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Generalization

Suppose a learning algorithm returns a hypothesis with low training error. 

When can we guarantee that the hypothesis’s true error is also low?

How can we use the training error of a learning 
algorithm to estimate the algorithm’s true error?

Main question:



Generalization

We will focus on binary classification 

Recall: 

Training error:  

True error:

   (Risk)
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How can we use the training error of a learning 
algorithm to estimate the algorithm’s true error?

Main question:



Realizable setting

Suppose that each example is in input space 

In the realizable setting: 

There is a known concept class   , a set of concepts, where each 
concept    is a rule mapping from     to 

There is a concept           such that, for any input    ,                                     
the label is  

Given training data, learning algorithm selects hypothesis
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Realizable setting: Example 1
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Realizable setting: Example 2

Homogeneous linear separators in
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Back to generalization

In the realizable setting, we have: 

Training error:  

      Risk:

How can we use training error              to upper bound risk        , 
no matter what distribution the data comes from?

Main question:
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Can we guarantee zero risk?

What type of guarantee can we hope to achieve? 

What if we try to seek a hypothesis which gets zero risk? Is this possible? 

Example: linear separators No !

But we will try to guarantee

that n + 0
,
R() - 0



PAC Learning

A Probably approximately correct (PAC) guarantee is one of the form: 

Suppose a learning algorithm outputs a hypothesis   . 

Then with probability at least           (over the training sample),                     

the risk          is at most   .
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Towards achieving a PAC guarantee

In the realizable setting, we assume     contains a perfect classifier. 

So, let’s ensure that any hypothesis we select is consistent with the 
training sample. 

We say that hypothesis            is consistent (with training sample D)  
if it correctly classifies all the training examples, so 

<latexit sha1_base64="FaMHMCo8yh0X5fZJemajVsgxgjI="></latexit>

h 2 H
<latexit sha1_base64="iBwlMlai1/9W4/orb9H4b55AbEw="></latexit>

R̂(h,D) = 0

<latexit sha1_base64="+K75r+E7l/35Aw7Xwfqrv18siG8="></latexit>

C



Towards achieving a PAC guarantee

In the realizable setting, we assume     contains a perfect classifier. 

So, let’s ensure that any hypothesis we select is consistent with the 
training sample. 

We say that hypothesis            is consistent (with training sample D)  
if it correctly classifies all the training examples, so 

Version space: 
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A PAC guarantee

Version space: 

Theorem

If               , the probability that there is a hypothesis                                 
with risk                 is at most             .
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A PAC guarantee

Version space: 

Theorem

If               , the probability that there is a hypothesis                                 
with risk                 is at most             .
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PAC Learnability

We say that     is PAC learnable if there exists an algorithm     which, 
for all concepts         , for all distributions     over an input space     of 
dimension   , and for all           and               , satisfies: 

If     is given access to examples drawn from     and labeled 
according to   , then with probability at least         , we have that 
the risk                                   . 

We say     is efficiently PAC learnable if, in addition,     uses a 
number of examples polynomial in   ,       , and       .
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Agnostic Learning

Assume 

What if no hypothesis in      has zero risk? 

What if no hypotheses (among all rules!) have zero risk? 

Let’s give up on learning            with zero training error. 

Instead, try to show that          isn’t much larger than

<latexit sha1_base64="UgkPnzsUrxj2nJTBaAThTVTRiWw=">AAACJHicbVDLSgMxFM34tr6qLt0Ei6BQyoyICroQ3LhUsFrplJLJ3GowkwzJHbEM8zFu/BU3Lnzgwo3fYqZ24etA4HDOudzcE6VSWPT9d29kdGx8YnJqujIzOze/UF1cOrM6MxyaXEttWhGzIIWCJgqU0EoNsCSScB5dH5b++Q0YK7Q6xX4KnYRdKtETnKGTutW99VY3qNOLbrBRp6GMNdo6dZoqNbVBQ11OA+Yhwi3mQsRFkYdWJAU97lZrfsMfgP4lwZDUyBAu/xLGmmcJKOSSWdsO/BQ7OTMouISiEmYWUsav2SW0HVUsAdvJB0cWdM0pMe1p455COlC/T+QssbafRC6ZMLyyv71S/M9rZ9jb7eRCpRmC4l+LepmkqGnZGI2FAY6y7wjjRri/Un7FDOPomqm4EoLfJ/8lZ5uNYLuxdbJVO9gf1jFFVsgqWScB2SEH5Igckybh5I48kCfy7N17j96r9/YVHfGGM8vkB7yPT+Zco0Q=</latexit>

