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“How is it that a committee of blockheads can somehow 
arrive at highly reasoned decisions, despite the weak 
judgment of the individual members? How can the shaky 
separate views of a panel of dolts be combined into a single 
opinion that is very likely to be correct?


… this unlikely strategy turns out to form the basis of boosting 

… at its core, boosting solves hard machine-learning 
problems by forming a very smart committee of grossly 
incompetent but carefully selected members.”


—Schapire and Freund (Boosting: Foundations and Algorithms, 2012)

https://mitpress.mit.edu/books/boosting


Weak Learners

Typically easy to find rules of thumb (simple rules) that just 
perform better than chance (e.g., error at most 49%) 

Example: If “bitcoin” appears in an email, predict spam 

Typically hard to find a single rule that is highly accurate 
(accuracy close to 100%)



Weak Learners
A weak learner is a learning algorithm that produces a simple, 
“better than chance” rule (i.e. a rule of thumb). 

Examples: 
Decision stumps (or low-depth decision trees) 
Linear predictors (or nonlinear predictors using few features) 

A decision stump-learning algorithm can probably learn a decision 
stump that performs better than chance. 

The hope: Can we “boost” the performance of decision stumps by 
training different stumps that focus on different parts of the data,                
and then combining them? 

Recall: Random forests using decision stumps was one way of combining 
predictions of weak learners. Random forests are an ensemble method that 
combines rules of thumb. But the stumps aren’t very specialized and the method 
of combination is very naive (simple majority vote).



Generic Boosting Algorithm

Given: A weak learning algorithm and a training set 

Initially, give all examples in training set the same weight 

Run weak learner on weighted version of training set, producing a 
weak hypothesis 

Change emphasis/weights on the examples somehow 

Form a final predictor that somehow combines the predictions of 
the learned weak hypotheses

Repeat T times



Key Questions

How to reweight examples in each round? 

How to combine weak hypotheses into a final predictor?



Key Questions

How to reweight examples in each round? 

Increase weight on examples that were misclassified 
by the most recent weak hypothesis 

How to combine weak hypotheses into a final predictor? 

Use a weighted majority predictor where the voters are 
the learned weak hypotheses  
(and give more weight to more accurate rules)



Boosting

The setting is binary classification, and we assume the data is labeled 
by some concept    in a known concept class   . 

A weak learner is a learning algorithm that, no matter the distribution 
over the inputs (the   ’s), returns a hypothesis that performs strictly 
better than chance (e.g., error at most 49%).


A strong learner is a learning algorithm that can get error at most      by 
using a number of examples that grows at most polynomially in       .


A boosting algorithm is an algorithm that “boosts" a weak learner into 
a strong learner: by making repeated calls to the weak learner and by 
using enough data, a boosting algorithm can provably return a 
hypothesis of arbitrarily low error (at most   ).
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Weak and Strong Learnability, Formally

Weak Learner

For fixed             and           , for all distributions over the inputs, given     
a constant number of examples, with probability at least     ,            
Aweak  returns a hypothesis with error at most          . 

Strong Learner 
For all                 and          ,  for all distributions over the inputs, given 
polynomially (in    and    ) many examples, with probability at least          ,              
Astrong  returns a hypothesis with error at most   . 

If there exists a weak learner for some concept class    ,                                 
then we say that weak learnability holds. 
If there exists a strong learner for some concept class    ,                               
then we say that strong learnability holds.
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Michael Kearns and Leslie Valiant (1988):

“Is weak learnability equivalent to strong learnability?”



Michael Kearns and Leslie Valiant (1988):

“Is weak learnability equivalent to strong learnability?”


Answer: “Yes” —Robert Schapire (1989)




A Boosting Algorithm

Labeled training set                                with labels 
Weak learner 

for                        : 

Choose distribution      over 

Using weak learner, find weak hypothesis     with small error 
under distribution     

Output final classifier H that combines predictions of

Given: (x1, y1), . . . , (xn, yn)
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How to form the final classifier H?
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AdaBoost

Set                     for all   

for                        : 

Run weak learner on training set weighted by     , giving 

Compute error of      under     : 

Update distribution: 

t = 1, 2, . . . ,T

<latexit sha1_base64="rnNwtvgSGzUhJQ/IVnfxSa4fbpM="></latexit>

Dt

<latexit sha1_base64="Zk4DPOj+GAVTiNxSlftpaFp7Hvs="></latexit>

"t = Pri⇠Dt (ht(xi ) 6= yi )

