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Abstract.2

The linear predictability of wind speed using Gaussian predictors, relative3

to the predictability of the vector wind components, is considered. Analytic4

expressions for the correlation-based wind speed prediction skill are obtained5

in terms of the prediction skills of the vector wind components and their sta-6

tistical moments. This analysis is facilitated by the assumption that the vec-7

tor winds are Gaussian, and by the fact that fluctuations of the wind speed8

are highly correlated with those of its square. It is shown that:9

1. at least one of the vector wind components is generally better predicted10

than the wind speed11

2. wind speed predictions constructed from the predictions of vector wind12

components are more skillful than direct wind speed predictions13

3. the linear predictability of wind speed (relative to that of the vector wind14

components) increases as vector wind fluctuations become smaller relative15

to their mean value.16

These model results are shown to be broadly consistent with linear pre-17

dictive skills assessed using sea surface wind observations from the SeaWinds18

scatterometer. Biases in the model predictions are shown to be related to the19

degree to which vector wind fluctuations are non-Gaussian.20
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1. Introduction

Surface winds exert a significant influence on surface exchanges of energy, momentum,21

and mass, and the associated kinetic energy represents a resource of potentially global22

importance. Winds are highly variable; the understanding and prediction of this variabil-23

ity are important for the characterisation of surface fluxes and the effective utilization of24

wind energy. Recent years have seen a rapid increase in the number of studies examining25

the predictability of wind speeds and wind power [e.g. Lange and Focken, 2005; Costa26

et al., 2008; Ma et al., 2009; Soman et al., 2010; Giebel et al., 2011]. Wind power predic-27

tion models may be entirely empirical, based on statistical relationships; or they may be28

dynamical, making use of physically-based equations of motion. A third class of hybrid29

models uses statistical post-processing to correct errors in local wind predictions from30

dynamical models [e.g. Thorarinsdottir and Gneiting , 2010].31

While a number of studies have addressed direct predictions of wind speeds, relatively32

little attention has been paid to the prediction of vector wind components. While the33

wind speed is of most direct interest for many applications, the vector winds contain34

information about both speed and direction and have the practical advantage that their35

joint distribution is more closely Gaussian (and therefore more amenable to the tools of36

classical statistical prediction) than that of speed and direction. Consideration of the37

vector wind components also allows for a more direct connection to dynamical models38

(e.g. General Circulation Models, Numerical Weather Prediction models, or mesoscale39

models), in which the equations of motion are normally expressed in terms of the vector40

winds rather than the speed and direction. The resolved vector winds in such models41
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represent gridscale averages of the components; depending on the autocorrelation spatial42

scale of the winds, the norm of the mean vector wind may not represent the mean wind43

speed over this scale [e.g. Mahrt and Sun, 1995].44

This study considers relationships between the predictability by Gaussian predictors45

of the vector wind components and of wind speed, starting with the assumption that46

the vector wind fluctuations can be approximated as bivariate Gaussian. It is obvious47

of course that exact knowledge of the vector wind components provides exact knowledge48

of the wind speed. What is less clear is the extent to which wind speed fluctuations are49

predictable, when variability in the vector wind components is only imperfectly predicted.50

Of the various measures that can be used to assess predictability, the two most common51

are mean squared error and correlation coefficient: for a predictand y with prediction yp,52

these are respectively53

ε2 = E
{
(y − yp)

2
}

(1)54

corr(y, yp) =
cov(y, yp)

std(y)std(yp)
55

=
E {yyp} − E {y}E {yp}

std(y)std(yp)
, (2)56

where E {x} denotes the mathematical expectation (i.e. the population mean, also denoted57

mean(x)) of the variable x, std(x) is the standard deviation of x, and cov(x, z) is the58

covariance of x with z. These measures are not independent; in fact, it can be shown that59

ε2 = [mean(y)−mean(yp)]
2︸ ︷︷ ︸

I

+ [std(y)− std(yp)]
2︸ ︷︷ ︸

II

+ 2std(y)std(yp)[1− corr(y, yp)]︸ ︷︷ ︸
III

(3)60

[e.g. Lange and Focken, 2005]. Terms I and II in this expansion are errors associated61

with biases in the prediction of the mean and the standard deviation, respectively. Term62
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III represents errors associated with mismatches of fluctuations of the prediction and the63

predictand, as measured by the correlation.64

The focus of this study is differences in the predictability of vector wind components65

and wind speed inherent to the mathematical relationship between these quantities. As66

such, we will consider an idealised setting in which all statistical features of the vector67

winds and wind speeds are assumed to be known. In this case, any prediction biases can68

be corrected and terms I and II in the mean squared error expansion Eqn. (3) can be69

eliminated by rescaling the mean and standard deviation of the predicted wind speeds70

to match the known true values. The remaining irreducible errors are associated with71

imperfect correlations between prediction and predictand. For this reason, this study will72

focus on correlations as the key measure of predictability.73

Furthermore, we will study the predictability of wind speeds in terms of the predictions74

of vector wind components without specifying the provenance of these predictions. These75

may be imagined to come from either a statistical model (e.g. multiple linear regression)76

or from a dynamical model. We assume only that these predictions of the vector wind77

components have been constructed, and that they are Gaussian.78

Section 2 describes the data to be used in this study and establishes notation. Section 379

reviews the probability distribution of wind speeds associated with Gaussian vector winds80

and introduces an important approximation from which all subsequent results follow. The81

direct predictability of vector wind components and wind speed using a single Gaussian82

predictor is analysed in Section 4. Section 5 considers the predictability of wind speed83

from a single predictor when speed is not predicted directly, but rather is constructed from84

the vector wind components predicted from a single predictor. This analysis is extended85
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in Section 6 to consider wind speed predictability in the situation in which the vector86

wind components are predicted separately. Conclusions are presented in Section 7.87

2. Data and Notation

The surface wind dataset considered in this study consists of level 3.0 gridded SeaWinds88

scatterometer equivalent neutral 10-m zonal and meridional winds between 60◦S and 60◦N89

from the NASA QuikSCAT satellite [Jet Propulsion Laboratory , 2001], available twice90

daily at a resolution of 0.25◦× 0.25◦ from 19 July 1999 to 23 November 2009. These data91

are available for download from the NASA Jet Propulsion Laboratory (JPL) Distributed92

Active Archive Center http://podaac-www.jpl.nasa.gov/dataset/QSCAT LEVEL 3.93

Those data points flagged as having been possibly corrupted by rain were excluded from94

the analysis. No further processing of the dataset was carried out.95

Throughout this study, u and v will denote generic orthogonal horizontal vector wind96

components. The precise orientation of these components will be arbitrary, unless specif-97

ically noted. Zonal and meridional wind components will be denoted by U and V respec-98

tively. The wind speed will be denoted by w =
√
u2 + v2 =

√
U2 + V 2. For notational99

convenience, the squared wind speed w2 will sometimes be referred to as kinetic energy;100

strictly speaking, w2 is twice the specific kinetic energy.101

3. Probability Distribution of Wind Speeds

We first review what is known about the relationship between the probability density102

function (pdf) of vector winds and that of wind speed, under the assumption that the103

vector winds are Gaussian. The approximation of the joint distribution of vector wind104

components as Gaussian permits analytically tractable characterisations of the probability105
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distribution and correlation structure of surface winds. While the observed pdfs of surface106

vector winds display marked deviations from Gaussianity [e.g. Monahan, 2006], the model107

results that follow from the neglect of this structure are sufficiently accurate to justify108

the use of the Gaussian assumption as a leading order approximation. A more detailed109

discussion of the errors introduced into the present analysis due to vector wind non-110

Gaussianity appears in Section 6.111

For Gaussian vector winds with statistical moments:112

mean(u) = u (4)113

mean(v) = v (5)114

std(u) = σu (6)115

std(v) = σv (7)116

corr(u, v) = r, (8)117

the joint pdf of u and v is given by118

puv(u, v) =
1

2πσuσv(1− r2)1/2
exp

(
− 1

2(1− r2)

[
(u− u)2

σ2
u

− 2r(u− u)(v − v)

σuσv

+
(v − v)2

σ2
v

])
.

