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Preface

In the 1960’s, Steven Smale began an ambitious program to study the dy-
namics of smooth maps on manifolds [33]. This program has since become
a substantial part of the theory of dynamical systems and can be found in
many basic texts. In addition, many of the fundamental ideas and principles
have had a large influence throughout dynamical systems. For example, see
[7, 16, 20, 30].

Smale introduced the notion of an Axiom A system: the main condition
is that the map, when restricted to its set of non-wandering points, has a
hyperbolic structure. Smale showed that the non-wandering of an Axiom A
system can be canonically decomposed into finitely many disjoints sets, each
of which is irreducible in a certain sense. Such sets are called basic sets.
The study of the system then breaks down into the study of the individual
basic sets and the problem of how the rest of the manifold is assembled
around them. An important subtlety that Smale realized from the start was
that the basic sets were not typically submanifolds, but rather some sort of
fractal object. Moreover, the hyperbolic nature of the dynamics on the basic
set (along with the assumption that the periodic points are dense in the non-
wandering set) created the conditions which are now usually referred to as
chaos. This study forms the mathematical foundations for chaos, which has
had a profound impact in many areas of science and beyond.

David Ruelle introduced the notion of a Smale space in an attempt to
axiomatize the dynamics of an Axiom A system, when restricted to a basic
set (or the non-wandering set) [31]. This involved giving a definition of hy-
perbolicity for a homeomorphism of a compact metric space. From our point
of view here, there are two essential differences between the non-wandering
set for an Axiom A system and a Smale space. The first is that in the for-
mer, every point is non-wandering, which need not be the case for a Smale
space. Indeed our constructions will involve a number of Smale spaces with
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wandering points. Secondly, a Smale space can be described without seeing
it as a subset of a manifold (to which the dynamics extends in an appropriate
manner).

Very early on, a particular class of Smale spaces took a prominent role:
the shifts of finite type. As the name suggests, these are dynamical systems
of a highly combinatorial nature and the spaces involved are always totally
disconnected. They had been studied previously, but in this context they
appeared in two essential ways. First, Smale showed how such systems could
appear as basic sets for Axiom A system; the full 2-shift is a crucial feature
in Smale’s horseshoe. Secondly, they could be used to code more complicated
systems. This idea is originally credited to Hadamard for modelling geodesic
flows [19] and was pursued in work of Morse [26], Morse and Hedlund [27]
and many others. For a modern treatment, see [4]. For Axiom A systems,
Bowen [6], building on work of Adler-Weiss, Sinai and others, proved that
every basic set (or every Smale space) is the image of a shift of finite type
under a finite-to-one, continuous, equivariant surjection. The study of shifts
of finite type has become a major one in dynamical systems, in part due to
important connections with coding theory and information theory [23].

The zeta function of a dynamical system was introduced by Artin and
Mazur [2] as a convenient tool for encoding the data of the number of periodic
points (of all periods) of the system. Bowen and Landford [9] gave a simple
formula for the zeta function of a shift of finite type which is the inverse of
a polynomial. Following this, using Bowen’s result on the coding by a shift
of finite type, Manning [24] proved that the zeta function of the restriction
of an Axiom A system to any basic set was a rational function. Indeed, it
was written as a product of the zeta function for the coding shift and other
shifts which coded the multiplicities of the factor map. Based on this, Bowen
conjectured the existence of some sort of homology theory for basic sets and a
Lefschetz-type formula which would link the number of periodic points with
the trace of the action of the dynamics on this homology. (See section 3 of
[7].) At least formally, the situation is similar to that of the Weil conjectures
[17].

The first step in this direction was achieved independently by Bowen and
Franks [8] and Krieger [22] by describing invariants for shifts of finite type.
The two are slightly different (they appear almost to be duals of each other).
(A word of warning: the invariant usually referred to as the Bowen-Franks
group is not the one to which we refer here.) We will concentrate on Krieger’s
version, often referred to as the dimension group invariant. There are several
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reasons, primarily because it has been the focus of a great deal of research
in symbolic dynamics and has proved to be a highly effective invariant.

Having this invariant at hand for shifts of finite type makes Bowen’s
conjectured homology theory look even more likely, but the problem has
remained open until now. Here, we give a solution by presenting a homology
theory for Smale spaces which is built very much along the lines indicated,
using a refinement of Bowen’s coding by a shift of finite type and Krieger’s
invariant. In fact, our theory improves on Bowen’s conjecture by providing
finite rank groups, instead of finite-dimensional vector spaces.

In some sense, many of the usual tools of algebraic topology, such as Cech
cohomology, seem poorly suited to the study of basic sets. For example, the
Cech cohomology of the underlying space of an infinite shift of finite type
is not finite rank. It can be hoped that our homology theory will provide a
more useful and effective invariant for basic sets in an Axiom A system.

I am grateful to Mike Boyle and to Jerry Kaminker for many helpful
discussions on a wide variety of issues related to this work. I am also grateful
to Trung Luu for his help regarding ordered and alternating complexes. I am
grateful to David Ruelle for pointing out Corollary 6.1.2 and its significance.
I am also grateful to Robin Deeley, Brady Killough and Mike Whittaker for
finding a mistake in the original version of Theorem 3.5.11, and for many
interesting discussions around the issue and its resolution. Finally, I am
grateful to the referee for many helpful suggestions with the manuscript.
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Chapter 1

Summary

The aim of this paper is to define a type of homology theory for Smale spaces,
which include the basic sets for Smale’s Axiom A systems. The existence of
such a theory was conjectured by Rufus Bowen [7]. Our approach is based
on Krieger’s dimension group invariant for shifts of finite type. We will use
this chapter as an introduction to the concepts and a summary of the paper,
stating the main new definitions and results.

We will be concerned with Smale spaces, as defined by David Ruelle [31];
we summarize here informally, the precise definition will be given in Defini-
tion 2.1.6. We have a compact metric space (X, d) and a homeomorphism, ¢,
of X. Such a topological dynamical system is called a Smale space if it pos-
sesses local coordinates of contracting and expanding directions. Roughly,
to any point x in X and e sufficiently small, there exist subsets X*(zx,¢)
and X"(x,€) called the local stable and unstable sets at x. Their Cartesian
product is homeomorphic to a neighbourhood of x. The parameter e controls
the diameter of these sets and, as it varies, these product neighbourhoods
form a neighbourhood base at x. The contracting/expanding nature of ¢ is
described by the condition that there is a constant 0 < A < 1 such that

dle),p(2) < Mdl(y,z), forally,ze X°(x,¢),
dlo ™ (y), o (2) < Md(y,z), forally, ze€ X"(z,¢).

