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https://proceedings.neurips.cc/paper/1988/file/812b4ba287f5ee0bc9d43bbf5bbe87fb-Paper.pdf


CIFAR-10 dataset

https://www.cs.toronto.edu/~kriz/cifar.html


Automated speech recognition (ASR)
A history of neural network approaches for ASR 

• 2012: English, model: hybrid models involving deep neural networks and 
more classical approaches 

• 2014: English, model: Long short-term memory networks (LSTMs) 

• 2014: English, model: Recurrent neural networks (RNNs) 

• 2016: English/Mandarin, model: RNNs with Gated recurrent units (GRUs)

x

h

o

U

V

W
Unfold

xt-1

ht-1

ot-1

U

W

xt

ht

ot

U

W

xt+1

ht+1

ot+1

U

W

VV V V. . . . . .

An RNN



(Strubell et al., 2019) 
"Energy and Policy Considerations 
for Deep Learning in NLP"

https://arxiv.org/pdf/1906.02243.pdf
https://arxiv.org/pdf/1906.02243.pdf
https://arxiv.org/pdf/1906.02243.pdf


Gradient descent: main idea

Given current weights    , update using the rule:
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Gradient descent

Thanks to Pierre Vigier (link)

https://pvigier.github.io/2017/07/21/pychain-part1-computational-graphs.html


Gradient descent

Thanks to Pierre Vigier (link)

https://pvigier.github.io/2017/07/21/pychain-part1-computational-graphs.html


Gradient descent step size
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Gradient descent step size
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Gradient descent step size
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Gradient descent step size
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Gradient descent step size
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Example: linear regression with squared loss

• In linear regression with the squared loss: 

• each              corresponds to a linear hypothesis 

• The training error of     is
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Gradient descent for linear regression

• Gradient descent rule:
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Gradient descent for linear regression

• Gradient descent rule: 

• Compute one partial derivative:
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Gradient descent for linear regression

• Gradient descent rule: 

• Compute one partial derivative: 

• … of loss on one example:
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Gradient descent for linear regression

• Gradient descent rule: 

• Compute one partial derivative: 

• … of loss on one example:
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Gradient descent for linear regression

• Gradient descent rule: 

• Compute one partial derivative: 

• … of loss on one example:
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Gradient descent training for linear regression

For each     , initialize it to a small random value 

Until termination condition met, do: 

(1) Compute output                     for each input vector  

(2) Update 
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Stochastic gradient descent (SGD) for linear regression

For each     , initialize it to a small random value 

For each example           in training set, do: 

(1) Compute output                  

(2) Update:  

In practice, we loop over the training set multiple times until 
some termination criterion is met.
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Multi-layer network without nonlinearity
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Multi-layer network with nonlinearity

F1 F2

head hid who’d hood
... ...

(nonlinear!) decision surfaceMulti-layer network (with nonlinearity)



Sigmoid unit

Sigmoid function
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Sigmoid unit

Sigmoid function

Assume we used squared loss: 

How to compute gradient? 

We need to compute  

Use chain rule: 
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Sigmoid unit

Sigmoid function

Assume we used squared loss: 

How to compute gradient? 

We need to compute  

Use chain rule: 
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= →(y → o)

<latexit sha1_base64="a4EXD/iXeuiLIyBEWZwhxLsDVDU="></latexit>

ωo

ωa



Sigmoid unit

Sigmoid function

Assume we used squared loss: 

How to compute gradient? 

We need to compute  

Use chain rule: 

<latexit sha1_base64="hJ8R5/AxLq6KSZ+oGJIPxnTtVcg="></latexit>

E (w) =
1

2
(y → o)2

<latexit sha1_base64="C/6vlfEf5FVj8UWaPk03L8LW86Y="></latexit>

ωE (w)

wj

<latexit sha1_base64="ynTMInMPwkmNp+SCenGrNHH/OQg="></latexit>

ω(a) =
1

1 + e→a

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

<latexit sha1_base64="wI3uaPfNMWOthys9RZder9IRpXQ="></latexit>a

<latexit sha1_base64="tP+sWaCB5DIdNe67VYQZVAnDNgc="></latexit>w1
<latexit sha1_base64="TVYYB8HP+f3FQeIMXIJb+sBNf4w="></latexit>wd

