PHYS 321A Lecture Notes 30 University of Victoria

Lecture 30

=1

Generalization: Lagrangian close to an equilibrium point ¢ =

E - % Z z]quJ Z Kququ

ij

If M;; and K;; originally depend on ¢;, approximate them as M;;(q;) = M;;(¢; = 0) (same
for K).

d (0L oL ) |

— M-¢=-K-¢

If a solution of the form ¢ = dcos(wt — J) exists then

n eigenvalues w? and n eigenvectors a;:

= Z Az cos(wit — 51)61
i=1
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Example: Linear Array of Couples Harmonic Oscillators

. L
oo o o |

1
V(q) = §KL(QJ+1 — q;)?
7=0
m m - _—— - m
a1 @ n-1 ds
—d—
Transverse Oscillations
1 2 2 1 2 1 2
Work done by string = \/d + (i1 —¢q)? = d|1+ Q_dQ(qu —qj) = d+2_d(qj+1_qj)
T
TAl = ZZ(%H - q;)?
1
= V(@) =) ;Kr(gn—¢) (Kr =T/d)
J

For both cases,

n

L= [mg; — K (g1 — q5)°]

J=0

N | —

and ¢o = ¢, + 1 = 0 (fixed endpoints).
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i 8£ —aﬁ — —1_5( — .)2_5(._ . )2
dt a(b - aqi m% - aqj 2 QJJrl QJ 9 QJ QJfl

mi = +K(q+1 — ¢5) — K(q; — qj-1)

—— mq] — KQj+1 + 2Kq] — kqj',l =0

2K — mw? —-K 0 0
—-K 2K — mw? —-K 0
0 -K 2K — mw? 0 7=0
0 0 0 2K — mw?

This is hard to diagonalize so we try the ansatz:
¢\ (t) = Asin(kj) cos(wt)
k labels the normal anodes. Later, we will find the allowed k’s.
=  —mw?sin(kj) — Ksin[k(j + 1)] + 2K sin(kj) — K sin[k(j — 1)] =0

Using the trig identity sin(A+ B) = sin(A) cos(B)+cos(A) sin(B) we simplify the expression
above:

[—mw? — 2K cos(k) +2K] =0

2 4K k
e 2(1 —cosk) =0 = wj=— sin’ (—)
m

K 2
sin | —
2

K
— Wy = 24/ —
m

Page 3



PHYS 321A Lecture Notes 30 University of Victoria

qj(-i)o =0 = ¢;(t) = Asin(kyj) cos(wt) satisfied for all k’s
Boundary Conditions:

¢ =0 = sink(n+1)]=0 = k=(22) ., N=12..n

n +

TN
N-th normal mode = qj(.n) (t) = Asin (]W 1) cos(wt)

Note that

N=n+1) = ¢ " osin(jr)=0

N=n+2) = qj\’:"”:Asin(jw—F 2l )z(—l)jAsin< JI >

n—+1

Compare to

qJN:" = Asin (jw — ‘%) = (—1) Asin <_nj—7:1) = — qj\’:"”

Hence N =n + 2 is the same as N = n. Now

(Vo)

K
wN:2 —
m

Also note
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“Continuum” limit (n - oo , d — 0 with nd = L finite)

Since K = T/d we have

\k__‘:‘_\_;{
7’/, . / .
4}-3i3/ﬁt/v

The term being integrated is known as the “Lagrangian density.”

Action:
1
7= [eat=3 [ar [ dstu - 77 = Tlytast)
Hence we have

§J = %/dt/dm[ng)é(g)) —2T(y)é(y")]

and since ¢6(y) = —yd(y) and y'0(y') = —y"d(y) we have

5J = / dt / dx[—pij + Ty")(8y)

9%y
Mo

0%y
+T@:O v

=9

This is the wave equation!
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2 2
y(at) LOulet) [T
ot? Ox? 1
r1;he sgﬂlﬁugionl is %ny function y(z,t) = f(z & vt). Note that 2 = 88—5’:% = +v2 and
9r — oot T B
f o, of o[, of LB L0
A (VU T U - — 22l
o~ ot { U@x’} Y 0a { “ax'} Yor? T Y 022
Pf L0 20%f 20%f
o Vo T <a_>_a_ =0
( b k=9
My xT Lk So I
AR HE ql? ) /]
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