<latexit sha1_base64="CkHhOovRc97F1wCg5gIQkLaQbdg="></latexit>

ht

<latexit sha1_base64="4dnPkaGh147QbapcFt9tldNebSU="></latexit>

Dt

<latexit sha1_base64="Zk4DPOj+GAVTiNxSlftpaFp7Hvs="></latexit>

ht

<latexit sha1_base64="4dnPkaGh147QbapcFt9tldNebSU="></latexit>

normalization constant

D1(i) = 1/n

<latexit sha1_base64="yzX+xfbBtlsJWpOQYKhOv/sl+W0="></latexit>

i

<latexit sha1_base64="Rfol8jbjKxOKh1lkGhE1GN0ddpc="></latexit>

↵t =
1

2
log

✓
1� "t
"t

◆

<latexit sha1_base64="AANjtMG1lVKwmGZFW2eFfJvz060="></latexit>

Magic number!
Note:            since weak learner 
should do better than chance

(should have               ) 

↵t > 0

<latexit sha1_base64="GS9c8OmhEdY5z7Uv6/zd1HyZ4sI="></latexit>

"t < 1/2

<latexit sha1_base64="YoeV78orGgNmrXUlLNNiNXfiiog="></latexit>

Dt+1(i) =
Dt(i)

Zt
·
(
e�↵t if ht(xi ) = yi
e↵t if ht(xi ) 6= yi

<latexit sha1_base64="8h3No1a1MejDW1OETpZn89y+l+s="></latexit>



AdaBoost

Set                     for all   

for                        : 

Run weak learner on training set weighted by     , giving 

Compute error of      under     : 

Update distribution: 

Output final classifier:  

t = 1, 2, . . . ,T
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Toy ExampleToy ExampleToy ExampleToy ExampleToy Example

D1

weak classifiers = vertical or horizontal half-planes

Slide taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



Round 1Round 1Round 1Round 1Round 1

h1

α

ε1
1

=0.30
=0.42

2D

Slide taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



Round 2Round 2Round 2Round 2Round 2

α

ε2
2

=0.21
=0.65

h2 3D

Slide taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



Round 3Round 3Round 3Round 3Round 3

h3

α

ε3
3=0.92
=0.14

Slide taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



Final ClassifierFinal ClassifierFinal ClassifierFinal ClassifierFinal Classifier

H
final

+ 0.92+ 0.650.42sign=

=

Slide taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



Boosting weak (and not-so-weak) learners
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Figure 1.3
Comparison of two base learning algorithms—decision stumps and C4.5—with and without boosting. Each point
in each scatterplot shows the test error rate of the two competing algorithms on one of 27 benchmark learning
problems. The x-coordinate of each point gives the test error rate (in percent) using boosting, and the y-coordinate
gives the error rate without boosting when using decision stumps (left plot) or C4.5 (right plot). All error rates
have been averaged over multiple runs.
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Figure 1.4
Comparison of boosting using decision stumps as the base learner versus unboosted C4.5 (left plot) and boosted
C4.5 (right plot).

Figure taken from Schapire and Freund 
(Boosting: Foundations and Algorithms, 2012)

Each point shows the test error rate of the two competing algorithms on 
one of 27 benchmark learning problems. The x-coordinate of each point 
gives the percent test error using boosting, and the y-coordinate gives 
the error rate without boosting when using decision stumps (left plot) or 
C4.5 (right plot). All error rates have been averaged over multiple runs.

https://mitpress.mit.edu/books/boosting


More boosting comparisons
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Figure 1.4
Comparison of boosting using decision stumps as the base learner versus unboosted C4.5 (left plot) and boosted
C4.5 (right plot).

Figure taken from Schapire and Freund 
(Boosting: Foundations and Algorithms, 2012)

Each point shows the test error rate of the two competing algorithms on 
one of 27 benchmark learning problems.

https://mitpress.mit.edu/books/boosting


Training error of AdaBoost
Does AdaBoost provably work? 

