Econ 203, September  2006

Dr. L. Welling


REVIEW OF MATHEMATICAL TOOLS

There will be a reasonable amount of basic algebra and calculus used in the lectures (recall that a course in single variable calculus is a pre- requisite for this course).  The text’s math review is at http://www.mcgrawhill.ca/college/olcsupport/frank2/math/ ;

I would advise you to familiarize yourself with this early in the term, so that you know where to go if you need a math reference. I intend this summary to be primarily a reminder of, rather than an introduction to, the math, so should any of the content (other than possibly the last section) completely unfamiliar, please see me asap. 

1. Functions of one variable:             Y=f(X)     "Y is a function of X"

Here the value of Y depends on the value assigned to the variable X: Y is the dependent, or endogenous, variable, and X is the independent (exogenous) variable.  In consumer theory, the notation Qd=f(P) means that quantity demanded is a function of price, where the latter is taken to be exogenous.  

There are various types of functions used frequently in economics: 

a) Linear functions:   

The general form is 
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 where parameters 
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are both constants.  If this function is plotted with the independent variable on the horizontal axis, the result is a straight line with a vertical intercept given by the parameter 
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 and slope equal to the parameter 
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.   

Examples: 

	Function
	Value of vertical intercept
	Value of  slope

	Y=4X
	0
	4

	y=-3+4x
	-3
	4

	
	
	


In much of economics, we treat quantity as the endogenous variable.  This fits with the theory, when we view individual consumers (and frequently firms) as price-takers, so quantity is a function of price.  However, when we plot a demand (or supply) curve, we put quantity on the horizontal axis, and price on the vertical axis.  Thus, if I write the equation of a demand curve as Qd=100 – 5p, then a=100  and b=-5.  

The parameter 
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 is the value of the endogenous variable when the exogenous variable is equal to zero; according to this equation, when p=0 consumers wish to purchase 100 units of the good.  The value of the exogenous variable at which the endogenous variable is equal to zero is  
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 : no one is willing to purchase the good if p ( 20.

The parameter 
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 gives the amount by which the endogenous variable changes when the exogenous variable increases by one unit. (This is equal to the derivative of the linear function.) The two examples in the table above are increasing functions: increases in X cause increases in Y.  The demand curve describes a decreasing function.  With linear functions, the change in the dependent variable from a unit change in the independent variable is independent of the level of that variable: that is, the graph is a straight line with constant slope equal to 
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.  

 Definition 1: the slope of a straight line is the ratio of the change in the dependent variable to the change in the independent variable for a movement along the line: 
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 is the Greek letter delta, used to denote change

Beware:  our habit of putting price on the vertical axis and quantity on the horizontal can be a source of confusion here.   If the demand curve is given by Q=f(P), then "the slope of the demand curve" is 
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.  The graph which we plot, with P on the vertical axis, has a slope of 
[image: image12.wmf]; this is the slope of the inverse demand curve.

Parallel lines have a common slope; we use this feature in microeconomics in distinguishing income and substitution effects in consumer theory, and in the derivation of the cost function in the theory of the firm.

b) Non-linear functions:

The simplest type is a quadratic function:  
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  with 
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 constants.  Notice that when c=0, this quadratic reduces to a linear function.

As before, the constant 
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 gives the value of the dependent variable when the independent variable is equal to zero.  To determine the value of the independent variable, 
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, for which the dependent variable is just equal to zero we use the quadratic formula:   
[image: image17.wmf]2

4

2

bbac

x

c

-±-

=


NOTE: this version of the formula uses the notation above, where 
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 is the constant and c the coefficient on 
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x

.

(I include this formula here because it is sometimes useful in production theory problems, and many people (including me!) neither remember the formula nor have a convenient reference for it.)

Definition 2: the slope of a nonlinear function at a particular point is equal to the slope of the straight line that is tangent to the function at that point.

The value of the slope of the function Y=f(X) at some point is given by the value of the derivative of the function, 
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, at that point.  

Example: the derivative of the function  
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  is 
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Notice that the derivative of a quadratic function is linear in x (an increasing function if c>0, decreasing if c<0).  You might find it useful to calculate the values of both the function and the derivative for X=1,2,3,…10 and the following parameter triples:

(a,b,c) = ({1,2,3), (3, 1,2), (2, 3, -1)}.  Graph the functions as well.

