BOWEN MEASURE FROM HETEROCLINIC POINTS

D.B. KILLOUGH AND LF. PUTNAM

ABSTRACT. We present a new construction of the entropy-maximizing, invari-
ant probability measure on a Smale space (the Bowen measure). Our con-
struction is based on points that are unstably equivalent to one given point,
and stably equivalent to another: heteroclinic points. The spirit of the con-
struction is similar to Bowen’s construction from periodic points, though the
techniques are very different. We also prove results about the growth rate of
certain sets of heteroclinic points, and about the stable and unstable compo-
nents of the Bowen measure. The approach we take is to prove results through
direct computation for the case of a Shift of Finite type, and then use resolving
factor maps to extend the results to more general Smale spaces.

1. INTRODUCTION

A Smale space, as defined by David Ruelle [11], is a compact metric space, X,
together with a homeomorphism, ¢, which is hyperbolic. These include the basic
sets of Smale’s Axiom A systems [13]. Another special case of great interest are
the shifts of finite type [3], [6] where the space, here usually denoted ¥, is the path
space of a finite directed graph and the homeomorphism, o, is the left shift.

The structure of (X, ¢) is such that each point = in X has two local sets associ-
ated to it: X*(z,¢€), on which the map ¢ is (uniformly) contracting; and X" (z, €),
on which the map ¢! is contracting. We call these sets the local stable and unsta-
ble sets for z. Furthermore, x has a neighbourhood, U(z, €) that is isomorphic to
X"(x,€) x X%(x,€). In other words, the sets X“(z,€) and X*(x,€) provide a coor-
dinate system for U(x, €) such that, under application of the map ¢, one coordinate
contracts, and the other expands.

The basic axiom for a Smale space is the existence of a map defined on pairs
(z,y) in X x X which are sufficiently close. The image of (z,y) is denoted [z, y]
and is the unique point in X*(z,€) N X"(y, €). This satisfies a number of identities
and, in particular defines a homeomorphism from X*(x,€) x X*(z,e) = U(z,€).

There is also a notion of a global stable (unstable) set for a point x, which
we denote X*(z) (X"(x)). This is simply the set of all points y € X such that
d(e™(x),¢™(y)) — 0 as n — +oo (—00). The collection of sets {X*(y,d) | y €
X*(z), § > 0} forms a neighbourhood base for a topology on X*(z) that is locally
compact and Hausdorff. This is the topology that we use on X*(x) (not the relative
topology from X). There is an analogous topology on X"(z). The global stable
(unstable) sets partition the Smale space X into equivalence classes. In other
words, there are three equivalence relations defined on X. We say = and y are
stably equivalent if X*(x) = X*(y), unstably equivalent if X“(z) = X*(y), and
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homoclinic if they are both stably and unstably equivalent. Finally, we say that a
point z is a heteroclinic point for the pair (z,y) if z is stably equivalent to x and
unstably equivalent to y (i.e. z € X°(x) N X"(y)).

For an irreducible Smale space, (X, ¢), there is a unique ¢-invariant probability
measure maximizing the entropy of ¢ [12], [5]. This measure is known as the Bowen
measure and we denote it by px, or when the space is obvious, simply u.

In [2], Bowen constructed the measure of maximum entropy as a limit of mea-
sures supported on periodic points. Our main goal in this paper is to present
an alternative construction in which the Bowen measure is obtained as the limit
of measures supported on heteroclinic points. The main result is Theorem 2.10,
which is proved in section 4. From our construction we are also able to relate the
growth rate of certain sets of heteroclinic points to the topological entropy of the
Smale space. A similar result concerning the growth rate of homoclinic orbits was
proved by Mendoza in [7], using different techniques.

We would like to thank the referee for many helpful comments.

2. MAIN RESULTS

It was shown in [12] that, if a small subset of X is written as a product, then
the Bowen measure on this set can be written as a product measure. This gives
us a useful way of dealing with the Bowen measure. The following theorem makes
this result precise. While this theorem is due to Ruelle and Sullivan, we will pro-
vide a new proof of the result. Along the way, we will also see how this product
decomposition is preserved under resolving maps.

Theorem 2.1. Let X be an irreducible Smale space. For each x in X, there exist
measures (1" and py" defined on X*(x) and X"(z), respectively. These measures
are not finite, but are reqular Borel measures. Moreover, these satisfy the following
conditions.

(1) For all x in X, € > 0 and Borel sets B C X"(z,¢) and C C X*(z,€), we
have

w([B,C)) = p**(B)u>*(C)
whenever € is sufficiently small so that [B,C| is defined.
(2) Forxz,y in X, ¢ >0 and a Borel set B C X"(x,¢), we have

p (B, yl) = n**(B),
whenever d(x,y) and € are sufficiently small so that [B,y] is defined.
(8) For xz,y in X, € >0 and a Borel set C C X*(x,¢€), we have

1Y (ly, C)) = p>*(C),
whenever d(x,y) and € are sufficiently small so that [y, C] is defined.