(9)119

[e.g. Wilks , 2005]. Through an appropriate orientation of the basis vectors, any one of120

the following simplifications can be made:121

1. v = 0 (the along- and cross-mean wind basis)122

2. σu = σv = σ (the equal variance basis)123

3. r = 0 (the principal component basis)124
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Starting from the relationship between vector wind components and wind speed and125

direction:126

u = w cos θ (10)127

v = w sin θ, (11)128

the joint density of w and θ is given by129

pwθ(w, θ) =

∣∣∣∣ ∂u
∂w

∂u
∂θ

∂v
∂w

∂v
∂θ

∣∣∣∣ puv(w cos θ, w sin θ) = wpuv(w cos θ, w sin θ), (12)130

so the marginal pdf for the wind speed is131

pw(w) =

∫ π

−π

puv(w cos θ, w sin θ)dθ132

=
w

2πσuσv(1− r2)1/2
× (13)133 ∫ π

−π

exp

(
− 1

2(1− r2)

[
(w cos θ − u)2

σ2
u

− 2r(w cos θ − u)(w sin θ − v)

σuσv
+

(w sin θ − v)2

σ2
v

])
dθ.134

This integral does not generally admit a closed-form solution. Neither is there in general a135

simple expression for the mean wind speed, mean(w), in terms of the statistical parameters136

of the vector wind components. However, given mean(w), an expression for the wind speed137

variance follows relatively simply:138

var(w) = E
{
w2
}− (E {w})2139

= E
{
u2
}
+ E

{
v2
}−mean2(w)140

= σ2
u + σ2

v + u2 + v2 −mean2(w). (14)141

For the special case of equal variance (σu = σv = σ) and uncorrelated (r = 0) fluctuations,142

the pdf of w is the Rice distribution:143

pw(w) =
w

σ2
exp

(
−U 2

+ w2

2σ2

)
I0

(Uw
σ2

)
, (15)144
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where U2
= u2 + v2 and Ik(z) is the associated Bessel function of the first kind of order145

k [Rice, 1945]. In this case, the mean wind speed is given by146

mean(w) =

∫ ∞

0

wpw(w)dw147

=

√
π

2
σ exp

(
−U 2

4σ2

)[(
1 +

U2

2σ2

)
I0

(
U2

4σ2

)
+

U2

2σ2
I1

(
U2

4σ2

)]
. (16)148

In the limit that U = 0, the Rice distribution reduces to the Rayleigh distribution [e.g.149

Cakmur et al., 2004; Monahan, 2006, 2007]. It is worth emphasizing that U is not the150

mean wind speed, but rather the amplitude of the average vector winds. In general, these151

two quantities will differ.152

In its general form, the wind speed marginal distribution derived from the vector wind153

pdf (Eqn. 13) is a mathematically complicated object. In particular, statistical measures154

of w cannot generally be partitioned into separate statistical measures of u and v and so155

closed-form analytic expressions relating the statistical features of wind speed to those of156

the vector wind components are not available. In contrast, the statistics of the kinetic157

energy w2 separate easily into those of u and v. For example, for some variable Z, we158

have159

cov(Z,w2) = cov(Z, u2) + cov(Z, v2). (17)160

Knowledge of the relationship between Z and the vector wind components can therefore161

be used to make statements about the relationship between Z and w2.162

This result is of practical utility because we find that, for observed surface winds,163

fluctuations of wind speed are highly correlated with those of kinetic energy (Figure 1).164

From this, it follows that to a first approximation165

corr(Z,w) � corr(Z,w2). (18)166
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For example, estimates of corr(u, w) and corr(u, w2) from the SeaWinds data between 60◦S167

and 60◦N are compared in the first panel Figure 2; the second panel of this Figure similarly168

compares corr(v, w) with corr(v, w2). Clearly, the linear statistical relationships between169

w and the vector wind components are almost indistinguishable from those between w2
170

and the components - a result which is not surprising, given the high correlation between171

w and w2. A similar result was discussed in Carlin and Haslett [1982], in which it was172

noted that that fluctuations of w are highly correlated with those of
√
w.173

A simple heuristic justification of the close linear relationship between fluctuations in174

w and w2 follows from writing175

w2 = (mean(w) + std(w)w′)2176

= mean2(w) + 2mean(w)std(w)w′ + std2(w)w′2
177

= mean2(w)

[
1 + 2

std(w)

mean(w)
w′ +

std2(w)

mean2(w)
w′2
]
, (19)178

where w′ is the standardized wind speed anomaly with mean zero and unit variance:179

w′ =
w −mean(w)

std(w)
. (20)180

Fluctuations in w2 contain contributions that are both linear and quadratic in w′; the181

relative size of these terms depends on the ratio std(w)/mean(w). When this ratio is182

less than one, the term linear in w′ is dominant. An estimate of the spatial probability183

distribution of this ratio from the SeaWinds observations is presented in Figure 3. The184

ratio is almost everywhere less than 0.5, and in many places is considerably smaller. To185

a first approximation, fluctuations in w2 are therefore proportional to those in w, and186

Eqn. (18) follows. A more comprehensive justification of the high correlation between w187
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and w2 when std(w)/mean(w) < 1 is presented in Appendix A. We will make use of the188

approximation Eqn. (18) throughout this study.189

4. Direct Prediction of Wind Speed with a Single Gaussian Predictor

As the simplest example of the relationship between linear predictive skills of the vector190

wind components and wind speed, we first consider the prediction of wind speed directly191

from the Gaussian predictor, x, such that192

corr(x, u) = ρu (21)193

corr(x, v) = ρv. (22)194

Without loss of generality, we can take x as being of mean zero and unit variance. Further-195

more, we can always orient the basis used to define the vector wind components so that196

ρu ≥ 0, ρv ≥ 0. Note that x itself may be a composite of a number of different predictors197

(e.g., x may result from a multiple linear regression prediction of w); we require only that198

x be Gaussian and possess the specified correlations with the vector wind components.199

Note also that there is not complete freedom in specifying the parameters ρu, ρv, and r.200

As the correlation matrix of x, u, v must be non-negative definite (i.e. its determinant201

must be non-negative), we obtain:202

1− r2 ≥ ρ2u + ρ2v − 2rρuρv. (23)203

As discussed above, the calculation of the correlation between x and w is difficult204

because w is not separable into the sum of individual contributions from u and v. Using205

the approximation206

corr(x, w) � corr(x, w2), (24)207
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and the definition208

corr(x, w2) =
cov(x, w2)

std(x)std(w2)
, (25)209

we first compute210

cov(x, w2) = cov(x, u2) + cov(x, v2). (26)211

The first term is given by212

cov(x, u2) = cov(x, (σuu
′ + u)2)213

= σ2
ucov(x, u

′2) + 2σuucov(x, u
′)214

= 2σuuρu, (27)215

where the standardized anomaly u′ is defined as216

u′ =
u− u

σu

. (28)217

It is at this step that the Gaussianity of x and u become relevant, as we have used the218

fact that for (x, u) bivariate Gaussian, x and u′2 are uncorrelated (although they are not219

generally independent). For non-Gaussian (x, u), no such general statement can be made.220

Although x and u′2 are uncorrelated, nonzero correlations between x and u2 arise when221

u �= 0 because fluctuations in u2 can then be expanded into contributions from u′ and u′2.222

