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Dimension reduction

Data is often high-dimensional, but there might be a low-dimensional 
subspace that captures most of the variability of the data. 

How can we find the best-fit low-dimensional subspace? 

How can we represent the data in this low-dimensional subspace?



PCA: Finding dominant directions of variation
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Auto-encoders

An auto-encoder is a way of mapping an input feature vector    
to an approximation 

Typically done by compressing via a feature map                                 
and then decompressing via a reconstruction map
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(also “compressor” or “encoder”)

(also “reconstructor” or “decoder”)

encoder

decoder



Auto-encoders

We often take            (so,    achieves dimension reduction) 

(1) Compressing: 

(2) Reconstructing: 

Goal: Achieve low reconstruction error (often take squared error):

So, we seek pair of maps           such that

is small
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Neural network view of auto-encoders
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Figure 20.17: Results of applying an autoencoder to the Fashion MNIST data. Top row are first 5 images
from validation set. Bottom row are reconstructions. (a) MLP model (trained for 20 epochs). The encoder is
an MLP with architecture 784-100-30. The decoder is the mirror image of this. (b) CNN model (trained for
5 epochs). The encoder is a CNN model with architecture Conv2D(16, 3x3, same, selu), MaxPool2D(2x2),
Conv2D(32, 3x3, same, selu), MaxPool2D(2x2), Conv2D(64, 3x3, same, selu), MaxPool2D(2x2). The decoder
is the mirror image of this, using transposed convolution and without the max pooling layers. Adapted from
Figure 17.4 of [Gér19]. Generated by code at figures.probml.ai/book1/20.17.

decoder, fd. The overall reconstruction function has the form r(x) = fd(fe(x)). The model is
trained to minimize L(✓) = ||r(x)� x||2

2
. More generally, we can use L(✓) = � log p(x|r(x)).

In this section, we consider the case where the encoder and decoder are nonlinear mappings
implemented by neural networks. This is called an autoencoder. If we use an MLP with one hidden
layer, we get the model shown Figure 20.16. We can think of the hidden units in the middle as a
low-dimensional bottleneck between the input and its reconstruction.

Of course, if the hidden layer is wide enough, there is nothing to stop this model from learning the
identity function. To prevent this degenerate solution, we have to restrict the model in some way. The
simplest approach is to use a narrow bottleneck layer, with L ⌧ D; this is called an undercomplete
representation. The other approach is to use L � D, known as an overcomplete representation,
but to impose some other kind of regularization, such as adding noise to the inputs, forcing the
activations of the hidden units to be sparse, or imposing a penalty on the derivatives of the hidden
units. We discuss these options in more detail below.

20.3.1 Bottleneck autoencoders

We start by considering the special case of a linear autoencoder, in which there is one hidden layer,
the hidden units are computed using z = W1x, and the output is reconstructed using x̂ = W2z,
where W1 is a L ⇥ D matrix, W2 is a D ⇥ L matrix, and L < D. Hence x̂ = W2W1x = Wx
is the output of the model. If we train this model to minimize the squared reconstruction error,
L(W) =

P
N

n=1
||xn �Wxn||

2
2
, one can show [BH89; KJ95] that Ŵ is an orthogonal projection onto

the first L eigenvectors of the empirical covariance matrix of the data. This is therefore equivalent to
PCA.

If we introduce nonlinearities into the autoencoder, we get a model that is strictly more powerful
than PCA, as proved in [JHG00]. Such methods can learn very useful low dimensional representations
of data.

Consider fitting an autoencoder to the Fashion MNIST dataset. We consider both an MLP
architecture (with 2 layers and a bottleneck of size 30), and a CNN based architecture (with 3 layers

Draft of “Probabilistic Machine Learning: An Introduction”. February 8, 2022
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Linear auto-encoders

Among all linear auto-encoders that map to a new representation 
of dimension   , which auto-encoder is the best one? 

Linear feature map:                          for 

Linear reconstruction map:                         for 
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Linear auto-encoders: Encoding

Let’s get familiar with the linear encoding/decoding operations 

First, let’s write the linear encoder matrix                  as 

Then,    is encoded as             , or 

If each vector     is a unit vector, then it represents a direction. 

So, the      new feature     measures the activation (or strength) 
of    in the direction    .
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Linear auto-encoders: Decoding

Let’s get familiar with the linear encoding/decoding operations 

What does decoding look like in terms of linear algebra? 

Suppose we have a code (learned representation) 

To decode, use linear decoder matrix                :  
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Linear auto-encoders: projecting onto a subspace

Let                           be a matrix whose columns are orthonormal. 
Take               and           .  