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

<latexit sha1_base64="WouhW5lL5dTCz2rqAXysxnUckFA="></latexit>xj

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

<latexit sha1_base64="ULXqLwM1o7WDYRcZgxiZ/QM8/HE="></latexit>wj

<latexit sha1_base64="k8b2+jsxq2DYw67W+JQNxFnkX4U="></latexit>ω

<latexit sha1_base64="UDu/THspBMVcuoTnZLlsnbeMS1Y="></latexit>

ωE (w)

wj
=

ωE (w)

o

<latexit sha1_base64="4ue+Sd031WJFnJdsmEMe63Gazlc="></latexit>

ωo

ωa

<latexit sha1_base64="JdQvCLpNerNLARZz652i758YF8U="></latexit>

ωa

ωwj

<latexit sha1_base64="7odlNU4DqPPkLw80OMqJ06UXr4w="></latexit>xj
<latexit sha1_base64="VBhJOB3kX3J4T6BPGcjqXxTEg2w="></latexit>

= →(y → o)

<latexit sha1_base64="a4EXD/iXeuiLIyBEWZwhxLsDVDU="></latexit>

ωo

ωa

<latexit sha1_base64="Szc9uCiAgoAQbSw2sascHA8v/Dw="></latexit>

ωo

ωa
=

ωω(a)

ωa
= ω(a)(1→ ω(a)) = o(1→ o)



Sigmoid unit

Sigmoid function

Assume we used squared loss: 

How to compute gradient? 

We need to compute  

Use chain rule: 

<latexit sha1_base64="hJ8R5/AxLq6KSZ+oGJIPxnTtVcg="></latexit>

E (w) =
1

2
(y → o)2

<latexit sha1_base64="C/6vlfEf5FVj8UWaPk03L8LW86Y="></latexit>

ωE (w)

wj

<latexit sha1_base64="ynTMInMPwkmNp+SCenGrNHH/OQg="></latexit>

ω(a) =
1

1 + e→a

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

<latexit sha1_base64="wI3uaPfNMWOthys9RZder9IRpXQ="></latexit>a

<latexit sha1_base64="tP+sWaCB5DIdNe67VYQZVAnDNgc="></latexit>w1
<latexit sha1_base64="TVYYB8HP+f3FQeIMXIJb+sBNf4w="></latexit>wd

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

<latexit sha1_base64="WouhW5lL5dTCz2rqAXysxnUckFA="></latexit>xj

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

<latexit sha1_base64="ULXqLwM1o7WDYRcZgxiZ/QM8/HE="></latexit>wj

<latexit sha1_base64="k8b2+jsxq2DYw67W+JQNxFnkX4U="></latexit>ω

<latexit sha1_base64="UDu/THspBMVcuoTnZLlsnbeMS1Y="></latexit>

ωE (w)

wj
=

ωE (w)

o

<latexit sha1_base64="4ue+Sd031WJFnJdsmEMe63Gazlc="></latexit>

ωo

ωa

<latexit sha1_base64="JdQvCLpNerNLARZz652i758YF8U="></latexit>

ωa

ωwj

<latexit sha1_base64="7odlNU4DqPPkLw80OMqJ06UXr4w="></latexit>xj
<latexit sha1_base64="VBhJOB3kX3J4T6BPGcjqXxTEg2w="></latexit>

= →(y → o)

<latexit sha1_base64="a4EXD/iXeuiLIyBEWZwhxLsDVDU="></latexit>

ωo

ωa

<latexit sha1_base64="Szc9uCiAgoAQbSw2sascHA8v/Dw="></latexit>

ωo

ωa
=

ωω(a)

ωa
= ω(a)(1→ ω(a)) = o(1→ o)

<latexit sha1_base64="HCSDfyygN7nr2vJU+8/ACRhFaVY="></latexit>

ωE (w)

wj
= →(y → o)o(1→ o)xjSo



Stochastic gradient descent (SGD) for “sigmoid” regression

For each     , initialize it to a small random value 

For each example           in training set, do: 

(1) Compute preactivation                

(2) Compute output 

(3) Update: 

In practice, we loop over the training set multiple times until 
some termination criterion is met.

