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Text classification
Model problem: Classifying restaurant reviews as positive or negative 

How to represent data?

Training examples



Bag of Words Representation

<latexit sha1_base64="Vo9kdPh06lg3T7o30h9K9o4QE5g="></latexit>

co↵ee 1
espresso 0
amazing 1
drink 0
guinness 1
nitro 1
latte 0
...

...

Subset of words

in the vocabulary

Boolean value indicating whether 
word occurs in document



Positive examples

Positive Words

reasonable 

distinct 
polite 

friendly 
amazing 

fine 
effervescence 
memorable 

amazinggggg 
fantastic 

treat



Negative examples

Negative words

limited 
horrid 
rude 
bitter 
nasty 
bland



Predicting the most likely class

Suppose we model probability of label Y given input feature vector X 

Natural rule: Predict most likely label according to our model 

How to model                ? We use Bayes rule:

<latexit sha1_base64="7chesa2n6LtdYVbH71mLP8Lxig4="></latexit>

ŷ = argmax
y2Y

P(Y = y | X = x , ✓)

<latexit sha1_base64="eaUw+GY5dYMJiaZLqSVVpVmgSMg="></latexit>

P(Y | X )

<latexit sha1_base64="s2TOSjgSKzJjwFsyiN5rWbRSoEk="></latexit>

P(Y = y | X = x , ✓)

<latexit sha1_base64="zEru2hZpBqeN8EHbyAJ5d+93OKA="></latexit>

P(Y = y | X = x , ✓) =
P(X = x | Y = y , ✓)P(Y = y | ✓)

P(X = x | ✓)

=
P(X = x | Y = y , ✓)P(Y = y | ✓)P

y 02Y P(X = x | Y = y 0, ✓)P(Y = y 0 | ✓)



Generative model

A generative model is based on modeling the full joint distribution 

Two steps: 

Model the prior probability of any example having class y 

Model the probability distribution of examples from class y

<latexit sha1_base64="nK1wcBYbFLUGxI8dUqSz4sr6SAc="></latexit>

P(X ,Y )

<latexit sha1_base64="ZleCNPXbYiSHScRDjTwUkYV/oSY="></latexit>

P(Y = y | X = x , ✓) =
P(X = x | Y = y , ✓)P(Y = y | ✓)P

y 02Y P(X = x | Y = y 0, ✓)P(Y = y 0 | ✓)



The power of generative models

With a model of               , we can generate new examples

Brock et al. (DeepMind)

<latexit sha1_base64="WfXNvbV+nxGhBpU1WcovnSveVeI="></latexit>

P(X | Y )



A closer look at P(X | Y)

Suppose we have d input features, each taking J possible values. 

So, for any   ,                           is a categorical distribution over              
outcomes (one outcome per feature vector!) 

   is a probability vector - how many parameters? 

Recall the restaurant review classification problem… 

Bag of words encoding: 

d = 1000 (reasonable vocabulary size) 

J = 2 (boolean features)

<latexit sha1_base64="bY8nDWlUMj/snHTlqqZA7hiE/og="></latexit>

✓

<latexit sha1_base64="II9dum7vfP0ofe7RfMbnG5lnnyQ="></latexit>

P(X | Y )

<latexit sha1_base64="j1fNHsiYg2X28+z2kIt3cAnSmBQ="></latexit>

P(X | Y = y , ✓)<latexit sha1_base64="N+c04v9HR865EuRMivrF9BZWQUI="></latexit>y
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<latexit sha1_base64="bY8nDWlUMj/snHTlqqZA7hiE/og="></latexit>

✓

<latexit sha1_base64="II9dum7vfP0ofe7RfMbnG5lnnyQ="></latexit>

P(X | Y )

<latexit sha1_base64="j1fNHsiYg2X28+z2kIt3cAnSmBQ="></latexit>

P(X | Y = y , ✓)<latexit sha1_base64="N+c04v9HR865EuRMivrF9BZWQUI="></latexit>y
<latexit sha1_base64="26BL4zDHxJ7yFCD29rJudqAVv8I="></latexit>

Jd

<latexit sha1_base64="PQPoxV4SkowuJVD7ewBPX6uJCz0="></latexit>

Jd � 1 for each label <latexit sha1_base64="8mt5/zPj72da8vLr8/eU3tPmrHM="></latexit>y

<latexit sha1_base64="iy2RFMkud+a1YbUcO9He1QaNIYc="></latexit>

K (Jd � 1) in total
number of labels

i

jd outcomes

EnE)
,

= 1 s
= 0 for all but at most

- jd-n outcomes j



Naive Bayes assumption

Naive Bayes assumption: features are independent given the label 

<latexit sha1_base64="bFNyGjbJJ7q7cE4ahx6iSPf8iek="></latexit>

P
�
(X1, . . . ,Xd) = (x1, . . . , xd) | Y = y

�

= P(X1 = x1 | Y = y)P(X2 = x2 | Y = y) · . . . · P(Xd = xd | Y = y)

