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Instance-based learning
Can be used for either classification or regression 

At training time: simply store the training data 

At test time: 
• For a test example, find neighboring examples in the training set 

• Predict label by combining the labels of these neighboring examples
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FIGURE 13.3. k-nearest-neighbor classifiers applied to the simulation data of
Figure 13.1. The broken purple curve in the background is the Bayes decision
boundary.

(Hastie et al., 2009), Figure 13.3



Input examples in 

For test example       , find nearest neighbor 

Prediction? Nearest neighbor’s label

1-nearest neighbor classifier

ĥ(x) = y (1)

<latexit sha1_base64="g2KR7YCYIbJsXMRuoh/CP+52CFs="></latexit>

Rd

<latexit sha1_base64="qheh26QaxmrRT2gYH+nevJi5uXg="></latexit>

Input points in 
training set

<latexit sha1_base64="kXTyWhPW+yWeqTzDdrOtzgXxhQI="></latexit>xtest
<latexit sha1_base64="0RXusL3gvyJtQPVwjl9eIiKEPkQ="></latexit>

x (1) = argmin
x2D

d(xtest, x)

Euclidean distance
<latexit sha1_base64="GAO9BJlq2kjTO3vpGdFvnnk/dtM="></latexit>

kxtest � xk

16 Chapter 1. Introduction

(a) (b)

Figure 1.14 (a) Illustration of a K-nearest neighbors classifier in 2d for K = 3. The 3 nearest neighbors
of test point x1 have labels 1, 1 and 0, so we predict p(y = 1|x1,D,K = 3) = 2/3. The 3 nearest
neighbors of test point x2 have labels 0, 0, and 0, so we predict p(y = 1|x2,D,K = 3) = 0/3. (b)
Illustration of the Voronoi tesselation induced by 1-NN. Based on Figure 4.13 of (Duda et al. 2001). Figure
generated by knnVoronoi.

2010). Such models often have better predictive acccuracy than association rules, although they
may be less interpretible. This is typical of the di!erence between data mining and machine
learning: in data mining, there is more emphasis on interpretable models, whereas in machine
learning, there is more emphasis on accurate models.

1.4 Some basic concepts in machine learning

In this Section, we provide an introduction to some key ideas in machine learning. We will
expand on these concepts later in the book, but we introduce them briefly here, to give a flavor
of things to come.

1.4.1 Parametric vs non-parametric models

In this book, we will be focussing on probabilistic models of the form p(y|x) or p(x), depending
on whether we are interested in supervised or unsupervised learning respectively. There are
many ways to define such models, but the most important distinction is this: does the model
have a fixed number of parameters, or does the number of parameters grow with the amount
of training data? The former is called a parametric model, and the latter is called a non-
parametric model. Parametric models have the advantage of often being faster to use, but the
disadvantage of making stronger assumptions about the nature of the data distributions. Non-
parametric models are more flexible, but often computationally intractable for large datasets.
We will give examples of both kinds of models in the sections below. We focus on supervised
learning for simplicity, although much of our discussion also applies to unsupervised learning.

1.4.2 A simple non-parametric classifier: K-nearest neighbors

A simple example of a non-parametric classifier is the K nearest neighbor (KNN) classifier.
This simply “looks at” the K points in the training set that are nearest to the test input x,

(Murphy, 2012), Figure 1.14

Voronoi diagram



Properties of the 1-NN classifier
Consider the setting of binary classification, where examples   
.          are jointly drawn from probability distribution 

Let      be the risk of the optimal rule: 

Asymptotically (as number of training examples            ),      
expected risk of 1-NN rule is at most       .                                      
So, expected risk of 1-NN rule is at most twice the Bayes risk.

min is taken over all possible rules 
mapping from input space to {0,1}

Bayes risk

R⇤

<latexit sha1_base64="9DQ5BiCvPNniBaTxLHGQC6iI89U="></latexit>

2R⇤

<latexit sha1_base64="tZLLSWFl+qJNXIkzxX4VfLXQWag="></latexit>

(X ,Y )