<latexit sha1_base64="fp32IdKvG79dxZoHg0EHw1kqris="></latexit>wj

<latexit sha1_base64="9bdE/8IyfkJ9dLPh0qc2JigeqdA="></latexit>

(x , y)

<latexit sha1_base64="EPnAQqxry420h6egT5azdWaSubY="></latexit>

a = →w , x↑

<latexit sha1_base64="Tjb2X3b5s9qLmExuAhzKfD8gWzM="></latexit>

o = ω(a)

<latexit sha1_base64="3lFC5W4NbesURMhiyms579p1i+Y="></latexit>

w → w + ω(y ↑ o)o(1↑ o)x



Forward propagation

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hj

<latexit sha1_base64="m+QVXPfbTKDnM480xxjPmC/eemM="></latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)j

<latexit sha1_base64="vlpY2uPwSV/HI0WYBewr1AJiIGg="></latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

a(2)

<latexit sha1_base64="9DYFBRQpXwSsrBW0zGZmeKLJ0VE="></latexit>

Unit computations

(in reverse order)

w (1)
j = (w (1)

j ,1 w (1)
j ,2 . . . w (1)

j ,d )

<latexit sha1_base64="vvnlyaXDDYj/QKB/T0T4cLe38E4="></latexit>

(Note the following vector definitions)

w (2) = (w (2)
1 w (2)

2 . . . w (2)
d1

)

<latexit sha1_base64="EkD6ufigwDmweatRX9vRD5Z4Ebo="></latexit>

o(x) = �(a(2)(x))

a(2)(x) = hw (2), h(x)i =
d1X

j=1

w (2)
j hj(x)

hj(x) = �(a(1)j (x))

a(1)j (x) = hw (1)
j , xi =

dX

i=1

wj ,i xi

<latexit sha1_base64="HoJocVll+0krHedjnAVWIe4WfUE="></latexit>



We are using the squared error:

Backpropagation - weights to output layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)j

<latexit sha1_base64="vlpY2uPwSV/HI0WYBewr1AJiIGg="></latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

First, we compute the gradient updates 
for the weights going to the output layer:

@E (w)

@w (2)
j

=
@E (w)

@o

@o

@a(2)| {z }
�

@a(2)

@w (2)
j

= �(y � o)o(1� o)| {z }
�

hj

<latexit sha1_base64="oo88B1n+JTHLBeP9lJlIgh4AHVE="></latexit>

a(2)

<latexit sha1_base64="EYJTWE/KTPGfvWGjweTNwSn/cbY="></latexit>

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

�(a) =
1

1 + e�a

<latexit sha1_base64="cocp+QrP2n1AE5qsPXI3is44Oa4="></latexit>

E (w) =
1

2
(y � o(x))2

<latexit sha1_base64="RAN/QhMkAfNBQGmy2ccZvkknYIY="></latexit>

Recall the sigmoid function:



Backpropagation - weights to hidden layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

Next, we compute the gradient updates 
for the weights going to the hidden layer:

a(2)

<latexit sha1_base64="EYJTWE/KTPGfvWGjweTNwSn/cbY="></latexit>

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

a(1)j

<latexit sha1_base64="zBkoNp1LRTJo5Z0qD+vlv+PMsZs="></latexit>

xi

<latexit sha1_base64="qh+OvbHLwBj5DNsVDqrXjr6lP4E="></latexit>

@E (w)

@w (1)
j ,i

=
@E (w)

@o

@o

@a(2)
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

= �
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

<latexit sha1_base64="wobcFCWEm67YSFrmMJTrlKxfm0g="></latexit>



Backpropagation - weights to hidden layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

Next, we compute the gradient updates 
for the weights going to the hidden layer:

a(2)

<latexit sha1_base64="EYJTWE/KTPGfvWGjweTNwSn/cbY="></latexit>

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

a(1)j

<latexit sha1_base64="vlpY2uPwSV/HI0WYBewr1AJiIGg="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

@a(2)

@hj
= w (2)

j

<latexit sha1_base64="haDxo1SS+obnNqDtNlAIgOZfWRw="></latexit>

@E (w)

@w (1)
j ,i

=
@E (w)

@o

@o

@a(2)
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

= �
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

<latexit sha1_base64="wobcFCWEm67YSFrmMJTrlKxfm0g="></latexit>



Backpropagation - weights to hidden layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

Next, we compute the gradient updates 
for the weights going to the hidden layer:

a(2)

<latexit sha1_base64="EYJTWE/KTPGfvWGjweTNwSn/cbY="></latexit>

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

a(1)j

<latexit sha1_base64="vlpY2uPwSV/HI0WYBewr1AJiIGg="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

