide a counterexample.
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28. [4] Use a diagonal sweeping argument to show that N x N is countable.

29. [2] Indicate on the blank whether each of the following statements are True (T) or False (F);
no justification is necessary.

__ For non-empty finite sets A and B, if a function f : A — B is one-to-one but not onto, then

Al # 1B
_ The function f: R — R defined by f(x) = [z] is onto.

__ For a countably infinite set A, if there exists a one-to-one and onto function f : A — B,
then B is also countably infinite.

__ Theset A= {n?:n € Z} is countable.

JEND
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