A geometric interpretation of this result in terms of the joint pdf of x and u2 is presented223

in Appendix B. A similar calculation gives:224

cov(x, v2) = 2σvvρv. (29)225
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Finally,226

var(w2) = E
{
w4
}− (E{w2

})2
227

= E
{
u4
}
+ 2E

{
u2v2

}
+ E

{
v4
}− (E{u2

})2 − 2E
{
u2
}
E
{
v2
}− (E{v2})2228

= 2σ4
u + 4σ2

uσ
2
vr

2 + 2σ4
v + 4u2σ2

u + 8σuσvuvr + 4v2σ2
v229

= 2(σ2
u + σ2

v)
2 + 4σ2

uσ
2
v(r

2 − 1) + 4(uσu + vσv)
2 + 8σuσvuv(r − 1), (30)230

so231

corr(x, w) � corr(x, w2) =
2uσuρu + 2vσvρv√

2σ4
u + 4σ2

uσ
2
vr

2 + 2σ4
v + 4u2σ2

u + 8σuσvuvr + 4v2σ2
v

. (31)232

As noted above, we can align the coordinate system so that v = 0, obtaining233

|corr(x, w)| �
∣∣∣∣∣∣ σuu√

1
2
(σ4

u + σ4
v) + σ2

uσ
2
vr

2 + σ2
uu

2

∣∣∣∣∣∣ ρu ≤ ρu. (32)234

We see that the linear predictability (as measured by the correlation coefficient) of w by235

the Gaussian predictor x is always less than that of the along-mean wind component, by236

a factor determined by the ratio of the mean vector wind magnitude to the size of the237

fluctuations and the strength of the correlation between u and v. In particular, for u = 0,238

x carries no direct linear predictive information regarding w irrespective of how good a239

predictor it is of u. Similarly, the predictive skill of vector wind fluctuations in the cross240

mean wind direction, ρv, has no bearing on the linear predictability of speed. Of course,241

good predictions of u and v will result in good predictions of u2 and v2, and these can242

then be used to predict w. The analysis of this two-step approach to predicting wind243

speed will be considered in the next section.244
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We can also consider Eqn. (31) in the principal component basis for which r = 0:245

|corr(x, w)| �
∣∣∣∣∣ ρuσuu+ ρvσvv[

1
2
(σ4

u + σ4
v) + σ2

uu
2 + σ2

vv
2
]1/2

∣∣∣∣∣246

≤
∣∣∣∣ σuu

(σ2
uu

2 + σ2
vv

2)1/2

∣∣∣∣ ρu +
∣∣∣∣ σvv

(σ2
uu

2 + σ2
vv

2)1/2

∣∣∣∣ ρv247

= δρu +
√
1− δ2ρv, (33)248

where249

δ =

∣∣∣∣ σuu

(σ2
uu

2 + σ2
v)

1/2

∣∣∣∣ ≤ 1 (34)250

and so251

corr(x, w) � max(ρu, ρv). (35)252

The linear predictability of wind speed is bounded above by that of the better predicted253

principal component directions (but not below by the predictability of the worse predicted254

component).255

Finally, it is observed that over the ocean vector wind fluctuations are to a good ap-256

proximation isotropic (with σu = σv = σ) and uncorrelated [e.g. Monahan, 2007]. In this257

approximation, we obtain the particularly simple expression258

corr(x, w) � uρu + vρv√
σ2 + u2 + v2

≤ max(ρu, ρv). (36)259

The correlation of the zonal wind U with w is given by Eqn. (31) with ρu = 1 and260

ρv = r; similarly, the correlation of the meridional wind V with w is given by ρu = r261

and ρv = 1. Kernel density estimates of the relationship between observed and modelled262

values of corr(u, w) and corr(v, w) from the SeaWinds data are presented in Figure 4.263

There is a good relation overall between the modelled and observed correlation values.264

The model results are not perfect: in particular, there is a tendency for the Gaussian265

model to overestimate the magnitude of the correlations. That the model results should266
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be imperfect is consistent with the fact that the vector winds are not Gaussian. The model267

error is more pronounced for corr(U,w) than for corr(V, w); similarly, the zonal winds dis-268

play more pronounced non-Gaussianity than the meridional winds [e.g. Monahan, 2004].269

Despite these errors, we see that the assumption of Gaussian vector wind fluctuations pro-270

vides a good first-order approximation of the correlation structure between zonal wind,271

meridional wind, and wind speed.272

5. Prediction of Wind Speed from Components: Single Predictor

The previous section related the direct linear predictability of wind speed from a single273

Gaussian predictor to the linear predictability of the vector wind components. That the274

predictions of non-Gaussian w from Gaussian x should be less skillful than the predictions275

of the Gaussian vector components u and v is not in and of itself surprising. What is less276

clear a priori is what improvement in the predictive skill of w, if any, can be obtained by277

predicting speed by combining the separate predictions of u and v. It is to this analysis278

that we now turn.279

Instead of predicting w directly from x, u and v are first predicted from x and then280

these predictions are used to calculate w. Denoting the respective vector wind component281

predictions as up and vp, we have282

up = ρuσux+ u (37)283

vp = ρvσvx+ v, (38)284

and we can construct the wind speed prediction285

wp =
(
u2
p + v2p

)1/2
. (39)286
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The vector wind component prediction moments are then287

mean(up) = u (40)288

mean(vp) = v (41)289

std(up) = ρuσu (42)290

std(vp) = ρvσv. (43)291

Note that the variances of the predictions of u and v are generally biased low. We can292

write293

u = up + εu (44)294

v = vp + εv, (45)295

where εu, εv are respectively the prediction errors of u and v. Assuming that up, vp are296

regression-based predictions, up and εu are uncorrelated (as are vp and εv). The variance297

of u can be decomposed as the sum of the variances of up and εu; as the error is gener-298

ally nonzero, the variance of up is generally less than that of u. It is a standard result299

[e.g. Wilks , 2005] that the standard deviation of up is given by Eqn. (42) and that we300

can interpret ρu as the fraction of the variance of u accounted for by the prediction up.301

Similarly, the standard deviation of vp is given by Eqn. (43).302

Consistent with the approximations used in the previous section, we take303

corr(wp, w) � corr(w2
p, w

2). (46)304

The covariance between w2
p and w2 is given by305

cov(w2
p, w

2) = cov(u2
p, u

2) + cov(u2
p, v

2) + cov(v2p , u
2) + cov(v2p, v

2). (47)306
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Computing the first of these terms:307

cov(u2
p, u

2) = E
{
u2
pu

2
}− E

{
u2
p

}
E
{
u2
}

308

= ρ2uσ
4
u

(
2ρ2u + 1

)
+ 5ρ2uσ

2
uu

2 + σ2
uu

2 + u4 − (ρ2uσ
2
u + u2)(σ2

u + u2)309

= 2ρ2uσ
2
u(ρ

2
uσ

2
u + 2u2). (48)310

where we have made use of the fact that corr(u′2
p , u

′2) = ρ2u (Appendix C). Similarly,311

cov(u2
p, v

2) = 2ρ2uρ
2
vσ

2
uσ

2
v + 4ρuρvσuσvuv = cov(v2p, u

2) (49)312

cov(v2p, v
2) = 2ρ2vσ

2
v(ρ

2
vσ

2
v + 2v2), (50)313

so314

cov(w2
p, w

2) = 2(ρ2uσ
2
u + ρ2vσ

2
v)

2 + 4(ρuσuu+ ρvσvv)
2. (51)315

Furthermore,316

var(w2
p) = cov(w2

p, w
2
p)317

= cov(u2
p, u

2
p) + 2cov(u2

p, v
2
p) + cov(v2p, v

2
p)318

= 3ρ4uσ
4
u + 6ρ2uσ

2
uu

2 + u4 − (ρ2uσ
2
u + u2)2319

+6ρ2uρ
2
vσ

2
uσ

2
v + 2ρ2uσ

2
uv

2 + 2ρ2vσ
2
vu

2 + 8ρuρvσuσvuv + 2u2v2 − 2(ρ2uσ
2
u + u2)(ρ2vσ

2
v + v)2320

+3ρ4vσ
4
v + 6ρ2vσ

2
vv

2 + v4 − (ρ2vσ
2
v + v2)2321

= 2ρ2uσ
2
u(ρ

2
uσ

2
u + 2u2) + 4ρ2uρ

2
vσ

2
uσ

2
v + 8ρuρvσuσvuv + 2ρ2vσ

2
v(ρ

2
vσ

2
v + 2v2)322

= cov(w2
p, w

2), (52)323

from which it follows that324

corr(w2
p, w

2) =
cov(w2

p, w
2)

std(w2
p)std(w

2)
325

=

(
(ρ2uσ

2
u + ρ2vσ

2
v)

2 + 2(ρuσuu+ ρvσvv)
2

(σ2
u + σ2

v)
2 + 2σ2

uσ
2
v(r

2 − 1) + 2(σuu+ σvv)2 + 4σuσvuv(r − 1)

)1/2

.(53)326
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Similar results to these were obtained in Carlin and Haslett [1982], in which the joint327

distribution of wind speeds at different locations wj was characterised based on the as-328

sumption that the distribution of w
1/2
j is multivariate Gaussian [see also Brown et al.,329