Let’s first consider the training error of its final classifier H 

Theorem 

For each round t, express      as 
Then 
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�t

<latexit sha1_base64="Ih0zViT0iWaJVUuyuYOSPxUeNhc="></latexit>

ht

<latexit sha1_base64="qtLlWv1hbsc9nmiCf955WR0N4WI="></latexit>

Dt

<latexit sha1_base64="ptkpgE/wKlcs0w+hlipsyYlvaAQ="></latexit>

"t =
1
2 � �t

<latexit sha1_base64="vAX0YrkGfeYnv3CdVfsqiNg5h4M="></latexit>

Training Error

If all edges satisfy             for some strictly positive      
(if each blockhead does strictly better than chance…)   
then training error decays exponentially fast as
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Test Error of AdaBoost

As a sanity check, low training error is good… 

…but what we really care about is getting low test error! 

How large should the number of rounds T be for AdaBoost to get 
low test error? 

A first intuition: If the weak learner selects hypotheses from some 
class         , and if the strong learner outputs a weighted majority 
vote among T hypotheses from         , then as T increases, the 
weighted majority vote is more complicated and has a higher 
potential to overfit. 

Occam’s razor: All things being equal (given two hypotheses with 
equal training error), select the simpler one.

Cweak
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What we expect from Occam’s razor

How Will Test Error Behave? (A First Guess)How Will Test Error Behave? (A First Guess)How Will Test Error Behave? (A First Guess)How Will Test Error Behave? (A First Guess)How Will Test Error Behave? (A First Guess)
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expect:

• training error to continue to drop (or reach zero)

• test error to increase when Hfinal becomes “too complex”
• “Occam’s razor”
• overfitting

• hard to know when to stop training

Figure taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”

The rough intuition suggests that we should definitely stop training 
as soon as the training error hits zero (or maybe even earlier…)

Figure we expect to see



What actually often happens in practice

But in many cases, even if we train for a very large number of rounds                      
(far beyond when the training error became exactly zero and stayed there!), 
the test error continues droppingActual Typical RunActual Typical RunActual Typical RunActual Typical RunActual Typical Run

10 100 1000
0

5

10

15

20

# of rounds (T

C4.5 test error

)

train

test

er
ro

r

(boosting C4.5 on
“letter” dataset)

• test error does not increase, even after 1000 rounds
• (total size > 2,000,000 nodes)

• test error continues to drop even after training error is zero!

# rounds
5 100 1000

train error 0.0 0.0 0.0
test error 8.4 3.3 3.1

• Occam’s razor wrongly predicts “simpler” rule is better

er
ro
r

Figure taken from Schapire’s NIPS 2007 tutorial 
“Theory and Applications of Boosting”



What also can happen on hard problems
Yet, on some harder problems, we do get the familiar 
test error “elbow" curve
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Figure 1.5
The training and test percent error rates obtained using boosting on the heart-disease dataset. Results are averaged
over multiple train-test splits of the data.

complicated one, a notion sometimes called “Occam’s razor.” With more rounds of boost-
ing, the combined classifier grows in size and complexity, apparently overwhelming good
performance on the training set. This general connection between simplicity and accuracy
is explored in chapter 2. For boosting, exactly the kind of behavior observed in figure 1.5
is predicted by the analysis in chapter 4.

Overfitting is a significant problem because it means that we have to be very careful about
when to stop boosting. If we stop too soon or too late, our performance on the test set may
suffer significantly, as can be seen in this example. Moreover, performance on the training
set provides little guidance about when to stop training since the training error typically
continues to drop even as overfitting gets worse and worse.

1.3 Resistance to Overfitting and the Margins Theory

This last example describes a case in which boosting was used with very weak base clas-
sifiers. This is one possible use of boosting, namely, in conjunction with a very simple
but truly mediocre weak learning algorithm. A rather different use of boosting is instead to
boost the accuracy of a learning algorithm that is already quite good.

This is the approach taken in the next example. Here, rather than a very weak base learner,
we used the well-known and highly developed machine-learning algorithm C4.5 as the base
learner. As mentioned earlier, C4.5 produces classifiers called decision trees. Figure 1.6
shows an example of a decision tree. The nodes are identified with tests having a small

Boosted decision stumps on heart disease dataset

Figure taken from Schapire and Freund 
(Boosting: Foundations and Algorithms, 2012)

https://mitpress.mit.edu/books/boosting


The remaining slides are optional and might not 
have been covered during lecture 



Understanding the test error

So, what's going on here?