(4) pet™ oo = A=ty
(5) p?@ o = Apmr,

Here log(\) is the topological entropy of (X, ).

In [2] the unique entropy maximizing @-invariant probability measure is con-
structed as the weak-x limit of the sequence p,,, where p,, is defined as follows. Let

Sp = U Per, (X, @) then
1
n = 5,27
=g 2

" 2eS,
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where ¢, is the point mass at z. In our construction we use points which are
heteroclinic to a given pair of points instead of periodic points. It is worth noting
that in Bowen’s construction each p,, is a p-invariant probability measure. In our
case, the measures constructed are not y-invariant, but in the limit we recover
(p-invariance.

Definition 2.2. Let (X, ) be a mixing Smale space, z, y € X, B C X*(x) and
C C X*(y) open with compact closure. For each positive integer k, we define

W o =¢"(B) Ny " (C)
and the measure

k 5.
KB,c = # » Z

zehk

Remark 2.3. e As X*(z) and X*(y) intersect transversally and ¢*(B) and
¢ *(C) have compact closure for each k, #hf; o is finite for each k.

. hlfB,c may be empty, and hence N’fB,C may not be well defined for some
positive integers k. However, for given B, C there exists a K such that for
all k > K, N’fB,C is well defined. Since we will be interested in the (weak-x)
limit of these measures as k — oo we will not be concerned with the finite
number of k’s for which our definition is not valid.

We have the following result relating the growth of the heteroclinic sets hl}%,c to
the topological entropy.

Theorem 2.4. Let (X, ) be a mizing Smale space, B, C as in Defn. 2.2. Then
we have

lim A~ 2k#hB C = MX (B)ui;y(C),

k—o0

where py* and pyY are as in Theorem 2.1, and log(\) = h(X, ¢) is the topological

entropy of (X, ). In consequence, we also have

log(#h%,c)
m —" B.c/

Theorem 2.5. Let (X, ) be a mizing Smale space, and let “%,C be as in Defn.
2.2. For each continuous function f: X — C we have

i [ fduly.c = [ fdus.
k—oo [x X
where px s the Bowen measure. In other words /ﬂfg’c — px in the weak-x topology.

Now suppose (X, ) is an irreducible Smale space (not necessarily mixing). By
Smale’s spectral decomposition[13] we can find a partition of X into pairwise dis-
joint clopen subsets, X1, Xs,..., X such that o(X;) = X1 (with the indices
interpreted modulo I) and ¢!|X; mixing, for each i.

Deﬁnition 2.6. With the notation as above, let =,y be in the same component,
Xi,, of X and let B C X%(x) and C C X*(y) be open with compact closures. For
each k, we define

Wi o = Ui (@ (B) N~ (0)
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and the measure

1
k _
:U'B,C_#h%’ Z 52

c zehgc

Remark 2.7. e The same remark concerning h%,c being empty as before
applies.
e In the case that (X, ) is mixing (and I = 1), this clearly reduces to the
same definition as before.

With this extended definition, the analogous results as stated above for the
mixing case also hold in the irreducible case.

Theorem 2.8. Let (X, ) be an irreducible Smale space, B, C as in Defn. 2.0.
Then we have

Jlim X o = 1 (B (C),
5,y

where p'y" and pyY are as in Theorem 2.1, and log(\) = h(X, ¢) is the topological
entropy of (X, ). In consequence, we also have

o o)

Remark 2.9. Theorem 3.1 in [7] is essentially this result, replacing hf; o with

= h(X’QO)'

@k(h%c) in the case that the heteroclinic points happen to be homoclinic points.

Theorem 2.10. Let (X, ) be an irreducible Smale space, and let u’f;’c be as in
Defn. 2.6. For each continuous function f: X — C we have

i [ fdibye = [ faux.
k—o0 X X
where px s the Bowen measure. In other words LL%7C — px in the weak-x topology.

3. RESOLVING FACTOR MAPS AND THE BOWEN MEASURE

In the case that the Smale Space is a shift of finite type (SFT), the Bowen
measure is the same as the Parry measure. We present a brief description of the
Parry measure for a mizing SFT, and prove Theorem 2.1 in this case.

Let (X, 0) be a mixing SFT, considered as the edge shift on a directed graph G
with adjacency matrix A. See [6] for a thorough treatment of SFTs. (¥, o) is mixing
precisely when A is primitive, i.e. when there exists N such that, for n > N A"
is strictly positive. This allows us to use the consequence of the Perron-Frobenius
theorem (Thm. 4.5.12 in [6]), which says lim,, oo A™" A" = u,u;, where u,,u; are
the right/left Perron-Frobenius eigenvectors of the matrix A normalized so that
wu, = 1, and A is the Perron-Frobenius eigenvalue. This result is critical in the
proof of our main result in the case of SFTs. Fix m > N, vertices v;,v; in the
graph, and let £ be a path of length 2m, indexed from —m + 1 to m, originating at
v; and terminating at v; (A primitive guarantees such a § exists). Consider the set

Ymij&)={zeX |z =& for —m+1<k<m}.