(X1, Y1), . . . , (Xn, Yn)
iid⇠ P

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="ZmyVBZ5I6z4zerAri9IxjAXK1xo=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1IWLgpsuK9gHNKFMppN26GQSZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPnCDhTGnH+bZKa+sbm1vl7crO7t7+gV097Kg4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzmfveBSsVica+nCfUjPBIsZARrIw3s6hh5TCAvwnpMMM+as4Fdc+rOHGiVuAWpQYHWwP7yhjFJIyo04Vipvusk2s+w1IxwOqt4qaIJJhM8on1DBY6o8rN59Bk6NcoQhbE0T2g0V39vZDhSahoFZjKPqJa9XPzP66c6vPYzJpJUU0EWh8KUIx2jvAc0ZJISzaeGYCKZyYrIGEtMtGmrYkpwl7+8SjrndfeyfnF3UWvcFHWU4RhO4AxcuIIGNKEFbSDwCM/wCm/Wk/VivVsfi9GSVewcwR9Ynz+7X5Op</latexit>

h 2 H

<latexit sha1_base64="VLrvVrKoWppxKUSkRFHheOug+pM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3AnQS0sAjaWUcwHJEfY2+zlluzuHbt7Qgj5CzYWitj6h+z8N+4lV2jig4HHezPMzAsSzrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ThWhLRLzWHUDrClnkrYMM5x2E0WxCDjtBOPbzO88UaVZLB/NJKG+wCPJQkawyaSHanQ+KFfcmjsHWiVeTiqQozkof/WHMUkFlYZwrHXPcxPjT7EyjHA6K/VTTRNMxnhEe5ZKLKj2p/NbZ+jMKkMUxsqWNGiu/p6YYqH1RAS2U2AT6WUvE//zeqkJr/0pk0lqqCSLRWHKkYlR9jgaMkWJ4RNLMFHM3opIhBUmxsZTsiF4yy+vkvZFzbus1e/rlcZNHkcRTuAUquDBFTTgDprQAgIRPMMrvDnCeXHenY9Fa8HJZ47hD5zPHzajjbA=</latexit>

R(h)
<latexit sha1_base64="5mCJapdxe/SGIzve/Z9RLVGSeho=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREinrwUNCDxyr2A9pQNttNs3SzibuTQgn9HV48KOLVH+PNf+O2zUFbHww83pthZp4XC67Btr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFGUNWgkItX2iGaCS9YADoK1Y8VI6AnW8oY3U781YkrzSD7COGZuSAaS+5wSMJLbDQikD5NycIZvT3vFkl2xZ8DLxMlICWWo94pf3X5Ek5BJoIJo3XHsGNyUKOBUsEmhm2gWEzokA9YxVJKQaTedHT3BJ0bpYz9SpiTgmfp7IiWh1uPQM50hgUAvelPxP6+TgH/lplzGCTBJ54v8RGCI8DQB3OeKURBjQwhV3NyKaUAUoWByKpgQnMWXl0nzvOJcVKr31VLtOosjj47QMSojB12iGrpDddRAFD2hZ/SK3qyR9WK9Wx/z1pyVzRyiP7A+fwBc75Er</latexit>

R̂(h,D)

risk empirical risk

joint distribution over labeled examples (X, Y)



Bounding the risk for a fixed hypothesis

Hoeffding’s inequality


Let                                    , where 

Then 

Lemma. Let h be a fixed hypothesis. Then


   

Equivalently, with probability at least
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<latexit sha1_base64="kiickhqcRUtgmuHnOXG+BQ09x7M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmqN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuV+l0eRxFO4BTOwYMrqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANMCjPw=</latexit>

h

the m*h .0

set = f I
z = (bh
~

y
zi = (ifh(x)Fi

and solve (ECE] = R(h)
for E

~/



Bounding the risk of    selected from finite class

Suppose, given training data                                            , 

we learn a rule           . 