There is also a condition roughly indicating that the local product structure
is invariant under ¢. Ruelle’s precise definition involves the existence of a
map [z, y] defined on pairs (z,y) which are sufficiently close and with range
in X. The idea is that [z, y] is the unique point in the intersection of the local
stable set of x and the local unstable set of y. Ruelle provided appropriate

1



2 CHAPTER 1. SUMMARY

axioms for this map. Given the map [-, -], the set X*(z, €) consists of those y
with d(z,y) < € and [z, y] = y, or equivalently (via the axioms) [y, z] = .
Ruelle’s main objective in giving such a definition was to provide an ax-
iomatic framework for studying the basic sets for Smale’s Axiom A systems
[33, 7]. While Smale’s original definition is in terms of smooth maps of Rie-
mannian manifolds, the basic sets typically have no such smooth structure.
In addition, there are examples of Smale spaces, some of which will play an
important part in this paper, which do not appear in any obvious way as a
basic set sitting in a manifold. Moreover, basic sets, by their definition, are
irreducible while Smale spaces need not be. Again, there will be many Smale
spaces which play an important part here which fail to be non-wandering.
In a Smale space, two points x and y are stably equivalent if

Jim d(p"(2), 9" (y)) = 0.

This is an equivalence relation on X and the equivalence class of a point
x is denoted X*(z), also called its global stable set. There is an analogous
definition of unstable equivalence obtained by replacing ¢ with ¢=!. As
the notation would suggest, there is a close link between the local stable
(unstable) sets and the global ones. This is made precise in Proposition
2.1.11. In addition, the local stable sets provide natural topologies on the
stable sets as described in Proposition 2.1.12.

For our purposes, the most important examples of Smale spaces are the
shifts of finite type. Begin with a finite directed graph . The associated
shift space, >, consists of all bi-infinite paths in G and the dynamics is
provided by the left shift map, 0. An excellent reference for these systems
is the book of Lind and Marcus [23]. We describe these precisely in Section
2.2, including the local product structure. We define shifts of finite type as
any system topologically conjugate to (Xq,0), for some graph G. There a
number of reasons why shifts of finite type play a crucial role. First of all,
there are important applications in coding theory. Secondly, many dynamical
problems in the general setting become combinatorial ones for shifts of finite
type. Thirdly, these are precisely the Smale spaces whose underlying space
is totally disconnected (Theorem 2.2.8) and we will use this fact frequently.
Finally, the two most important features for us here are Krieger’s dimension
group invariant (which we discuss below) and Bowen’s seminal result that,
given any irreducible Smale space, (X, ¢), there exists a shift of finite type,
(3,0), and a finite-to-one factor map 7 : (X,0) — (X, ¢).



In [22], motivated by R.F. Williams’ notion of shift equivalence [35], Wolf-
gang Krieger introduced a beautiful invariant for shifts of finite type. It is
an ordered abelian group having certain properties which are summarized
by saying it is a dimension group. In fact, there are two such invariants
associated to each shift of finite type, which Krieger called the past and the
future dimension groups. Here, we use the notation for stable and unstable
instead. For a shift of finite type, (X, o), we will denote these two invariants
by D*(3,0) and D*(X, o). Briefly, our aim in this paper is to extend the
definition of Krieger’s invariants so that they are defined for all Smale spaces.
We will not quite achieve this, but we will provide a definition for all Smale
spaces which are irreducible or even non-wandering (see 2.1.3), including the
basic sets of Axiom A systems.

The order structure on Krieger’s invariant is a very important part of the
theory. It will play no part in this paper and we treat the invariant simply
as an abelian group, but including this will be a goal of future investigations.

We present a precise treatment of Krieger’s invariant in chapter 3. For
the moment, we take the opportunity to discuss it in more general terms,
giving some history and motivation. Krieger’s starting point was the re-
alization that two C*-algebras could be constructed from a shift of finite
type. This construction is quite ingenious, but since that time, more so-
phisticated techniques have been developed and, in modern language, these
are the C*-algebras associated with stable and unstable equivalence. Krieger
also realized their structure could be described quite explicitly; each is the
closure of an increasing sequence of finite dimensional subalgebras. As such,
it was an easy matter to compute their K-theory groups, and these are are
the invariants. See [13].

Motivated by knowing the K-theory of the C*-algebras involved, Krieger
gave a description of the invariants more directly related to the dynamics
[22]. As motivation, let us consider the computation of the Cech cohomol-
ogy of a compact, totally disconnected space X [14, 34, 5]. In general, to
compute cohomology, one begins with a (finite) open cover of the space. It
has associated a simplicial object called its nerve, coding which elements of
the open cover intersect non-trivially. One computes the (co-)homology of
this simplicial complex. Finally, one repeats this, refining the open covers,
obtaining an inductive system of cohomology groups and takes the limit.
One of the first main results is that any sequence of open covers will provide
the same result, provided they generate the topology of the space. Hence,
if X is totally disconnected, the simplest thing to do is to consider finite
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partitions of X into clopen sets. In this case, the nerve becomes trivial and
after taking the inductive limit one obtains the answer as the free abelian
group generated by all clopen subsets, modulo the subgroup generated by
UuV —U -V, if U and V are clopen and disjoint.

With this in mind for motivation, we describe Krieger’s invariant for a
shift of finite type (X,0) as follows. Consider all sets U which are clopen
subsets of a stable equivalence class, ¥%(e), where, e varies over all points
of ¥. The topology on ¥%(e) is that described in Proposition 2.1.12. There
are clearly too many such sets: if we look at a rectangular neighbourhood
in X, each stable fibre in the rectangle is homeomorphic to all of the others.
A clopen set in one has natural images in the others and we should con-
sider these as equivalent. We introduce an equivalence relation of this set
of subsets, take the free abelian group on the equivalence classes and finally
take the quotient by a subgroup as in the case of cohomology above. This
is described precisely in section 3.3. This is a minor variation on Krieger’s
original definition.

It is important to note that the equivalence relation above which we are
putting on the clopen subsets of the stable sets is derived naturally from
unstable equivalence. It would seem then, that we are attempting to com-
pute the Cech cohomology (in dimension zero) of the quotient space of ¥ by
unstable equivalence. Fortunately, this is not the case, because this space is
uncountable but has only finitely many open subsets. The viewpoint of Alain
Connes’ program of noncommutative geometry is that such a badly behaved
quotient space should be replaced by a noncommutative C*-algebra and this
is exactly what Krieger’s construction accomplishes in this case.

The next point to mention in the discussion of Krieger’s invariant is that
it is highly computable. If we are given a specific graph G and consider its as-
sociated shift of finite type, (X¢, o), the invariants D*(Xq, o) and D*(Xq, 0)
can be computed from the graph. We review this in Section 3.2 and Theorem
3.3.3.