Then linear auto-encoding involves applying the matrix          to   . 
This can also be written as: 

Also,          is a projection matrix that projects any vector    onto 
the subspace spanned by                . 

Simple exercise: what is          if           ?
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Q: Why are we talking about projection matrices? What about PCA? 
A: We will see that PCA uses              and             for very special choice of
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Linear auto-encoders

Among all linear auto-encoders that map to a new representation of 
dimension   , which auto-encoder is the best one? 

We want                 and                 that minimize reconstruction error:  

Nice simplification: we may always assume that the columns of    are 
unit norm (so they are direction vectors). Why? Suppose      column 
of    has norm    . Then we can form equivalent pair     and    :
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Starting point: k = 1

Let’s take the case of           and consider a fixed matrix 

We have                , and so              for some vector  
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Towards PCA

Given: data                                             (n examples, d dimensions) 

First step: Center the data so that 

How can we find the best one-dimensional projection of the data? 

Claim. The following are equivalent: 

(a) The best 1D projection of the data 

(b) The 1D projection of the data                                                         
such that                    has maximum variance
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Showing the claim in 2 steps

Step 1: 

Step 2:

Given a reconstructor A, what is         
the best encoding z of an example x?

Which reconstructor A gives     
the best projection of the data?



Let             and    be the encoding (code word) for example  

Then 

How can we find the best encodings                 for data                ? 

Recall our objective: 

Since      is given, problem decouples: 

Standard exercise. Set derivative of objective (with respect to    ) to 
zero and solve for    :

Step 1: Given a reconstructor A, what is the best 
projection z of an example x?
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<latexit sha1_base64="PumUXP3k4ICOV7LGaXoUtQHT/24="></latexit>

min
zi

kxi � zia1k2

<latexit sha1_base64="mSWCZHRJg36jcjM6sCpiKJQLNIY="></latexit>

min
a12Rd ,ka1k=1

z1,z2,...,zn

1

n

nX

i=1

kxi � x̂ik2

We get                , so 
<latexit sha1_base64="hQpx0fhtqiE0ISe+gzkSle7ZlqM="></latexit>

zi = aT1 xi
<latexit sha1_base64="FkSSSMYefxYU+klnAC5Oklrbf0o="></latexit>p1 = a1

<latexit sha1_base64="PQesFBZDq26jDQmhZX9wjI7y34o="></latexit>zi



<latexit sha1_base64="bDgEjnUMcCM27ELdjoYqmZEWw6Y="></latexit>
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a12Rd
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n

�
kxik2 � 2zia

T
1 xi + z2i ka1k2

�
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nX
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z2i

⌘ max
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1
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z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

0

@zi �
1

n

nX

j=1

zj

1

A
2

Step 2: Which reconstructor A gives best 1D projection?

Our objective may now be written as:
Recall:

<latexit sha1_base64="5k8gDtWh3IzLoGPTbY8I0Gwlrmo="></latexit>

x̂i = zia1
<latexit sha1_base64="F6FysLeoxvUiLFQNfhXF2ykZiAU="></latexit>

zi = aT1 xi



<latexit sha1_base64="bDgEjnUMcCM27ELdjoYqmZEWw6Y="></latexit>

min
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ka1k=1

1

n

nX

i=1

kxi � x̂ik2 ⌘ min
a12Rd

ka1k=1

1

n

�
kxik2 � 2zia

T
1 xi + z2i ka1k2

�

⌘ min
a12Rd

ka1k=1

�1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

0

@zi �
1

n

nX

j=1

zj

1

A
2

Our objective may now be written as:
Recall:

<latexit sha1_base64="5k8gDtWh3IzLoGPTbY8I0Gwlrmo="></latexit>

x̂i = zia1
<latexit sha1_base64="F6FysLeoxvUiLFQNfhXF2ykZiAU="></latexit>

zi = aT1 xi

Step 2: Which reconstructor A gives best 1D projection?



<latexit sha1_base64="bDgEjnUMcCM27ELdjoYqmZEWw6Y="></latexit>

min
a12Rd

ka1k=1

1

n

nX

i=1

kxi � x̂ik2 ⌘ min
a12Rd

ka1k=1

1

n

�
kxik2 � 2zia

T
1 xi + z2i ka1k2

�

⌘ min
a12Rd

ka1k=1

�1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

0

@zi �
1

n

nX

j=1

zj

1
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Our objective may now be written as:
Recall:

<latexit sha1_base64="5k8gDtWh3IzLoGPTbY8I0Gwlrmo="></latexit>

x̂i = zia1
<latexit sha1_base64="F6FysLeoxvUiLFQNfhXF2ykZiAU="></latexit>

zi = aT1 xi

Step 2: Which reconstructor A gives best 1D projection?



maximize the s
ample varia

nce!