=
dY

j=1

P(Xj = xj | Y = y)



Naive Bayes assumption

Naive Bayes assumption: features are independent given the label

<latexit sha1_base64="0hoH2BC5uu6JhSjhlLcJ9kJ9Tas="></latexit>

P
�
(X1, . . . ,Xd) = (x1, . . . , xd) | Y = y

�

= P(X1 = x1 | Y = y)P(X2 = x2 | Y = y) · . . . · P(Xd = xd | Y = y)

=
dY

j=1

P(Xj = xj | Y = y)



Naive Bayes assumption

Naive Bayes assumption: features are independent given the label 

How many parameters are needed to model                                ? 

How many parameters are needed in total?

<latexit sha1_base64="0hoH2BC5uu6JhSjhlLcJ9kJ9Tas="></latexit>

P
�
(X1, . . . ,Xd) = (x1, . . . , xd) | Y = y

�

= P(X1 = x1 | Y = y)P(X2 = x2 | Y = y) · . . . · P(Xd = xd | Y = y)

=
dY

j=1

P(Xj = xj | Y = y)

<latexit sha1_base64="6Nu1/H9WeuwmlGPcWSV+3OsDqi0="></latexit>

P(X1 = x1 | Y = y)



Naive Bayes assumption

Naive Bayes assumption: features are independent given the label 

How many parameters are needed to model                                ? 

How many parameters are needed in total?

<latexit sha1_base64="0hoH2BC5uu6JhSjhlLcJ9kJ9Tas="></latexit>

P
�
(X1, . . . ,Xd) = (x1, . . . , xd) | Y = y

�

= P(X1 = x1 | Y = y)P(X2 = x2 | Y = y) · . . . · P(Xd = xd | Y = y)
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<latexit sha1_base64="6Nu1/H9WeuwmlGPcWSV+3OsDqi0="></latexit>

P(X1 = x1 | Y = y)
<latexit sha1_base64="mMLr79tkrH1CpS1TX6aKtMseiUw="></latexit>

J � 1



Naive Bayes assumption

Naive Bayes assumption: features are independent given the label 

How many parameters are needed to model                                ? 

How many parameters are needed in total?                 

<latexit sha1_base64="0hoH2BC5uu6JhSjhlLcJ9kJ9Tas="></latexit>

P
�
(X1, . . . ,Xd) = (x1, . . . , xd) | Y = y

�

= P(X1 = x1 | Y = y)P(X2 = x2 | Y = y) · . . . · P(Xd = xd | Y = y)
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P(X1 = x1 | Y = y)
<latexit sha1_base64="mMLr79tkrH1CpS1TX6aKtMseiUw="></latexit>

J � 1

<latexit sha1_base64="lMFm/uT9QT9k1dPUxHXdj2xKI6M="></latexit>

(J � 1)dK

number of labels



Naive Bayes classifier
Naive Bayes classifier predicts 

What is the form of the log likelihood? 

We have Data 

The log likelihood is

<latexit sha1_base64="EBFHdTlN9uXXYTrC0EpcsPmqOa8="></latexit>

ŷ = argmax
k2{1,2,...,K}

P
�
Y = k | (X1, . . . ,Xd) = (x1, . . . , xd), ✓

�

= argmax
k2{1,2,...,K}

P(Y = k | ✓)
Qd

i=1 P(Xi = xi | Y = k , ✓)
PK

j=1 P(Y = j | ✓)
Qd

i=1 P(Xi = xi | Y = j , ✓)

<latexit sha1_base64="nwSGuzWj+9YdcfzZYZAdNQ6SRGg="></latexit>

D = ((X1,Y1), . . . , (Xn,Yn))

<latexit sha1_base64="8YLeoa1PINPdnbkm6r0CEonmF6g="></latexit> nX

i=1

logP(Xi ,1 = xi ,1, . . . ,Xi ,d = xi ,d ,Yi = yi | ✓)

=
X

i=1

0

@logP(Yi = yi | ✓) +
dX

j=1

logP(Xi ,j = xi ,j | Yi = yi , ✓)

1

A



How to estimate parameter?
Idea 1: Use MLE 

Recall: Restaurant review classification 

Maximize WRT           just like MLE with Bernoulli distribution 

… But what if that review with amazinggggg only occurs in test set? 

Then from MLE,                                                                                                

and also likewise                                                            . 

