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1. (/10) Addition of angular momenta.– S1 is a spin-1 angular momentum operator, and
S2 is a spin-2 angular momentum operator.

(a) What are the eigenvalues of the operator (S1 + S2)
2 ?

(b) For each different eigenvalue, write down one eigenvector explicitly as a linear combina-
tion of |2,m〉|1,m′〉.
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2. (/10) Eigenstates and eigenenergies for two identical particles in a two level
system.– The single particle Hamiltonian H can assume one of the two orbital states: State
ψa(r) with energy Ea and state ψb(r) with energy Eb (〈ψi|ψj〉 = δij). Assuming that H is
independent of spin, write down all allowed two-particle energy eigenstates and their corre-
sponding eigenenergies for the cases below. Make sure you normalize your wave functions and
show the coordinates r1, r2 and spin states explicitly.

(a) The particles are spin-0 Bosons.

(b) The particles are spin-1/2 Fermions.
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3. (/10) Particle in a 1d triangular well.– A particle in one dimension is subject to the
following confining potential:

V (x) =

{
∞ for x ≤ 0,
c x for x > 0,

where c is a positive constant. Using the variational state

ψ0(x) = Axe−αx

for x ≥ 0, where A is a normalization constant and α is the variational parameter, find the
approximate ground state energy.
Useful integral: ∫ ∞

0

xne−x/adx = n! an+1. (1)
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4. (/10) Perturbation theory applied to the 3d harmonic oscillator.– Consider the
isotropic three-dimensional harmonic oscillator subject to the perturbation

H′ = λx2yz. (2)

Calculate the energy level shifts that are linear in λ for the following cases:

(a) The ground state;

(b) The (triply degenerate) first excited state.

Hint: You can use either creation/destruction operators, or calculate the matrix elements
explicitly using integrals of the wave functions. For the latter method, you may need the wave
functions for the ground and 1st excited state of the one dimensional oscillator:

ψ0(x) =
1

π1/4x
1/2
0

e
− 1

2

(
x
x0

)2

, ψ1(x) =
21/2

π1/4x
1/2
0

xe
− 1

2

(
x
x0

)2

,

where x0 =
√
h̄/(mω0), and ω0 is the frequency of the oscillator. You may also need the

integral
∫∞
−∞ x

2e−(x/a)
2
dx = π1/2a3/2.
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5. (/10) Spontaneous emission for the particle in a box.– Consider a one dimensional
particle in a box, subject to the potential

V (x) =

{
0 for − a

2
< x < a

2
,

∞ for x ≤ −a
2

and x ≥ a
2
.

The particle is assumed to have charge q.

(a) Find the energy eigenstates and eigenvalues.

(b) Find the selection rule(s) for spontaneous emission of electromagnetic radiation (no need
to calculate the rates explicitly).

(c) Write down an expression for the spontaneous emission lifetime of a particle in the state
ψ =

√
2/a sin (4πx/a) in terms of electric dipole matrix elements (again, no need to

calculate the matrix elements explicitly).
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6. (/10) Phase shift for a 1d scattering problem.– A particle of mass m and energy E is
incident from the left on the potential

V (x) =


0 for x < −a,
−V0 for − a ≤ x < 0,
∞ for x ≥ 0.

(a) If the incoming wave is Aeikx (where k =
√

2mE/h̄), and the reflected wave is Be−ikx,
find the reflected wave amplitude B.

(b) Using your result above, show that the reflected wave has the same amplitude as the
incident wave, as expected from conservation of probability.

(c) Define the phase shift δ as B = −Ae2δi. Calculate δ for a very deep well satisfying
V0 � E.
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