Then with probability at least         ,

<latexit sha1_base64="GDpkG5t9BhGEeoVVMtAZ4j+m4G4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BPXiMYB6QLGF2MpsdMju7zPQKYQn4C148KOLV7/Hm3zh5HDSxoKGo6qa7K0ilMOi6305hbX1jc6u4XdrZ3ds/KB8etUySacabLJGJ7gTUcCkUb6JAyTup5jQOJG8Ho5up337k2ohEPeA45X5Mh0qEglG0UrsXUcyjSb9ccavuDGSVeAtSgQUa/fJXb5CwLOYKmaTGdD03RT+nGgWTfFLqZYanlI3okHctVTTmxs9n507ImVUGJEy0LYVkpv6eyGlszDgObGdMMTLL3lT8z+tmGF77uVBphlyx+aIwkwQTMv2dDITmDOXYEsq0sLcSFlFNGdqESjYEb/nlVdK6qHqX1dp9rVK/fZrHUYQTOIVz8OAK6nAHDWgCgxE8wyu8Oanz4rw7H/PWgrOI8Bj+wPn8AcF0kEQ=</latexit>

ĥ
<latexit sha1_base64="YRT3aWjcrf3xYDtwQI+1qeuWCUg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLrqsYB/QDiWTZtrQTGZI7ghlKPgTblwo4tavceffmGm70NYDgcM5N9xzT5BIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxre5337k2ohYPeAk4X5Eh0qEglG0UrcXURwxKrP6tF+uuFV3BrJKvAWpwAKNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42ezyFNyZpUBCWNtn0IyU3//yGhkzCQK7GQe0Sx7ufif100xvPEzoZIUuWLzRWEqCcYkv58MhOYM5cQSyrSwWQkbUU0Z2pZKtgRv+eRV0rqoelfVy/vLSu3uaV5HEU7gFM7Bg2uoQR0a0AQGMTzDK7w56Lw4787HfLTgLCo8hj9wPn8ApHmR6Q==</latexit>

H

<latexit sha1_base64="UgkPnzsUrxj2nJTBaAThTVTRiWw=">AAACJHicbVDLSgMxFM34tr6qLt0Ei6BQyoyICroQ3LhUsFrplJLJ3GowkwzJHbEM8zFu/BU3Lnzgwo3fYqZ24etA4HDOudzcE6VSWPT9d29kdGx8YnJqujIzOze/UF1cOrM6MxyaXEttWhGzIIWCJgqU0EoNsCSScB5dH5b++Q0YK7Q6xX4KnYRdKtETnKGTutW99VY3qNOLbrBRp6GMNdo6dZoqNbVBQ11OA+Yhwi3mQsRFkYdWJAU97lZrfsMfgP4lwZDUyBAu/xLGmmcJKOSSWdsO/BQ7OTMouISiEmYWUsav2SW0HVUsAdvJB0cWdM0pMe1p455COlC/T+QssbafRC6ZMLyyv71S/M9rZ9jb7eRCpRmC4l+LepmkqGnZGI2FAY6y7wjjRri/Un7FDOPomqm4EoLfJ/8lZ5uNYLuxdbJVO9gf1jFFVsgqWScB2SEH5Igckybh5I48kCfy7N17j96r9/YVHfGGM8vkB7yPT+Zco0Q=</latexit>

(X1, Y1), . . . , (Xn, Yn)
iid⇠ P

<latexit sha1_base64="9V4zkI3y59kF3X9jKeLdeVrB5ZU=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKgLFwU3XVawD2hCmUwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57gpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+G7qdx+pVCwRD3qSUj/GI8FCRrA20sA+8SKs86hAHhPIi7GOCOZ5sxjYVafmzIBWibsgVVigNbC/vGFCspgKTThWqu86qfZzLDUjnBYVL1M0xWSMR7RvqMAxVX4+e6BA50YZojCRpoRGM/X3RI5jpSZxYDqnJ6plbyr+5/UzHd74ORNppqkg80VhxpFO0DQNNGSSEs0nhmAimbkVkQhLTLTJrGJCcJdfXiWdy5p7Vavf16uN20UcZTiFM7gAF66hAU1oQRsIFPAMr/BmPVkv1rv1MW8tWYuZY/gD6/MHr9yWdg==</latexit>

ĥ 2 H

<latexit sha1_base64="wdjVWbEpkAHmv+ctvWV+hktvziw=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiYGMZwXxgcoS9vb1kyd7esTsnhJB/YWOhiK3/xs5/4ya5QhMfDDzem2FmXpBKYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRJphlvsEQmuh1Qw6VQvIECJW+nmtM4kLwVDG+nfuuJayMS9YCjlPsx7SsRCUbRSo8eOSfdkEukvVLZrbgzkGXi5aQMOeq90lc3TFgWc4VMUmM6npuiP6YaBZN8UuxmhqeUDWmfdyxVNObGH88unpBTq4QkSrQthWSm/p4Y09iYURzYzpjiwCx6U/E/r5NhdO2PhUoz5IrNF0WZJJiQ6fskFJozlCNLKNPC3krYgGrK0IZUtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQwUPMMrvDnGeXHenY9564qTzxzBHzifPxq6j+U=</latexit>

1� �

<latexit sha1_base64="6hh1fSgBcxqhnwcWRzETArS3me4="></latexit>

R(ĥ)  R̂(ĥ, D) +

s
log |H|+ log 1

�

2n



Effective size

When       is finite, our notion of size was 

What if       is infinite? 