So, 

Idea 2: Use add-one smoothing to fit individual model parameters

<latexit sha1_base64="e5cBLVOGGeU4uA4gwuFv/J61uYo="></latexit>

P(Y = 1 | X , ✓̂MLE) = P(Y = 0 | X , ✓̂MLE) = 0

<latexit sha1_base64="c8WOOZdY5vCCAcTmvD5eXdpkMo4="></latexit>

P(Xfantastic = 1 | Y = +1, ✓pos,f) = (✓pos,f)
npos,f (1� ✓pos,f)

npos,̄f

<latexit sha1_base64="73foWm+816lmOS0W39xG5NIRF6A="></latexit>

P(Xamazinggggg = 1|Y = +1, ✓pos,a) = 0
<latexit sha1_base64="qSSv5pHNn66W4tugWTCmjcP8X50="></latexit>

P(Xamazinggggg = 1|Y = �1, ✓neg,a) = 0

‘f’ for “fantastic”

<latexit sha1_base64="+6e62iqF2yV+OLgzKau3CA2ztNc="></latexit>

✓pos,f
<latexit sha1_base64="Ab0xPzFQz17j7d734enirRDpaQE="></latexit>

✓̂pos,f =
npos,f
npos

=
npos,f

npos,f + npos,̄f



Discriminative models

Is Naive Bayes classifier good enough?


Naive Bayes assumption greatly reduces number of parameters 

High bias (when Naive Bayes assumption is violated) 
(But also an upside: low variance; more on this later…) 

What if we try to estimate                directly, using a linear model? 

Discriminative model  

Directly focus on discriminating label Y given input X 

Solve the simplest task that we wish to solve (can have lower 
bias as we don’t even try to estimate

<latexit sha1_base64="XltXzS7EeV3YerWyIRHbgxpjlPs="></latexit>

P(Y | X )

<latexit sha1_base64="HViYl+EpytX5rDpshwNu23t3HAs="></latexit>

P(X | Y )



Logistic regression

Consider binary classification with labels 
and feature vectors 

Parameters:  weights vector              and bias term 

Logistic regression predictor takes form: 

Neural network diagram representation:

<latexit sha1_base64="AqUd28y8D7pIRNPkzxucVPlcWx0="></latexit>

y 2 {0, 1}
<latexit sha1_base64="b8JNXZsW/ceXQO8OmkI765ijp/g="></latexit>

x 2 Rd

<latexit sha1_base64="jcEtEBiU2u2R43mrSEOyrgMCitk="></latexit>

w 2 Rd <latexit sha1_base64="T1BY4Exa1jKirIrpl8y/5n+XSUc="></latexit>

b 2 R

<latexit sha1_base64="FdvdS1CMm7ThiutSVKRNkR8eFK4="></latexit>

fw ,b(x) = �
�
hw , xi+ b

�
=

1

1 + e
�(hw ,xi+b)

⑧
X⑤ b
--wi

we
wo

O
-

O

x ,

- -

Xd I



Conditional probabilities

<latexit sha1_base64="SKrGV8WRTQxrwg0R1WzK1BOojCk="></latexit>

P(Y = 1 | X = x ,w) = �(hw , xi) = 1

1 + exp(�hw , xi) =
exp(hw , xi)

1 + exp(hw , xi)

<latexit sha1_base64="ND6KbzIAdPDJAFXnsCHeDZTZ6yQ="></latexit>

P(Y = 0 | X = x ,w) = 1� �(hw , xi) = 1

1 + exp(hw , xi)

Unified form:
<latexit sha1_base64="QjPc4sFFzxOSPt5jtbs00Cbu6qQ="></latexit>

P(Y = y | X = x ,w) = �
�
hw , xi

�y�
1� �(hw , xi)

�1�y

nee

anology with "OY" "(-8)Y"

MLE for

Bernoulli distribution
O depends on x

with parameter O



Logistic regression - Intuition

Where does the logistic regression functional form come from?

<latexit sha1_base64="SKrGV8WRTQxrwg0R1WzK1BOojCk="></latexit>

P(Y = 1 | X = x ,w) = �(hw , xi) = 1

1 + exp(�hw , xi) =
exp(hw , xi)

1 + exp(hw , xi)

<latexit sha1_base64="ND6KbzIAdPDJAFXnsCHeDZTZ6yQ="></latexit>

P(Y = 0 | X = x ,w) = 1� �(hw , xi) = 1

1 + exp(hw , xi)



How to fit model? Use maximum conditional likelihood estimation

Recall
<latexit sha1_base64="skU0wCtcMse6g9t/TGEohFHD3zk="></latexit>

P(Y = y | X = x ,w) = �
�
hw , xi

�y�
1� �(hw , xi)

�1�y

max log & (4 , y ...., (n1x, , x2 , . . ., xn ,
w)

W

-max log, P(Y: /X;, wh
W

~
E,

log(y: /x; n=Max

= mexE,
log(w(<w, x,

x" (1 -0xw,
x
,
x) xi]

-
max (4

:
logo (w, x x) + <1-4) log(1 -0 (w,

x
= x))]

j

W j
= 1 -

A fo (x, )
= probability predictor

↳
Equivalent :

min I ni)-(1-4i) log(1- fr (xi))
wi = 1

l(Y
,
fw (x; )) & cross-entropy loss



Extension to multi-class classification

What if we have     classes? 

