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Abstract. We show that the Morse system is AT and that a system of positive
entropy cannot be AT. We give examples of zero entropy systems that are not AT,
one of which is a two-point extension of a system that is AT.

1. Introduction and Statement of Results

A dynamical system (X,B,u,T) is said to be approximately transitive (or to
have the AT property) if any finite collection of positive L' functions may be
simultaneously approximated by a positive linear combination of iterates of a single
L' function, that is given ¢ > 0, f1,..., f, € LL(X), there exist f € L1 (X),
nj:j=1,...omand o j,i=1,...,n,j=1,...,m € R" such that

fi— Zai,jﬁnjf <e
%]

where £, f(x) = d“;MTn (x)f(T"x) and || - || denotes the L' norm. In this paper, we
consider exclusively invertible probability measure-preserving transformations and
so L, f(x) reduces to f(T"x).

This property was introduced by Connes and Woods [1], who used it in their
study of von Neumann algebras. Indeed, in the Connes-Krieger “dictionary”
between von Neumann factors, ergodic dynamical systems and flows, the algebra
is of ITPFI type (infinite product of finite type I) if and only if the associated

dynamical system is of product type, if and only if the associated flow has the
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2 A. Dooley and A. Quas

AT property. While their original proof of these equivalences used deep facts from
the theory of von Neumann algebras, later proofs of the second equivalence were
given using only ergodic theoretic methods by Hawkins and Hamachi [14, 13].
Subsequent work on the structure of ITPFI factors and AT flows was carried out
by Giordano and Skandalis [10, 11, 12].

The AT property appears to be related to various rank properties as well as
entropy. For a survey on rank of transformations, the reader is referred to Ferenczi’s
work [7]. A transformation has rank one if there exist a sequence of subsets B,
and integers k, with the following properties:

1. The sets T%(B,,) for 0 < i < k, are pairwise disjoint;

2. M(U0§i<kn T(By)) — 1 as n — oo 4

3. thealgebras A,, generated by the sets T"(B,,) for 0 < i < k,, have the property
that for all A € B and all € > 0, there exists an ng such that for n > ng, there
exists a set B € A, such that u(B A A) < e.

A system has funny rank one (a concept introduced by Thouvenot and studied by

Ferenczi in [5]) if there exist a sequence of subsets B,,, and a sequence of sequences

ag,...,ay _y with the following properties:

1. The sets T% (B,,) are pairwise disjoint;

2. p(Uo<icr, T% (B,)) — 1 as n — oo;

3. the algebras A, generated by the sets T% (B,) for 0 < i < k, have the
property that for all A € B and all € > 0, there exists an ng such that for
n > ng, there exists a set B € A,, such that u(BA A) <e.

It is not hard to see that a funny rank one transformation has the AT property:

taking f = 1p, for a suitably large n, we are able to take positive linear

combinations of iterates to approximate arbitrary finite collections of positive

functions.

The Morse system is a well-known and much-studied dynamical system, which
has been the source of many counter-examples. It is a two-point extension of an
odometer. Del Junco [4] showed that it has simple spectrum, but is not of rank
one. We note also work of Ferenczi [6], which studies the tiling properties of the
Morse system. As it is not rank one, it cannot be tiled by translates of a single
word: Ferenczi shows more, that the maximum density of the translates of a single
word is 2/3. We show in Theorem 1 that the Morse system has the AT property.

The AT property implies [2] a rather strong lower bound for the measures of
certain “funny d-cylinders”, which we reprove in Theorem 2. A corollary of this
result is that a positive entropy system cannot have the AT property. Since we
then have the implications rank one implies funny rank one implies approximately
transitive implies zero entropy, it is natural to ask which of the reverse implications
hold.

Ferenczi [5] gave an example of a system that was of funny rank one, but not
rank one. It was previously unknown whether zero entropy was a sufficient (as well
as necessary) condition for the AT property to hold. We resolve this by showing
that a zero entropy transformation of the torus studied by Furstenberg [8] fails to
have the AT property. If Ferenczi’s conjecture [6] that the Morse system is not of
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Approximate Transitivity 3

funny rank one is true, it would of course demonstrate that the converse implication
approximately transitive implies funny rank one is false.