To understand this, given a weighted majority vote hypothesis    , we 
define the margin of     on any labeled example          as:
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Understanding the test error

So, what's going on here?

To understand this, given a weighted majority vote hypothesis    , we 
define the margin of     on any labeled example          as:
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Understanding the test error

So, what's going on here?

To understand this, given a weighted majority vote hypothesis    , we 
define the margin of     on any labeled example          as:

If on a fixed example          , 80% of the weight is on correctly 
predicting rules, then the margin is 0.8 - 0.2 = 0.6.
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Understanding the test error

So, what's going on here?

To understand this, given a weighted majority vote hypothesis    , we 
define the margin of     on any labeled example          as:

If on a fixed example          , 80% of the weight is on correctly 
predicting rules, then the margin is 0.8 - 0.2 = 0.6.

We can then study the empirical distribution of the margin over the 
training sample.
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Empirical margin distribution

Another look at the example where test error kept decreasing:
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Figure 2: Error curves and the margin distribution graph for boosting C4.5 on the letter dataset as
reported by Schapire et al. [41]. Left: the training and test error curves (lower and upper curves,
respectively) of the combined classifier as a function of the number of rounds of boosting. The
horizontal lines indicate the test error rate of the base classifier as well as the test error of the final
combined classifier. Right: The cumulative distribution of margins of the training examples after 5,
100 and 1000 iterations, indicated by short-dashed, long-dashed (mostly hidden) and solid curves,
respectively.

Analyzing the training error
The most basic theoretical property of AdaBoost concerns its ability to reduce the training error.
Let us write the error of as . Since a hypothesis that guesses each instance’s class
at random has an error rate of (on binary problems), thus measures how much better than
random are ’s predictions. Freund and Schapire [23] prove that the training error (the fraction of
mistakes on the training set) of the final hypothesis is at most

(1)

Thus, if each weak hypothesis is slightly better than random so that for some , then
the training error drops exponentially fast.
A similar property is enjoyed by previous boosting algorithms. However, previous algorithms

required that such a lower bound be known a priori before boosting begins. In practice, knowl-
edge of such a bound is very difficult to obtain. AdaBoost, on the other hand, is adaptive in that it
adapts to the error rates of the individual weak hypotheses. This is the basis of its name — “Ada”
is short for “adaptive.”
The bound given in Eq. (1), combined with the bounds on generalization error given below,

prove that AdaBoost is indeed a boosting algorithm in the sense that it can efficiently convert
a weak learning algorithm (which can always generate a hypothesis with a weak edge for any
distribution) into a strong learning algorithm (which can generate a hypothesis with an arbitrarily
low error rate, given sufficient data).

4

After 10 rounds, all examples have margin ≥ 0.14

The cumulative distribution of margins of the training examples 
after 5, 100 and 1000 iterations, indicated by short-dashed, 
long-dashed, and solid curves, respectively.
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Figure 2: Error curves and the margin distribution graph for boosting C4.5 on the letter dataset as
reported by Schapire et al. [41]. Left: the training and test error curves (lower and upper curves,
respectively) of the combined classifier as a function of the number of rounds of boosting. The
horizontal lines indicate the test error rate of the base classifier as well as the test error of the final
combined classifier. Right: The cumulative distribution of margins of the training examples after 5,
100 and 1000 iterations, indicated by short-dashed, long-dashed (mostly hidden) and solid curves,
respectively.

Analyzing the training error
The most basic theoretical property of AdaBoost concerns its ability to reduce the training error.
Let us write the error of as . Since a hypothesis that guesses each instance’s class
at random has an error rate of (on binary problems), thus measures how much better than
random are ’s predictions. Freund and Schapire [23] prove that the training error (the fraction of
mistakes on the training set) of the final hypothesis is at most

(1)

Thus, if each weak hypothesis is slightly better than random so that for some , then
the training error drops exponentially fast.
A similar property is enjoyed by previous boosting algorithms. However, previous algorithms

required that such a lower bound be known a priori before boosting begins. In practice, knowl-
edge of such a bound is very difficult to obtain. AdaBoost, on the other hand, is adaptive in that it
adapts to the error rates of the individual weak hypotheses. This is the basis of its name — “Ada”
is short for “adaptive.”
The bound given in Eq. (1), combined with the bounds on generalization error given below,

prove that AdaBoost is indeed a boosting algorithm in the sense that it can efficiently convert
a weak learning algorithm (which can always generate a hypothesis with a weak edge for any
distribution) into a strong learning algorithm (which can generate a hypothesis with an arbitrarily
low error rate, given sufficient data).

