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GOAL: MINIMIZE THE REGRET ("¢, ) ! _I’IHLQ] !("t,aﬁ”)
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Absolute loss lower bound

losSs on outcomel

FLATNESS IS BAD!

loss on outcomel

Absolute loss: Minimax regret ©(+/ T log K)
[Cesa-Bianchi et al., 199



Mixable losses break lower bound

loss on outcome 1

loss on outcome (

. . log K -
n-mixable losses: Minimax regret —° constantin T

[Vovk, 1990] L




' -Mixability

For each distribution over actionr i )

There is an actior such thi

1 .
For all outcomes  !(! ,a)!" ZlogEy, e '* @

!n-mix(! , ) )

. . log K -
n-mixable losses: Minimax regret = constantin T

[Vovk, 1998] -




Squared loss mixability
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Regret In statistical learning

\, -
— - T
(Xl, Yl) ..... (Xn Yn) > pn
estimator
/

E(X,Y)! P!.(X,Y),pn | fi'!?:f E(X,Y)! p'(X,Y),f = O(#l—ﬁ)

THISTALK: Under Stochastic Mixability
Exx.vy pl((X,Y), 7?n) | fi"r;f Ecx.vy p2((X,Y), f) = O(3)



Online Learning —  Statistical Learning
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Online Learning —  Statistical Learning

Prediction with Expert

Advice (constant experts)

Statistical Learning

Actions al A

(A=10,1])
Qutcomes 1

(! ={0,1})
LOSS (w, a)

(Jw?! al)
NatureOs P 1,...,! 1)
Strategy

(full joint)

feF

(F = linear separatorg

(X,Y)e X x)Y
(X = R",Y ={0,1})

L((X,Y), 1)
(Y, FX)) = Y — £(X)

P-(vaYJ)anl — P”'(X,Y)
(i.i.d.)



1 -Mixability — 1 -Stochastic Mixabllity

DEFINITION [Van Erveret al.]
A problem (¢, F,P) Is' -stochastically mixable

there is somef’ € F such that for all distributioms  oVeér:

E(X,Y)! pg((X, Y),f") < E(X,Y)! P_%IOgEf! ! e#"!((X,Y),f)

Ecx.v)r pln-mix ((X, Y), 7T)
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CGF view of Stochastic Mixability

For all distributions oveF:

EC(X,Y), f* 1 Elmix (X,Y),!

EQU|VA|_ENT! [Van Erven et al ]

Forallf € 7 excess 10s:Z;

' ' ) H | DU
logEexp—m ¢ Y,f(X) —£2Y,f (X) <0

| — 5 (n)
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Fast rates from stochastic mixability

THIS TALK: LOSSES IN [0, 1] FOR SIMPLICITY

With probabillity at leastl! ! |, under stochastic mixabi

Finite classe

1
R(fe ! R(E) " 219 109 P

nl*

VC-type classe

(\/VC(]-") og N + \/Iog %)2

R(Brm) — R(f') =0 —
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Avoiding Bad Hypotheses

-

TN % 1# $ %
Pr ﬁ (! Yj,f(Xj) | ﬁ (! Yj,f'(Xj)
j=1 J=1

bad hypothesis
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Excess risk
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Cramer-Chernoff

ES
Pr(S ! )" =2

' s(!) cumulant generating functic

N

Pr(S > 0) < exp log Eexp(nS)

S = average of lid negative excess |o:

. \

CYL ) LY ) " 0) " exp(nA_z(n)
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The worst distribution

subject to
Among all distributionsofi 1,1 withmean p EpZ =1 p
andwhose CGF satisbeg!') =0 Ere 2 =1
what Is the largest that (%) can b sup Ep ez 2

P(' 1,1])



P and Semi-infinite LP duality

max !c,x"
x! RN

s.t. 1A, X"= Dy, j# [m]
X$ 0



P and Semi-infinite LP duality

max !c,x"
n

x!' R
s.t. 1A, X"= Dy, j# [m]
X$ 0
o
i by

st. 1AL y"# ¢, i$[n]



P and Semi-infinite LP duality

max !c,x" max Ep h(Z)

x! Rn P |

s.t. 1A,X"= by, j#[m] st. Epg(Z)=1by, ! [m]
Xx$ 0 Epl=1

P" O

|

min 10y

s.t. 1A, y"# ¢, i$[n]



P and Semi-infinite LP duality

THE GENERALMOMENT PROBLEM

max !c,x" max  Ep h(Z) [Kemperman]
x! RN
s.t. 1A, x"= Dby, | #[m] st. Epg(Z)= by, j! [m]
X $ 0] Ep 1=1
P" O

|

min 10y

s.t. 1A, y"# ¢, i$[n]



P and Semi-infinite LP duality

THE GENERALMOMENT PROBLEM

max !c,x" max  Ep h(Z) Kempermarn
xR
s.t. 1A,X"= by, j#[m] st. Epg(Z)=1by, ! [m]
Xx$ 0 Epl=1
P" O
min b,y iR Yot b, yim

!m
st Yot  Yg(t)# h(t), t $[%1,1
=1

st. 1A, y"# ¢, i $[n]



Stochastic mixability concentration

sup Ep e 72
PIP ([" 1,1])
st. EpZ=!up
Ep e! Z —
Erl=1
P" O

|

min  VYo! Hy1+ Yo

yl RM

st. Yo+vyit+ye 't ezt t#[l 1,1



Stochastic mixability concentration

sup Epe 72
PIP ([" 1,1])
S.1. EpZ = | vl
Ep e! Z -
Epl=1 o "
o 1y 2(5) 1 0.8u(! " # 1)

L

min  VYo! Hy1+ Yo

yl RM

st Yo+ yit+ye '"ezt t#[ 1,1
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F

If (!,Fi,P) is not
stochastically mixable
for anye > C

Then



The danger of non-unique minimizers

IMendelson]

For some n and some targét”  approachipge.  nas
ERM learns at a slow rate for p-losses

I:Bayes



Conclusions

¥ We strengthened the already strong connection between
mixabllity and stochastic mixability.

¥ Stochastic mixability implies fast rates for ERM, analogous to h
mixabllity implies constant regret in prediction with expert
advice.

¥ New insights into the fast rates phenomenon through geometry
and duality









Connection between excess risk and optimal
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Connection between excess risk and optimal

CExes, (X)) _ 0 Gi(2)

Y50 T B, (X)) go(l)

2

25 1]

- Ex! P gl(x)

yp = Ex! P gZ(X)

Upshot: for somd ,if optimaj! 0 ,then excessr! O



Connections to other condrtions

[GrYnwald,Van Erven, Reid, Williamson]

Stochastic mixability « > Bernstein condition
Ee (T ) ] bounded losses  E(f ! f!)z " CE(T ! f!)!
l =1
f' = fBayes | F
v
BERNSTEIN IS 2-SIDED, Margin condition

STOCHASTIC MIXABILITY IS |-SIDED!

=1

v

MassartOs noise conditic