In view of the positive result for the Morse system, it is natural to ask whether
the AT property is preserved under finite extensions. In Theorem 5, we use a
construction of Helson and Parry [15] to give an example of a system with the AT
property with an ergodic two-point extension that fails to have the AT property.

A related question due to Thouvenot is whether funny rank one is equivalent to
the condition of simple spectrum in LP for all p > 0. No examples are known to
have simple spectrum without the AT property or vice versa. We are unable to
shed further light on this as the Morse system which is approximately transitive has
simple (L?) spectrum and the two examples that we give that are not approximately
transitive have infinite multiplicity. In [16], questions of the existence of LP simple
spectrum are studied in the case of ergodic group automorphisms.

We would like to thank Toshihiro Hamachi, Ivo Klemes and Jean-Paul Thouvenot
for useful discussions during the preparation of this paper.

2. Statements and Proofs
Let © = {0,1}2" and define

p(w) =

—1 if w has an even number of trailing 1s
+1 otherwise

We note that ) is a group under the operation of addition with carry and we
let 1 represent the element of w whose zeroth term is 1 and whose other terms
are 0. Let X = Q x {£1} and define the Morse transformation on X by
T(w,t) = (w+ 1,t - ¢(w)), where - denotes multiplication in {£1}. We let pu
denote the Haar measure on 2 and letting ¢ be the normalized counting measure
on {£1}, p x ¢ is known to be a uniquely ergodic invariant measure for the Morse
transformation.

This defines the Morse system as an explicit two-point extension of the odometer.
THEOREM 1. The Morse system has the AT property.

Proof. We will demonstrate that for any n, the functions g,; for ¢ = 1 may
be arbitrarily well-approximated in L' by positive linear combinations of a single
function f,, where g, ; is the characteristic function of the set of (w,t) such that
t=14and w,—1 = ... =wy = 0. To see the sufficiency of this, we note that if it is
possible to approximate the functions g, ;, then taking appropriate combinations of
these functions, it is possible to approximate any positive function f(w,t) depending
only on t and the last n coordinates of w. Since these functions are dense in the
positive L' functions, the sufficiency follows.

To demonstrate that the functions g, ; may be well-approximated, we can in fact
show that it is sufficient to approximate the functions g; = go,;. To see this, let
o(w,t) = (o(w),t), where o: Q —  is the shift transformation and suppose that
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4 A. Dooley and A. Quas
llg: — Zj a; jf oT7|| < e. Then using the relation T o 0™ = ¢" o T?" | we see

lgio o™ =D ai;foo" o T*V|| <e.
i

Letting h be the indicator function of the set of points where w,_1 = ... =wy =0,
we see that ko T2" = h. Multiplying the above inequality by h, we see that

9n,i — Zam‘((f oa™h)oT? || =||h | gioo™ — Zai,j(f oo™ oT?" H
J J

= |h|gi =D ai;foT? | oo™ =2""|lg;= Y ai;foT’|| <27",
J J

showing that for arbitrary n, if it is possible to approximate the functions g;, then
it is possible to approximate the functions g, ;.

Let N = 23M he a large power of 2 and let A be the subset of X consisting
of those points (w,t) such that ¢ = 1 and for each 0 < j < N, the string
WBM j+4M WSMj+4M—1 - - - weprj either ends with a 0 or is equal to 011...1.

We then define a function on A as follows:

far(w, 1) = 2N+1=3Ms(w) (] _ 9= TM)N=s(w)

where s(w) is the number of blocks in w of the form 011...1 described above.
This function is chosen to have L' norm 1. We check this as follows. The
measure of the set of (w,1) with s of the 011...1 blocks is given by

1/N 1\ /1\V
2\ s 24M+1 2

_ 1 (N)24Ms

ON+1\ ¢ '

The norm of the function is therefore given by

Hf]\/ ||1 T E ( )2—4M82N+12—3MS (] 2—IM) s
s=0

(V) -
=1.