The collection of such sets, as m, i, j, and £ vary over all possible values, forms a
base for the topology on Y. The Parry measure on such a basic set is

15 (Sm,i,5(€)) = A7 g (1) uq ().
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Fix z in 3 and suppose t(z,) = vj, i(x_;+1) = v;. That is to say, _;41 originates
at vertex v;, and x,, terminates at vertex v;. Consider the sets

Y 2,27™) = {z€X|zp=ux, VE<m}
Y(x,27Y) = {2€% |z =ap VE> —1+1},
These sets form a base for the topology on ¥%(z) (respectively ¥¥(z)) in a neigh-
bourhood of . Suppose now that X%(z,27™) C ¥%(z,¢) and X*(y,27!) C ¥%(x, €)
Then the stable/unstable components of the Parry measure are
pst (3%(2,277) = A" ()
pst(Z0(y:27Y) = AThw(d)
Proposition 3.1. Theorem 2.1 holds for (X,0) a mizing SFT, with py”, us”
defined as above.
Proof. We must verify the 5 conditions stated in Theorem 2.1.

(1) This is obvious from the formulas defining the measures on basic sets.
(2) Consider the homeomorphism w +— [w, '] from X*(z,€) to X%(2,¢’). Un-
der this map

Y z,27™) = {v e | v =2, VO < k <m, vy =) Vk <0} =X%([z,2],27™).
Now
ps® (B([z,2'],27™)) = A (5) = pg " (3(2,277)).

(3) Similarly, the map w +— [2/, w] takes the measure ug:* to ,u;"'cl.
(4) Now consider

("™ 0 0)(£4(z,27™) = (S (a(2), 27 )
= Aim+1ur(j)
= AT (EU(z,27m)).

(5) Similarly,

(15" 00) (2 (1.27) = "= (0 (y).27Y)
= )\_l_lul(i)
= At (Z(y,27Y).
O

In the case of a SFT, the topological entropy h(X,0) = log()), where \ is
the Perron-Frobenius eigenvalue of the adjacency matrix associated with the SFT.
Similarly, for other Smale spaces X we will write A such that h(X, ) = log()).
Whenever we are talking about 2 or more Smale spaces, there will be an almost
one-to-one factor map between them, so the entropies will be equal, hence it will
be unnecessary to distinguish which space the A comes from.

Definition 3.2 (Fried [4]). A factor map « : (Y,v) — (X, ¢) is s-resolving (u-
resolving) if for every y € Y, m|ys(y) (m|yu(y) respectively) is injective.

We will primarily be concerned with almost one-to-one resolving factor maps.
A factor map 7 : (Y,¥) — (X, ), where (Y,1)) is irreducible, is called almost
one-to-one if there exists x € X such that #7!(z) = 1.
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In [1], Bowen showed that for an irreducible Smale space, (X, ), there exists an
irreducible SFT (X, o) and an almost one-to-one factor map 7 : ¥ — X. Moreover,
letting £ = {x € X | #n !(x) = 1}, Bowen showed that us(7~1(E)) = 1. In
other words, 7 is one-to-one ux-a.e. It follows that for any Borel set B C X,
px (B) = us(m~1(B)) (Theorem 34 in [1]).

In Cor. 1.4 of [9], the second author showed that the factor map, 7, can be
realized as the composition of two resolving factor maps. In other words, given an
irreducible Smale space (X, ), we can find a Smale space (Y, ), a SFT (X, 0), and
factor maps 71 : ¥ — Y, mo : Y — X such that

(1) (2,0) and (Y, ) are irreducible,

(2) w1 and 7o are almost one-to-one,

(3) m is s-resolving and g is u-resolving.
The Bowen measures on X, Y can be obtained from the Bowen measure on ¥ as
follows

(1) for E C'Y the Bowen measure on (Y,v) is uy (E) = ps(7; (E)),

(2) for F C X the Bowen measure on (X, ) is pux(F) = upy(m; ' (F)) =

prs((m2 0 1) 7H(F)).

This requires only that 71, w2 be almost one-to-one factor maps, not that they
are resolving. We now wish to define the measures on the stable and unstable
equivalence classes in (Y,v) and (X, ¢), from pu$, psv', 71, and 7. In this case,
it is not enough that the factor maps are almost one-to-one, resolving plays an
important role in what follows. We begin by stating the following result which is
proved by the second author in [8].

Proposition 3.3. Let (Y,v) and (X,¢) be irreducible Smale spaces, and 7 :
Y — X be an almost one-to-one u-resolving factor map. If x € X with 7—1(z) =

{y1,¥2,...,Yn} then )
) = Y )

and the union is disjoint. Moreover, using the topologies from the introduction, for
each1<i<n

Tlyug,) : Y (yi) = X*(z)
is a homeomorphism.