New measure of the size of    : “effective size of     ” 

Effective size of     relative to training sample                                    
is defined as:

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="nn9Wgon+qvxe/1porg7ScSe9cLM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqlJKUoi4UCm5cVrQPaEOYTKbt0MkkzEykJXThxl9x40IRt36EO//GSZuFth64cOace5l7jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7pO/fYDEZKG/F5NIuIEaMBpn2KktOSahTt4BUtj1y7DsVstwx7zQyXTBz91zaJVsWaAy8TOSBFkaLjmV88PcRwQrjBDUnZtK1JOgoSimJFpvhdLEiE8QgPS1ZSjgEgnmR0xhSda8WE/FLq4gjP190SCAikngac7A6SGctFLxf+8bqz6F05CeRQrwvH8o37MoAphmgj0qSBYsYkmCAuqd4V4iATCSueW1yHYiycvk1a1Yp9Vare1Yv0yiyMHCuAYlIANzkEd3IAGaAIMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ALZslZk=</latexit>

S = (x1, x2, . . . , xn)
<latexit sha1_base64="SIn2CNfRv8fPgbEgomMRz5gAXSc=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0b7GnBRcNNlBfuA6VAyaaYNzWSGJCOUoZ/hxoUibv0ad/6NmbaCih4IHM65l5x7goQzpRH6sNbWNza3tgs7xd29/YPD0tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cb3e/dUKhaLOz1LqB/hsWAhI1gbyRtEWE8I5llrPiyVkY2qrosciOwqcqoNZIjr1hr1K+jYaIEyWKE9LL0PRjFJIyo04Vgpz0GJ9jMsNSOczouDVNEEkykeU89QgSOq/GwReQ7PjTKCYSzNExou1O8bGY6UmkWBmcwjqt9eLv7leakOG37GRJJqKsjyozDlUMcwvx+OmKRE85khmEhmskIywRITbVoqmhK+LoX/k+6l7dTsym2l3Lxe1VEAp+AMXAAH1EETtEAbdAABMXgAT+DZ0taj9WK9LkfXrNXOCfgB6+0T9oiRtg==</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="JNGJdYYTB4uHoXH8g9zE/DXric4="></latexit>

|H|S | =

��������

8
>><

>>:
h 2 H :

0

BB@

h(X1)
h(X2)
. . .

h(Xn)

1

CCA

9
>>=

>>;

��������

# of distinct ways we can label 
sample     using hypotheses in

<latexit sha1_base64="oLWzNwQMKex53V3dqrjm5Ou6WDs=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubmETwEPDiMUHzgGQJs5PeZMzsg5lZISz5Ai8eFPHqJ3nzb5xNIqhoQUNR1U13lxdzJpVlfRgrq2vrG5u5rfz2zu7efuHgsC2jRFBo0YhHousRCZyF0FJMcejGAkjgceh4k6vM79yDkCwKb9U0Bjcgo5D5jBKlpebNoFC0zItaxTl3sGVaVtUpVTLiVMtOCdtayVBESzQGhff+MKJJAKGinEjZs61YuSkRilEOs3w/kRATOiEj6GkakgCkm84PneFTrQyxHwldocJz9ftESgIpp4GnOwOixvK3l4l/eb1E+TU3ZWGcKAjpYpGfcKwinH2Nh0wAVXyqCaGC6VsxHRNBqNLZ5HUIX5/i/0nbMe2KWW6Wi/XLZRw5dIxO0BmyURXV0TVqoBaiCNADekLPxp3xaLwYr4vWFWM5c4R+wHj7BBI9jR4=</latexit>