@E (w)

@w (1)
j ,i

=
@E (w)

@o

@o

@a(2)
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

= �w (2)
j

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

<latexit sha1_base64="dXMlkR+O1Nx0Ed1K+nkqmm3aNTQ="></latexit>



Backpropagation - weights to hidden layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

Next, we compute the gradient updates 
for the weights going to the hidden layer:

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

a(1)j

<latexit sha1_base64="zBkoNp1LRTJo5Z0qD+vlv+PMsZs="></latexit>

a(2)

<latexit sha1_base64="9DYFBRQpXwSsrBW0zGZmeKLJ0VE="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

@hj

@a(1)j

= hj(1� hj)

<latexit sha1_base64="CAMTPcoEjfe4X14LYGkLpEjfUHw="></latexit>

@E (w)

@w (1)
j ,i

=
@E (w)

@o

@o

@a(2)
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

= �w (2)
j

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

<latexit sha1_base64="dXMlkR+O1Nx0Ed1K+nkqmm3aNTQ="></latexit>



Backpropagation - weights to hidden layer

x1

<latexit sha1_base64="A/ewkcEnk/uVUrBuT/5w8tb6a8E="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

⌃

<latexit sha1_base64="I3zhR59jMQxjb4o+sAjOrrKyjM8="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

�

<latexit sha1_base64="fMIwCz/bpF4y8zRglbm7RKLU2RA="></latexit>

o

<latexit sha1_base64="lRQUNkiXWwZNwkn09GGc7ryTm0M="></latexit>

w (2)
d1

<latexit sha1_base64="q24KkV6qIm3f4fv6U0LTlAyQ1hM="></latexit>

w (2)
j

<latexit sha1_base64="DtCmB3uFddQQCnUJ6TZMImZwigw="></latexit>

w (2)
1

<latexit sha1_base64="m8qYyRh1NCegdZh/TSgPkREyYb0="></latexit>

xd

<latexit sha1_base64="qsW/XQ9Ovs+AQ63fJscMy6U/+Us="></latexit>

w (1)
j ,1

<latexit sha1_base64="0oprOmjKpJ0QHOpQyg+kgdlArH4="></latexit>

w (1)
j ,i

<latexit sha1_base64="fZpccDoAPD59NMtRkl11vpW7dvc="></latexit>

w (1)
j ,d

<latexit sha1_base64="O8Hh1Ede7Hz+DxR9ldEG465nBhQ="></latexit>

h1

<latexit sha1_base64="Z7PDYk/2u4P92Wt4F+DMamxPD38=">AAAEjnicfVNbTxQxGC2wKq430EdfJm5MkCDZIUR90EiCgxhQcXWBZGfYdLrfzDbb6YxtRyG1P8FX/W3+GzsXlJ1FmzQ5Ped8l35pw4xRqbrdX3PzC60rV68tXm/fuHnr9p2l5buHMs0FgT5JWSqOQyyBUQ59RRWD40wATkIGR+Fku9CPvoCQNOWf1FkGQYJjTiNKsLLUx/HQHS51uuvdcjmzwK1BB9XrYLi8kPujlOQJcEUYln </latexit>

hd1

<latexit sha1_base64="U4NukNpVnum3SRmzZf0p07dETcg="></latexit>

a(1)1

<latexit sha1_base64="RweMziNDWgX37qQMaBcTeQhVoYo=">AAAElHicfVNbb9MwGPW2AqPcNpB44SWiQuqmMTXTJHjYw6SRAdoYo6LbUJNVjvulteo4wXagk/Gv4BV+GP8G5zJY04ElS8fnnO/iT3aYMipVp/NrYXGpcePmreXbzTt3791/sLL68EQmmSDQIwlLxFmIJTDKoaeoYnCWCsBxyOA0nOzl+ukXEJIm/KO6SCGI8YjTiBKsLPUJn+u2u2YG7mCl1dnsFMuZB24FWqhax4PVpcwfJi </latexit>

a(1)d1

<latexit sha1_base64="u4GQCnZmz1a7FVGszfy11p5xb5Q="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="KgwG0ZKmRzEyTMF0bX74zlk/XDM="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

. . .