We will show that the functions g; can be arbitrarily closely approximated by
suitable positive linear combinations of the function fp; for sufficiently large M.
The combinations that we consider are the following:

Vot =gy D FeT ™), &)

ac{0,1}N: (-1)X a=j
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Approximate Transitivity 5

where n(a) denotes Z;V;Ol a;28Mi,

Since ®; clearly has norm 1/2 (being the sum of 2¥~! functions of norm 2=%),
in order to demonstrate that ||®; — g;|| is small, it is sufficient to demonstrate that
®;(w,1) is close to 1 for a set of w € O of measure close to 1.

Fix w € Q with kg blocks of the form 011...1 and k; blocks of the form 100...0.
For blocks not of the form 011...1 or 100...0, there is a unique choice of a; that
is forced in order to ensure that 7-"(®)(w,t) € A, whereas for blocks of the form
011...1 or 100...0, a point of A is formed whether the corresponding a; is taken
to be 1 or 0.

We write p for wo +wsar + . .. +w(n_1)@n)- We will consider the contribution to
®;(w, %) coming from terms where Iy of the a; corresponding to blocks of the form
011...1 are 0 and [; of the a; corresponding to blocks of the form 100...0 are 1.
The number of 1’s in a will then be given by (p — ko) + 11 + (ko — lo) (where the
p — ko is the number of 1’s forced to be in a and kg — g is the number of 1’s that
need to be in a in order to ensure that [y of the 011...1 have the corresponding
a; = 0). In order to ensure that T7"®)(w,i) € A, we require (—1)Pth—lo = 4,
Clearly this is satisfied if and only if {y + I3 ~ ¢, where a ~ b means that a and b
differ by a multiple of 2 and ¢ is such that (—1)? = (—1)Ps.

We therefore consider a fixed pair ly, [; such that [y 4 [; has the required parity.
We then look at the contribution to ®;(w,4) coming from the terms a with the
correct forced terms and with [y of the a; corresponding to blocks of the form
011...1 equal to 0 and I; of the a; corresponding to blocks of the form 100...0
equal to 1. This contribution is given by

Q(ko) <];1>2—3M(l0+l1) (1 _ 2—7M)N7(lﬂ+ll)
1

lo

Let K denote kg + k1. Letting L ~ ¢ and summing over terms with lo +1; = L,
we get

2(?)2—3]\4[; (1 _ 2—7M>N7L

Summing this over the terms L of the appropriate parity, we get

2 3 <[L(>2—3ML (1—2 ™)NE,

{L: 0<L<K;L~q}

We note that with probability exponentially close to 1, the quantity K (depending
on w) given by the number of blocks of the form 011 ... 1 plus the number of blocks
of the form 100 .. .0 is between 24M — 28M/3 and 24M 4 98M/3 For K in this range,
the summand is uniformly exponentially small and unimodal, the sums over L odd
and L even differ by an exponentially small quantity. Hence for K in the appropriate
range, we observe that the sums above with either parity are (exponentially) close
to
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6 A. Dooley and A. Quas

Wk

L

0
=(1- 2—7M)N—K (2—3M +(1- 2—7M))K

It is straightforward to verify that the quantity above differs only by a
multiplicative constant exponentially close to 1 as K varies between the two limits.
To finish the proof, it is sufficient to verify that when K = 2*M | this quantity is
close to 1.

We are thus considering (1 —277M)

Taking logarithms, we get

281%_24I\/I 241%

(14 273M — 9=7M)

(28M o 24M)(7277M) + 0(276M) + 24M(273M o 277M) + 0(272M)
= 2M 1 2M L O(272M) = O(272M).

We therefore see that for points (w,i) with w belonging to a set of measure
exponentially close to 1, ®;(w, ) is exponentially close to g;(w,%). This completes
the proof.

