PHYS 321A Lecture Notes 28 University of Victoria

Lecture 28: Generalized Momenta and Ignorable

Coordinates
T = imi? 1
Free Particle : M — L= —mi’
V=0 2

Note that £ does not depend on x

A ony_(oey _
dt \ oz ) \ox/)

d (mz) =0

—_—> —
dt

This is the conservation of momentum law! Let’s generalize this idea. For each generalized
coordinate, the generalized momentum or canonical momentum is defined as

oL
" o
7 ' . oL
Lagrange’s equation becomes |p; = B
4i

If £ does not depend explicitly on ¢; (it’s ok to depend on ¢;) then

pi =0 = p; = constant “conservation law”

We say that this missing coordinate is “ignorable” because we may use the p;, =constant
equation to eliminate it.

Example: Pendulum Attached to a Movable Support

Y
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1 . 1 . ..
L= E(m + M)X? + Em(r202 +2X7r0cos ) + mgrcosb
Note that px = 0L/dX = 0 and hence X is “ignorable”!

oL

=—=[(M+mzi+ mré cos 0)] = constant
0X

bx

That turns out to be simply the total linear momentum along x!

Do = g—g = —mXrfsinf — mgrsinf = —mr(X0 + g)sinf
= — = mr’0 + mrX cosf
Do Y,
po = mr?0 +mrX cosf —mrX0sin0 = —mrX60sinf —mrgsiné

The final equality above comes from relating the two pg equations. It follows that

. X
0+—cos€+gsin920
r r

Check Limits: Assume X is fixed: X = X = X =0

- é+gsin9:O
r

Can 0 = 6 = 0? If so, then

X X
—cosf = —Zsinf — |tanf = ——
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Hamiltonian Function and Hamilton’s Equations

Consider the function
H=Y pi~L

(Recall that p; = 0L/0q;). Let’s assume the system is conservative and V = V(g;) only.
Let’s also assume that T'(¢;) is a quadratic function on ¢;, i.e

. 1 iy
T(q;) = B Z ]
Y]

In this case T'(¢;) satisfies the “homogeneous” property,

oT
> G- =2T
A G,
Check:
. oT o1 ) .
Z Qka—qk = Z k5 (Z Qkiqj + Z Oéikqi)
k k j i
1 .. 1 ..
=3 Z Okjqrq; + 5 Z ik qiqr
k,j k,i
= 2T
Therefore

. oT
H:Zqia—q,i—(T—V) =2 —T+V = T+V

H is the total energy! (Only when T satisfies the “homogeneous” property).

Suppose we take the definition of generalized momenta py = dL/J¢, and use it to write

Gk = @i(Pr, Q)
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This allows us to write

H=Hp,q¢) = Y pidi—L

Note: in general, H is not necessarily the energy (only when >, qu—qu = 2T). Now

) ) oL . oL
OH = Z |:pi5(Qi> + Giop; — %5(%) - a_qfs%]

%

= Z [Qi(sz‘ - pz’5%]

7

But we can also write

0H =) [G—H(;pi + a—Haqi}

; Opi Jq
OH _ G
—= g%’ - Hamilton’s Equations of Motion
o, — Pi

These correspond to 2n 1st order differential equations.

Example: Harmonic Oscillator

1 1 oL
,C:Em:vQ—éka , pa;:%:mx
® 1 1 .
H = ap,— L = %p$—§mx'2+§kx2—]2)—+§kx2

5= =1 L=y =mz -
{ g { R { —

Pz = —kx
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