The functorial properties of Krieger’s invariant are quite a subtle matter.
Put simply, when does a map between two shifts of finite type induce a
map at the level of the invariants? To be more precise, a map between two
dynamical systems (Y, 1) and (X, ¢) is a continuous function 7 : Y — X such
that moy = pom. Assuming both systems are Smale spaces, we say that 7 is
s-bijective if m maps the stable equivalence class of y bijectively to the stable
equivalence class of 7(y), for each y in Y. There is obviously an analogous
definition of a wu-bijective map. This definition is a slight variant of the



notion of a resolving map, as introduced by David Fried [18], which requires
only injectivity when restricted to stable or unstable sets. A consequence is
that an s-bijective map is a homeomorphism between the local stable sets
(Theorem 2.5.12). This notion comes into play for Krieger’s invariant in a
crucial way. If 7 : (3,0) — (X', 0) is an s-bijective map between two shifts of
finite type, then it induces a natural group homomorphism, denoted 7%, from
Ds(3,0) to D*(¥', o) and also one, denoted 7#**, from D*(¥', o) to D*(3, o).
Analogous results hold for u-bijective factor maps. Versions of these results
are proved in [10] but the approach there is to show the existence of specific
presentations of the shifts for which the construction of the induced maps
becomes quite simple. The first problem with this is that the naturality is
not clear; that is, if 7 and p are two such maps (with appropriate ranges
and domains), is (7 o p)® = 7° o p°? By avoiding specific presentations, our
treatment makes this property clear. Of course, if the shifts of finite type are
presented by specific graphs, then we are faced with the problem of giving
explicit computations for the induced maps. This is done in Sections 3.4 and
3.5.

As mentioned above, one of the fundamental results on Smale spaces and
the reason that shifts of finite type play such an important role in the theory is
Bowen’s Theorem. To repeat, for any irreducible Smale space (X, ¢), there is
a shift of finite type (3, o) and a finite-to-one factor map 7 : (X,0) — (X, ¢).

Let us speculate a little on how Bowen’s result might be used to obtain
an extension of Krieger’s invariant to a general Smale space (X, ). Starting
from 7 : (X,0) = (X, ) as above, we may form

En(m) ={(eo,...,en) | en € E,m(eg) = m(e1) = -+ = 7m(en)}.

for every N > 0. With the obvious dynamics, this is also a shift of finite
type. So for each N, we may consider the invariant D*(Xy(7),0). Further,
for each N > 1 and 0 < n < N, there is a factor map, denoted by d,,, from
(Xn(m),0) to (En_1(m),0) which simply deletes entry n. We would like to
consider the maps induced by the 9,, and sum over n, with alternating signs,
to obtain a boundary map from D*(Xy(7), o) to D¥(Xy_1(7),0) and in this
way obtain a chain complex.

This approach is analogous to the computation of Cech cohomology for a
compact manifold. Here, (X, ¢) replaces the manifold. An open cover may
be regarded as a surjection from another space which is the disjoint union of
Euclidean balls onto the manifold. Our (X, o) plays the role of this disjoint
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union of Euclidean balls. The systems Y x(7) are playing the roles of the
various intersections of the open sets in the covers. If one assumes these
are also topologically Euclidean balls (i.e. this is a good cover [5]), then the
cohomology of the manifold may be computed from the resulting complex
(and the knowledge of the cohomology of a Euclidean ball). In our situation,
the fact that each Xy () is a shift of finite type is automatic.

The flaw in this plan comes exactly when one wants to consider the map
from D*(Xn(7),0) to D*(XN_1(m), o) induced by 4,. Without some extra
structure, there is no reason for §, to be s-bijective (or u-bijective). Hence,
the subtle nature of the functoriality of Krieger’s invariant is the obstruction.

The difficulties above are resolved if we begin with a factor map p :
(3,0) = (X, ), where (X,0) is a shift of finite type, which is either s-
bijective or u-bijective. In the case the map p is s-bijective, the maps 9,
will also be s-bijective and we may form a chain complex from the invariants
D*(Xn(p),0). In the case the map p is u-bijective, the maps d,, will be u-
bijective and we may form a cochain complex. It is worth noting however,
that this situation is a very special one. For example, the hypothesis that
the map p is s-bijective implies that the local stable sets in X are totally dis-
connected. Nevertheless, Chapter 4 is devoted to the study of the complexes
of such a map. This Chapter is rather technical and we will not review any
of the results here, but they are used in critical ways in the following chapter
where the homology is defined.

In this context, let us mention the work of Williams [36] who defined and
studied expanding attractors, which are basic sets in which the stable sets are
totally disconnected while the unstable sets are Euclidean. He gave a con-
struction of such systems as inverse limits of branched manifolds and showed
that every expanding attractor may be written in this way. More recently,
Wieler [37] generalized this to Smale spaces whose stable sets are totally
disconnected, without any hypothesis on the unstable sets. She provides an
inverse limit construction for such Smale spaces and proves that every irre-
ducible Smale space with totally disconnected stable sets can written in this
way.

Let us return now to the general case and the failed program we outlined
above which began with Bowen’s Theorem. The problem with the approach
really lies with Bowen’s Theorem, which is not strong enough. Instead of
beginning with a Smale space, (X, ¢), and finding a shift of finite type which
maps onto it, we instead look for two other Smale spaces, (Y,v) and (Z, ()
along with factor maps 75 : (Y,¢) — (X, ¢) and 7, : (Z,() = (X, ¢). The



key hypotheses are that 7w, and 7, are s-bijective and u-bijective, respectively,
while Y*(y) and Z*(z) are totally disconnected, for every y in ¥ and z in
Z. What this means for (Y,4) is that its local unstable sets are totally
disconnected, while its local stable sets are homeomorphic to those of X.
Bowen’s Theorem gives the existence of a Smale space which covers X and
which is totally disconnected. Here, we ask for such constructions which
disconnect in each local coordinate separately.

Definition 2.6.2. Let (X, ) be a Smale space. We say that
m= (Y, 9,7, Z,(,m,) is an s/u-bijective pair for (X, ¢) if

1. (Y,) and (Z,v) are Smale spaces,
s (Y 0) — (X, ¢) is an s-bijective factor map,
Y¥(y) is totally disconnected, for everyy in'Y,

T (Z,0) = (X, p) is a u-bijective factor map,

Z%(2) is totally disconnected, for every z in Z.

The crucial result for us here is the existence of s/u-bijective pairs. This
is proved (essentially) in [29] and [15]. It is worth mentioning here that the
systems (Y, 1) and (Z, () are Smale spaces: they are not given as basic sets
for Axiom A systems. This is the one point in our work where Smale spaces
take a preferred place over basic sets.

Theorem 2.6.3. If (X, ) is a non-wandering Smale space, then there exists
an s/u-bijective pair for (X, ¢).

Given an s/u-bijective pair 7 = (Y,v, 7, Z,(,m,) for a Smale space
(X, ), we may first form the fibred product of the two maps 7 and 7,
as

X(m) ={(y;2) € Y x Z [ ms(y) = mu(2)}.

It is a compact metric space, the map ¥ x (, which we denote by o, defines
a homeomorphism of it. The two projection maps to Y and Z, denoted p,
and ps, are u-bijective and s-bijective factor maps, respectively 2.5.13. One
immediate consequence (already suggested by our notation) is that (3(), o)
is a shift of finite type. We can see now why our result on the existence of s/u-
bijective pairs is a strengthening of Bowen’s result because (X(7), o) together
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with factor map m,0p, = m,0p;, satisfies the conclusion of Bowen’s Theorem,
but with the added condition that the factor map has decompositions as
given. In fact, another way of stating our result is to ask for a shift of finite
type, (2,0), and factor map onto (X, ) which may be factored as 7, o p,
and as 7, o ps, with 7, ps being s-bijective while m,, p,, are u-bijective . It is
not true that any factor map has such decompositions [21].

