PHYS 321A Lecture Notes 19 University of Victoria

Lecture 19: Energy, Orbits, Radial Motion

Example: Placing a satellite into a geosynchronous orbit with two wvelocity boosts.
Boost 2

a(l —¢)

Rrpo + Reeo = 2a

a(l+¢)

Boost 1

The satellite starts at low earth orbit (LEO) (v &~ 26000 km/h | Rppo =~ Rearn). The
first boost takes the satellite to an intermediate elliptical orbit:

Note: Ripo =a(l =)
RGEO = a(l -+ 6)

where a is the semi major axis of the intermediate elliptical orbit. The energy of the elliptical
orbit is given by

k GMgm 1 , GM.m
= — = —muv

F=—-——= = _ _
2a 2a 27 a(l—e¢

the value after the last equality represents the energy at the perigee.

a 1—¢ 2

1 2_GM€m{ 1 1]

2 GMp {2—(1—6)} GMjg <1+6)

a 1—c¢
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Substituting in Rgrpo and Rpgo yields

o 2GMy (RGEO)
P Rrgo + Rcro

Rrro

This is the velocity at the perigee. The LEO velocity is given by

mvigo  GMgm 9 GMEg

= — =
2 LEO

Rrro

First Boost: ‘

GM
Avlzvp—vLEO = \/ E

\/ 2Rero
Riro Rero + Rrro

To solve for Rgro, we use the fact that vgpo = 27 Rgpo/Tr and mvp,/Raro = GmMEg/R: 50 -

> RGEO - 5 - D) 2
vapo 4 Rgpo/Th 4

Hence Rapo = 42400 km. Note that My = 5.97 x 102 kg, Rypo = 6693 km, Rapo —
42400 km and hence it follows that Av; = 8600 km /h.

| Second Boost : |

The energy at the apogee of the elliptical orbit is given by

E =

= —muv; —
2a 2% a(l+e

Q_GME[ 2 _1:|_ 2GME |i1—6:|
“ a 1+¢ (RLEO+RGEO) 1+¢

- v

(apogee)

v =

2 2GMEg ( Rrro )
“  (Rrgo + Rcro)

Raro
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vGgEo 1S given by

mugpo  GMpm 2 GMpg
RGEO - R2 GEO — R
GEO GEO
Hence
GMg

2RrEo0
1-— ~ 5269km/h
\/RLEO + Raeo /

We see that Avy + Avy = 13869 km /h, which is much less than vy po ~ 26000 km/h. (About
50% off).

Avy = Vgpo — VU, =
Raro

Effective Potential in Radial Motion

1/2mv* +V(r)=E

- 1 12
v? =712+ (rf)? = gm {7'“2 + ﬁ] +V(r)=E
| = |Fx o] =rr =120
1 ., [m?
§m7‘ + {2—73 + V(T)} =F

We call the term in the square brackets the effective potential (U(r)) or the “centrifugal
potential.”

Example: Suppose V(r) = —k/r. Then U(r) = (mi?/2)(1/r?) — (k/r).
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If E <0, bounded r = Ellipse! Turning points at » = 0 or

mi*1  k ) ml?

1 4Eml? K+ VK24 2Emi?
— = — (K +,/K? -
=T 9E ( T ) Y5

K + /K2 —2[E[ml2

2|E|

— Ty =

(+ is the apogee and - is the perigee)

If we make the argument under the square root zero, the orbit is a circle. Now we have

K? K mi?
E=bun=—5p = T=gp 0= %
Now using | = rqug we have
m K mu?
To = ET(Q]US —— 7"_(2) = T—OO
Rotate effective U and find orbits:
b
(b) 4
2
Ux, y) 0
E >0, hyberbolal \ y
-4
3 o
K
2t E . <E<O,ellipse
r r
&1 1 ot S
P g
0 E= Emi o’ circle
=] 2
-4 =2 0 2 4
X
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