S
<latexit sha1_base64="48R5AuhY8ZVWlMN3v8kwsq940aU=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8y0thVcFNx0WcE+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzT5gwqrTjfFhr6xubW9uFneLu3v7BYenouKtEKjHpYMGE7IdIEUY56WiqGeknkqA4ZKQXTm9yv3dPpKKC3+lZQoIYjTmNKEbaSP4gRnqCEcta82Gp7NhXjZp36UHHdpy6V6nlxKtXvQp0jZKjDFZoD0vvg5HAaUy4xgwp5btOooMMSU0xI/PiIFUkQXiKxsQ3lKOYqCBbRJ7Dc6OMYCSkeVzDhfp9I0OxUrM4NJN5RPXby8W/PD/VUSPIKE9STThefhSlDGoB8/vhiEqCNZsZgrCkJivEEyQR1qaloinh61L4P+l6tluzq7fVcvN6VUcBnIIzcAFcUAdN0AJt0AEYCPAAnsCzpa1H68V6XY6uWaudE/AD1tsn3vqRpQ==</latexit>

H

unlabeledsample



Effective size

When       is finite, our notion of size was 

What if       is infinite? 

New measure of the size of    : “effective size of     ” 

Effective size of     relative to training sample                                    
is defined as:

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="nn9Wgon+qvxe/1porg7ScSe9cLM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqlJKUoi4UCm5cVrQPaEOYTKbt0MkkzEykJXThxl9x40IRt36EO//GSZuFth64cOace5l7jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7pO/fYDEZKG/F5NIuIEaMBpn2KktOSahTt4BUtj1y7DsVstwx7zQyXTBz91zaJVsWaAy8TOSBFkaLjmV88PcRwQrjBDUnZtK1JOgoSimJFpvhdLEiE8QgPS1ZSjgEgnmR0xhSda8WE/FLq4gjP190SCAikngac7A6SGctFLxf+8bqz6F05CeRQrwvH8o37MoAphmgj0qSBYsYkmCAuqd4V4iATCSueW1yHYiycvk1a1Yp9Vare1Yv0yiyMHCuAYlIANzkEd3IAGaAIMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ALZslZk=</latexit>

S = (x1, x2, . . . , xn)
<latexit sha1_base64="SIn2CNfRv8fPgbEgomMRz5gAXSc=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0b7GnBRcNNlBfuA6VAyaaYNzWSGJCOUoZ/hxoUibv0ad/6NmbaCih4IHM65l5x7goQzpRH6sNbWNza3tgs7xd29/YPD0tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cb3e/dUKhaLOz1LqB/hsWAhI1gbyRtEWE8I5llrPiyVkY2qrosciOwqcqoNZIjr1hr1K+jYaIEyWKE9LL0PRjFJIyo04Vgpz0GJ9jMsNSOczouDVNEEkykeU89QgSOq/GwReQ7PjTKCYSzNExou1O8bGY6UmkWBmcwjqt9eLv7leakOG37GRJJqKsjyozDlUMcwvx+OmKRE85khmEhmskIywRITbVoqmhK+LoX/k+6l7dTsym2l3Lxe1VEAp+AMXAAH1EETtEAbdAABMXgAT+DZ0taj9WK9LkfXrNXOCfgB6+0T9oiRtg==</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="JNGJdYYTB4uHoXH8g9zE/DXric4="></latexit>

|H|S | =

��������

8
>><

>>:
h 2 H :

0

BB@

h(X1)
h(X2)
. . .

h(Xn)

1

CCA

9
>>=

>>;

��������

# of distinct ways we can label 
sample     using hypotheses in

<latexit sha1_base64="oLWzNwQMKex53V3dqrjm5Ou6WDs=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubmETwEPDiMUHzgGQJs5PeZMzsg5lZISz5Ai8eFPHqJ3nzb5xNIqhoQUNR1U13lxdzJpVlfRgrq2vrG5u5rfz2zu7efuHgsC2jRFBo0YhHousRCZyF0FJMcejGAkjgceh4k6vM79yDkCwKb9U0Bjcgo5D5jBKlpebNoFC0zItaxTl3sGVaVtUpVTLiVMtOCdtayVBESzQGhff+MKJJAKGinEjZs61YuSkRilEOs3w/kRATOiEj6GkakgCkm84PneFTrQyxHwldocJz9ftESgIpp4GnOwOixvK3l4l/eb1E+TU3ZWGcKAjpYpGfcKwinH2Nh0wAVXyqCaGC6VsxHRNBqNLZ5HUIX5/i/0nbMe2KWW6Wi/XLZRw5dIxO0BmyURXV0TVqoBaiCNADekLPxp3xaLwYr4vWFWM5c4R+wHj7BBI9jR4=</latexit>