We return to our earlier idea of using the Xy () to build a chain complex
from their dimension group invariants. Now, we consider a sort of two-
variable version of that construction.

Definition 2.6.4. Let m = (Y, 1, 75, Z,(, m,) be an s/u-bijective pair for the
Smale space (X, ). For each L, M >0, we define

Yem(m) = {(Wos- - yr.20,--n2m) |y €Y, 2 € Z,
Ts(y1) = Tu(2m), 0 < U< L <0<m < M}

For convenience, we also let X(m) = X o(m), which is simply the fibred prod-
uct of the spaces Y and Z. We let p,(y,z) =y and ps(y,z) = z denote the
usual maps from X(w) to Y and Z respectively.

For all, L, M > 0, we also define

0(y07 <o YL, 20y - ZM) = (w(yO)v cet a¢(yL)a C(ZO)7 ce 7C(ZM))7

for all (yo,...,yr,20,---,2m) 0 Xp p(m).

Finally, for L > 1 and 0 <1 < L, we let &, : Xpp(m) = Xp_1m(m) be
the map which deletes entry y;. Similarly, for M > 1 and 0 < m < M, we
let 0. : Xpar(m) = Xpp—1(m) be the map which deletes entry z,,.

As the notation would suggest, these systems are all shifts of finite type.
Moreover, we have the following key fact.

Theorem 2.6.13. Let 7 be an s/u-bijective pair for (X, p).

1. For all L > 1, M > 0 and 0 < [ < L, the map &, : Xpm(m) —
Y10 () which deletes y; from (yo, ..., YL, 20, - - -, Z01) 1S an s-bijective
factor map.

2. For allL >0, M >1and 0 < m < M, the map 6,, : Xpp(m) —
Y. v—1(m) which deletes zp, from (Yo, - .., YL, 20, - - -, 20) 05 a u-bijective
factor map.



In Chapter 5, we assemble these groups and maps into a double complex.
Definition 5.1.1. Let 7 be an s/u-bijective pair for the Smale space (X, p).
1. For each L, M > 0, we define

CS(W)L’M = DS(EL’M(W),O').

We define these groups to be zero for all other integral values of L, M.
We define also

E(mw = Y, (D6 + Y (=nFmen

0<I<L 0<m<M+1

on the summand C*(m)p ar. Notice that the first sum has range
C*(m) 1.0, while the second has range C*°(m)parv1. The first term
only appears when L > 1 and the second only for M > 0.

2. For each L, M > 0, we define
CU(W)L’M = DH(ZL,M(W),O').

We define these groups to be zero for all other integral values on L, M.
We define

(M= Y (D' + Y (=1Fme

0<I<L+1 0<m<M

on the summand C*(m) . Notice that the first sum has range
C"(7) 41,0, while the second has range C*(m)par—1. The first term
only appears when L > 0 and the second only for M > 1.

Notice that, if we let Sy denote the permutation group on N symbols,
then there is an obvious action of Sp11 X Spr41 on Xy pr(7) which commutes
with the dynamics o, for every L, M > 0.

Returning to the comparison with Cech cohomology, one difference with
our approach is that our systems X, p/(7) clearly contain redundancies; for
example, if (y, z) is an element of ¥ o(7), then (y,y, z, z) is in 3y 1 (7). These
redundancies are detected by the action of the permutation groups in a way
which will be made precise below.

The situation is analogous to that found in simplicial homology between
the ordered and alternating complexes [14, 34]. The complexes we have at
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this point are analogous to the ordered complex. In finding an analogue of the
alternating, there is a real problem here in that we have no obvious notion
of a simplex or of orientation. However, by considering the action of the
permutation groups on Krieger’s invariant, we are able to construct a version
of the alternating complex. In fact, there are three double complexes which
take into account the actions of the groups Spi1, Syo1 and Spy1 X Spraq,
respectively.

Definition 5.1.5. Let 7 be an s/u-bijective pair for the Smale space (X, p).
Let L, M > 0.

1. We define D (¥m(m)) to be the subgroup of D*(Xp a(m)) which is
generated by

(a) all elements b such that b="5- («a, 1), for some transposition a in
Sp+1, and

(b) all elements of the form a — sgn(a)a - (a, 1), where a is in
D*(Xp m(m)) and o is in Spyq.

2. We define Dg (Xpam(m)) to be the quotient of D*(Xp a(m)) by the sub-
group D (Xpm(m)) and we let Q denote the quotient map.

8. We define D*4(X1m(m)) to be the subgroup of all elements a in
D*(Xp m(m)) satisfying a = sgn(B)a - (1, 5), for all 5 in Sy41 and we
let J denote the inclusion map.

4. We define Dg 4(Xpm(m)) to be the image in Dy (Xrm (7)) of
D2y (X () under Q. We let Qa denote the restriction of Q to
D4 (Xpm(m)) and Jo denote the inclusion of Dg 4(Xpm (7)) in
DSQKEL’M(’]T)).

There are analogous definitions of D% (Xpnm (7)), Dg(Xpam(m)) and
D3 o(Br,u(m)).

We have eight complexes, four based on Krieger’'s D® and four based on
D"*. We will now concentrate our attention on the first four. Analogous
results hold for the others.
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Definition 5.1.7. Let w be an s/u-bijective pair for the Smale space (X, p).
For L, M > 0, we define

Co(mem = Dg(Brum(m)),
Coy(m)em = D(Xpm(m)),
Coalmim = Do a(Xrm(T)).

We also let

1. dSQ,(ﬂ—)L,M be the map induced by d*(7) .y on the quotient
DSQ,(ZLvM(Tr));

2. d’4(m)rm to be the restriction of d*(m)p.n to D*4(Xpm (7)), and
8. dy 4(m) . to be the restriction of dg (m)p.n to D 4(XLm(m)).
We summarize the situation as follows.

Theorem 5.1.8. Let m be an s/u-bijective pair for the Smale space (X, p).
We have a commutative diagram of chain complexes and chain maps as
shown.:

(Coyy d2y) —2— (C*, d%)
QAi Qi
J
(Co,udo ) = (Cy,dp)

The first important general result about our four complexes is the follow-
ing.

Theorem 5.1.10. Let 7 be an s/u-bijective pair for the Smale space (X, p).
Let Ly and My be such that #r;{x} < Lo and #n,; {x} < My, for all x in
X (which exist by Theorem 2.5.3).

1. If L > Ly, then Cg (m)r.m = 0.
2. [fM 2 Mo, then CfA(ﬂ')L,M =0.
3. If either L > Lo or M > My, then C& 4(7)pm = 0.

Thus, the complex C§ 4(7) is the simplest since it has only finitely many
non-zero entries. This is our analogue of the alternating complex in Cech
cohomology. Here is our main definition.
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Definition 5.1.11. Let w be an s/u-bijective pair for the Smale space (X, p).