Lemma 3.4. Let (Y,v) and (X, p) be irreducible Smale spaces, and w : Y —
X be an almost one-to-one u-resolving factor map. Fiz y € Y, the set {y' €
Ye(y) | n(y') = w(g) for some § # y'} has p3¥ measure zero. In other words,
Tlys(y) is one-to-one py? almost everywhere.

Proof. As Y is compact, we may cover Y with a finite number of sets of the form
Ui = [Y“(zz,él),Ys(zl,él)] Fix Uz and Yy € UZ‘, let Bl = [Yu(ZZ,(Sl),y], Cz =
[y, Y*(2;,0;)], so we can write U; = [B;, Cy].

Let S; ={y' € C; | n(y') = n(g) for some § # y'}. Since 7 is u-resolving, the
set U; N{y € Y | n(y') = n(z) for some z # y'} = [B;, 5;]. Now, we know that 7
is 1-to-1 py almost everywhere, so

0= py ([Bi, Si]) = ny? (Bi) uy* (S5)-
We also know that

0 # py (Ui) = py ([Bi, Ci]) = py? (Bi)uy? (Cy).
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So py?(B;) # 0 and thus p3Y(S;) = 0. The conclusion follows. O
Note that the analogous result with an s-resolving map and py'¥ also holds.

Proposition 3.5. Let (Y,v) and (X, p) be irreducible Smale spaces, and w:Y —
X an almost one-to-one u-resolving factor map. Let v € X and y1,y2 € 7~ {z}.
Let B C X“(x,€) be a Borel set, then py" (n=1(B)) = uy** (7~ 1(B)).

Proof. For each z; € Y"(y;) there exists a unique z2 € Y*(y2) such that m(z) =
m(z2). Consider the following set

E={zneY"(y) |2 ecY* ()}
and its compliment in Y"“(y;), E¢. We will show that uy?* (E€) = 0, and that on

E the map defined by f(z1) = 22 takes the measure py'¥' to py¥?.

We begin by showing that E is non-empty. Fix x € X such that z has a
unique pre-image under 7, 7~ {z} = {y}. Now, since Y%(y;) is dense in Y we
can find a sequence {z;} C Y*(y1) such that z; — y. Now consider the sequence
{z}} C Y"(y2) where 7(z;) = m(z). By compactness of Y, {z/} has a convergent
subsequence {z;, }. Denote the limit of this subsequence by y'. Now by continuity
of ™ we have

!

7(y') = W(klir& z;k) = khj& m(z,) = lerr;O m(z,) = w(klir{:o 2i,) = 7(y) = .

As x has a unique pre-image, we see that ¢y’ = y. It follows that for k sufficiently
large, d(z;,,2;,) < €x. Therefore, by Lemma 3.3 from [8] we have z;, 2 z;, and
hence F is non-empty.

We now show that E is open in Y%(y;). Let 2z, € E. Since z; ~ 23, we can
find n large enough so that d(v"™(z1),¢"(22)) < €x/3. Choose ¢ small enough so
that Y*(¢"(21,6)) C Y"(¥"(21), €x/3) and the set U(¢™(z2)) C Y ("™ (22), €x/3).
Where w(U(¢"(22)) = m(Y*(¥™(21),d)). Let Ay = o~ "(Y*“(¢"(21),9)), Ay =
Y~ ™(U (1™ (22))). Now for each z € Ay, the unique z’ € As such that 7(z) = w(2’)
is such that d(¢"(2),¢"(Z")) < €r and 7(¢¥"(z)) = 7(¢¥"™(2")). By Lemma 3.3 from
[8] we have that 1™ (z) ~ ™(2') and therefore z X z/. So A; € E and hence E is
open.

Now E open (and non-empty) implies that py?'(E) > 0, and since E is -
invariant and pyY* (Y(E)) = Apy'?* (E) we must have that uy?* (E) = oc.

We now show that on the set E the map f(z1) = 22 takes uy”' to uy??. Let n,
Aj, As be as above. Then for z € A; the map f(z) = 2’ € Ay can be written as
f(z) = ([ (2),¥™(22)]. So for a Borel set B C A we have

py? o f(B) = py” (7 ([W"(B), " (2*)])
= ATy ([R"(B), v (7))
AT ()
= wy"(B).
It remains to show that py¥' (E€) = 0 (by the above t-invariance remark, the

measure of E° is either 0 or 00). Fix y € Y*(y1), 6 < ey /2 and consider the sets
A =[ENY¥(y,d),Y*(y,d)], A2 = [E°NY"(y,0),Y*(y,d)]. We know

py (A1) = py” (BN Y™ (y,8))uy? (Y (y,0)) > 0
and
py (A2) = py” (BN Y"(y,0))uy? (Y (y,9)).
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Since pyY(Y*5(y,d)) > 0, to prove that uy?'(E€) = 0 it suffices to show that
ty (A2) = 0. To this end consider 1(A43). A typical point z € Ay can be written
z € Y*(2',0) where 2/ = [z,y] € E° So ¢(z) € ¥(Y*5(2',0)) C Y*(¢(¢),9)
where ¢(z') € E°. This shows that A; N (Az) = 0. Similarly we can show that
Ay NyY*(Ay) = for any k > 0. However, 9 is strong mixing with respect to yy so
we have

py (Ar)py (Ag) = kli_)ngo py (A N ¥ (Az)) = py (0) = 0.