<latexit sha1_base64="bDgEjnUMcCM27ELdjoYqmZEWw6Y="></latexit>

min
a12Rd

ka1k=1

1

n

nX

i=1

kxi � x̂ik2 ⌘ min
a12Rd

ka1k=1

1

n

�
kxik2 � 2zia

T
1 xi + z2i ka1k2

�

⌘ min
a12Rd

ka1k=1

�1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1

1

n

nX

i=1

z2i

⌘ max
a12Rd

ka1k=1
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n

nX
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<latexit sha1_base64="7IbjKJUN4KcLe/mz+BSZDsYz8QI="></latexit>

= 0 since we centered the data

Recall:
<latexit sha1_base64="5k8gDtWh3IzLoGPTbY8I0Gwlrmo="></latexit>

x̂i = zia1
<latexit sha1_base64="F6FysLeoxvUiLFQNfhXF2ykZiAU="></latexit>

zi = aT1 xi

Step 2: Which reconstructor A gives best 1D projection?

Our objective may now be written as:



First principal component

Therefore, the first principal direction     is the direction along 
which the data has the most variance 

Given     , we can compute the first principal component as 

How can we find    ? Observe that 

Question: which unit vector     maximizes            ? 

<latexit sha1_base64="5EsIg1J4Xi6ASPwkaVXg2brgXwA="></latexit>v1

<latexit sha1_base64="5EsIg1J4Xi6ASPwkaVXg2brgXwA="></latexit>v1
<latexit sha1_base64="wynU7l9KXsjHiFd7DGf9Ra8DCcI="></latexit>

vT
1 X =

�
vT
1 x1 vT

1 x2 . . . vT
1 xn

�
=

�
z1 z2 . . . zn

�

<latexit sha1_base64="pBFDJB9+Wywhquc0F38KEbzkUnw="></latexit>

1

n

nX

i=1

z2i =
1

n

nX

i=1

aT1 xix
T
i a1 = aT1

 
1

n

nX

i=1

xix
T
i

!
a1 = aT1 Ca1

(sample) covariance matrix

<latexit sha1_base64="3lxUGgS3roC/fBd1tCdVMwFJD14="></latexit>

aT1 Ca1
<latexit sha1_base64="IqKZ19gXWVELcA6mFlZPmbgujks="></latexit>a1

<latexit sha1_base64="vGI9YBcYfodZV6X2fdoKlr+EB9I="></latexit>v1



First principal component

Key question: which unit vector     maximizes            ? 

Idea: Express     as                     for  

Since eigenvectors form an orthonormal basis, we can 
express     in terms of the eigenbasis (                         ) 

From there, it is not difficult to show that            .

<latexit sha1_base64="3lxUGgS3roC/fBd1tCdVMwFJD14="></latexit>

aT1 Ca1
<latexit sha1_base64="6NzT+G4Rm4Ruhp9PEMYoNfB4RFE="></latexit>

C = V⇤V T

<latexit sha1_base64="EgKYhI27usn6YGDm0SiKDyvn/hQ="></latexit>0

B@
�1 0

. . .
0 �d

1

CA
<latexit sha1_base64="3t13BrKvvzxNiyBIRNRN4nTTDgM="></latexit>�
v1 v2 . . . vd

�

eigenvectors

eigenvalues

<latexit sha1_base64="hsM7XBHa4kXppn8IqEs1eYriuSs="></latexit>a1 = v1

<latexit sha1_base64="zqjT8a8729154YrnEacEAltMgqk="></latexit>

a1 =
Pd

j=1 ↵jvj
<latexit sha1_base64="ptVHhRzeyT+LBch3Q9BYCBk6tPo="></latexit>a1

coefficient
<latexit sha1_base64="O53sDZ1bFFu50v+bHFWVDx9CiRk="></latexit>

j th

<latexit sha1_base64="1NHMLdMewka3cfD25MY/lRfONM0="></latexit>

C

<latexit sha1_base64="IqKZ19gXWVELcA6mFlZPmbgujks="></latexit>a1



The best k-dimensional subspace

In general, how can we find the best   -dimensional subspace? 

Suppose we have already found the first    principal directions    
.                   , and now we seek the                principal direction 

Observation: The principal directions will be orthogonal. Why? 