1. We define H:(m) to be the homology of the double complex
(Coalm),dg 4(m)). That is, for each integer N, we have

HY(m) = Ker(Dr-nm=ndp 4(7) L)/ Im(Dr—m=n+1d5 A(T)1.01)-

2. We define H(m) to be the homology of the double complex
(Cho(m),d% o(m)). That is, for each integer N, we have

Hy(m) = Ker(®r-m=nd% o (7)) [ Im(Dr-nr=n-1d% o () L,a1)-

The first nice property of this homology (and one requested as part of
Bowen'’s original conjecture) are the two finiteness properties in the following
theorem. Recall that an abelian group H is finite rank if H ®7z Q is a finite-
dimensional rational vector space.

Theorem 5.1.12. Let w be an s/u-bijective pair for the Smale space (X, )
and let Ly and My be as in Theorem 5.1.10.

1. The homology groups H¥ (m) are finite rank, for each integer N.
2. The homology groups H3,(m) are zero for N < —My and for N > L.

The principal aim of Section 5.3 is the following two results which show
that three of our four complexes all yield exactly the same homology.

Theorem 5.3.1. Let m be an s/u-bijective pair for the Smale space (X, p).
The chain map

Qu : (C4(m), d24(7)) = (Cg a(m), dg ()
induces an isomorphism on homology.

Theorem 5.3.2. Let m be an s/u-bijective pair for the Smale space (X, p).
The chain map

Jo 1 (Cga(m), dg () — (Cg (7), dg (7))

induces an isomorphism on homology.
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In section 5.4, we discuss the functorial properties of of our homology
H#(m). Not surprisingly, they are analogous to those of Krieger’s invariant.

In section 5.5, we establish perhaps the most important fact that the
homology H*(m) does not depend on the choice of the s/u-bijective pair ,
but only on the underlying Smale space (X, ¢), as follows.

Theorem 5.5.1. Let (X, ¢) be a Smale space and suppose that
T = Y, ¢¥,n,2,(,m,) and ' = (Y ' 7, Z' (' 7)) are two s/u-bijective

pairs for (X, ¢). Then there are canonical isomorphisms between Hy (7) and
H{ (7") and between HY(m) and HY(7'), for all integers N.

With this, we adopt the notation H*(X, ¢). We stress that the definition
does depend on the existence of an s/u-bijective pair, which we know to be
the case for all non-wandering Smale spaces and the basic sets for Smale’s
Axiom A systems.

Definition 5.5.2. Let (X, ) be a Smale space which has an s/u-bijective
pair w. We define Hy (X, ) = Hy(m) and HY(X,p) = Hy(mw), for all
integers N.

With this notation we also establish the desired functorial properties.

Theorem 5.5.3. 1. The functor which associates the sequence of abelian
groups HZ (X, ) to a (non-wandering) Smale space (X, ) is covari-
ant for s-bijective factor maps and contravariant for u-bijective factor
maps.

2. The functor which associates the sequence of abelian groups H*(X, )
to a (non-wandering) Smale space (X, ) is contravariant for s-bijective
factor maps and covariant for u-bijective factor maps.

If p: (Y,9) = (X, ) is an s-bijective factor map between non-wandering
Smale spaces, we use p% to denote the natural map from H3 (Y, ) to
H{ (X, ) and p% to denote the natural map from Hy (X, ¢) to Hx(Y, ).
There is analogous notation for u-bijective factor maps.

Chapter 6 is devoted to the Lefschetz formula. The key ingredient in
the proof is Manning’s argument for the rationality of the zeta function [24],
which was the original impetus for Bowen’s question.

We begin by observing that, for any Smale space (X, ), ¢ and ¢! are
each s-bijective and wu-bijective factor maps from (X, ¢) to itself.
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Theorem 6.1.1. Let (X, ) be a Smale space which has an s/u-bijective
pair. Then, for every n > 1, we have

#reX|"@) =2} = Y (D"Tr(((¢ iy © 1))
= > (D"Tr((ek ® 1g)")
= > (DVTr((¢¥ © 1))

= > DMTr(((p K @ 1g)").

NEeZ

In addition, we derive a Corollary which shows that the zeta function for
an irreducible Smale space is not just rational, but actually has a canoni-
cal decomposition as a product of polynomials and their inverses which is
provided in a natural way by the homology.

Corollary 6.1.2. Let (X, ) be an irreducible Smale space. For each inte-
ger N and real number t, define py(t) to be the determinant of the linear
transformation

I -t )y @1p: Hy(X,0) @R = Hy (X, ¢) @ R.

FEach of the vector spaces is finite dimensional and all but finitely many are
trivial so that py(t) is well-defined and all but finitely many are identically
one. Then we have

Co(t) = Myezpn ()"
Iy oda P (t)
1_[N even PN (t)
Chapter 7 provides computations of some simple examples: shifts of fi-

nite type (where we recover Krieger’s original invariant), solenoids and a
hyperbolic toral automorphism. In particular, we prove the following.

Theorem 7.1.1. Let (X, 0) be a shift of finite type.

1. We have
s D*(X,0) N =0,
HN(E,O'):{ (O ) N#O.
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2. We have Dy N
u Y2, o = O,

In Chapter 8, we formulate several questions for further investigation,
and in some cases, provide a few thoughts on their possible solution.
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CHAPTER 1.

SUMMARY



Chapter 2

Dynamics

This chapter contains an introduction to most of the basic dynamical ideas
which will be used. Two very useful standard references are Katok and
Hasselblatt [20] and Robinson [30]. In addition, there is an interesting book
by Aoki and Hiraide [1] where the setting is completely topological and hence
rather closer to ours. Unfortunately, this seems now to be out of print.

We begin with some basics including the definition of a Smale space, due
to David Ruelle. These are systems which possess canonical local coordinates
(called the local stable sets and the local unstable sets) of contracting and
expanding directions. The second section concentrates on shifts of finite type.
These are described as arising from graphs, but they are precisely the Smale
spaces which are totally disconnected.

The third section discusses some basic results on factor maps between
Smale spaces. In the fourth section, we discuss the notion of a fibred product
of two factor maps and a subsequent special case where the fibred product
is taken from a single map with itself, and then this is iterated. We refer to
the sequence of such systems as self-products. Particular attention is paid to
the cases of Smale spaces and shifts of finite type.

In the fifth section, we discuss factor maps between Smale space pos-
sessing various special properties. These are called s-resolving, u-resolving,
s-bijective and u-bijective maps. In further developments, these play a cru-
cial role.

In the sixth section, we discuss the notion of an s/u-bijective pair for a
Smale space. Essentially, this is a refinement of Bowen’s seminal result that
a Smale space may be covered by a shift of finite type. The weakness in
Bowen’s Theorem is that the factor map constructed does not possess any of

17



18 CHAPTER 2. DYNAMICS

the resolving properties of the previous section. For irreducible Smale spaces,
we have a version of this result which does supply factor maps which may be
decomposed as compositions of maps with the desired special properties.

Finally, in the seventh section, we assemble a number of technical results
which play an important role in the later development.

2.1 Smale spaces

In the entire paper, our dynamical systems will always consist of a com-
pact space, together with a homeomorphism. Although this is a little more
restrictive than is usual, we make the following definition.