1984]. This assumption is distinct from those used in the present study.330

Note that the prediction of w by wp is always superior to that directly by x (Eqn. 31):331

corr(x, w2)

corr(w2
p, w

2)
=

ρuσuu+ ρvσvv[
1
2
(ρ2uσ

2
u + ρ2vσ

2
v)

2 + (ρuσuu+ ρvσvv)2
]1/2 =

b√
1
2
+ b2

≤ 1, (54)332

with333

b =
ρuσuu+ ρvσvv

ρ2uσ
2
u + ρ2vσ

2
v

. (55)334

We see that, with a single Gaussian predictor, it is always better to first predict u and335

v and then compute w, rather than predict w directly (insofar as the vector winds are336

Gaussian).337

In the limit of strong vector wind fluctuations, σ2
u + σ2

v >> u2 + v2, we have338

corr(wp, w) � ρ2uσ
2
u + ρ2vσ

2
v

(σ4
u + σ4

v + 2σ2
uσ

2
vr

2)1/2
≤
(

σ2
u

(σ4
u + σ4

v)
1/2

)
ρ2u +

(
σ2
v

(σ4
u + σ4

v)
1/2

)
ρ2v, (56)339

from which it follows that340

corr(wp, w) ≤ max(ρ2u, ρ
2
v) ≤ max(ρu, ρv). (57)341

It follows that in the strong fluctuation limit the linear predictability of wind speed fluc-342

tuations from wp is bounded above by the square of the linear predictability of the best-343

predicted component (and not necessarily bounded below by that the worst predicted344

component), and so will generally be considerably more poorly predicted than the vector345

wind fluctuations. Also note that corr(wp, w) does not vanish in the limit that u2+v2 → 0,346

in contrast to the direct prediction of w by x.347
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In the limit of weak vector wind fluctuations, σ2
u + σ2

v << u2 + v2, we have348

corr(wp, w) � ρuσuu+ ρvσvv

(σ2
uu

2 + σ2
vv

2 + 2σuσvuvr)1/2
. (58)349

In the along- and cross-mean wind basis for which v = 0, we find that corr(wp, w) ≤ ρu,350

so in this limit the wind speed predictability is bounded above by the predictability of351

the along-mean wind component.352

In the limit of isotropic, uncorrelated vector wind fluctuations (with σu = σv = σ,353

r = 0) we have354

corr(wp, w) �
(
σ2(ρ2u + ρ2v)

2 + 2(ρuu+ ρvv)
2

2σ2 + 2u2 + 2v2

)1/2

355

≤
(
σ2(ρ2u + ρ2v) + 2(ρuu+ ρvv)

2

2σ2 + 2u2 + 2v2

)1/2

, (59)356

where we have used the inequality ρ2u+ρ2v ≤ 1, which follows from inequality (23). Moving357

into the along- and cross-mean wind basis, v = 0 and358

corr(wp, w) �
(
σ2(ρ2u + ρ2v) + 2ρ2uu

2

2σ2 + 2u2

)1/2

359

≤
(
2σ2 + 2u2

2σ2 + 2u2

)1/2

max(ρu, ρv)360

= max(ρu, ρv). (60)361

For the case of isotropic, uncorrelated vector wind fluctuations, the linear predictability of362

the wind speed (as constructed from the predicted vector wind components) is less than363

the maximum linear predictability of the along- and cross-mean wind components.364

The general expression for corr(wp, w) in the along- and across-wind basis (Eqn. 53 with365

v = 0) is not in fact bounded above by the predictability of either vector wind component.366

This can be demonstrated by sampling the ratio367

Γ =
corr(w2

p, w
2)

max(ρu, ρv)
(61)368
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uniformly over the parameter ranges 0 ≤ ρu, ρv ≤ 1, −1 ≤ r ≤ 1, −1 ≤ log10(u/σu) ≤ 1,369

−1 ≤ log10(σv/σu) ≤ 1 (Figure 5). While the great majority of parameter sets result in370

values of Γ < 1, this ratio exceeds unity for a small fraction (0.05%) of the parameter371

sets. This result indicates that it is possible for wind speeds to be better predicted than372

the components, but in rare circumstances that are not representative of the isotropic,373

uncorrelated fluctuations of observed sea surface winds.374

As discussed above, for ρu, ρv < 1, the Gaussian predictions of u and v have a low375

variance bias (cf. Eqns. 42 - 43). This bias will result in biases in both the mean376

and standard deviation of wind speed (as well as higher-order moments). In principle,377

an a posteriori bias correction can be applied to the predicted vector wind components378

before these are used to construct the predicted wind speed. However, as we will now379

demonstrate, correcting the variance bias in up and vp actually degrades the wind speed380

linear predictive skill corr(wp, w).381

Compensating for the variance biases of the predicted vector wind components, we take382

ûp = σux+ u (62)383

v̂p = σvx+ v, (63)384

and define385

ŵ2
p = û2

p + v̂2p. (64)386

In this case, we have387

cov(ŵ2
p, w

2) = 2ρuσ
2
u(ρuσ

2
u+2u2)+2σ2

uσ
2
v(ρ

2
u+ ρ2v)+4σuσvuv(ρu+ ρv)+2σ2

vρv(ρvσ
2
v +2v2)

(65)388
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and389

var(ŵ2
p) = 2σ2

u(σ
2
u + 2u2) + 4σ2

uσ
2
v + 8σuσvuv + 2σ2

v(σ
2
v + 2v2)390

= 2(σ2
u + σ2

v)
2 + 4(σuu+ σvv)

2. (66)391

Taking v = 0 (without loss of generality), and defining392

A =
corr(ŵ2

p, w
2)

corr(w2
p, w

2)
, (67)393

we then have:394

A =
(ρ2uσ

2
u + ρ2vσ

2
v)(σ

2
u + σ2

v) + 2ρuσ
2
uu

2

[(σ2
u + σ2

v)
2 + 2σ2

uu
2]
1/2

[(ρ2uσ
2
u + ρ2vσ

2
v)

2 + 2ρ2uσ
2
uu

2]
1/2

395

=
(ρ2uσ

2
u + ρ2vσ

2
v)(σ

2
u + σ2

v) + 2ρuσ
2
uu

2

{[(ρ2uσ2
u + ρ2vσ

2
v)(σ

2
u + σ2

v) + 2ρuσ2
uu

2]2 + 2σ2
uu

2[ρ2uσ
2
u + ρ2vσ

2
v − ρu(σ2

u + σ2
v)]

2}1/2
396

=
1√

1 + a2
397

≤ 1, (68)398

with399

a =

√
2σuu[ρ

2
uσ

2
u + ρ2vσ

2
v − ρu(σ

2
u + σ2

v)]

(ρ2uσ
2
u + ρ2vσ

2
v)(σ

2
u + σ2

v) + 2ρuσ2
uu

2 . (69)400

It follows that, from the perspective of the linear predictability of wind speed, there is401

no benefit to removing the variance bias of the vector wind components. A more sensible402

strategy is to rescale the mean and variance of the predicted wind speed wp obtained403

from the biased vector wind predictions up and vp, using the known mean and standard404

deviation of the wind speed (what Lange and Focken [2005] call Double Bias Correction).405

Such rescaling will not affect the correlation skill corr(wp, w). While this strategy can406

eliminate biases in the mean and standard deviation of the predicted wind speed, it will407

not generally eliminate the biases in the higher order moments.408
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6. Prediction of Wind Speed from Components: Separate Predictions of u

and v

The previous section considered the linear predictive skill of wind speed as calculated409

from vector wind component predictions obtained from a single Gaussian predictor. Of410

course, if both u and v are to be predicted, there is no reason why the same predictor411

should be used for both of these. We will now consider the linear predictive skill of wind412

speeds obtained from separately-predicted vector wind components, continuing to assume413

that the vector winds and their predictors are Gaussian. Note that in principle optimized414

predictions of u and v separately (via e.g. regression modelling) should always improve415

the vector wind prediction skills over those obtained with a single predictor.416