<latexit sha1_base64="9bDiDJxekKw2wwScJmv+Rw83dHI="></latexit>

P

<latexit sha1_base64="bikSpQ2fWNsTbeF+7ecQnN2SNbc="></latexit>

<latexit sha1_base64="rI1XjgB7gIf5tSK3NgoDN+gDUh8="></latexit>n ! 1

1-NN is “2-approx”

<latexit sha1_base64="0VdQIUOuy3+apLaZme03x3DEVRU="></latexit>

R⇤ = min
h

Pr
(X ,Y )⇠P

(h(X ) 6= Y )



k-nearest neighbor classifier
For test example       , find    nearest neighbors 

Prediction? Majority vote among the    nearest neighbors:
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FIGURE 13.3. k-nearest-neighbor classifiers applied to the simulation data of
Figure 13.1. The broken purple curve in the background is the Bayes decision
boundary.
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FIGURE 13.3. k-nearest-neighbor classifiers applied to the simulation data of
Figure 13.1. The broken purple curve in the background is the Bayes decision
boundary.
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Computational concerns

For each test example, need to find the    nearest neighbors 
among the    training examples 

• Cost per test example, if naively implemented? 

• If we have    test examples, total (naive) cost?

k
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Computational concerns

For each test example, need to find the    nearest neighbors 
among the    training examples 

• Cost per test example, if naively implemented? 

• If we have    test examples, total (naive) cost? 

• At least in low dimensions (small    ), there is hope by 
using good data structures. In low dimensions, can 
typically label the entire test set at a cost of
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Curse of dimensionality

Dimension of problem increases (# features goes up) 
             need exponentially more training examples to ensure 
             each test point is close to some training example 

Common problem in machine learning - in high dimensions, 
without any special structure, learning is fundamentally hard. 

1-NN is still 2-approx, but rate of convergence with respect to 
depends strongly on 

n
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Curse of dimensionality

(Hastie et al., 2009), Figure 2.7
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction r of the volume of the data,
for di↵erent dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

distance from the origin to the closest data point is given by the expression

d(p,N) =
(
1→

1

2

1/N)1/p

(2.24)

(Exercise 2.3). A more complicated expression exists for the mean distance
to the closest point. For N = 500, p = 10 , d(p,N) ↑ 0.52, more than
halfway to the boundary. Hence most data points are closer to the boundary
of the sample space than to any other data point. The reason that this
presents a problem is that prediction is much more di�cult near the edges
of the training sample. One must extrapolate from neighboring sample
points rather than interpolate between them.

Another manifestation of the curse is that the sampling density is pro-
portional to N1/p, where p is the dimension of the input space and N is the
sample size. Thus, if N1 = 100 represents a dense sample for a single input
problem, then N10 = 10010 is the sample size required for the same sam-
pling density with 10 inputs. Thus in high dimensions all feasible training
samples sparsely populate the input space.

Let us construct another uniform example. Suppose we have 1000 train-
ing examples xi generated uniformly on [→1, 1]p. Assume that the true
relationship between X and Y is

Y = f(X) = e→8||X||
2

,

without any measurement error. We use the 1-nearest-neighbor rule to
predict y0 at the test-point x0 = 0. Denote the training set by T . We can
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In 10 dimensions, the side-length of a subcube must be ≈ 0.8 
(covering 80% of the range of each coordinate!)                              
in order to cover 10% of the data.



Curse of dimensionality
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FIGURE 2.7. A simulation example, demonstrating the curse of dimensional-
ity and its e↵ect on MSE, bias and variance. The input features are uniformly
distributed in [→1, 1]p for p = 1, . . . , 10 The top left panel shows the target func-

tion (no noise) in IR: f(X) = e−8||X||2 , and demonstrates the error that 1-nearest
neighbor makes in estimating f(0). The training point is indicated by the blue tick
mark. The top right panel illustrates why the radius of the 1-nearest neighborhood
increases with dimension p. The lower left panel shows the average radius of the
1-nearest neighborhoods. The lower-right panel shows the MSE, squared bias and
variance curves as a function of dimension p.
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tion (no noise) in IR: f(X) = e−8||X||2 , and demonstrates the error that 1-nearest
neighbor makes in estimating f(0). The training point is indicated by the blue tick
mark. The top right panel illustrates why the radius of the 1-nearest neighborhood
increases with dimension p. The lower left panel shows the average radius of the
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variance curves as a function of dimension p.