For each class label  , maintain a separate parameter vector 

Parameter can be viewed as a matrix 

Now, the conditional probability of class   given            is modeled as 
<latexit sha1_base64="gIfzYX6WVBVi0SMSxAVqfwU7OHM="></latexit>

P(Y = j | X = x ,W ) =
exp(hwj , x)PK

c=1 exp(hwc , xi)

<latexit sha1_base64="RHf79PeR89APopfxophOaKPMKEo="></latexit>

wj 2 Rd

<latexit sha1_base64="CYkymnXHFRutaDrJ/yRbQmY57/k="></latexit>

W = (w1 w2 · · · wK ) 2 Rd⇥K

<latexit sha1_base64="11bgWnXacPDNsIp0D3S35qT50Qk="></latexit>

j

<latexit sha1_base64="11bgWnXacPDNsIp0D3S35qT50Qk="></latexit>

j
<latexit sha1_base64="ULqBaaNFhluU/hjZrbvOI4ZaREY="></latexit>

X = x

<latexit sha1_base64="huOczhGYpBf1ftm5f2ub/v35kTo="></latexit>

K



Extension to multi-class classification

What if we have     classes? 

For each class label  , maintain a separate parameter vector 

Parameter can be viewed as a matrix 

Now, the conditional probability of class   given            is modeled as 
<latexit sha1_base64="gIfzYX6WVBVi0SMSxAVqfwU7OHM="></latexit>

P(Y = j | X = x ,W ) =
exp(hwj , x)PK

c=1 exp(hwc , xi)

<latexit sha1_base64="RHf79PeR89APopfxophOaKPMKEo="></latexit>

wj 2 Rd

<latexit sha1_base64="CYkymnXHFRutaDrJ/yRbQmY57/k="></latexit>

W = (w1 w2 · · · wK ) 2 Rd⇥K

Softmax: given                        , transform     as<latexit sha1_base64="sNH7jWnOwKACvlu3p7gOr8NENOc="></latexit>z1, z2, . . . , zK

<latexit sha1_base64="IKfEnsRzUJMkuazYGvVxJoD/tAE="></latexit>

zj 7!
exp(zj)PK
c=1 exp(zc)

<latexit sha1_base64="Gj2ykX+xGSxNcsEK1Q9qheVs9jU="></latexit>zj

<latexit sha1_base64="11bgWnXacPDNsIp0D3S35qT50Qk="></latexit>

j

<latexit sha1_base64="11bgWnXacPDNsIp0D3S35qT50Qk="></latexit>

j
<latexit sha1_base64="ULqBaaNFhluU/hjZrbvOI4ZaREY="></latexit>

X = x

<latexit sha1_base64="huOczhGYpBf1ftm5f2ub/v35kTo="></latexit>

K
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Figure 8.1 Plots of sigm(w1x1 + w2x2). Here w = (w1, w2) defines the normal to the decision
boundary. Points to the right of this have sigm(wT

x) > 0.5, and points to the left have sigm(wT
x) <

0.5. Based on Figure 39.3 of (MacKay 2003). Figure generated by sigmoidplot2D.

8.3.1 MLE

The negative log-likelihood for logistic regression is given by

NLL(w) = �

NX

i=1

log[µI(yi=1)
i ⇥ (1� µi)

I(yi=0)] (8.2)

= �

NX

i=1

[yi logµi + (1� yi) log(1� µi)] (8.3)

This is also called the cross-entropy error function (see Section 2.8.2).
Another way of writing this is as follows. Suppose ỹi 2 {�1,+1} instead of yi 2 {0, 1}. We

have p(y = 1) = 1
1+exp(�wTx) and p(y = 1) = 1

1+exp(+wTx) . Hence

NLL(w) =
NX

i=1

log(1 + exp(�ỹiw
Txi)) (8.4)

Unlike linear regression, we can no longer write down the MLE in closed form. Instead, we
need to use an optimization algorithm to compute it. For this, we need to derive the gradient
and Hessian.

In the case of logistic regression, one can show (Exercise 8.3) that the gradient and Hessian

(Murphy, 2012) “Machine Learning: A Probabilistic Perspective”
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(Ng and Jordan, 2001) 
“On Discriminative vs. Generative classifiers: 

A comparison of logistic regression and 
naive Bayes”