S
<latexit sha1_base64="48R5AuhY8ZVWlMN3v8kwsq940aU=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8y0thVcFNx0WcE+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzT5gwqrTjfFhr6xubW9uFneLu3v7BYenouKtEKjHpYMGE7IdIEUY56WiqGeknkqA4ZKQXTm9yv3dPpKKC3+lZQoIYjTmNKEbaSP4gRnqCEcta82Gp7NhXjZp36UHHdpy6V6nlxKtXvQp0jZKjDFZoD0vvg5HAaUy4xgwp5btOooMMSU0xI/PiIFUkQXiKxsQ3lKOYqCBbRJ7Dc6OMYCSkeVzDhfp9I0OxUrM4NJN5RPXby8W/PD/VUSPIKE9STThefhSlDGoB8/vhiEqCNZsZgrCkJivEEyQR1qaloinh61L4P+l6tluzq7fVcvN6VUcBnIIzcAFcUAdN0AJt0AEYCPAAnsCzpa1H68V6XY6uWaudE/AD1tsn3vqRpQ==</latexit>

H

Example
<latexit sha1_base64="5pc6+2F4+MzkgWBMWAODzqJdG2M="></latexit>

h1 h2 h3 h4 h5

x1 1 1 1 1 0
x2 0 0 0 0 0
x3 0 1 1 0 1



Effective size

When       is finite, our notion of size was 

What if       is infinite? 

New measure of the size of    : “effective size of     ” 

Effective size of     relative to training sample                                    
is defined as:

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="nn9Wgon+qvxe/1porg7ScSe9cLM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqlJKUoi4UCm5cVrQPaEOYTKbt0MkkzEykJXThxl9x40IRt36EO//GSZuFth64cOace5l7jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7pO/fYDEZKG/F5NIuIEaMBpn2KktOSahTt4BUtj1y7DsVstwx7zQyXTBz91zaJVsWaAy8TOSBFkaLjmV88PcRwQrjBDUnZtK1JOgoSimJFpvhdLEiE8QgPS1ZSjgEgnmR0xhSda8WE/FLq4gjP190SCAikngac7A6SGctFLxf+8bqz6F05CeRQrwvH8o37MoAphmgj0qSBYsYkmCAuqd4V4iATCSueW1yHYiycvk1a1Yp9Vare1Yv0yiyMHCuAYlIANzkEd3IAGaAIMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ALZslZk=</latexit>

S = (x1, x2, . . . , xn)
<latexit sha1_base64="SIn2CNfRv8fPgbEgomMRz5gAXSc=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ0b7GnBRcNNlBfuA6VAyaaYNzWSGJCOUoZ/hxoUibv0ad/6NmbaCih4IHM65l5x7goQzpRH6sNbWNza3tgs7xd29/YPD0tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cb3e/dUKhaLOz1LqB/hsWAhI1gbyRtEWE8I5llrPiyVkY2qrosciOwqcqoNZIjr1hr1K+jYaIEyWKE9LL0PRjFJIyo04Vgpz0GJ9jMsNSOczouDVNEEkykeU89QgSOq/GwReQ7PjTKCYSzNExou1O8bGY6UmkWBmcwjqt9eLv7leakOG37GRJJqKsjyozDlUMcwvx+OmKRE85khmEhmskIywRITbVoqmhK+LoX/k+6l7dTsym2l3Lxe1VEAp+AMXAAH1EETtEAbdAABMXgAT+DZ0taj9WK9LkfXrNXOCfgB6+0T9oiRtg==</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="/w1OfSCL3nv2gXL/OKl7cjJ1Jkc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1IWLgpsuK9gHTIeSSTNtaCYZkjtCGfoZblwo4tavceffmGlnoa0HAodz7iXnnjAR3IDrfjuljc2t7Z3ybmVv/+DwqHp80jUq1ZR1qBJK90NimOCSdYCDYP1EMxKHgvXC6X3u956YNlzJR5glLIjJWPKIUwJW8gcxgQklImvNh9WaW3cXwOvEK0gNFWgPq1+DkaJpzCRQQYzxPTeBICMaOBVsXhmkhiWETsmY+ZZKEjMTZIvIc3xhlRGOlLZPAl6ovzcyEhszi0M7mUc0q14u/uf5KUS3QcZlkgKTdPlRlAoMCuf34xHXjIKYWUKo5jYrphOiCQXbUsWW4K2evE66V3Xvut54aNSad0UdZXSGztEl8tANaqIWaqMOokihZ/SK3hxwXpx352M5WnKKnVP0B87nD3wRkWE=</latexit>