O

We now give a necessary condition for a system to have the AT property. The
corollary (Corollary 3) to the following theorem below was stated to us by J.-P.
Thouvenot and appears in the (unpublished) thesis of David [2]. Although we have
not seen a copy of the thesis, we understand that it contains a similar theorem to
the one we prove below.

Let v be a shift-invariant measure on Y = {1,...,I}2. A funny cylinder
set in Y is a set of the foorm Cp,p = {y € Y:y; = z; foralli € A}, where
z € Y and A is a finite set. The e-ball about the funny cylinder C, A is the
set Be g a ={y € Y: y; = x; for all but at most €|A| of the i € A}.

We note the similarity between the following condition and a necessary condition
for rank one given by del Junco in [4].

THEOREM 2. Suppose that the system (X, B, u,T) has the AT property. Then let
P = {A1,..., A} be an arbitrary finite measurable partition. Denote by m, the
natural map induced by P from X to {1,...,1}* and by v the measure o w~*
induced by p on Y. Then for every 6 > 0 and € > 0, there exist arbitrarily large
finite sets A C Z and points © € Y such that v(Bega) > (1 —9)/|A].

Proof. We check that the system Y has the AT property as follows: Let g1,...,9n
be a collection of positive functions on Y that we wish to approximate. Then let
7 be the natural factor map from X onto Y, let F be the o-algebra on Y and let
S denote the shift map on Y. Then there exists a function f on X, positive linear
combinations of which may be used to approximate the functions g; o 7 so that
lgiom—>_,ai;fo T7|| < € for each i. Taking expectations with respect to 7~1F
(which is a T-invariant o-algebra), we see that [|g;om—3_, ai ;E(flr= 1 F)oTi| <€
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Approximate Transitivity 7

for each i. We then observe that we can write E(f|7~1F) as F o for a measurable

function I on Y. It then follows that [[g; —>_; a; jFoS7| < e for each i as required.
Take an arbitrarily fine refinement Q = {A;, As,..., A;} of the partition of YV’

into cylinder sets and define functions g; to be the normalized indicator functions

of the sets A; in the partition. Since Y has the AT property, there exists a positive

L' function f with ||f|| =1 on Y and positive numbers a; ; summing to 1 such that

lgi =25 aijfo S=I|| < €5?/36 (the negative powers of S being convenient later).
In particular, we see that for each i,

2
/ Za”fos]<i
Y\A;

Letting P; be the set {j: fY\qu foS™7 >€§/6}, we check that > jep, @ij < 0/6.
By setting the a; ; to 0 for j € P; and rescaling the remaining a; ; to give coefficients
b;,j summing to 1, we are able to ensure that ||g; — >, b; ; f o S77|| < §/2 with the
additional condition that if b; ; > 0, then

/ foS™ J<§
Y\A, 6

Write A for {j: there exists ¢ with b; ; > 0}. Then we see

. edlA|
I

© {j: b;; >0}
This can be written as

65|A\ Z Z /fOS le\A dv

t {j:b;,;>0}

/fz Z 1y\a, 0 S dv.

© {j: b;,;>0}

Now, let

H:ﬁz S dyia 08

© {j: bi;>0}

For j € A, there is by construction a unique cylinder set [k] for which f[k] foS77 >
1 —€6/6. Define z; to be this k. If ¢ is such that b; ; > 0 for this j, then A, C [k].
We see that H(y) is bounded below by the ‘mean Hamming distance’ between
the point (y;) and the partially defined sequence (z;)jen where the Hamming
distance is computed by looking only at differences occurring at positions j € A.
Since the above inequality demonstrates that [[Hfdv < €§/6, it follows that
fH(y)>€ fly) < /6. Accordingly, we define a new function f as follows:

) = {0 if H(y) > e
! f y)/f{z:H(z)ge}f otherwise.
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8 A. Dooley and A. Quas
Since || f — f|| < 6/2, we check that
lgi =Y bijfo ST <.
J
Taking a weighted combination of the above, we see
11— u(Aibi; fo S| <.
,J

Since the support of the function f is contained in B, s, the sum in question
is supported on a set of measure at most |A|v(Be 4.4 ), yielding the inequality

V(Bega) > (1—0)/|Al

This completes the proof. O

COROLLARY 3. (David [2]) If (X,B,u,T) has positive entropy, then it does not
have the AT property.