Hopefully easier question: how can we find the best set of 
orthogonal unit basis vectors                ?

<latexit sha1_base64="s5qZ16iQj20TYCiSiM7LCq2Sn50="></latexit>

min
v1,...,vk

1

n

nX

i=1

kxi � x̂ik2

<latexit sha1_base64="dkBsJAuACkWCQ9bh9JNb9TrmVTc="></latexit>

k

<latexit sha1_base64="X/IBMjw9Ypom6O9IN2Ru9e9f808="></latexit>

(r + 1)th<latexit sha1_base64="zlXzqfMEn/uqt97bUxEN2TpGprI="></latexit>v1, v2, . . . , vr

<latexit sha1_base64="e6Q61a64zH97o6zqGa5TjRmhnpc="></latexit>r

<latexit sha1_base64="jJ1I3lKYEw1XdeT956JT8VcuPUQ="></latexit>v1, . . . , vk

Objective:

Reconstruction based on <latexit sha1_base64="sbj6u97cxBInJcmEZFxGNq+i5zM="></latexit>v1, . . . , vk



The best k-dimensional subspace
original reconstruction (k dimensions)

<latexit sha1_base64="qfIbBJDBmMdbdwi/oLbAfg/e5O8="></latexit>xi

<latexit sha1_base64="eqXDrMkzooW8ml/ayWpDUEHX/gU="></latexit>

Id⇥dxi

<latexit sha1_base64="66jVTlyv0giFUwMDDDZBf8LwCwk="></latexit>

x̂i
<latexit sha1_base64="/MuhcOWr/LDZNFGsEhIctYHw9io="></latexit>

kX

j=1

vj
�
vT
j xi

�
( jth feature of          )

<latexit sha1_base64="fyCIfT9N4AaYmNpqnRUObZlkHLc="></latexit>

'(xi )
<latexit sha1_base64="LD2WMj+7HIcxBHOdn9s+pdHOID8="></latexit>zi ,j

<latexit sha1_base64="9t5K6n54Q08jH3hGhUBXGBY8uoQ="></latexit> 
dX

j=1

vjv
T
j

!
xi

<latexit sha1_base64="31/Up5BlNr6jUJziohEYXRIqiBk="></latexit> 
kX

j=1

vjv
T
j

!
xi



The best k-dimensional subspace
original reconstruction (k dimensions)

<latexit sha1_base64="qfIbBJDBmMdbdwi/oLbAfg/e5O8="></latexit>xi

<latexit sha1_base64="eqXDrMkzooW8ml/ayWpDUEHX/gU="></latexit>

Id⇥dxi

<latexit sha1_base64="66jVTlyv0giFUwMDDDZBf8LwCwk="></latexit>

x̂i
<latexit sha1_base64="/MuhcOWr/LDZNFGsEhIctYHw9io="></latexit>

kX

j=1

vj
�
vT
j xi

�
( jth feature of          )

<latexit sha1_base64="fyCIfT9N4AaYmNpqnRUObZlkHLc="></latexit>

'(xi )
<latexit sha1_base64="LD2WMj+7HIcxBHOdn9s+pdHOID8="></latexit>zi ,j

<latexit sha1_base64="JbTu/GboFB3Yu8uqVCDsSkmiS8o="></latexit>

1

n

nX

i=1

kxi � x̂ik2 =
1

n

nX

i=1

dX

j=k+1

vT
j xix

T
i vj =

dX

j=k+1

vT
j

 
1

n

nX

i=1

xix
T
i

!
vj

<latexit sha1_base64="9t5K6n54Q08jH3hGhUBXGBY8uoQ="></latexit> 
dX

j=1

vjv
T
j

!
xi

<latexit sha1_base64="31/Up5BlNr6jUJziohEYXRIqiBk="></latexit> 
kX

j=1

vjv
T
j

!
xi

<latexit sha1_base64="vJAsOPOMfOrbez72DbXJx+PHmhk="></latexit>)

<latexit sha1_base64="rB1/87kuVkignZe+gIC4br6nzlQ="></latexit>

kxi � x̂ik2 =

������

dX

j=k+1

vjv
T
j xi

������

2

=
dX

j=k+1

��vjvT
j xi

��2 =
dX

j=k+1

vT
j xix

T
i vj



Idea: We still use eigendecomposition of covariance matrix
<latexit sha1_base64="6NzT+G4Rm4Ruhp9PEMYoNfB4RFE="></latexit>