We define the new vector wind predictions up and vp such that417

corr(up, u) = ρ11 (70)418

corr(up, v) = ρ12 (71)419

corr(vp, u) = ρ21 (72)420

corr(vp, v) = ρ22 (73)421

corr(up, vp) = P. (74)422

Again, we may think of these predictions as resulting from e.g. a linear regression model.423

Without loss of generality we can orient the wind component axes so that ρ11 ≥ 0, ρ22 ≥ 0.424

As well, we can assume that425

ρ11 > |ρ21| (75)426

ρ22 > |ρ12|. (76)427
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That is, we can assume that vp does not yield a better prediction of u than up does, and428

that up does not predict v better than vp. The requirement that the correlation matrix429

of up, vp, u, v be non-negative definite implies the following constraint on the correlation430

coefficients:431

(ρ11ρ22 − ρ21ρ12)
2 + (1− P 2)(1− r2) ≥ (ρ11 − Pρ21)(ρ11 − rρ12) + (ρ21 − Pρ11)(ρ21 − rρ22)432

+(ρ12 − Pρ22)(ρ12 − rρ11) + (ρ22 − Pρ12)(ρ22 − rρ21).433

(77)434

We recover the situation considered in the previous section in the limit that P = 1,435

ρ11 = ρ21 = ρu, ρ12 = ρ22 = ρv, in which case up and vp both become equivalent to the436

predictor x. For ρ11 = ρ21 = ρu, ρ12 = ρ22 = ρv, the inequality (77) becomes437

(1− r2) ≥ 2

1 + P
(ρ2u + ρ2v − 2rρuρv), (78)438

so as P → 1 (and up → ρuσux+ u, vp → ρvσvx+ v) we recover the inequality Eqn. (23).439

To compute corr(wp, w), we first calculate the covariance:440

cov(w2
p, w

2) = 2ρ211σ
2
u(ρ

2
11σ

2
u + 2u2) + 2ρ11ρ12σuσv(ρ11ρ12σuσv + 2uv)441

+2ρ21ρ22σuσv(ρ21ρ22σuσv + 2uv) + 2ρ222σ
2
v(ρ

2
22σ

2
v + 2v2) (79)442

and the variance of the predicted wind speed:443

var(w2
p) = 2ρ211σ

2
u(ρ

2
11σ

2
u+2u2)+4ρ11ρ22σuσv(ρ11ρ22σuσvP

2+2uvP )+2ρ222σ
2
v(ρ

2
22σ

2
v +2v2).

(80)444

The resulting general expression for corr(w2
p, w

2) is complicated. These results are most445

usefully interpreted through consideration of a set of limiting cases.446

• In the limit that P = 1, ρ11 = ρ21 = ρu, and ρ12 = ρ22 = ρv, we recover Eqn. (53).447
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• In the case that the predictions up and vp are uncorrelated (P = 0), that up carries448

no linear predictive information for v (ρ12 = 0) and that vp carries no linear predictive449

information for u (ρ21 = 0), we have450

corr(wp, w) �
(

ρ211σ
2
u(ρ

2
11σ

2
u + 2u2) + ρ222σ

2
v(ρ

2
22σ

2
v + 2v2)

σ2
u(σ

2
u + 2u2) + 2σuσv(σuσvr2 + 2uvr) + σ2

v(σ
2
v + 2v2)

)1/2

. (81)451

Again, considering this result in the along- and across-wind basis:452

corr(wp, w) �
(

ρ411σ
4
u + ρ422σ

4
v + 2ρ211σ

2
uu

2

σ4
u + σ4

v + 2σ2
uσ

2
vr

2 + 2σ2
uu

2

)1/2

(82)453

≤
(

ρ211σ
4
u + ρ222σ

4
v + 2ρ211σ

2
uu

2

σ4
u + σ4

v + 2σ2
uσ

2
vr

2 + 2σ2
uu

2

)1/2

454

≤ max(ρ11, ρ22). (83)455

In this limit, the linear predictability of the wind speed is bounded above by that of the456

larger of the linear predictabilities of the along- and cross-mean wind components.457

• For isotropic, uncorrelated vector fluctuations, in the along- and cross-wind basis, we458

have459

corr(wp, w) � (ρ411 + ρ211ρ
2
12 + ρ221ρ

2
22 + ρ422)σ

2 + 2ρ211u
2

[2(ρ411 + 2ρ211ρ
2
22P

2 + ρ422)σ
2 + 4ρ211u

2]1/2[σ2 + u2]1/2
. (84)460

There are parameter sets for which the linear predictability of wind speed exceeds that of461

the best-predicted vector wind component. That is, the ratio462

Γ =
corr(w2

p, w
2)

max(ρ11, ρ22)
(85)463

is not bounded above by unity for all parameter values satisfying the inequalities (75),464

(76), and (77). As in the previous section, the ratio Γ was explored numerically over the465

parameter ranges: 0 ≤ ρ11, ρ22 ≤ 1, −1 ≤ ρ12, ρ21 ≤ 1, −1 ≤ log10(u/σ) ≤ 1, with uniform466

grid spacing. For only 1.9% of the parameter sets did Γ exceed 1 (Figure 6); these tend to467

be associated with larger values of the vector wind correlations ρij (not shown). Most of468

D R A F T November 21, 2011, 3:04pm D R A F T



MONAHAN: GAUSSIAN PREDICTION OF WIND SPEEDS X - 25

the parameter sets yielding Γ > 1 are found for one (or both) of ρ12, ρ21 < 0; when these469

cross-correlations are constrained to be non-negative, Γ > 1 occurs for only 0.03% of the470

parameter sets (Figure 6). Note that while the expression Eqn. (84) is insensitive to the471

sign of the cross-correlations, this is not true of the inequality (77).472

• In the limit of perfect predictability of the vector wind components, ρ11 = ρ22 = 1,473

the constraint (77) requires that ρ12 = ρ21 = P = r, and so474

corr(wp, w) � 2σ2
u(σ

2
u + 2u2) + 4rσuσv(rσuσv + 2uv) + 2σ2

v(σ
2
v + 2v2)

2σ2
u(σ

2
u + 2u2) + 4σuσv(σuσvr2 + 2uvr) + 2σ2

v(σ
2
v + 2v2)

= 1. (86)475

This otherwise obvious result is interesting for its illustration of the relevance to pre-476

dictability of the constraint of non-negative definiteness of the correlation matrix of the477

vector winds and wind predictors.478

In the previous section, we found that the linear predictability of of w was generally479

reduced by correcting the variance biases of up and vp obtained from a single predictor.480

A similar analysis will now be carried out for the case of up and vp predicted separately.481

Denoting the rescaled vector wind component predictions as ûp and v̂p, as in the previous482

section, we find:483

cov(ŵ2
p, w

2) = 2ρ11σ
2
u(ρ11σ

2
u + 2u2) + 2ρ12σuσv(ρ12σuσv + 2uv)484

+2ρ21σuσv(ρ21σuσv + 2uv) + 2ρ22σ
2
v(ρ22σ

2
v + 2v2) (87)485

and486

var(ŵ2
p) = 2σ2

u(σ
2
u + 2u2) + 4σuσv(σuσvP

2 + 2uvP ) + 2σ2
v(σ

2
v + 2v2). (88)487

Once again, we define the ratio488

A =
corr(ŵp

2, w2)

corr(w2
p, w

2)
. (89)489
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In the case of mutually uninformative predictors (ρ12 = ρ21 = P = 0), we have490

A =
ρ11σ

2
u(ρ11σ

2
u + 2u2) + ρ22σ

2
v(ρ22σ

2
v + 2v2)

[ρ211σ
2
u(ρ

2
11σ

2
u + 2u2) + ρ222σ

2
v(ρ

2
22σ

2
v + 2v2)]

1/2
[σ2

u(σ
2
u + 2u2) + σ2

v(σ
2
v + 2v2)]

1/2
. (90)491

From this, we obtain492

A2 − 1 = − [2σ6
uu

2ρ211(ρ11 − 1)2 + 2σ6
vv

2ρ222(ρ
2
22 − 1)2 + σ4

uσ
4
v(ρ22 − ρ11)

2
493

+2σ4
uσ

2
vv

2(ρ211 − ρ22)
2 + 2σ2

uσ
4
vu

2(ρ222 − ρ11)
2 + 4σ2

uσ
2
vu

2v2(ρ11 − ρ22)
2
]

494

≤ 0. (91)495

When the predictors of up and vp are mutually uninformative, correcting for the vector496

wind variance bias will always reduce the wind speed predictive skill.497

For isotropic, uncorrelated vector wind fluctuations (taking v = 0), we have498

A =
(ρ211 + ρ212 + ρ221 + ρ222)σ

2 + 2ρ11u
2

(ρ411 + ρ211ρ
2
12 + ρ221ρ

2
22 + ρ422)σ

2 + 2ρ211u
2

[
(ρ411 + 2ρ211ρ

2
22P

2 + ρ422)σ
2 + 2ρ211u

2

2σ2(1 + P 2) + 2u2

]1/2
.

