Econ 400, sets and logic


A. SETS: introduction/review
1. Definition: any collection of distinct elements

a) defined by...

 

 i) enumeration of elements:

      


S={2,4,6,8}

ii) description of elements:

    S={x | x is a positive even integer greater than zero 

and less than 10}

b) how large/ how many elements?

 i) finite # of elements: set is ''denumerable'' 

or ''countable''

ex: set S above

 ii) infinite # of elements: set may be either denumberable or nondenumerable
    - depends on order of infinity ( cardinality)

ex: set of all natural numbers (counting numbers) is smallest infinite set      

- can elements of the set be matched to the natural numbers?

ex: set of real numbers - larger than set of naturals - is nondenumberable
c)  null or ''empty'' set: set containing no elements

    - ex: A={x | x 
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 =0 and x > 1}

    - denoted by  
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  or { }

    - not to be confused with { 0 }

2. Set notation:

  Let A={a,c,d}

i) elements

  a 
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 A: a is an element of set A

  b  ( A: b is not an element of A

ii) subsets: set S is a subset of A if every element 

of S is also an element of A.

  {a,c} ( A : {a,c} is a subset of A

   A ( {a,c} : A contains this subset

3. Relations: equal sets, complements

4. Set algebra: given sets A ={1,2,3}, B={4,5,6}, 

 and C={1,2,3,4,5,6}

  i) union: A ( B = C

  ii) intersection: A ( B = (
  iii) subtraction: C-B, or C\B, =A

  iv) multiplication: ordered pairs

            AxB={(a,b)|a ( A, b ( B}

    - Cartesian plane

    - commodity bundles

5. Set of real numbers:

    properties: (pp  26-30 in Hoy et al, 2nd edn.)

lub, glb

II. Logic and Proofs:

(This borrows extensively from the webpage "Introduction to Logic" at http://people.hofstra.edu/faculty/Stefan_Waner/RealWorld/logic/logicintro.html )

i) proposition or statement:

  def'n: any declarative sentence which is either true (T) or false (F).

  - declarative?  nondeclarative?

  The floor is dirty

  Please hand in your exams now.

        - all nondeclarative statements are irrelevant 

(in logic) - think computer programming, and comments

  - the "truth value" of a statement is either T or F

  ii) operations on statements:

  Let P and Q be two statements.

  Def'n: Compound statement: at least one statement, 

and one logical operator

  a) negation:  ( P  is "not P"

-   defined by: opposite truth value

Ex: P = "there is life on Jupiter"
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 P = "there is no life on Jupiter"

Ex: P= "it is raining"
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 P = "it is not raining"

Ex: P = "all whales are mammals"
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 P = "some whales are not mammals"

    (NOT: "no whales are mammals")

  b) conjunction:

The conjunction of p and q is the statement p 
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 q, 

which we read "p and q."

Truth value: 


 p   q   p 
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 q 
        T   T     T

        T   F     F

        F   T     F

        F   F     F

  c) disjunction:

The disjunction of p and q is the statement p 
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 q, 

which we read "p or q."

Truth value:          p   q   p 
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 q 
        T   T     T

        T   F     T

        F   T     T

        F   F     F

  Note: the inclusive "or"

    Now: from any two statements, each of which has one of two truth values, can infer the truth value of all possible compound sentences.


Notice (in table): some expressions always have the same truth value, for all possible truth values of the variables involved; these statements are equivalent.  This is the basis of different types of proofs.

DeMorgan's Laws: if P and Q are statements, then
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Tautology:  compound statement that is always 

true, regardless of the truth value of its component statements.

Contradiction: compound statement that is always 

false, regardless of the truth value of its component statements

Distributive Laws:
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iii) arguments:

  def'n: collection of  ≥ 2  statements, one designated as inferable from the others.

· premises 

· conclusion.

Ex:  There is water on Jupiter

   
If there is water on Jupiter, then there is life on 

Jupiter.


There is life on Jupiter.

Statements can be true or false


Arguments can be valid or invalid

· do premises logically imply conclusion?

· independent of truth value of premises - 

asking if conjunction of premises implies conclusion

· since validity of argument depends only on inference rules, can check validity substituting symbols for words.

Consider the following: 

If Jones was convicted of leaving the scene of an 

accident or driving while intoxicated, then his license was revoked.

If his license was revoked, his insurance policy was 

cancelled.

His insurance policy was not cancelled.
Jones was not convicted of leaving the scene of an 

accident.

Breaking this down into statements….

Logical analysis….

Examples:  Are premises true or false? Is argument 

valid? Is conclusion true?

1. All whales are mammals

All mammals have lungs

All whales have lungs.

2. All whales are reptiles

All reptiles have lungs
All whales have lungs.

3. All whales are reptiles

All reptiles have blue hair

All whales have blue hair.

4. All whales are mammals 

All fish have mouths.

All whales have mouths.

True premises, valid argument →true conclusion

If reject conclusion (demonstrably false, don't believe it), then either argument is invalid


          or premises are false.

iv) Necessary and sufficient conditions:

necessary:  P is necessary for Q if P must have 

occurred for Q to have occurred

· observation of Q implies that P has 

occurred, even if unobserved

· Q → P    (Q implies P; if Q, then P; P if Q)

Ex:  A=
[image: image16.wmf]{| is an integer less than 10}

xx



B=
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B → A;   also: ( A → ( B   (contrapositive)

A → B?

sufficient: P is sufficient for Q if whenever P is 

true, Q must also be true

· observation of P implies Q has occurred

· P → Q     (P implies Q; if P, then Q; 

P only if Q)

necessary and sufficient:  P↔ Q

· statements P and Q are equivalent

· P if and only if Q; P iff Q

· Ex:  A=
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    B=
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v) Common types of proof: 

a) direct

b) indirect

a) Direct proof? 

· proof by construction

· brute force

· deductive reasoning

b) Indirect proof?

· proof by contradiction: to "prove" 
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assume 
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:

, show this implies 
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· since 
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 true iff 
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, this proves original 

assertion.


Indirect proof frequently shorter, less 

illuminating/intuitive 
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