H

<latexit sha1_base64="0guRE8ir/ZNQOysYTSnoVWeD1C4=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1IWLgpsuK9gHtKFMppN26GQSZyaFkvY73LhQxK0f486/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vg+89sTKhWLxKOextQL8VCwgBGsjeTNeiHWI4J5Wp/P+nbZqTgLoHXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTeamXKBpjMsZD2jVU4JAqL12EnqMLowxQEEnzhEYL9fdGikOlpqFvJrOMatXLxP+8bqKDWy9lIk40FWR5KEg40hHKGkADJinRfGoIJpKZrIiMsMREm55KpgR39cvrpHVVca8r1YdquXaX11GEMziHS3DhBmpQhwY0gcATPMMrvFkT68V6tz6WowUr3zmFP7A+fwBIR5Jt</latexit>

|H|

<latexit sha1_base64="JNGJdYYTB4uHoXH8g9zE/DXric4="></latexit>

|H|S | =

��������
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# of distinct ways we can label 
sample     using hypotheses in

<latexit sha1_base64="oLWzNwQMKex53V3dqrjm5Ou6WDs=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubmETwEPDiMUHzgGQJs5PeZMzsg5lZISz5Ai8eFPHqJ3nzb5xNIqhoQUNR1U13lxdzJpVlfRgrq2vrG5u5rfz2zu7efuHgsC2jRFBo0YhHousRCZyF0FJMcejGAkjgceh4k6vM79yDkCwKb9U0Bjcgo5D5jBKlpebNoFC0zItaxTl3sGVaVtUpVTLiVMtOCdtayVBESzQGhff+MKJJAKGinEjZs61YuSkRilEOs3w/kRATOiEj6GkakgCkm84PneFTrQyxHwldocJz9ftESgIpp4GnOwOixvK3l4l/eb1E+TU3ZWGcKAjpYpGfcKwinH2Nh0wAVXyqCaGC6VsxHRNBqNLZ5HUIX5/i/0nbMe2KWW6Wi/XLZRw5dIxO0BmyURXV0TVqoBaiCNADekLPxp3xaLwYr4vWFWM5c4R+wHj7BBI9jR4=</latexit>

S
<latexit sha1_base64="48R5AuhY8ZVWlMN3v8kwsq940aU=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8y0thVcFNx0WcE+YDqUTJppQzPJkGSEMvQz3LhQxK1f486/MdNWUNEDgcM595JzT5gwqrTjfFhr6xubW9uFneLu3v7BYenouKtEKjHpYMGE7IdIEUY56WiqGeknkqA4ZKQXTm9yv3dPpKKC3+lZQoIYjTmNKEbaSP4gRnqCEcta82Gp7NhXjZp36UHHdpy6V6nlxKtXvQp0jZKjDFZoD0vvg5HAaUy4xgwp5btOooMMSU0xI/PiIFUkQXiKxsQ3lKOYqCBbRJ7Dc6OMYCSkeVzDhfp9I0OxUrM4NJN5RPXby8W/PD/VUSPIKE9STThefhSlDGoB8/vhiEqCNZsZgrCkJivEEyQR1qaloinh61L4P+l6tluzq7fVcvN6VUcBnIIzcAFcUAdN0AJt0AEYCPAAnsCzpa1H68V6XY6uWaudE/AD1tsn3vqRpQ==</latexit>

H

Example
<latexit sha1_base64="5pc6+2F4+MzkgWBMWAODzqJdG2M="></latexit>

h1 h2 h3 h4 h5

x1 1 1 1 1 0
x2 0 0 0 0 0
x3 0 1 1 0 1

effective size = 3
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Definition : Shattering finite unlabeled training sample (15) =k)
- J

we say that It shatters a set S2X if,

for every possible labeling of S (2 of these !),
there is helt that is consistent with labeling.
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mandIt shatters S.



Question : Does there exist S with 1S1 = 4 S.
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Definition (Vapnik - Chervonenkis Dimension)

~- C

The UC dimension of It
,
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of the largest finite SEX that is shattered by i.
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Bounding the risk when      has  finite VC dimension

Suppose, given training data                                            , 

we learn a rule           . 