(92)499

The ratio A was sampled numerically and uniformly over the parameter ranges used500

earlier in the analysis of Γ (Eqn. 85); the resulting pdf is plotted in Figure 7. We501

see that in general A �≤ 1: for about 11% of the parameter value sets, the wind speed502

prediction is improved by correcting for the variance bias of up and vp. The prediction503

skill is unchanged or worsened by this strategy for the remaining 89% of the parameter504

sets. Although offsetting the variance bias increases wind speed predictability for some505

parameter sets, it does not substantially change the predictability of wind speed relative506

to that of the vector wind components. The ratio507

Γ̂ =
corr(ŵ2

p, w
2)

max(ρ11, ρ22)
(93)508

sampled over the same parameter range (Figure 7) shows little difference from the ratio509

Γ associated with the non-bias corrected wind speed predictions. Thus, while there are510
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circumstances in which it is helpful to correct for the variance bias in the vector wind511

components, the predictability of wind speeds is still in the great majority of situations512

lower than that of the components.513

Our analysis has focused up to this point on theoretical results for the wind speed pre-514

dictability, based on the assumption of Gaussian vector winds and Gaussian predictors.515

To assess the relevance of these results to predicting real (non-Gaussian) winds, the follow-516

ing analysis was carried out. For each spatial location in the SeaWinds dataset (between517

60◦S and 60◦N), we constructed the standardized vector wind prediction anomalies, u′
p518

and v′p from the standardized anomalies of the zonal and meridional wind components:519

u′
p = ρU ′ + (1− ρ2)1/2εu (94)520

v′p = ρV ′ + (1− ρ2)1/2εv. (95)521

From these anomalies, the predictions522

up = ρσuu
′
p + u (96)523

vp = ρσvv
′
p + v (97)524

were computed using the vector wind means and standard deviations taken from obser-525

vations. The random processes εu, εv are mutually uncorrelated series of independent,526

Gaussian random variables of unit variance and mean zero. The parameter ρ determines527

how well the vector wind components are “predicted” by up and vp: by construction,528

ρ11 = ρ22 = ρ.529

The vector wind predictions up and vp were computed for ρ = 0.25, 0.5, and 0.75.530

From these, the correlations corr(wp, w) between observed and predicted wind speed were531

computed and compared to the theoretical correlation values computed from Eqns. (30),532
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(79) and (80). Agreement is generally good between the observed and theoretically derived533

wind correlations corr(wp, w) (Figure 8). As expected from the Gaussian vector wind534

model, corr(wp, w) < ρ for the most part; sampling variability will contribute to the small535

number of locations for which this inequality is not satisfied. As well, the spatial joint536

distribution of the theoretically derived and observed values of corr(wp, w) parallels the 1:1537

line. The results of the theoretical model are not perfect: in particular, it predicts larger538

values of corr(wp, w) than are observed. Much of this bias can be associated with the fact539

that, in contradiction to the assumptions underlying the model, variability in the vector540

wind components is not Gaussian [e.g. Monahan, 2004, 2006]. Furthermore, as up and vp541

are themselves constructed from the non-Gaussian U and V , these predictions themselves542

will be non-Gaussian. That the non-Gaussianity of the vector winds is an important543

factor in biasing the theoretical value of corr(wp, w) is demonstrated by consideration544

of the spatial joint distribution of this bias with the skewness of the along-mean wind545

component u = (UU + V V )/
√
U2 + V 2 (Figure 9). To a first approximation, this bias546

varies linearly with the vector wind skewness. Note that for ρ = 0.5, and particularly for547

ρ = 0.75, there are nonzero offsets in the bias of corr(wp, w) for skew(u) � 0. The bias is548

affected by factors other than non-Gaussianity of the vector winds, possibly such as the549

neglect of nonstationarities such as the seasonal cycle in the present analysis.550

7. Conclusions

This study has considered the linear predictability of wind speed fluctuations relative551

to the predictability of vector wind fluctuations. Analytic expressions for the linear pre-552

diction skill of wind speed have been obtained, based on the assumption that vector wind553
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fluctuations can be approximated as bivariate Gaussian. The following conclusions have554

been reached:555

• Fluctuations of the wind speed w and the kinetic energy w2 are highly correlated.556

This fact can be used to compare the predictability of the wind speed relative to that557

of the vector wind components, as w2 = u2 + v2 is simply the sum of the squares of the558

components.559

• We have found that there will always be some vector wind component that is better560

predicted by a single Gaussian predictor x than is the wind speed. The predictability of the561

wind speed relative to the best-predicted component decreases as vector wind fluctuations562

become much larger than the magnitude of the mean vector wind. In the limit that the563

mean vector wind vanishes, x carries no direct linear predictive information regarding w564

irrespective of how well the vector wind components are predicted.565

• Predictions of w are always improved, relative to predicting w from x directly, by566

first predicting u and v from x and then determining predicted speed from these. In this567

approach, the predictive skill of w does not vanish in the limit that the mean vector wind568

goes to zero. For the vast majority of parameter sets, the wind speed prediction skill569

is lower than that of the vector winds in some direction (considerably so, in general) -570

although for a small fraction of parameter values, the wind speed is better predicted than571

any vector component. In the limit of isotropic and uncorrelated vector wind fluctuations,572

which is a good approximation to observed fluctuations of sea surface winds, the wind573

speed prediction skill is always less than that of the best predicted wind component.574

Finally, rescaling the predicted vector wind components to correct for the low variance575

bias always reduces the prediction skill of wind speeds.576
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• Predicting the vector wind components separately rather than using a single predictor577

always results in an improved wind speed prediction. When these predictors are mutually578

independent and carry no cross-predictive information, the wind speed prediction skill is579

always bounded above by that of the best-predicted vector wind component. For such580

predictions, the linear predictability of wind speed is considerably smaller than that of the581

vector wind components over a broad range of parameter values, and no improvement to582

wind speed prediction ever follows from correcting for the variance bias of the predicted583

vector winds.584

For isotropic and uncorrelated vector wind fluctuations, it is possible through the use of585

separate predictions of u and v to obtain wind speed predictions that are better than586

those of any individual vector wind component (for about 2% of the parameter sets).587

Furthermore, in this limit, it is possible to improve wind speed predictions by correcting588

for the variance biases of the predicted vector wind components - but these improvements589

do not result in an increase in the parameter range over which wind speeds are better590

predicted than the vector winds. For the great majority of parameter sets, it is the case591

that wind speed predictions are worse than those of vector winds.592

• The results of the theoretical analysis were broadly supported by global observations593

of sea-surface vector winds. Using vector wind predictions produced by corrupting ob-594

served vector wind time series with synthetic white noise, it was found that wind speed595

prediction skills are generally less than those of the vector winds - often substantially so.596

In fact, the theoretical model predicts wind speed correlation skills that are somewhat597

larger than those that are observed. These biases were shown to be closely related to the598

non-Gaussianity of the vector winds, as measured by skewness.599
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It may seem self-evident that the predictability of vector wind components should limit600

that of wind speed. However, one can imagine a situation in which the wind speed is601

perfectly predictable, while the wind direction has no predictability. In such a case,602

predictions of wind speed would be expected to be considerably better than those of any603

vector wind component. Such a scenario is ruled out by the results of the present study,604

for Gaussian vector winds and Gaussian predictors.605

The influence of sampling variability on wind speed prediction was neglected in this606

theoretical analysis, which assumed that all statistical features of the vector winds were607

known with perfect accuracy. Of course, sampling errors in the vector wind statistics608

will result in errors in the wind speed statistics; in particular, terms I and II of the609

mean squared error expansion Eqn. (3) will become nonzero. These sensitivities can610

also be investigated using idealised models of the vector winds such as those considered611

in this study [e.g. Monahan, 2011]. The results of the present study should therefore612

be interpreted as representing upper limits on the predictability of wind speeds that are613

inherent to the relationship between speeds and vector winds and distinct from the issue614

of sampling error. Future studies will carry out a more thorough investigation of influence615

of sampling errors in the vector wind components on the wind speed predictions.616