Since we know gy (A1) > 0, we have py (A2) = 0 and hence py?"' (E€) = 0.
(I

We state the following result which was proved by the second author as Theorem
2.5.3 in [10].

Theorem 3.6. Let (Y,v) and (X, @) be Smale spaces, and m : Y — X an almost
one-to-one u-resolving factor map. There is a constant M > 1 such that

(1) For any x € X there exist y1,...,yx with K < M such that

K
(X)) = Y ()
1=k

and
(2) for any x € X, #r Ha} < M.

The previous two results allow us to make the following definition.

Definition 3.7. Let (Y, ) and (X, ¢) be irreducible Smale spaces, and 7 : ¥ — X
an almost one-to-one u-resolving factor map. Let x € X Fix y € 7~ '{x}, and fix
{y1,...,yx} as in Theorem 3.6. Define measures on X*(z), X" (x) by

S,T _ * S,yk
Bx = § T

px" = W*Méy
Remark 3.8. We have stated Defn. 3.7 in terms of an almost one-to-one u-
resolving factor map. Given two Smale spaces and an almost one-to-one s-resolving
factor map, we would make the analogous definition, interchanging roles of stable
and unstable sets.

Proposition 3.9. Let (Y,v), (X, ) be irreducible Smale spaces, and 7 :Y — X be
an almost one-to-one resolving factor map (s, or u-resolving). Suppose Y satisfies
the conclusion of Theorem 2.1. With the measures defined in Defn. 3.7, X also
satisfies the conclusion of Theorem 2.1.

Proof. We prove the result in the case that 7 is u-resolving. The s-resolving case
is completely analogous. Let z € X and let C = X*®(x1,d) C X*(z,¢), B =
X%(xg,0) C X¥(z,¢). Fixy € Y and U(y) C Y*(y) such that 7(y) = z2, m7(U(y)) =
X"(x2,9) = B. We need to show

(1) px([B, O)) = ux" (B)ux"(C)
(2) For z close to z, pu'¢"(B) = py*([B, 2])
(3
(4

)
) 137 (o(B)) = Muy” (B)
) For z close to z, u%"(C) = u3"([2, C))
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(5) 13" (p(0)) = A1 (C).
We will prove item 2 first, as we will use this result in the proof of item 1.

P2 We can find 3 € 77 !(z) such that 3’ is ‘close’ to y. Then,
W (B) = i (U () = i (U (), ') = 1* (m((U ), ')
but 7([U(y),y']) = [*(U(y)),7(y")] and 7(U(y)) = B, 7(y') = z so we have
py"(B) = py* (n([U(y),y'])) = " ([r(UW)), 7(y")]) = u¥"([B, 2)).

P1 Since C C X*®(x,¢€) is open with compact closure, by lemma 3.6 we can
write

(e
i=1

where C! C Y*(y;) for some y; € Y. Moreover, we write each C as a
disjoint union of finitely many sets

ki
=Ua
j=1

where Cj; C Y*(yij, €y /2), and y;; € C};. Let zi; = m(yi;), and let B;; =
[B, z;]. Let Bi; C Y"(y;;) besuch that 7 : B;; — Bi; is a homeomorphism.
We can then wrlte

[B,C] = U{ 1, CL
So

X([B,CD:MY UBU?C/ ZMY B”,C/

)

- Z S (B ().
Now puy” (Bj;) = py"" (Bij) = px" (B) for all i, j (by part 1), so we have
nx([B,C)) Zu 9(Chy) =
Z B (CD) = W (AN (B).

P3

1P (p(B)) = iy (U W) = My (U (y)) = Ay (B).

P4 We can find y' € 7~ 1(2) such that y' € Y*(y,€). Let x;;, yi;, Cl, Cj; be as
in part 2. Let C;; = W(Cw) zij = [z, 7iz], C(2)i; = [2,Cijl, yi; € 7 (2i5)

s.t. yij € Y"(yi5,€) and C’ = [yU,C” . Then z; = W(yz’-j), Cij = W(ng),



10 D.B. KILLOUGH AND L.F. PUTNAM
W(é(-) = [zij,C- ] and UO(Z)Z‘j = [Z UCZ‘j] = [Z,C] SO

Zu Vi Zus PI(Cy))

= Z 520 C/ (Uijc(z)ij) = N}z([za Cl)

P5
’u;@ Z’uﬂp Yi) Z}\ lﬂy’yl i — )\ L sx(c)

O

Proof of Theorem 2.1. As in Cor. 1.4 in [9], for the irreducible Smale space (X, )
we can find another irreducible Smale space (Y, %) and an irreducible SFT (%, 0),
as well as almost 1-to-1 factor maps 71 : ¥ — Y, my : ¥ — X such that 7 is
s-resolving and 75 is u-resolving. The conclusion then follows from Prop. 3.1 and
2 applications of Prop. 3.9. ([l

4. PROOF OF MAIN RESULT

To prove Theorem 2.5 we first establish the result for a mixing SFT and use the
machinery of resolving maps to obtain the more general result.