Data drawn uniformly at random from the hypercube
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[�1, 1]d

(Hastie et al., 2009), Figure 2.7

In high dimensions, the nearest neighbor is very far away!



k-nearest neighbor regression

Input examples in 

For test example       , find    nearest neighbors 

Prediction? Simple average of labels of    nearest neighbors:

ĥ(x) =
1

k

kX

i=1

y (i)
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still based on Euclidean distance



k-nearest neighbor regression

Is regression using the   -nearest neighbor rule a good idea? 

If the underlying function we are trying to predict does not 
change quickly, then it is sensible to take a local average of 
the targets we have observed in the vicinity of a test 
example. This is what   -NN regression does. 

If the targets all have independent, zero-mean noise, the 
average can serve to dampen the noise.

k
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Distance-weighted nearest-neighbor prediction

Rather than using the simple average (for regression) or the 
simple majority vote (for classification), we can also give 
weights to the   -nearest neighbors according to their 
distance to the test example. 

We introduce a weight function, or similarity function       
(often called a kernel function (not to be confused with kernels from SVMs!))

k
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Distance-weighted nearest-neighbor prediction

We introduce a weight function, or similarity function           
(often called a kernel function (not to be confused with kernels from SVMs!)) 

Let                      be the    nearest neighbors of test example

S(x , x 0) =
1

d(x , x 0)2
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Classification Regression

ĥ(x) =

Pk
i=1 S(x , x

(i))y (i)

Pk
i=1 S(x , x

(i))
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Examples of similarity functions:
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Distance-weighted nearest-neighbor prediction

Since we are weighting examples now, we can just as well 
use all of the training examples

S(x , x 0) =
1

d(x , x 0)2
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Classification Regression

Examples of similarity functions:

ĥ(x) =

Pn
i=1 S(x , x

(i))y (i)

Pn
i=1 S(x , x

(i))
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Challenge: Using the right distance metric

What if not all the features are relevant?                                    
Maybe we want to figure out (using only the training set!) which 
features to include in our distance calculations 

Example:  

Predicting preference for dark chocolate based on features: 
{ likes-coffee,     likes-tea,     height,     likes-milk } 

A better distance metric:

Probably 
not relevant!

x1
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Challenge: Using the right distance metric

What if some features should have more weight than others? 
We could consider a modified distance metric that weights 
each feature differently: 

Learning the feature weights                 is one example of a 
general problem called metric learning.  

How to learn good feature weights? Idea: Use cross-validation 
to learn weights that make a   -NN learner predict the best.

d(x , x 0) =

vuut
dX
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aj(xj � x 0j )
2
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Recommender systems

Suppose that we have     users in a system that have rated    
.   items (like movies) 

Formally, we are given a sparse matrix (mostly empty entries) 
with user ratings of items
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Recommender systems
We want to recommend some item to a user. 

Key subproblem: 

• Predict how the user would rate each item they haven’t yet rated               
(afterwards, recommend the item with the highest predicted rating) 

Key sub-subproblem: 

• Predict how the user would rate a single item.
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? 2 ? 4

3 ? 5 ?

? 1 ? 3
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u3

<latexit sha1_base64="jRBfmGQiIuox8xNH+FEIzgESRy0="></latexit>

i2

<latexit sha1_base64="SDFek2m/fu6rzJvpEEHmk7oNHi8="></latexit>



Recommender systems

Key sub-subproblem: Predict how user    would rate item  . 

How? View this as a regression problem with missing data: 

• Training examples: Each user that has rated item 

• Label: the rating of item

4 ? 2 5

? 2 ? 4

3 ? 5 ?