<latexit sha1_base64="rprpmhJzyDaRL/7VlkRwlUyKWQc="></latexit>

Next, we compute the gradient updates 
for the weights going to the hidden layer:

hj

<latexit sha1_base64="OsON17yeNOeKTz7af0qQ9raoDnM="></latexit>

a(1)j

<latexit sha1_base64="zBkoNp1LRTJo5Z0qD+vlv+PMsZs="></latexit>

a(2)

<latexit sha1_base64="9DYFBRQpXwSsrBW0zGZmeKLJ0VE="></latexit>

xi

<latexit sha1_base64="Or/4jYb39vTXFhnIRWLdOCRHnm0="></latexit>

@E (w)

@w (1)
j ,i

=
@E (w)

@o

@o

@a(2)
@a(2)

@hj

@hj

@a(1)j

@a(1)j

@w (1)
j ,i

= �w (2)
j hj(1� hj)

@a(1)j

@w (1)
j ,i

<latexit sha1_base64="rzd5nPqu6UdybFI26GeNrxIMSzs="></latexit>



Backpropagation - weights to hidden layer
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Next, we compute the gradient updates 
for the weights going to the hidden layer:
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Next, we compute the gradient updates 
for the weights going to the hidden layer:
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How to use backprop to train neural networks

(1) Initialization: use random initialization (this is important!) 

randomness is important to: 

• to avoid problematic (all zero) gradients 
• break symmetry (think about why) 

(2) Loop over training examples repeatedly (use SGD) 

(3) Stop (there are different choices of stopping criteria)

(i) forward propagation

(ii) backprop



Universal Approximation Theorem

Any bounded, continuous function over the input space           
can be approximated arbitrarily well (i.e. with arbitrarily small 
error) using a neural network with only one hidden layer          
(with a number of hidden nodes depending on the function).


The hidden units have sigmoid activation functions, while the 
output unit is linear (no activation function).


(Cybenko, 1989)


[0, 1]d
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A similar result can be proved for other activation functions

(Hornik, 1991)



Early Stopping
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Double descent
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Figure 1: Curves for training risk (dashed line) and test risk (solid line). (a) The classical
U-shaped risk curve arising from the bias-variance trade-o↵. (b) The double descent risk curve,
which incorporates the U-shaped risk curve (i.e., the “classical” regime) together with the observed
behavior from using high capacity function classes (i.e., the “modern” interpolating regime), sep-
arated by the interpolation threshold. The predictors to the right of the interpolation threshold
have zero training risk.

When function class capacity is below the “interpolation threshold”, learned predictors exhibit
the classical U-shaped curve from Figure 1(a). (In this paper, function class capacity is identified
with the number of parameters needed to specify a function within the class.) The bottom of the
U is achieved at the sweet spot which balances the fit to the training data and the susceptibility
to over-fitting: to the left of the sweet spot, predictors are under-fit, and immediately to the
right, predictors are over-fit. When we increase the function class capacity high enough (e.g.,
by increasing the number of features or the size of the neural network architecture), the learned
predictors achieve (near) perfect fits to the training data—i.e., interpolation. Although the learned
predictors obtained at the interpolation threshold typically have high risk, we show that increasing
the function class capacity beyond this point leads to decreasing risk, typically going below the risk
achieved at the sweet spot in the “classical” regime.

All of the learned predictors to the right of the interpolation threshold fit the training data
perfectly and have zero empirical risk. So why should some—in particular, those from richer
functions classes—have lower test risk than others? The answer is that the capacity of the function
class does not necessarily reflect how well the predictor matches the inductive bias appropriate for
the problem at hand. For the learning problems we consider (a range of real-world datasets as well
as synthetic data), the inductive bias that seems appropriate is the regularity or smoothness of
a function as measured by a certain function space norm. Choosing the smoothest function that
perfectly fits observed data is a form of Occam’s razor: the simplest explanation compatible with
the observations should be preferred (cf. [38, 6]). By considering larger function classes, which
contain more candidate predictors compatible with the data, we are able to find interpolating
functions that have smaller norm and are thus “simpler”. Thus increasing function class capacity
improves performance of classifiers.

Related ideas have been considered in the context of margins theory [38, 2, 35], where a larger
function class H may permit the discovery of a classifier with a larger margin. While the margins
theory can be used to study classification, it does not apply to regression, and also does not pre-
dict the second descent beyond the interpolation threshold. Recently, there has been an emerging
recognition that certain interpolating predictors (not based on ERM) can indeed be provably sta-
tistically optimal or near-optimal [3, 5], which is compatible with our empirical observations in the
interpolating regime.