Proposition 4.1. Let (3,0) be a mizing SFT. Fiz x,y € ¥, n,m € Z and define
B = {z€¥|z=2,Vi<n}=%}(z)CX%x,ex)
C = {zeX|z=yVi>-—-m+1} =3 (y) C Xy, exn).

For each function f € C(X) we have

ti [ fdulye = [ faus.
k—oo b )

In other words, u%’c — ux in the weak-+ topology.
Proof. Let A be the adjacency matrix for the SFT. It suffices to prove the result
for a function of the form e;(§) = xg, ). Where Ej(§) = ¥y /(§). Now for

k > max{n+1,m+1}
E (&) N hE
/ el(E)dply o = 1y o (Bi(€)) = #1 &) bo),
> #hB,C

Consider a point z € El(f)ﬁh%’c. Since z € Ei(€), z, = §p forall —=I+1 < p <, and
since z € hlf3,07 zp =xp forall p <n—£k, z, =y, for all p > —m + 1+ k. Therefore

the number of points in E;(§) N h’foC is equal to the number of paths of length
~I+1—(n—k)—1=k—(n+1) from t(c*(x) _r1n) = t(x,) = v; to i(E_141) = vir,
which equals Afi,_("ﬂ), times the number of paths of length —m+1+k—1—1=
k—(m+1) from t(&) = vjr to i(0 ™ (y)k—m+1) = i (Y—mt1) = v, or A?,;(mﬂ). The
number of points in h%,c is the number of paths from t(o*(z)_gin) = t(zn) = v;
t0 (0 F(Y)k—m+1) = 1 (Y—m+1) = vj, or Agkf(ner). We therefore have

o, Au (”+1)A (m+l)
/Eel(g) KUB,c = AQk (n+m) )

ij
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and
lim [ ¢ (f)dli]fa,c
k— o0 )

Ak (n+l)Ak (m+1)

(g 3’3

e; AR=(n e, e AR—(mHD e,

el e AZF—(ntme

_ -t limg (A~F+(HD Ak=(n+)e 60 1imy, ()\_k+(m+l)Ak_(m+l))ej

€ hmk(A—2k+(n+m)A2k—(n+m))ej

c€i(urug)ey e (urug)e;
ei(urup)e;

_ -2t (Qu@)ur (57 ()

ur (i) ()

= Ay (i )ur (')

= ps (X1, (£))

= /Eel(f)dMn

In the above, the choice of the sets B, C, is limited to certain basic sets. We
now wish to extend this result to open sets with compact closure B’ C X*(z),
¢’ C ¥%(x). To do this we will first need the following lemmas.

= \"2

(by Thm. 4.5.12 in [6])

O

Lemma 4.2. Let (X,0) be a mizing SFT. Fiz z,y € X, n,m € Z and define
B = {zeX|z=xVi<n}=3%,(r) C X%z, ex)
C = {zeX|z=yVi>-m+1}=%; (y) C X%y, ex).
Then
lim A2 #h o = pg" (B)us” (O),

k—o0

where log(A\) = h(X, o).
Proof. Let t(x,) = v; and i(y—m+1) = v;. We then have

lim A“2#h% o = lim ATZEATE 0
k—o0 k—oo

= A\ (n+m) lim A~ 2k+n+m€ A2k (n+m)
k—o0
= )f("er)eiurulej

= A 7"u ()N (j)
)

Lemma 4.3. Let B C ¥%(x), C C ¥°(y) be open and compact. Then
lim A0 o = ps" (B)us” (O),

k—o0

where log(A\) = h(XZ,0).
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Proof. If B and C' are clopen, then each is a finite disjoint union of cylinder sets of

the form considered in Lemma 4.2. Let

n
p-yn. c-3a
i=1 i=1
then for fixed k the hlfai,cj are pairwise disjoint and Ui,jh%i,cj = h%,a Using
Lemma 4.2 we can now write

: —2k k _ : —2k k
Jm Ao = Jim D NG o,
2,3

> lim ATF#RY o
— k—00 ©I
2,7

= D (Bus¥(Cy)
i
= ng"(B)ug’(0).

Lemma 4.4. Let B C ¥%(x), C C £%(y) be open with compact closure. Then
Jim ARG o = p" (B)ug? (C),

where log(\) = h(X, o).