? 1 ? 3

u1

<latexit sha1_base64="wHl6MOlM4RIOKeI7Bjm/jEk0GKI="></latexit>

u2

<latexit sha1_base64="O3mjnB7dIYPYBq8ZysEZDbHB8VY="></latexit>

un

<latexit sha1_base64="t+g8AbJmz8+diMf7yRlXqmi/9io="></latexit>

i1

<latexit sha1_base64="tUD2uy89vU4oaHwsqqtaBknMFlI="></latexit>

im

<latexit sha1_base64="YRulxtdjASvC2xjpi2GXPNNWOMo="></latexit>

. . .

<latexit sha1_base64="gioVgrma8VjCyVUB6QfmlZnoMsU="></latexit>

...

<latexit sha1_base64="U7aX1c6fKtwQcizE/X/knyLiIfk="></latexit>

i3

<latexit sha1_base64="odzN7WqFXPsUItPUL5IAMRA1knw="></latexit>

u

<latexit sha1_base64="Krrw5IrnzBGj6poNgnL7OVbzlos="></latexit>

i

<latexit sha1_base64="ViZVdb0Nv18SCRB29yM2udoaUAw="></latexit>

u

<latexit sha1_base64="OwzzhA0LeeT+46kBSJx9PR7mm2w="></latexit>

i

<latexit sha1_base64="LliIb5A0wVIJJ0T3UwxfuXkCvtg="></latexit>

i

<latexit sha1_base64="LliIb5A0wVIJJ0T3UwxfuXkCvtg="></latexit>

i

<latexit sha1_base64="LliIb5A0wVIJJ0T3UwxfuXkCvtg="></latexit>



Using our predictor based on a similarity measure

Suppose that we have similarity measure between users: 

• For users    and    , we have a nonnegative similarity 

• Then we can predict how user    rates item   as

S(u, u0)

<latexit sha1_base64="gZWY0tynkzBms036zt9h2g7Zp/0="></latexit>

Set of users that rated item

Rating user    gave to item

r̂u,i =

P
v2Ui

S(u, v)rv ,iP
v2Ui

S(u, v)

<latexit sha1_base64="gbVCvy1OYx8Qk4R84K0MDULD+8Y="></latexit>

u

<latexit sha1_base64="lDSIg/s9UctB5RJ3+/uOUtgrCQ4="></latexit>

u0

<latexit sha1_base64="XGQtZwu9mClLpc/YKQtxrJXxitg="></latexit>

u

<latexit sha1_base64="lDSIg/s9UctB5RJ3+/uOUtgrCQ4="></latexit>

i

<latexit sha1_base64="LliIb5A0wVIJJ0T3UwxfuXkCvtg="></latexit>

v

<latexit sha1_base64="Mn9IUl531mts9DVt4cW9pYdZN0s="></latexit>

i

<latexit sha1_base64="SG5v258oP5tKSDHug9R0LsJpSHM="></latexit>

i

<latexit sha1_base64="SG5v258oP5tKSDHug9R0LsJpSHM="></latexit>



What is a good similarity measure?

First, for two users    and   , how can we compare them? 

• We can look at the items that they both rated, and see how similar 
their ratings are on this set 

Suppose there are 5 items in common                                                         
.      rated them as                                                                                    
.      rated them as 

One similarity measure is inverse Euclidean distance. Seems bad here. 
Why? 

• Users have same relative ratings (x = 2 y),                                             
but Euclidean distance is high: ||x - y|| = 4.18

u

<latexit sha1_base64="yau/nMBKCuywu5zgr+p1bdIVjhA="></latexit>

v

<latexit sha1_base64="RtJ2VAE9fU0vu1DnT8xILVeFEmk="></latexit>

u

<latexit sha1_base64="yau/nMBKCuywu5zgr+p1bdIVjhA="></latexit>

v

<latexit sha1_base64="RtJ2VAE9fU0vu1DnT8xILVeFEmk="></latexit>

x = (4.0, 2.0, 4.0, 3.0, 5.0)

<latexit sha1_base64="nr/+dIC0oWN47SukKoL9W2NRgnY="></latexit>

y = (2.0, 1.0, 2.0, 1.5, 2.5)

<latexit sha1_base64="qcJUWY8qsKg7YmQKIhV8+VukF9I="></latexit>



What is a good similarity measure?