Proof. If (X, B, 1, T') has positive entropy, then it has a Bernoulli factor Y = {0, 1}%
with probability p of 0’s and g of 1’s with 0 < p < ¢. One can check that the measure
of any set B A is bounded above by

()

where n = |A|. It is not hard to show that for sufficiently small e, this quantity is
strictly less than (1 — €)/n for all large n. a

COROLLARY 4. There exists a zero entropy system that does mot have the AT
property.

Proof. Let a be an irrational number and consider the transformation of T? given by
T(x,y) = (x+a,y+22+a) (mod 1). This transformation, studied by Furstenberg
[8, 9], is uniquely ergodic, preserving Haar measure on the torus. We will argue
using a version of the weak law of large numbers that it is not approximately
transitive.

Let P be the partition of T? consisting of Ag = T x [0,3) and A; =T x [1,1).
Letting v be the measure on Y = {0,1}% induced from Haar measure by this
partition. If we denote by Y, the nth term of a sequence in Y, we will show
that the terms are pairwise independent equidistributed on 0 and 1. To see this,
we will calculate the probability that Yy = ¢ and Y,, = j. This is by definition
equal to the Haar measure of the set of points (a,b) such that b € [i/2, (i + 1)/2)
and m2(T"(a,b)) € [j/2,(j + 1)/2). This is the set of points (a,b) such that
b€ [i/2,(i +1)/2) and (b + n?a + na) € [j/2,(j + 1)/2), where (t) denotes the
fractional part of ¢. It can then be seen that this set of points is of measure 1/4 as
required.
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Approximate Transitivity 9

Let A be an arbitrary subset of Z of size n and fix an arbitrary point x € Y. For
y €Y and j € A, we write

1 ify;, =x;
A — J J
i) {—1 otherwise

Setting S = ZjeA Aj, we see that the mean of S is 0 and the variance of S is n.
From Tchebychev’s inequality, it follows that the probability that |S| > 3n/4 is at
most 16/(9n). Since the transformation R(z,y) = (z,y + 1/2) commutes with T'
and has the effect of reversing all of the values of the Y; and hence all the values
of the A;, it follows that S has a distribution that is symmetric about the origin.
We therefore see that the probability that S > 3n/4 is bounded above by 8/(9n).
Since S(y) > 3n/4 is a necessary and sufficient condition for y € By /g, 4, We see
that v(By/s,4) < 8/(9n) and it follows from Theorem 2 that this system does not
have the AT property. O

THEOREM 5. There exists a rank 1 system with the AT property and an ergodic
two-point extension of it that fails to have the AT property.

Proof. We modify a construction of Helson and Parry [15, 17] and again apply a
weak law of large numbers. Letting p,, denote the nth prime number, let X be the
compact group (with the product topology) Z/(2NZ) x 2, Z/(p3Z), where N is
to be determined. Let 1 denote the element (1,1,1...) of Xy, let T be the rotation
given by T'(x) =  + 1 and let p be Haar measure on X.

Next on the nth factor in X for n > 2, define

1 otherwise.

Then since ¢y, is different from 1 only on a set of measure 1/p?, it follows that
for almost every (z1,x2,...) € X, ¢r(xk) is eventually equal to 1. Hence for
almost every (z1,22,...) € X, [[rey ox(xk) exists. We will define below a function
¢1: Z)(2NZ) — {#£1} and then define a function ¢: X — {£1} by

(]5(1‘171‘2, . ) = H (bk(.’l,'k)
k=1

Let ¢(™) (x) denote ¢(2)d(Tx) ... ¢(T" 'x). We will give estimates due to Helson
and Parry on ¢(n) = | [ ¢(™ (z) du| that will be valid independent of the choices of
N and ¢;.