Proof. Fix e > 0 We can find sets By C B C By C X%(z) and C; C C C Cy C X%(y)
such that By, By, (7 and C3 are compact and open and

ps* (B2) ¥ (C2) — € < pg™(B) s’ (C) < pg* (Br)psi? (C1) + €.
Notice that aééh%hc1 < #h%,c < #h%2,02a SO
ps*(B)ps?(C) —e < pg™(Br)ps?(Ch)

_ : —2k k
= Jim AR, o,

< liminf ARG
and
ps " (B)us?(C) + e > pg™(B2)us®(Ca)
= Jm b,
> hmsup)\_%#hgc.
k—o0

As this hold for all € > 0 we have
lim sup A= 4th o < " (B (C) < liminf A 4¢hl; o

k—o0
and hence
Jim ARG o = p" (B)ug” (C).

We are now ready to prove the more general version of Prop. 4.1.

Proposition 4.5. The result of Prop. 4.1 holds with B C ¥%(z), C C X*(y) open
with compact closure.
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Proof. We can write
B=JB:, c=JG
i J

where each B;, C; is of the form considered in Prop. 4.1, and the unions are disjoint.
For brevity we write

k_  k
= HKtB,C

h* hB .cr M
and

k _ k
h h‘Bl,C ) /’LU - /J’Bi,Cj

Notice that for fixed k the hk 's are pairwise disjoint and U; ,jh = h¥. We can
write

kllnéo/fd“ Jim D #hk/fd

Now let M = supzez |f(2)|, which is finite as f is continuous and X is compact.

For each k, >, y #hﬁj =1 so for any I € N we can write

I
1_1@15202# :k%wZ: k%ooz#

Where I is the set of all pairs (i, ) such that either i > I, or j > I. We also know
that

ps " (Bi)ps”(C5)

1= U, T s
py" (B)ps”(C)

2%

and we may choose I large enough so that

and
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Using Lemma 4.4 and Prop. 4.1 we now have

|limk—>oo fz fd,uk - fg fd,UE|

: #hi;
limy, o0 Zi,j HhE fZJ fd#fj o fZ fd/lz

: I #hE . #h¥, &
= limg o0 Zi,j Rk + limg o0 Z[+ FhF fg fd,uij - fz fd,uE

"#hY : #hi;
’Zz j hmk—>oo N 2k#hkJ fz .fd”fj + hmk—>oo Z[+ #7}“3 fz fd:uic] - fg fd/,bz

B; C; . #hk
= ’ZZI] /JMZE ((B;;ljzyEC)) fg fdMZ + limg 00 E[+ #hkj > fd,ufj - fg fdME

I pe*(Bi)ps® (Cy)

< ‘fz fdﬂZ (Zz] % _1)‘ + [limg 00 Zpr #hk fz fd/if]
I pl®(BugY(Cy) #h,

< ’M(Zu fz<>2<c>*1)’+ ’

< M55 + M5y

€.

lim / faut = / Fdus
k—oo ) )

We now wish to extend this result to the mixing Smale space case. The main
tool will be resolving factor maps, and the results in [9)].

The following proposition allows us to extend the result of lemma 4.4 to general
mixing Smale spaces.

This holds for all € > 0 so

O

Proposition 4.6. Let (X, ), and (Y,1) be mizing Smale spaces, 7 : Y — X an
almost 1-to-1 (s or u) resolving factor map, and suppose the conclusion of lemma
4.4 holds for (Y,v). Then the conclusion of lemma 4.4 holds for (X, p).

Proof. Suppose 7 is u-resolving (the s-resolving case is completely analogous). Let
x1, 22 € X and B C X¥(x1), C C X*(x2), and let

k k k k
hx = hB,C: Hx = HUB,c-
Now, set C' = 77 *(C). By Lemma 3.6 ¢’ = UPC!, where the union is disjoint

and C! C Y*(y2;) for some y2; € Y. Also, fix y; € 7~ !(x1), and set B’ such that
7 : B’ — B is a homeomorphism, so B’ € Y*(y1). Now

m m
h%/7c/ - U h%/’c(, #h%l,cl - E #hk /’C(
1 1

Notice that since h%',c' C Y%(p~*(y1)) and 7 is u-resolving, 7 is one-to-one (and
hence bijective) on hf, ov. In other words #hf; o = #hf, o Also, recall from
prop. 3.9 that

m

py™ (B) = py (B'), and py™(C) = Y uy*™' (C)).
1
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Now,

lim A2 #nk o = lim A7TRHRY, o
k—o0 ’ k—o0 ’
m

— 3 —2k k
= klgroloi;x #h o

= Zul;/;yl (B/)M;,y‘zl(cll)
1
U,T1

= puy" (B)uy™(C)

We are now ready to prove Theorem 2.4

Proof of Theorem 2.4. As in Cor. 1.4 in [9], for the mixing Smale space (X, p) we
can find another mixing Smale space (Y,%) and a mixing SFT (X,0), as well as
almost 1-to-1 factor maps m; : ¥ — Y, mo : Y — X such that 7 is s-resolving
and w9 is u-resolving. The first conclusion then follows from lemma 4.4 and 2
applications of Prop. 4.6.
For the second statement notice that

lim A\“##n o = u" (B)py’ (O).

k—o0 ?
and hence

Jim log(A™*4¢hi; o) = log(ui" (B)u%’ (C)).