Definition 2.1.1. A dynamical system is a pair (X, @) where X is a topo-
logical space and ¢ is a homeomorphism of X.

For the most part, we will restrict our attention to the case that X is
actually a compact metric space. If (X,d) is a metric space, we let X (z,€)
denote the ball at x of radius € for any x in X and € > 0.

We recall the definition of an expansive dynamical system.

Definition 2.1.2. If X is a metric space, we say that a dynamical system
(X, @) is expansive if there is a constant € > 0 such that, for any x # y in
X, there exists an integer n such that d(¢"(x), ¢"(y)) > €.

A key property will be the notion of a non-wandering point.

Definition 2.1.3. For a dynamical system (X, ), a point x in X is called
non-wandering if for every open set U containing x, there is a positive integer
N such that N (U)NU is non-empty. We say that (X, ) is non-wandering
if every point of X is non-wandering.

Another important idea will be the notion of irreducibility. There are
several equivalent formulations, but we will use the following.

Definition 2.1.4. A dynamical system (X, @) is said to be irreducible if, for
every (ordered) pair of non-empty open sets U,V , there is a positive integer
N such that oV (U) NV is non-empty.

It is plain that every irreducible system is also non-wandering.
Finally, we recall the notion of topological mixing.
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Definition 2.1.5. A dynamical system (X, ) is said to be mixing if, for
every (ordered) pair of non-empty open sets U,V , there is a positive integer
N such that o"(U) NV is non-empty for alln > N.

It is clear that any mixing system is also irreducible.

We give our most important definition, a Smale space. Two words of
warning are in order before we embark on the definition. First, it is long.
Second, it is opaque. After we complete the correct technical definition and
note one important result, we will take a moment to give a more intuitive
description.

We begin with a compact metric space, (X, d), a homeomorphism, ¢, of
X, constants ex > 0 and 0 < A < 1 and a continuous map from

Acx ={(z,y) € X x X | d(z,y) < ex}

to X. The image of a pair (x,y) under this map is denoted [z,y]. These
satisfy a number of axioms (which will take a little time to describe).
First, we assume that

Bl [z,z] ==,
B2 [z,ly,z]] = [2,7],
B3 [z,y], 2] = [z, 2],
B4 [o(z), e(y)] = el yl,
for all z,y, z in X whenever both sides of an equation are defined.
We pause to note that if [z, y] = x, then we also have [y, z] = [y, [z y]]
v,y =y, usmg the second and first conditions above. Similarly, if [ y|l =

then [y7 ] -
Second, we assume the following two conditions. We have

C1 d(e(z),e(y)) < Ad(z,y), whenever [z,y] =y,

and
C2 d(o(x), o (y)) < Md(z,y), whenever [z,y] = =.

Definition 2.1.6. A Smale space is a dynamical system (X, @) together with
a metric d on X, constants ex,\ and map [,] as above which satisfy the
Axioms B1, B2, B3, B4, C1 and C2.

For a given x in X, the sets where the estimates C1 and C2 hold are
called the local stable and unstable sets, respectively. In fact, it is useful to
include a parameter to control their size, as follows.
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Definition 2.1.7. Let (X, ¢) be a Smale space. For any x in X and 0 <
e < ex, we define

Xz, e) = {yeX|d(z,y) <e[z,y] =y}
Xu(xve) = {y€X|d(ZE,y)<E,[I,y]:QS}

These sets are called local stable and local unstable sets.

Let us just observe that that if z and y are close so that d(x,y) is defined

and within distance € < ex of x, then [z, [z, y]] = [z, y] by axiom B2 and so
[z,y] is in X*(x,€). Similarly, if it is within distance € < ex of y, then it is
in X"(y,e).

The main feature of a Smale space is that it is locally the product of its
local stable and local unstable sets, which we summarize as follows.

Proposition 2.1.8. Let x be in X and 0 < € < ex /2 satisfy
[X(x,€), X(x,€)] C X(x,ex/2).

The map [,] defines a homeomorphism between X"(x,€) x X*(z,€) and a
neighbourhood of x. The inverse map sends a point y to ([y,z], [x,y]). As e
varies, these sets form a neighbourhood base at x.

Now is a convenient moment to give a more intuitive description of a
Smale space. Usually, if one is given an example, one can see first the “lo-
cal product structure” with the contracting dynamics on the local stable set
and the expanding ( meaning “inverse contracting”) dynamics on the local
unstable sets as in Proposition 2.1.8 above and axioms C1 and C2. As an

example, consider Arnold’s cat map: the matrix gives an auto-

2 1
11
morphism of the 2-torus which we consider as R?/Z2. This matrix has two
independent eigenvectors vy and v, whose respective eigenvalues Ay and \,
satisfy 0 < Ay < 1 and A, > 1. Thus the local stable and unstable sets are
given by short line segments through a point in the respective eigendirections.

Having the local stable and unstable sets, the bracket of two points x and
Yy, [z, y], is then defined to be the unique point in the intersection of the local
stable set of x with the local unstable set of y. To summarize, it is intuitively
easier to see the bracket as coming from the local stable and unstable sets,
but for theory, it is easier to view the local stable and unstable sets as arising
from the bracket.
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As we have described above, Arnold’s cat map is an example of a Smale
space. It can easily be generalized to hyperbolic toral automorphisms: let A
be any N x N integer matrix with integer entries, determinant either 1 or -1
and no eigenvalues on the unit circle in the complex plane. Then this matrix
gives a homeomorphism of the N-torus, RY/Z~. Other examples of Smale
spaces are various solenoids, substitution tiling spaces and, most importantly,
the basic sets for Smale’s Axiom A systems. Another key class of examples
for our development are the shifts of finite type, which we describe in detail
in the next section.

We next note the following result - see 6.4.10 of [20] or Corollary 3.3 of
(30].

Proposition 2.1.9. A Smale space is expansive.

The Smale space then has two basic positive constants: one which controls
the domain of the bracket and the other which is the expansiveness constant.
As we may freely replace either a smaller constant, by replacing them by
their minimum, we may assume that ex is also the expansiveness constant
for X.

In addition to the notion of local stable and unstable sets, there is also
the notion of global stable and unstable sets.

Definition 2.1.10. Let (X, ) be a Smale space. We say that two points x
and y in X are stably equivalent if

Jim d(p"(2),¢"(y)) = 0.
It is clear that this is an equivalence relation and we let X*(x) denote the
equivalence class of x. Similarly, we say that two points x and y in X are
unstably equivalent if

im_d(¢"(x), ¢"(y)) = 0.
It is clear that this is also an equivalence relation and we let X" (z) denote
the equivalence class of x.

Obviously, the notation suggests that there is a close relation between
the local stable sets of a point x and X*(z), which we call its global stable
set. It follows fairly easily from the axioms that X*®(z,¢) C X*(x), for any
positive e. Much more precisely, we have the following (6.4.9 of [20]).
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Proposition 2.1.11. Let (X, ) be a Smale space. For any x in X and
0 <e<ex, we have

Xo(x) = UpZge (X7 (9" (2), €)),

n=0

and
X"(x) = U9 (X (9 " (@), €)).

