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An ensemble method: a method that predicts by aggregating the 
predictions of many hypotheses


Bagged Trees and Random Forests are both ensemble methods

• Common idea: Take the majority vote (for classification) among a 

large, diverse set of classifiers, each of which is a decision tree 
(trained on a random bootstrap sample of the training set)



Ensemble methods
An ensemble method: a method that predicts by aggregating the 
predictions of many hypotheses


Bagged Trees and Random Forests are both ensemble methods

• Common idea: Take the majority vote (for classification) among a 

large, diverse set of classifiers, each of which is a decision tree 
(trained on a random bootstrap sample of the training set)

<latexit sha1_base64="1dbetNyf230QWA0ZozZufpfOnCk="></latexit>

T1

<latexit sha1_base64="lWtjDVBtLNFZX4x+E08OFjWZuL8="></latexit>

T2
<latexit sha1_base64="ONoyZexSMobzB5HyxeSxiAWHl3Y="></latexit>

T3

0 1 0 1 0 1 1 0

0 1

<latexit sha1_base64="WaAaqQjHd1asxG/u9bBPoCfsi20="></latexit>x
<latexit sha1_base64="WaAaqQjHd1asxG/u9bBPoCfsi20="></latexit>x

<latexit sha1_base64="WaAaqQjHd1asxG/u9bBPoCfsi20="></latexit>x



Bootstrap Aggregation (Bagging)
Given a training sample                                                                         
of size n, a bootstrap sample is obtained by drawing n examples 
with replacement from    . 


For a given learning algorithm, bootstrap aggregation, or bagging, 
trains the learning algorithm M times as follows:


For j = 1, 2, …, M

• Draw a new bootstrap sample      from

• Train the algorithm on     , giving hypothesis
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ĥj

We could try to take a bootstrapped sample1 by resampling with replacement from the original
sample. This means that each observation in the sample has the same probability to be sampled; and
because it is with replacement, the observation has the same probability to be picked subsequently as well.
Figure 2 shows an example of 3 bootstrapped samples. We could then calculate the means for each of the
bootstrapped samples (5, 4.4, 3.6). This process of resampling and recalculating the statistic is repeated
for some number of iterations, e.g., 5,000 iterations. Now we can sort these bootstrapped estimates, extract
the median, the 2.5th and 97.5th percentile of these estimates, to obtain an overall estimate and confidence
interval of the population mean.
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Figure 2: Taking 3 bootstrapped samples of n=5 from the original sample (n=5). Notice that the middle
bootstrapped sample reproduces the original sample exactly. Counter to a naive intuition, resampling the
original sample exactly is NOT more likely (and in fact, is just as likely) as drawing a “skewed” sample such
as the one on the right.

Performing a bootstrap with 5,000 iterations, I obtained a mean of 4.4 [3, 6] (compared with the earlier
parametric calculation of 4.4 [2.81, 5.99]) Notice that the bootstrapped estimate’s CI is not symmetric. The
di↵erence in this small, made-up sample isn’t astounding, but I hope to have illustrated how general this
technique can be. In fact, if you look at this process schematically (Figure 3), you can see why the crucial
assumption is just that the original sample is representative of the population. The bootstrapped samples
are drawn from the original sample (just like the original sample was drawn from the population), and hence
for the bootstrap to be reliable, the original sample has to be representative of the population.

Some points to note:

• Bootstrapping is essentially a (pseudo-)random simulation. That means that if I repeat my boot-
strapping calculation, I might get a slightly di↵erent result. This shouldn’t matter too much, and
performing more iterations should help to stabilize your results. If you wanted to reproduce the same
result every time, consider using a seed in your program – if you run a simulation multiple times with
the same seed, it should give you the same answer every time: that’s partly why computer simulations
are pseudo-random rather than truly random.

• How many observations should we resample? A good suggestion is the original sample size.

• How many iterations should we run? Well, in the past, processing power was a big limitation, but
nowadays, it isn’t really. The field has to come to a consensus to a conventional number, but in the
meantime, I would suggest something like 5,000 (which my statistics lecturer proposed too when I
learnt bootstrapping). (Technically, one would keep increasing the iteration size until the simulation
converges, i.e. when the results from a run doesn’t change if you add more iterations.)

The bootstrap process is very generalizable (Figure 4). If you would run a regression on a sample to get
out regression coe�cients of interest, you could bootstrap the regression to estimate confidence intervals on
the coe�cients. If you had any statistical analysis of interest that would calculate an e↵ect size or a statistic,
you can bootstrap it to get out confidence intervals on that statistic.

1There are problems with bootstrapping small samples (some textbooks say the sample size should be larger than 8). I chose
5 because it’s easy to illustrate here.

3

(Ong, 2014) A primer to bootstrapping
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Bootstrap Aggregation (Bagging)
Given a training sample                                                                         
of size n, a bootstrap sample is obtained by drawing n examples 
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When given a new example, the bagged predictor predicts:               

• the majority vote among                       for classification


• the mean of                        for regression
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<latexit sha1_base64="K1aYuRb15iqlNwmYYruZ3ZXcSv0="></latexit>

argmax
y2{1,2,...,k}

��{j 2 [M] : ĥj(x) = y}
��



Geometry: One decision tree



Geometry: Towards majority vote of 2 decision trees
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Geometry: Towards majority vote of 3 decision trees



Geometry: Majority vote of 3 decision trees



Geometry: Majority vote of 3 decision trees



Bagged Trees
Each tree is constructed as follows:


Input 

• a training set of    examples with    features


• Number of trees,


Algorithm 

    For each of the     trees:


• Sample (with replacement)    examples from the training set


• Train the tree using the sample


Are bagged trees a good idea? Yes for regression. For classification, 
bagging could be better or worse than a single decision tree. 
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Random Forest Construction
Each tree is constructed as follows:


Input 

• a training set of n examples with    features


•               - number of examples in each decision tree’s training set


•               - number of features used to determine the decision at each node 
of the tree


• Number of trees,


Algorithm 

    For each of the     trees:


• Sample (with replacement)     examples from the training set


• During tree construction, for each node of the tree, randomly select 
distinct features on which to base the decision at the node. So, the 
best split will be computed based on these     features.
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Random Forest Construction
Each tree is constructed as follows:
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Algorithm 

    For each of the     trees:
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Rules of Thumb 

Try             (bootstrap samples)

Classification: try

Regression: try
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Random Forests

Quite old, and yet one of the best methods out there


Intuition for why they work well:


• Trees have low bias (high representational power) but can 
have high variance (high sensitivity to particular choice of 
training sample). Achieve some variance control by 
aggregating over many trees trained on bootstrapped data


• If errors of individual models tend not to be correlated                  
(different models make different types of errors),                                     
the majority vote can far outperform the best individual model

Random forests have this advantage, 
but bagged trees do not. Why?



Prediction using a Random Forest

(1) Get a prediction for each tree     in the forest


(2) Take the majority vote of the predictions (for classification)


Predict

T
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Random Forests

Good news: Good performance in practice


Bad news: A random forest hypothesis is not easily interpretable 
(whereas a single decision tree typically is interpretable)