4

After 100 rounds, all examples have margin ≥ 0.52

The cumulative distribution of margins of the training examples 
after 5, 100 and 1000 iterations, indicated by short-dashed, 
long-dashed, and solid curves, respectively.
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Figure 2: Error curves and the margin distribution graph for boosting C4.5 on the letter dataset as
reported by Schapire et al. [41]. Left: the training and test error curves (lower and upper curves,
respectively) of the combined classifier as a function of the number of rounds of boosting. The
horizontal lines indicate the test error rate of the base classifier as well as the test error of the final
combined classifier. Right: The cumulative distribution of margins of the training examples after 5,
100 and 1000 iterations, indicated by short-dashed, long-dashed (mostly hidden) and solid curves,
respectively.

Analyzing the training error
The most basic theoretical property of AdaBoost concerns its ability to reduce the training error.
Let us write the error of as . Since a hypothesis that guesses each instance’s class
at random has an error rate of (on binary problems), thus measures how much better than
random are ’s predictions. Freund and Schapire [23] prove that the training error (the fraction of
mistakes on the training set) of the final hypothesis is at most

(1)

Thus, if each weak hypothesis is slightly better than random so that for some , then
the training error drops exponentially fast.
A similar property is enjoyed by previous boosting algorithms. However, previous algorithms

required that such a lower bound be known a priori before boosting begins. In practice, knowl-
edge of such a bound is very difficult to obtain. AdaBoost, on the other hand, is adaptive in that it
adapts to the error rates of the individual weak hypotheses. This is the basis of its name — “Ada”
is short for “adaptive.”
The bound given in Eq. (1), combined with the bounds on generalization error given below,

prove that AdaBoost is indeed a boosting algorithm in the sense that it can efficiently convert
a weak learning algorithm (which can always generate a hypothesis with a weak edge for any
distribution) into a strong learning algorithm (which can generate a hypothesis with an arbitrarily
low error rate, given sufficient data).

4

The cumulative distribution of margins of the training examples 
after 5, 100 and 1000 iterations, indicated by short-dashed, 
long-dashed, and solid curves, respectively.

After 1000 rounds, all examples have margin ≥ 0.55



The margins explanation for AdaBoost
OK, after a large number of rounds, AdaBoost often yields a weighted majority 
that has a large margin for most examples. Why does that help? 

Think about a massive election involving a billion voters where: 
• 75% of the population votes for candidate A 
• 25% of the population votes for candidate B 

Could we get the same winner using only a small random sample of the voters? 
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Could we get the same winner using only a small random sample of the voters? 

Yes. Think of a vote for A as 1 and a vote for B as -1, so the mean vote is 
equal to 0.75 - 0.25 = 0.5.  

We just need our “subsample election" to have a positive sample mean.



The margins explanation for AdaBoost
OK, after a large number of rounds, AdaBoost often yields a weighted majority 
that has a large margin for most examples. Why does that help? 

Think about a massive election involving a billion voters where: 
• 75% of the population votes for candidate A 
• 25% of the population votes for candidate B 

Could we get the same winner using only a small random sample of the voters? 

Yes. Think of a vote for A as 1 and a vote for B as -1, so the mean vote is 
equal to 0.75 - 0.25 = 0.5.  

We just need our “subsample election" to have a positive sample mean. 
With k randomly selected voters, from Hoeffding's inequality the sample 
mean will be at least                           with high probability. 

So, take                             (this depends only on the margin, not on T (!))

In general, for margin   , we use ✓
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A margin-based bound

With high probability, for all          , 

Risk  [fraction of points where margin  ✓] + O

 
1

✓

r
V

n

!
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✓ > 0
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V is a measure of complexity of the weak learner’s hypothesis class

(example we will cover later: V = VC dimension)

As long as            this decays exponentially quickly to 0 
as T increases (just like the training error)

✓ < �
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Take-away message: Having a weighted majority vote among a very large number of 
hypotheses (large T) does not hurt at all, and can in fact help, if the empirical margin 
distribution gets better (more training points have large margin) as T grows.