The analyses of observed winds in this study indicated that non-Gaussianity of the617

vector winds results in a small but systematic overestimate of wind speed predictability618

by the idealised model. A natural next step would be to extend the present analysis to619

account for the observed non-Gaussianity in u and v; such a step is facilitated by the fact620

that the skewness of sea surface vector winds is a feature which is well understood [e.g.621

Monahan, 2004, 2006]. Nevertheless, how best to specify a non-Gaussian distribution with622
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given moments remains an open question [e.g.Monahan, 2007]. A possible approach would623

be to use a bivariate generalisation of the Gram-Charlier expansion [e.g. Longuet-Higgins,624

1964; Lokas , 1998]; the resulting expressions for corr(wp, w) would be considerably more625

complicated than those obtained in the present study. It is important to emphasize626

that the bias in the modelled value of corr(wp, w) is systematically positive - that is,627

the idealised Gaussian model suggests higher values of wind speed predictability than628

are observed over the oceans. Thus, the upper bounds presented here for the Gaussian629

predictability of wind speeds relative to vector wind components are conservative. It is630

possible that the character of vector wind non-Gaussianity over land may be sufficiently631

different than that over oceans (due for example to the effects of complex topography) for632

these bounds to not hold; empirical analyses of the predictability of wind speed relative633

to vector wind components represent a useful direction of future study.634

A crucial step in the theoretical characterisation of the predictability of wind speed635

was the recognition that fluctuations in speed are highly correlated with those of kinetic636

energy, so that for any variable x we can take corr(x, w) � corr(x, w2) as an excellent637

approximation. This result will hold for any power of w, so long as the truncated Taylor638

series approximation639

wn = (w2)n/2 = (mean(w2) + std(w2)w′2)n/2 � meann/2(w2)

(
1 +

n

2

std(w2)

mean(w2)
w′2
)

(98)640

is sufficiently accurate. In particular, the predictability of both w1/2 and w3 should be641

similar to that of w2, to which these quantities are strongly correlated (Figure 10). The642

first of these quantities is interesting because square root transforms have been used to643

produce wind speed distributions that are approximately Gaussian, and therefore more644

amenable to prediction by the techniques of classical time series analysis [e.g. Carlin and645
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Haslett , 1982; Brown et al., 1984]. The second of these quantities is proportional to the646

wind power density. Although the correlations between w2 and w1/2 are poorer than647

those between w and w2, the present analysis indicates that to a first approximation this648

quantity and corr(w2, w3) should be subject to similar predictability constraints (with649

Gaussian predictors) as the wind speed itself.650

This study has focused on the statistical prediction of vector wind components and wind651

speed using Gaussian predictors, such as those characteristic of the large-scale flow used for652

statistical downscaling [e.g. Monahan, 2011]. The limits to wind speed predictability that653

have been found could in principle be avoided through the use of strongly non-Gaussian654

predictors, derived from either statistical or dynamical predictions. In particular, the655

results obtained in this study do not exclude the possibility that wind speed predictability656

can be increased through the use of appropriate nonlinear statistical tools, such as neural657

networks or nonlinear regression [e.g. Kretzschmar et al., 2004]. Furthermore, in principle658

excellent (non-Gaussian) predictors of u2 and v2 could yield an excellent prediction of w2
659

without carrying any (linear) predictive information regarding u or v. The limits to wind660

speed predictability obtained in this study apply only to the extent that the predictors661

are Gaussian.662

A broad range of approaches have been proposed for the prediction of wind speeds,663

ranging from the dynamical, to the statistical, to hybrids of these two. The results of the664

present study demonstrate the limits that can be achieved with Gaussian predictions. A665

useful direction of future study is the consideration of the extent to which non-Gaussian666

predictions, from either nonlinear statistical models or dynamical models, will allow the667

circumvention of these limits to this important prediction problem.668
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Appendix A: corr(w,w2)

Suppose that the wind speed w has mean µ, standard deviation σw, skewness ν and669

kurtosis κ. Then:670

cov(w,w2) = E
{
w3
}− E {w}E{w2

}
671

= σ3
wν + 2σ2

wµ. (A1)672

Furthermore,673

var(w2) = E
{
w4
}− (E{w2

})2
674

= σ4
w(κ+ 2) + 4σ3

wµν + 4σ2
wµ

2, (A2)675

and so we have676

corr(w,w2) =
σwν + 2µ√

σ2
w(κ+ 2) + 4σwµν + 4µ2

677

=
1 + νδ√

1 + 2νδ + (κ+ 2)δ2
, (A3)678

where679

δ =
σw

2µ
. (A4)680

This quantity is well-defined because for wind speeds µ > 0. In fact, from the discussion681

in Section 3, we know that for observed winds δ < 1 (and that for the most part δ << 1;682

Figure 3). Approximating the denominator of Eqn. (A3):683

corr(w,w2) � (1 + νδ)

(
1− νδ − 1

2
(κ+ 2)δ2

)
� 1−

(
ν2 +

1

2
(κ+ 2)

)
δ2, (A5)684

so corr(w,w2) � 1 to O(δ2) accuracy.685

D R A F T November 21, 2011, 3:04pm D R A F T



MONAHAN: GAUSSIAN PREDICTION OF WIND SPEEDS X - 35

Appendix B: The Joint Distribution of x and y2

Suppose that the variables x and y are bivariate Gaussian, such that mean(x) = 0,686

mean(y) = y, std(x) = std(y) = 1, and corr(x, y) = r. Then687

pxy(x, y) =
1

2π(1− r2)1/2
exp

[
− 1

2(1− ρ2)

(
x2 − 2rx(y − y) + (y − y)2

)]
. (B1)688

The joint pdf of x and z = y2 is given by689

pxz(x, z) =

∣∣∣∣ ∂xx ∂xz
∂yz ∂yz

∣∣∣∣−1

[pxy(x,
√
z) + pxy(x,−

√
z)] (B2)690

=
1

4π(1− r2)1/2
√
z
exp

(
− 1

2(1− r2)
[x2 + 2ryx+ y2 + z]

)
cosh

(
rx+ y

(1− r2)

√
z

)
.691

For y = 0, pxz(x, z) is a symmetric function of x: fluctuations of x of either sign are692

associated with the same fluctuations in z and corr(x, z) = 0 (Figure 11). As y increases,693

pxz(x, z) becomes increasingly asymmetric, so fluctuations in x and z are increasingly694

like-signed and corr(x, z) becomes increasingly positive. The strength of this asymmetry695

scales with the degree of correlation between x and y. While corr(x, y) is insensitive to696

the mean of y, the correlation corr(x, y2) is proportional to y.697

Appendix C: corr(x2, y2)

Let x, y be Gaussian random variables with mean zero and unit variance, such that698

corr(x, y) = E {xy} = r. (C1)699

As the joint distribution of x, y is Gaussian, we can define the unit variance, mean zero,700

Gaussian random variable ε such that701

y = rx+ (1− r2)1/2ε, (C2)702

and703

corr(x, ε) = 0. (C3)704
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Because x and ε are Gaussian, the fact that they are uncorrelated implies that they are705

statistically independent.706

To find corr(x2, y2) we first compute E {x2y2}:707

E
{
x2y2

}
= E

{
x2(rx+ (1− r2)1/2ε)2

}
708

= E
{
r2x4 + 2r(1− r2)1/2x3ε+ (1− r2)x2ε2

}
709

= r2E
{
x4
}
+ 2r(1− r2)1/2E

{
x3
}
E {ε}+ (1− r2)E

{
x2
}
E
{
ε2
}

710

= 2r2 + 1, (C4)711

and so712

cov(x2, y2) = E
{
x2y2

}− E
{
x2
}
E
{
y2
}
= 2r2 + 1− 1 = 2r2. (C5)713

We also have:714

var(x2) = E
{
x4
}− (E{x2

})2
= 3− 12 = 2 = var(y2). (C6)715

It follows that716

corr(x2, y2) =
cov(x2, y2)

std(x2)std(y2)
=

2r2

2
= r2. (C7)717

That is, the correlation of the square of the variables is the square of their correlation.718