This result is very useful, but slightly deceptive. While the local stable
and unstable sets are usually quite easy to describe, the global ones are
very complicated. This can probably be most easily seen in the geometric
example of Arnold’s cat map; the local stable and unstable sets are given
by the eigendirections of the matrix while the global ones are leaves of a
Kronecker foliation and are dense.

As suggested by the last comment above, the global stable and unstable
sets, with their relative topologies from X, are rather badly behaved (i.e. not
locally compact). They do possess very natural finer topologies which are
much more suitable.

Proposition 2.1.12. Let (X, ) be a Smale space and let xo be in X.

1. The collection of sets {X*(x,€) | © € X*(x),0 < € < ex} forms a
neighbourhood base for a topology on X*(xq) which is second countable
and locally compact.

2. The function

S _ d(a:,y) Z.nyXs(xan)
d*(z,y) = { €x otherwise

defines a metric on X*(xq) for this topology.

3. A sequence {z,, | n > 1} converges to x in X*(zo) if and only if it
converges to x in X and, for all n sufficiently large, [z,,x] = x.

Proof. 1f z, 2" are in X*(xy), €, € are positive and z” is in X*(x, )N X*(2/,€),
then choose

0<d <min{e —d(z,2"),¢ —d(2',2")} < ex.
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If d(y,2") < 0, then d(y,2’) < € and d(y,2") < € as usual. If in addition,
[z, y] = y, then it follows that [z,y] = [[#",z],y] = [2",y] = y. In a similar
way, we have [z, y] = y and so

" e X*(2",0) C X*(z,e) N X*(2, €).

For the second part, we leave the proof that this function is a metric
to the reader. If € > ey, then any ball in d* of radius € is just X*(xg). If
€ < €x, then it is easy to see that the d° ball of radius € is just X*(z,€). The
conclusion of the second part follows.

For the third part, first suppose the sequence z,,n > 1 is converging to
x in d°. For sufficiently large n, d*(z,,z) < ex. It follows that x, is in
X*(z,ex) and hence [x,,x] = z,, or, equivalently, [z, x,] = z. For such an
T, we have d*(z,,x) = d(z,,x). From this we conclude that z, converges
to x. Conversely, if [z, x,] = z, then z, is in X*(z,ex) and again we have
d*(zp,x) = d(x,,x): if z, is also converging to z, then it is doing so in the
metric d° as well. O

We complete this summary of Smale spaces with Smale’s spectral decom-
position, which summarizes the relations between non-wandering, irreducible
and mixing in a simple fashion [7, 31].

Theorem 2.1.13. Let (X, @) be a Smale space.

1. If (X, ) is non-wandering, then there exists a partition of X into a fi-
nite number of closed and open, pairwise disjoint subsets, each of which
is invariant under ¢ and so that the restriction of ¢ to each is irre-
ducible. Moreover, this decomposition is unique.

2. If (X, ) is irreducible, then then there exists a partition of X into
a finite number of closed and open, pairwise disjoint subsets which are
cyclicly permuted by . If the number of these sets is N, then ™ (which
leaves each invariant) is mizing on each element of the partition.

2.2 Shifts of finite type

We give a description of the fundamental class of Smale spaces called shifts
of finite type. The data needed is a finite, directed graph. All of our graphs
will be finite and directed and we will simply use the term “graph”.
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We develop the basic ideas and show that these systems are Smale space,
giving explicit descriptions of the bracket and the local stable and unstable
sets. The main result here is that such systems are precisely the totally
disconnected Smale space, up to topological conjugacy.

Definition 2.2.1. A graph G consists of finite sets G° and G* and maps
i,t : Gt — G°. The elements of G° are called vertices and the elements of
G are called edges. The notation for the maps is meant to suggest initial
and terminal and the graph is drawn by depicting each vertexr as a dot and
each edge, e, as an arrow from i(e) to t(e).

We follow with a standard definition of a path in a graph.

Definition 2.2.2. 1. Let G be a graph and let K > 2. A path of length K

in G is a sequence (', €2, ..., e) where e* isin G, for each1 < k < K

and t(e*) = i(e), for 1 <k < K.

2. We also let GX denote the graph whose vertez set is GE=1 and whose
edge set is G® with initial and terminal maps

Ky = (e'e?,..., e

= (e2,e3,..., el

i(e',e?,. . e

t(et,e?, ... ef)

Y

We just remark that for every 1 < L < K, we have a maps i*,t" : G —
GX~L which are simply the L-fold iterations of 7 and ¢, respectively. That
is, % simply deletes the last K entries, while ¥ deletes the first K entries.

Finally, we note the obvious definition of a graph homomorphism.

Definition 2.2.3. Let G and H be graphs. A graph homomorphism, 6 :
H — G, from H to G consists of of a pair of maps 6 : H° — G° and
6 : H' — G' (this notation will cause no confusion) such that 6(i(e)) =
i(0(e)),t(0(e)) = 0(t(e)), for all e in H'.

Observe that a graph homomorphism 6 : H — G induces maps 0 : HX —
G¥, for all K > 2. Each of these is also a graph homomorphism.

With these preliminary notions established, we are ready to describe the
shift of finite type associated with a graph.

Definition 2.2.4. Let G be a graph. Its associated shift space, denoted Y¢,
consists of all doubly-infinite paths in G. That is, the elements are sequences
(e¥)rez such that €* is in Gt and t(e*) = i(e**t), for all k in Z.

The map o : X — g is the left shift: o(e)* = et for all e in Yg.
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We need to define a metric on the space ¥ and toward that end, we in-
troduce the following notation that will be used frequently in other contexts.
If e is in ¥ and K < L are integers, we let el®8 = (X 5+ el) which
is in GFK+1 It will also be convenient to define elf 1Kl = ¢(eX) = j(ef+1),
which is in GY.

Proposition 2.2.5. Let G be a graph. The function
d(e, f) = inf{1,27571 | K > 0, el K] = fUKKDY

defines a metric on Xg. With this metric, (Xqg,0) becomes a Smale space

with constant ex,, =1, A = 3 and

[e’f]k:{fk ]{ZSO,

b k>1

The proof is routine and we omit it. We remark that the topology for
this metric coincides with the relative topology viewing Y as a closed subset
of the infinite product space II,czG'. Of course, the main feature of the
metric is that, for any e, f in ¥g and K > 1, d(e, f) < 275 if and only if
el KKl — fI-KK] - The product structure may be understood fairly easily
as follows. To any vertex v in G°, we may consider the set 3, to be those
elements of Xg with #(¢”) = i(e') = v. These sets form a partition of g
into pairwise disjoint clopen sets. In fact, the reader may check that each set
is the open ball of radius 1 at any of its points. For v fixed, ¥, is a product
of the semi-infinite sequences starting at v with the semi-infinite sequences
terminating at v. This is a rather informal way of putting things. More
concretely, we have the following.