It follows that

Jim (log(#hip, o) — 2klog(A) — log(uy" (B)uy’(C))) = 0.
. 1 #hk 1 u,x B 8,y C,
o (og(QkB’C)—h(X,w)— 0B (1 (Qk)“X( ))> = 0.
. log(#h;
Jm <Og(2k30) - h(X, @)) = 0.

O

The following proposition allows us to extend Prop. 4.5 from the mixing SFT
case to the mixing Smale space case and prove Theorem 2.5.

Proposition 4.7. Let (X, ), and (Y,9) be mizing Smale spaces, 7 : Y — X an
almost 1-to-1 (s or u) resolving factor map, and suppose the conclusion of Theorem
2.5 holds for (Y,4). Then the conclusion of Theorem 2.5 holds for (X, ).

Proof. Suppose 7 is u-resolving (the s-resolving case is completely analogous). Let
x1, 22 € X and B C X%(z1), C C X*(x2), and let

W =hie, 1k = b
Now, set C' = 7=1(C). By Lemma 3.6 C' = U7*C/, where the union is disjoint
and C! C Y*(y2,;) for some yo; € Y. Also, fix y; € 7~ !(x1), and set B” such that
7 : B’ — B is a homeomorphism, so B’ € Y*(y;). Now set
m #hk/,c; i

m
k _ 1k _ k kK _  k _E
hy = h 1o = UhB/»C7{7 HUx = /J’B/,C = T/,LB/’C;.
1 ' T #hp o '
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Notice that since h¥ C Y*(¢~*(y1)) and 7 is u-resolving, 7 is one-to-one (and
hence bijective) on h¥.. In other words h% = m(h% ), and therefore ¥ = (u% o).
Also recall from Lemma 2.4 that

i #h%, cr _ 1y2 z(Cz/) .

koo #hip oo Zf ! N;yz ()

Now, for f € C(X)

/de,ux = /7T_1(X)(fo7r)d(pX07r)—/Y(foﬂ)dluy

= lim [ (fo ﬂ')d,u;%/’c{ for any 4, by hypothesis

k—oo [y

= (hm /(fow)dulfg, C')i py " (C)
k—oo Jy i Zj:l 592] le)

=1
m #hk,
_ : i k
= (S e

= lim [ (fom)dud

k—oo [y

= lim [ (fom)d(uk om)

k—oo [y

= lim fduk
k—oo [x

We are now ready to prove Theorem 2.5.

Proof of Theorem 2.5. As in Cor. 1.4 in [9], for the mixing Smale space (X, p) we
can find another mixing Smale space (Y,4) and a mixing SFT (X,0), as well as
almost one-to-one factor maps m; : ¥ = Y, w3 : Y — X such that 7 is s-resolving

and 7 is u-resolving. The conclusion then follows from Prop. 4.5 and 2 applications
of Prop. 4.7. O

Finally, we prove Theorems 2.8 and 2.10.

Proof of Theorems 2.8 and 2.10. We assume that B, C are contained in X;,. With-
out loss of generality, we assume iy = 1. Since for any n > 0, ¢"(B), " (C) are
both contained in X;, (where 1+ n is interpreted modulo I), the intersection of
i ¢ with X; is oM Hi=1(B) N~ *+i=1(C), which we denote by Af. Furthermore,

we define
G Y
z€hF
With 1 <4 < [ fixed, consider Theorem 2.4 applied to the system (X;, ¢! | X;) with

local unstable and stable sets ¢*~1(B) and ¢'~*(C). Notice also that h(X“ o) =
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ITh(X, ), so if log(A\) = h(X, @), log(AT) = h(X;, ©!). It now follows that

i—1 T i u, i—1 i
im#hf (V)2 = u” D BT Ve (0)
= pux"(B)ux"(O).
Noticing that
hk‘
lim TBC
k #hk

we have

lim #hf; oA = Tuy" (B)u" (C).
It then follows as in the proof of Theorem 2.4 that

xe
111?1 ohl h(X,p).

We also note that, Theorem 2.5 implies
lim g = pix,
Putting all of this together, we have
limuk o = lim(#h% 5.
L ip.c L (#hB.c) Z

thBC
= hm #h -1 Z Z 0,
i=1 zehk
_ k)
— hmz#hk (#h)™" D 6.
z€hk
N~ #hE
= lim i i
kg Zj:l #h;
I
hk\~2kI
= lim #hi X ,uk

X #hEA
_ (B)px"(C)
- L

= Z %/’LXi
=1
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