Then with probability at least         ,

<latexit sha1_base64="YRT3aWjcrf3xYDtwQI+1qeuWCUg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCLrqsYB/QDiWTZtrQTGZI7ghlKPgTblwo4tavceffmGm70NYDgcM5N9xzT5BIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxre5337k2ohYPeAk4X5Eh0qEglG0UrcXURwxKrP6tF+uuFV3BrJKvAWpwAKNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42ezyFNyZpUBCWNtn0IyU3//yGhkzCQK7GQe0Sx7ufif100xvPEzoZIUuWLzRWEqCcYkv58MhOYM5cQSyrSwWQkbUU0Z2pZKtgRv+eRV0rqoelfVy/vLSu3uaV5HEU7gFM7Bg2uoQR0a0AQGMTzDK7w56Lw4787HfLTgLCo8hj9wPn8ApHmR6Q==</latexit>

H

<latexit sha1_base64="UgkPnzsUrxj2nJTBaAThTVTRiWw=">AAACJHicbVDLSgMxFM34tr6qLt0Ei6BQyoyICroQ3LhUsFrplJLJ3GowkwzJHbEM8zFu/BU3Lnzgwo3fYqZ24etA4HDOudzcE6VSWPT9d29kdGx8YnJqujIzOze/UF1cOrM6MxyaXEttWhGzIIWCJgqU0EoNsCSScB5dH5b++Q0YK7Q6xX4KnYRdKtETnKGTutW99VY3qNOLbrBRp6GMNdo6dZoqNbVBQ11OA+Yhwi3mQsRFkYdWJAU97lZrfsMfgP4lwZDUyBAu/xLGmmcJKOSSWdsO/BQ7OTMouISiEmYWUsav2SW0HVUsAdvJB0cWdM0pMe1p455COlC/T+QssbafRC6ZMLyyv71S/M9rZ9jb7eRCpRmC4l+LepmkqGnZGI2FAY6y7wjjRri/Un7FDOPomqm4EoLfJ/8lZ5uNYLuxdbJVO9gf1jFFVsgqWScB2SEH5Igckybh5I48kCfy7N17j96r9/YVHfGGM8vkB7yPT+Zco0Q=</latexit>

(X1, Y1), . . . , (Xn, Yn)
iid⇠ P

<latexit sha1_base64="9V4zkI3y59kF3X9jKeLdeVrB5ZU=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJpKgLFwU3XVawD2hCmUwnzdDJJMxMhBKy8VfcuFDErZ/hzr9x+lho64ELh3Pu5d57gpQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB+G7qdx+pVCwRD3qSUj/GI8FCRrA20sA+8SKs86hAHhPIi7GOCOZ5sxjYVafmzIBWibsgVVigNbC/vGFCspgKTThWqu86qfZzLDUjnBYVL1M0xWSMR7RvqMAxVX4+e6BA50YZojCRpoRGM/X3RI5jpSZxYDqnJ6plbyr+5/UzHd74ORNppqkg80VhxpFO0DQNNGSSEs0nhmAimbkVkQhLTLTJrGJCcJdfXiWdy5p7Vavf16uN20UcZTiFM7gAF66hAU1oQRsIFPAMr/BmPVkv1rv1MW8tWYuZY/gD6/MHr9yWdg==</latexit>

ĥ 2 H

<latexit sha1_base64="wdjVWbEpkAHmv+ctvWV+hktvziw=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhBsDHcS1MIiYGMZwXxgcoS9vb1kyd7esTsnhJB/YWOhiK3/xs5/4ya5QhMfDDzem2FmXpBKYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRJphlvsEQmuh1Qw6VQvIECJW+nmtM4kLwVDG+nfuuJayMS9YCjlPsx7SsRCUbRSo8eOSfdkEukvVLZrbgzkGXi5aQMOeq90lc3TFgWc4VMUmM6npuiP6YaBZN8UuxmhqeUDWmfdyxVNObGH88unpBTq4QkSrQthWSm/p4Y09iYURzYzpjiwCx6U/E/r5NhdO2PhUoz5IrNF0WZJJiQ6fskFJozlCNLKNPC3krYgGrK0IZUtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQwUPMMrvDnGeXHenY9564qTzxzBHzifPxq6j+U=</latexit>

1� �

<latexit sha1_base64="YIVcKr6YJjpfrRazHOEBPfEm5kA="></latexit>

R(ĥ)  R̂(ĥ, D) +O

0

@

s
VC(H) + log 1

�

n

1

A