In the remainder of this article, we discuss empirical evidence for the double descent curve, the
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with the number of parameters needed to specify a function within the class.) The bottom of the
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to over-fitting: to the left of the sweet spot, predictors are under-fit, and immediately to the
right, predictors are over-fit. When we increase the function class capacity high enough (e.g.,
by increasing the number of features or the size of the neural network architecture), the learned
predictors achieve (near) perfect fits to the training data—i.e., interpolation. Although the learned
predictors obtained at the interpolation threshold typically have high risk, we show that increasing
the function class capacity beyond this point leads to decreasing risk, typically going below the risk
achieved at the sweet spot in the “classical” regime.

All of the learned predictors to the right of the interpolation threshold fit the training data
perfectly and have zero empirical risk. So why should some—in particular, those from richer
functions classes—have lower test risk than others? The answer is that the capacity of the function
class does not necessarily reflect how well the predictor matches the inductive bias appropriate for
the problem at hand. For the learning problems we consider (a range of real-world datasets as well
as synthetic data), the inductive bias that seems appropriate is the regularity or smoothness of
a function as measured by a certain function space norm. Choosing the smoothest function that
perfectly fits observed data is a form of Occam’s razor: the simplest explanation compatible with
the observations should be preferred (cf. [38, 6]). By considering larger function classes, which
contain more candidate predictors compatible with the data, we are able to find interpolating
functions that have smaller norm and are thus “simpler”. Thus increasing function class capacity
improves performance of classifiers.

Related ideas have been considered in the context of margins theory [38, 2, 35], where a larger
function class H may permit the discovery of a classifier with a larger margin. While the margins
theory can be used to study classification, it does not apply to regression, and also does not pre-
dict the second descent beyond the interpolation threshold. Recently, there has been an emerging
recognition that certain interpolating predictors (not based on ERM) can indeed be provably sta-
tistically optimal or near-optimal [3, 5], which is compatible with our empirical observations in the
interpolating regime.
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Double descent

More reading: https://windowsontheory.org/2019/12/05/deep-double-descent

https://windowsontheory.org/2019/12/05/deep-double-descent


L2-Regularization (“Weight decay”)
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Frobenius norm of        , defined as

For a network with an input layer and L additional layers (including the output layer)
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Why is this helpful?

Tends to shrink the weights (spreads them out more)

There is theoretical support; this is a form of “capacity control”



L1-Regularization
For a network with an input layer and L additional layers (including the output layer)

Why is this helpful?

Tends to shrink the weights and make many of them zero (a thinner network)

There is even stronger theoretical support for this (again, capacity control)
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For valid generalization, the size of the 
weights is more important than the size 

of the network 
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Abstract 

This paper shows that if a large neural network is used for a pattern 
classification problem, and the learning algorithm finds a network 
with small weights that has small squared error on the training 
patterns, then the generalization performance depends on the size 
of the weights rather than the number of weights. More specifi-
cally, consider an i-layer feed-forward network of sigmoid units, in 
which the sum of the magnitudes of the weights associated with 
each unit is bounded by A. The misclassification probability con-
verges to an error estimate (that is closely related to squared error 
on the training set) at rate O((cA)l(l+1)/2J(log n)jm) ignoring 
log factors, where m is the number of training patterns, n is the 
input dimension, and c is a constant . This may explain the gen-
eralization performance of neural networks, particularly when the 
number of training examples is considerably smaller than the num-
ber of weights. It also supports heuristics (such as weight decay 
and early stopping) that attempt to keep the weights small during 
training. 

1 Introduction 

Results from statistical learning theory give bounds on the number of training exam-
ples that are necessary for satisfactory generalization performance in classification 
problems, in terms of the Vapnik-Chervonenkis dimension of the class of functions 
used by the learning system (see, for example, [13, 5]). Baum and Haussler [4] 
used these results to give sample size bounds for multi-layer threshold networks 

[Neural Information Processing Systems, 1996]



Dropout
During training 

• In each iteration/update step, train a “thinned” version of the network: 

• “Thinning” means we randomly, independently drop out (remove) each 
node (along with all its incoming and outgoing edges) with probability p 

• Do forward and backpropagation on the thinned network
Srivastava, Hinton, Krizhevsky, Sutskever and Salakhutdinov

(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are di↵erent from each other and in order to make
neural net models di↵erent, they should either have di↵erent architectures or be trained
on di↵erent data. Training many di↵erent architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train di↵erent networks on
di↵erent subsets of the data. Even if one was able to train many di↵erent large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many di↵erent neural network
architectures e�ciently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.