Note that the Gaussianity of the joint distribution of x and ε was central in the above719

calculation in allowing uncorrelated variables to be treated as independent. The result in720

Eqn. (C7) will not hold in general if the joint distribution of x and y is non-Gaussian.721

For example, suppose that x is Gaussian with mean zero and unit variance and y = |x|.722

Then corr(x, y) = 0 but corr(x2, y2) = 1.723
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Figure Captions

Figure 1: Kernel density estimate [e.g. Silverman, 1986] of the spatial probability density775

function of observed correlations between w and w2. The observed sea surface winds are taken776

from the SeaWinds scatterometer observations, between 60◦S and 60◦N.777

Figure 2: Kernel density estimate of the spatial joint distributions of correlations between778

vector wind components, wind speed and squared wind speed. Left panel: corr(U,w) and779

corr(U,w2). Right panel: corr(V, w) and corr(V, w2). Correlations are computed from SeaWinds780

observations between 60◦S and 60◦N.781

Figure 3: Kernel density estimate of the spatial probability density function of the ratio of the782

standard deviation to the mean of wind speed, from the SeaWinds data between 60◦S and 60◦N.783

Figure 4: Kernel density estimate of the spatial joint distribution of the observed and784

modelled correlations of wind speed w with vector wind components. Left panel: correlation of785

w with zonal wind U . Right panel: correlation of w with meridional wind V .786

Figure 5: Probability density function of the ratio Γ between the modelled wind speed787

correlation prediction skill and that of the best-predicted vector wind component (Eqn. 61),788

uniformly sampled over the parameter ranges 0 ≤ ρu, ρv ≤ 1, −1 ≤ r ≤ 1,789

−1 ≤ log10(u/σu) ≤ 1, −1 ≤ log10(σv/σu) ≤ 1 . Note the logarithmic scale on the y-axis.790

Figure 6: Black curve: probability density function of the ratio Γ between the wind speed791

prediction skill and that of the best-predicted vector wind component (Eqn. 85), obtained from792

uniform sampling of the parameter values over the ranges 0 ≤ ρ11, ρ12 ≤ 1, −1 ≤ ρ12, ρ21 ≤ 1,793

−1 ≤ log10(u/σ) ≤ 1. Grey curve: as for the black curve, but sampling only positive794

cross-correlations 0 ≤ ρ12, ρ21 ≤ 1. Note the logarithmic scale on the y-axis.795
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Figure 7: Left panel: Probability distribution of A (Eqn. 92) obtained by sampling the796

parameter values uniformly over the range 0 ≤ ρ11, ρ22 ≤ 1, −1 ≤ ρ12, ρ21 ≤ 1,797

−1 ≤ log10(u/σ) ≤ 1. Right panel: As in Figure 6 for the ratio Γ̂ (Eqn. 93). Note the798

logarithmic scale on the y-axis of each panel.799

Figure 8: Kernel density estimate of the relationship between the observed wind speed800

predictability, corr(wp, w), and the theoretical value from Eqns. (30), (79) and (80). The vector801

wind predictors up and vp were obtained from Eqns. (94)-(97) with ρ = 0.25 (black contours),802

ρ = 0.5 (red contours), ρ = 0.75 (blue contours).803

Figure 9: Kernel density estimates of the spatial joint distribution of the bias (theoretical804

value less observed value) in corr(wp, w) with the observed skewness of the along mean-wind805

component of the vector winds, u = (UU + V V )/
√
U2 + V 2.806

Figure 10: As in Figure 1, for the correlation between w2 and w1/2 (left panel) and the807

correlation between w2 and w3 (right panel).808

Figure 11: Joint pdf of x and z = y2 for x, y bivariate Gaussian with corr(x, y) = r, for a809

range of values of y and r.810
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Figure 1. Kernel density estimate [e.g. Silverman, 1986] of the spatial probability density

function of observed correlations between w and w2. The observed sea surface winds are taken

from the SeaWinds scatterometer observations, between 60◦S and 60◦N.
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Figure 2. Kernel density estimate of the spatial joint distributions of correlations between vec-

tor wind components, wind speed and squared wind speed. Left panel: corr(U,w) and corr(U,w2).

Right panel: corr(V, w) and corr(V, w2). Correlations are computed from SeaWinds observations

between 60◦S and 60◦N.
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Figure 3. Kernel density estimate of the spatial probability density function of the ratio of

the standard deviation to the mean of wind speed, from the SeaWinds data between 60◦S and

60◦N.
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Figure 4. Kernel density estimate of the spatial joint distribution of the observed and modelled

correlations of wind speed w with vector wind components. Left panel: correlation of w with

zonal wind U . Right panel: correlation of w with meridional wind V .
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Figure 5. Probability density function of the ratio Γ between the modelled wind speed

correlation prediction skill and that of the best-predicted vector wind component (Eqn. 61),

uniformly sampled over the parameter ranges 0 ≤ ρu, ρv ≤ 1, −1 ≤ r ≤ 1, −1 ≤ log10(u/σu) ≤ 1,

−1 ≤ log10(σv/σu) ≤ 1 . Note the logarithmic scale on the y-axis.
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Figure 6. Black curve: probability density function of the ratio Γ between the wind speed

prediction skill and that of the best-predicted vector wind component (Eqn. 85), obtained from

uniform sampling of the parameter values over the ranges 0 ≤ ρ11, ρ12 ≤ 1, −1 ≤ ρ12, ρ21 ≤ 1,

−1 ≤ log10(u/σ) ≤ 1. Grey curve: as for the black curve, but sampling only positive cross-

correlations 0 ≤ ρ12, ρ21 ≤ 1. Note the logarithmic scale on the y-axis.
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Figure 7. Left panel: Probability distribution of A (Eqn. 92) obtained by sampling the

parameter values uniformly over the range 0 ≤ ρ11, ρ22 ≤ 1, −1 ≤ ρ12, ρ21 ≤ 1, −1 ≤ log10(u/σ) ≤

1. Right panel: As in Figure 6 for the ratio Γ̂ (Eqn. 93). Note the logarithmic scale on the y-axis

of each panel.
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Figure 8. Kernel density estimate of the relationship between the observed wind speed

predictability, corr(wp, w), and the theoretical value from Eqns. (30), (79) and (80). The vector

wind predictors up and vp were obtained from Eqns. (94)-(97) with ρ = 0.25 (black contours),

ρ = 0.5 (red contours), ρ = 0.75 (blue contours).
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Figure 9. Kernel density estimates of the spatial joint distribution of the bias (theoretical

value less observed value) in corr(wp, w) with the observed skewness of the along mean-wind

component of the vector winds, u = (UU + V V )/
√
U2 + V 2.
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Figure 10. As in Figure 1, for the correlation between w2 and w1/2 (left panel) and the

correlation between w2 and w3 (right panel).

D R A F T November 21, 2011, 3:04pm D R A F T



MONAHAN: GAUSSIAN PREDICTION OF WIND SPEEDS X - 51

y = 0

z 
=

 y
2

r = 0.4

−5 0 5

5

10

15

20
y = 1

−5 0 5

5

10

15

20
y = 2

−5 0 5

5

10

15

20
y = 3

−5 0 5

5

10

15

20

z 
=

 y
2

r = 0.8

−5 0 5

5

10

15

20

−5 0 5

5

10

15

20

−5 0 5

5

10

15

20

−5 0 5

5

10

15

20

x

z 
=

 y
2

r = 0.95

−5 0 5

5

10

15

20

x
−5 0 5

5

10

15

20

x
−5 0 5

5

10

15

20

x
−5 0 5

5

10

15

20

Figure 11. Joint pdf of x and z = y2 for x, y bivariate Gaussian with corr(x, y) = r, for a

range of values of y and r.
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