First, for two users    and   , how can we compare them? 

• We can look at the items that they both rated, and see how similar 
their ratings are on this set 

Suppose there are 5 items in common                                                         
.      rated them as                                                                                    
.      rated them as 

A natural similarity measure is the cosine similarity: the angle between 
these vectors (i.e., the inner product of the normalized vectors) 

• More sensible. Ratings vectors with the same direction will be 
maximally similar (regardless of length)

= 1 in this case (the maximum possible value)S(u, v) = S(x , y) =
hx , yi
kxkkyk

<latexit sha1_base64="aedEekyZQBvYOotXsjtR9phKRnA="></latexit>

Natural overloading of notation

u

<latexit sha1_base64="yau/nMBKCuywu5zgr+p1bdIVjhA="></latexit>

v

<latexit sha1_base64="RtJ2VAE9fU0vu1DnT8xILVeFEmk="></latexit>

u

<latexit sha1_base64="yau/nMBKCuywu5zgr+p1bdIVjhA="></latexit>

v

<latexit sha1_base64="RtJ2VAE9fU0vu1DnT8xILVeFEmk="></latexit>

x = (4.0, 2.0, 4.0, 3.0, 5.0)

<latexit sha1_base64="nr/+dIC0oWN47SukKoL9W2NRgnY="></latexit>

y = (2.0, 1.0, 2.0, 1.5, 2.5)

<latexit sha1_base64="qcJUWY8qsKg7YmQKIhV8+VukF9I="></latexit>



Pearson correlation

An issue with cosine similarity 

• If all the entries of a ratings vector are shifted by the same amount 
(Eva decides to increase her rating of each movie by 1), then cosine 
similarity changes 

One solution to this problem is the Pearson correlation 

• First, center each ratings vector (subtract off the mean of its entries) 

• Then compute cosine similarity 

Let     and      be means of entries of    and    respectivelyx̄

<latexit sha1_base64="gsvf3kgdlJ1ea64KcmbGUtdo4MQ="></latexit>

ȳ

<latexit sha1_base64="ZGm4uGJOcmWb06C+55/XRb7k1Vg="></latexit>

S(u, v) = S(x , y) =
hx � x̄ , y � ȳi
kx � x̄kky � ȳk

<latexit sha1_base64="0foVTpF5bXabPDSwyfE8slUK6R0="></latexit>

x

<latexit sha1_base64="sZsmBd3W/Ndb4Wa8kauc5g2OHTU="></latexit>

y

<latexit sha1_base64="ogYAhiRtp6a9opymF1zkqQcjyhk="></latexit>



Pearson correlation

One solution to this problem is the Pearson correlation 

• First, center each ratings vector (subtract off the mean of its entries) 

• Then compute cosine similarity 

Let     and      be means of entries of    and     respectively 

Careful: similarity is now between -1 and 1. So, when we predict, we need 
to divide by the sum of the absolute value of the similarities

S(u, v) = S(x , y) =
hx � x̄ , y � ȳi
kx � x̄kky � ȳk

<latexit sha1_base64="0foVTpF5bXabPDSwyfE8slUK6R0="></latexit>

x̄

<latexit sha1_base64="gsvf3kgdlJ1ea64KcmbGUtdo4MQ="></latexit>

ȳ

<latexit sha1_base64="ZGm4uGJOcmWb06C+55/XRb7k1Vg="></latexit>

x

<latexit sha1_base64="sZsmBd3W/Ndb4Wa8kauc5g2OHTU="></latexit>

y

<latexit sha1_base64="ogYAhiRtp6a9opymF1zkqQcjyhk="></latexit>

<latexit sha1_base64="HdEBzsZv578vv9xWd+MgI30G2Kk="></latexit>

r̂u,i = r̄u +

P
v2Ui

S(u, v)(rv ,i � r̄v )P
v2Ui

|S(u, v)|