An extreme value of a function is a maximum or minimum value of the function.  At an extreme value, the slope of a function will be equal to zero (for an unconstrained max or min).  Since the slope gives the value of the rate of change of the function for a small change in the independent variable, then at a max or min a small change in the independent variable will not change the value of the function.

We can use this derivative property to find a maximum, and will use it in this course for profit maximization.

2. Functions of two variables:  
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 are exogenous variables,

and the function defines the value of Y for any particular pair for them.  We use these for utility functions, production functions, and cost functions.  For most of this course we will deal with functions of two variables.

There are some common forms with which you will need to become familiar:

i) 
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where 
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 are real numbers.  We use these for cost functions or budget constraints, where the parameters are prices and the exogenous variables are quantities.

ii) 
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where 
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 are real numbers.  We use this form in production and utility, and it is called a Cobb-Douglas function; its properties will be developed in the course.

iii) 
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 are real numbers.  

To plot such functions in two-dimensional space, we use contour lines (sometimes called level sets).  To sketch such a curve, first fix the value of the dependent variable, Y, and plot the values of the two independent variables that combine to give this value to the dependent variable.  A real-world counterpart of this exercise is finding locations that have the same altitude: here the dependent variable would be height above (or below) sea level, and the independent variables would be latitude and longitude.

Examples: 

i) 
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:  for 
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, the curve in X-Z space has the equation 
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.  If X is on the horizontal axis, the graph can be derived from rearranging this equation to solve for Z, as 
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, so 
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.  Thus, with fixed income and prices, a consumer's budget line is a negatively sloped straight line.

ii) 
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 .  For any given value for Y,  say Y=100,  we can find the corresponding curve in X-Z space by  rearranging the equation to solve for Z.  This yields 
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 - a curve known as a "rectangular hyperbola".  This curve is negatively sloped, convex to the origin, and never touches either axis.  
iii)  
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 (What does this look like in X-Z space?)
Derivatives:

 When dealing with functions of one variable, we can talk about "the derivative" of the function, and the meaning is clear: the derivative describes how the dependent variable responds to changes in the (single) independent variable.  When we have more than one independent variable, we have more dimensions to consider.  Now changes in the value of the dependent variable can result from changes in the value of a single independent variable, holding the other variables constant, or from changes in the values of a combination of them.

To deal with this, we need the concept of a partial derivative:

Definition 3:   given 
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, the partial derivative of Y with respect to X is denoted by 
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, and is defined as 
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Interpretation? Holding Z (the other independent variable) constant, how does the value of y change with changes in X?  Essentially what we are doing is reducing a three-dimensional problem to one of two dimensions, by making Z a parameter.

The partial with respect to Z is given analogously by
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We can also consider the change in the dependent variable when the independent variables change simultaneously: this is the total derivative of the function, and is given by 
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.  From this it follows that if we change the independent variables in such a way that the value of the dependent variable is constant, so 
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, then the changes in the independent variables must be related in the following way: 
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The last equality is the slope of the contour line in X-Z space.

Economic uses of partial derivatives:

 i) in utility theory, Y is total utility, and X and Z are goods.  The partial derivatives give marginal utilities.  Contour lines are indifference curves, and the slope of an indifference curve at any particular 
[image: image51.wmf](,)
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 is given by the ration of the marginal utilities at that point.  

ii) in production theory, Y is total output, and X and Z are inputs.  The partial derivatives give marginal products of the inputs.  Contour lines are isoquants, and the slope of an isoquant at any particular input combination is given by the ratio of the marginal products of the inputs at that point.

iii) Y is total cost, and X and Z are goods or inputs.  Contour lines are budget lines in consumer theory or isocost lines in production theory.  The slope of a budget line is given by the ratio of the prices of the goods in the bundle.  The slope of an isocost line is given by the ratio of the prices of the inputs in the bundle.  When unit prices are constant, the price ratio is also constant, and contour lines are straight lines.

3. Useful formulae 

 Single variable functions:     function



derivative
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Functions of two variables :   function


partial derivatives
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