Specifically since the measure y is a product measure and ¢("™ is the product of

the (;S](Cn), one has
) =TT | [ o4 dins
k=1

where gy denotes the Haar measure on the kth factor. Note that all factors
in the product are bounded above by 1. Moreover, in any factor such that

)
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10 A. Dooley and A. Quas

pﬁ > 2n, the quantity ¢§€") is equal to —1 on a set of measure n/pi and is
equal to 1 elsewhere. Accordingly, the kth factor in the above product is equal
to 1 —2n/p? < exp(—2n/p?). Hence they derive the estimate

1
c(n) <exp | —2n —
(n) < exp p;n 7
from which one gets the crude inequality c¢(n) < exp(—2Kn'/*) for some K > 0. Tt
then follows that the ¢(n) are summable. Let M be such that Y > , . ¢(n) < 1/8.
Now choose N such that 2¥ > 64M3. We consider a function ¢; chosen
uniformly at random from the 22" possible functions Z/(2VZ) — {+1}. Write
w; = ¢1(i) for 0 < i < 2N. We define +1-valued random variables X! for
1<n<Mand0<i< 2N by X' = Wiwit1 - Witk—1, Where the quantities
i+ 1,i + 2,... are interpreted modulo 2. We see that c(n) < |Y™|, where
Y™ = (X§+ X +...+ XJy_,)/2". Since the variables X!" have expectation 0
and are pairwise (but not mutually) independent of variance 1, we see that Y™ has
expectation 0 and variance 1/2V. Accordingly, the probability that |Y"| exceeds
1/(8M) is less than 64M?2/2V. Hence the probability that one of the |Y™| for
1 <n < M exceeds 1/(8M) is less than 64M3 /2N < 1. It follows that there exists
a choice of ¢; such that |Y"| < 1/(8M) for each 1 < n < M. Fix this function on
the first factor. We then see that the quantities ¢(n) for 1 < n < M are bounded
above by 1/(8M) so that > 2 ¢(n) < 1/4.

We note that the difference between this construction and the original one due to
Helson and Parry is that in their construction, they had the bound Y7 | ¢(n) < oco.
For our later use, the bound of 1/4 is needed. The changes made are entirely in
the first factor.

By the Chinese Remainder Theorem, every point of X has a dense orbit so T is
uniquely ergodic. Let p denote Haar measure on X. Since T is an ergodic rotation
of a compact Abelian group, it has discrete spectrum. Hence by a result of del
Junco [3], T is a rank 1 transformation.

We consider the extension Ty: X x {£1} — X x {1} given by Ty(x,t) =
(T'(z),t-¢(x)) and introduce the partition of X x {£1}, P = {X x {1}, X x {-1}}.
As before, Ty preserves the product measure p x c. The partition induces a natural
map from X x {£1} to Y = {£1}% as in Theorem 2. Let v be the induced measure
onY.

We are now in a position to argue as in Corollary 4. Let A be any finite subset
of Z and let z € Y be fixed. For y € Y and i € A, let A;(y) = z;y;. Let T be the
sum of the A; over i € A. The A; have expectation 0 (since v is invariant under
flipping the entire sequence). We have

Cov(A;, Aj) = zzj /y,-yj dv = zz; /yoy“,ﬂ dv

— Zizj/qs(\i*ﬂ)(z) du(z),
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Approximate Transitivity 11

so that |Cov(A;, Aj)| = |Cov(Ag, Aji—;|)| = c(]i — j|). We estimate

Var(T) <Y ) e(li — j)

i€EA jEA

<D elli—jl) <3lAl/2.

i€A jEZ

Working exactly as before, we see that v(B15/16,.,4) < 48/49. This contradicts the

conclusion of Theorem 2 showing that Tj fails to have the AT property. |
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