C = V⇤V T

The best k-dimensional subspace

<latexit sha1_base64="EgKYhI27usn6YGDm0SiKDyvn/hQ="></latexit>0

B@
�1 0

. . .
0 �d

1

CA
<latexit sha1_base64="3t13BrKvvzxNiyBIRNRN4nTTDgM="></latexit>�
v1 v2 . . . vd

�

eigenvectors

eigenvalues



PCA
How to compute principal components: 

(1) Center the data                  so that  

(2) Compute covariance matrix 

(3) Compute eigendecomposition of 

(4) The      principal component is                                  
The first     PCs are obtained via

<latexit sha1_base64="POajW37u4bX2Sw72+YfEV7zCrgM="></latexit>

1

n

nX

i=1

Xi = 0
<latexit sha1_base64="3rTBgz9gohAwiezQhcczCCfYVuM="></latexit>

X 2 Rd⇥n

column of 
<latexit sha1_base64="8hA4h3jeQto1bwf+8Ovut3UlQrg="></latexit>

i th
<latexit sha1_base64="VFoG6X637oOx2VcBqndusPIj4jM="></latexit>

X

(     example)
<latexit sha1_base64="8hA4h3jeQto1bwf+8Ovut3UlQrg="></latexit>

i th

<latexit sha1_base64="EarRdFvNZAtDoP8o/LLLjgohieI="></latexit>

C

<latexit sha1_base64="J2Wb1vx3jDjEPN4J0jfANzmiq4g="></latexit>

C = V⇤V T

<latexit sha1_base64="dkBsJAuACkWCQ9bh9JNb9TrmVTc="></latexit>

k

<latexit sha1_base64="+uapqv1fSTPmrPmYxe/w2Xw9AuQ="></latexit>

j th
<latexit sha1_base64="iQ5IVlZkIU1AybJXaabWwVp63Tc="></latexit>

vT
j X

<latexit sha1_base64="b7+J9EhAqxlBdRO7mJYK+eeWEiw="></latexit>

(v1 . . . vk)
TX 2 Rk⇥n

<latexit sha1_base64="3t13BrKvvzxNiyBIRNRN4nTTDgM="></latexit>�
v1 v2 . . . vd

�
<latexit sha1_base64="EgKYhI27usn6YGDm0SiKDyvn/hQ="></latexit>0

B@
�1 0

. . .
0 �d

1

CA

<latexit sha1_base64="vzX0T15vMcWLXJPRNlXocnH5UuY="></latexit>

�1 � �2 � . . . � �d

<latexit sha1_base64="oU5F7g/Axl946/nQLTnXlEtK9Dc="></latexit>

C =
1

n
XXT 2 Rd⇥d



Properties of principal components

The principal components have a few fundamental properties 

(1) PCs 1 through d are in order of decreasing variance                                    
Why? The sample variance of the       PC is 

(2) PCs are uncorrelated. Why? For any distinct j, k

<latexit sha1_base64="+uapqv1fSTPmrPmYxe/w2Xw9AuQ="></latexit>

j th
<latexit sha1_base64="ZU5CZxPiH9RNDv8fOU34JnpF2sA="></latexit>

1

n

nX

i=1

(vT
j Xi )

2 = vT
j

 
1

n

nX

i=1

XiX
T
i

!
vj = vT

j Cvj = �jkvjk2 = �j

<latexit sha1_base64="KR97c4eEDkxRRMC2KHo2/W5jTfs="></latexit>

1

n

nX

i=1

(vT
j X )i (v

T
k X )i = vT

j

✓
1

n
XXT

◆
vk = vT

j Cvk = �kv
T
j vk = 0

<latexit sha1_base64="2wiquh9dQON+NnBpC6DxbJYxw0A="></latexit>

�jvj

<latexit sha1_base64="U+5zG5MlIEnc6pmTtGOMiylA2+4="></latexit>

�kvk



Practical Usage

Let                               be matrix of first k principal directions 

(1) Get principal components for input x: 

(2) Reconstruct: 

<latexit sha1_base64="oFLAR26L3z00iDLg+LoUWoeJAGg="></latexit>

A = [v1 v2 . . . vk ]

<latexit sha1_base64="7QehbcUXSFe7KAMhcMjI4Vwe9Og="></latexit>

z = AT (x � µ)

mean of data

<latexit sha1_base64="O9D9H6QJy3RRC6mTBars6LTRZk4="></latexit>

x̂ = Az + µ = AAT (x � µ) + µ

remember to add the 
mean back in







mean

top 7

eigenfaces