1930

(Srivastava et al., 2014) 
“Dropout:  A Simple Way to 
Prevent Neural Networks 
from Overfitting”

http://www.jmlr.org/papers/volume15/srivastava14a/srivastava14a.pdf
http://www.jmlr.org/papers/volume15/srivastava14a/srivastava14a.pdf
http://www.jmlr.org/papers/volume15/srivastava14a/srivastava14a.pdf
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• Suppose that the original network has m nodes and each 
node is independently dropped with probability p 

• How many possible thinned networks are there?



Dropout

• Suppose that the original network has m nodes and each 
node is independently dropped with probability p 

• How many possible thinned networks are there? 2m
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• Suppose that the original network has m nodes and each 
node is independently dropped with probability p 

• How many possible thinned networks are there? 

• This is equivalent to drawing the thinned network from a set 
of      thinned networks (a binary choice for each node) 

• The number of nodes in a thinned network follows a 
binomial distribution with success probability p

Dropout

2m
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2m
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Dropout
At test time 

• Use the original network, but scale each weight by 1 - p. Why 1 - p? (its 
expected value)

Dropout

setting that do not use dropout or unsupervised pretraining achieve an error of about
1.60% (Simard et al., 2003). With dropout the error reduces to 1.35%. Replacing logistic
units with rectified linear units (ReLUs) (Jarrett et al., 2009) further reduces the error to
1.25%. Adding max-norm regularization again reduces it to 1.06%. Increasing the size of
the network leads to better results. A neural net with 2 layers and 8192 units per layer
gets down to 0.95% error. Note that this network has more than 65 million parameters and
is being trained on a data set of size 60,000. Training a network of this size to give good
generalization error is very hard with standard regularization methods and early stopping.
Dropout, on the other hand, prevents overfitting, even in this case. It does not even need
early stopping. Goodfellow et al. (2013) showed that results can be further improved to
0.94% by replacing ReLU units with maxout units. All dropout nets use p = 0.5 for hidden
units and p = 0.8 for input units. More experimental details can be found in Appendix B.1.

Dropout nets pretrained with stacks of RBMs and Deep Boltzmann Machines also give
improvements as shown in Table 2. DBM—pretrained dropout nets achieve a test error of
0.79% which is the best performance ever reported for the permutation invariant setting.
We note that it possible to obtain better results by using 2-D spatial information and
augmenting the training set with distorted versions of images from the standard training
set. We demonstrate the e↵ectiveness of dropout in that setting on more interesting data
sets.

With dropout

Without dropout

@R

@
@R

Figure 4: Test error for di↵erent architectures
with and without dropout. The net-
works have 2 to 4 hidden layers each
with 1024 to 2048 units.

In order to test the robustness of
dropout, classification experiments were
done with networks of many di↵erent ar-
chitectures keeping all hyperparameters, in-
cluding p, fixed. Figure 4 shows the test
error rates obtained for these di↵erent ar-
chitectures as training progresses. The
same architectures trained with and with-
out dropout have drastically di↵erent test
errors as seen as by the two separate clus-
ters of trajectories. Dropout gives a huge
improvement across all architectures, with-
out using hyperparameters that were tuned
specifically for each architecture.

6.1.2 Street View House Numbers

The Street View House Numbers (SVHN)
Data Set (Netzer et al., 2011) consists of
color images of house numbers collected by
Google Street View. Figure 5a shows some examples of images from this data set. The
part of the data set that we use in our experiments consists of 32⇥ 32 color images roughly
centered on a digit in a house number. The task is to identify that digit.

For this data set, we applied dropout to convolutional neural networks (LeCun et al.,
1989). The best architecture that we found has three convolutional layers followed by 2
fully connected hidden layers. All hidden units were ReLUs. Each convolutional layer was
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“Dropout:  A Simple Way to 
Prevent Neural Networks 
from Overfitting”

Dropout reduces overfitting! 
Mathy intuition: 

• Dropout is like training with 
input noise 

• Forces network to be robust to 
perturbations 

• Network responds by 
spreading out its weight (better 
not rely on any node or 
connection too much!)
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