Lemma 2.2.6. Let G be a graph. For any e in Xg and K > 1, we have

Se(e.27") = {feoc|ff=e"k>1-K},
Se(e27®) = {feoc| ff=e" k< K}

Proof. We prove the first part only. Let f be in ¥ (e, 27%). First, this
means that d(e, f) < 275 and so el %Kl = fI=KKl  GQecondly, we know
that [e, f] = f. For any k > 1, we have e* = [e, f]* = f¥ and we are done.
Conversely, if f* = e* for all k > 1 — K, then it is clear that el!~ %Kl =
fUHKE] and so d(e, f) < 27571 < 27K Tt also means that [e, f] is defined.
For k < 0, we have [e, f]* = f*, from the definition of [,] while for k > 1,
e, f]F = e* = f* as desired. ]
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We are now ready to give our definition of a shift of finite type.

Definition 2.2.7. A shift of finite type is any system (X, 0) which is topo-
logically conjugate to (X, o) for some graph G. In this case, we say that G
is a presentation of (X,0).

This is not the usual definition which supposes, first, that ¥ is a closed
subsystem of a full shift [23] and is described by a finite set of forbidden
words. For our purposes, this definition will be more convenient.

The main result of this section is the following.

Theorem 2.2.8. A Smale space (X, ) is a shift of finite type if and only if
X is totally disconnected.

We refer the reader to Proposition 18.7.8 of [20] for a proof. It should be
noted though that the hypothesis that the set is a locally maximal hyperbolic
set of a diffeomorphism is not needed as only the bracket and notions of local
stable and unstable sets are used in the proof. This also means that no
irreducibility hypothesis is necessary.

Notice that if § : H — G is a graph homomorphism, then it induces an
obvious map, also denoted by @, from Y5 to . We note the following result
whose proof is elementary.

Proposition 2.2.9. Let G be a graph and let L > K > 1. The graph
homomorphism i*~% induces a homeomorphism i* % : Yo — Yox and

satisfies 0 o it K = {£=K o 5. A similar statement holds for t*—K.

The graphs G* are usually referred to as higher block presentations for
the dynamical system (X, o).

2.3 Maps

In this section, we give some basic definitions of maps and factor maps be-
tween dynamical systems and establish basic properties of them in the case
that both domain and range are Smale spaces. The first is basically that
a map is necessarily compatible with the two bracket operations. We then
consider the case when the domain is a shift of finite type and introduce a
concept of regularity for a factor map.
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Definition 2.3.1. Let (X, ) and (Y,4) be dynamical systems. A map 7 :
(Y, 9) = (X, ), is a continuous function w: Y — X such that mo) = por.
A factor map from (Y, ) to (X, ) is a map for which 7 : Y — X s also
surjective.

Theorem 2.3.2. Let (Y1) and (X, @) be Smale spaces and let

T (Y,0) = (X, )

be a map. There exists €, > 0 such that, for allyi,ys in'Y with d(y1,y2) < €,
then both [y, yal, [1(y1), 7(y2)] are defined and

T([y1, v2]) = [ (y1), 7(y2)]-

Proof. Let ex, ey be the Smale space constants for X and Y, respectively. As
Y is compact and 7 is continuous, we may find a constant ¢ > 0 such that,
for all y1,ys is in Y with d(y1,y2) < €, we have d(7(y1), 7(y2)) < e€x/2. From
the continuity of the bracket map, we may choose €, such that 0 < €; < ey
and for all y1,ys in X with d(yi,y2) < €,, we have

d(y1, [y1, 12]), d(y2, [y1,92]) < e

Now assume y,y2 are in Y with d(y1,y2) < €p. It follows that, [y;,ys] is
defined and we have the estimates above. Then, inductively for all n > 0,
we have

d("™ (Y1), V" w1, y2]) < A"d(y1, [y1,92]) < €

and also
A" (y2), V" [y1, y2)) < N'd(y2, [y1,v2]) <€

It follows from the choice of € that, for all n > 0, we have

d(m(" (1)), 7(V"[y1,92])) < ex/2
d("(m(y1)), " (myr, v2])) < ex/2

and similarly
dle™"(m(y2)), ™" (Y1, y2])) < ex/2.

On the other hand, these two estimates are also satisfied replacing
O™ (mly1, ya]) by @[ (y1), 7(y2)] and so, by expansiveness of (X, ¢), we have
the desired conclusion. [
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In the case where the domain is a shift of finite type with a specific
presentation, we introduce the notion of a map being regular. It is really
just an analogue of the conclusion of the last Theorem appropriate for shifts
of finite type.

Definition 2.3.3. Let G be a graph, (Xg,0) be the associated shift of finite
type and (X, @) be a Smale space. We say that a map 7 : (Xg,0) = (X, )
is regular if, for all e, f in Xg with t(e®) = t(fY), we have d(w(e), 7(f)) < ex
and

mle, f1 = [r(e), 7 (f)].

The first and most obvious case of a regular map is the following; the
proof is trivial and we omit it.

Proposition 2.3.4. Let G and H be finite directed graphs and letd : H — G
be a graph homomorphism. The associated map 0 : (Xg,0) — (Xg,0) is
reqular.

In fact, after replacing the domain by a higher block presentation, we
may assume any map from a shift of finite type is regular. The following is
an easy consequence of Proposition 2.2.9 and Theorem 2.3.2 and we omit the
proof.

Theorem 2.3.5. Let (X,0) be a shift of finite type, (X, p) be a Smale space
and ™ : (X,0) = (X,p) be a map. Then there exists a graph G and a
conjugacy h : (Xq,0) — (X,0) such that 7o h is reqular.

When G satisfies the conclusion of this Theorem, we will say (rather
imprecisely) that G is a presentation of .

2.4 Self-products of a map

We begin with the standard definition of a fibred product or a pull-back,
which will be used frequently. One can apply this definition to a map and
itself, and then continue iteratively. We refer to the sequence of resulting
systems as “self-products” of the map. We go on to consider the special case
when this is applied to Smale spaces and show the resulting systems are also
Smale spaces. Finally, we specialize to the case where the domain is a shift
of finite type. If it is presented by a graph,and the map is regular in our
earlier sense, then we give specific graphs which present the fibred products.
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Definition 2.4.1. Suppose that (X, @), (Y1,¢1) and (Ya, 1) are dynamical
systems and that m = (Y1,¢1) = (X, @) and my : (Ya,12) — (X, ) are maps.
Their fibred product is the space

Z = {(31172/2) | y1 € Y1,y2 € Y2,7r1(y1) = 7T2(fl/2)}

equipped with the relative topology from Y, x Yy together with the map ( =
W1 X g, which is clearly a homeomorphism of this space. There are canonical
maps from this system to (Y1,v1) and (Ye,m) defined by p1(y1,y2) = y1 and
p2(y1,y2) = yo which satisfy m o p1 = T3 0 py.

We observe the following. Its proof is routine and we omit it.

Theorem 2.4.2. Suppose that (X, ), (Y1,11) and (Ya,1) are Smale spaces
and that m : (Y1,¢01) = (X, ) and 7o : (Ya,19) — (X, @) are maps. The
fibred product is also a Smale space with the metric

d((y1,92), (W1, y2)) = max{d(y1,yy), d(y2, ¥5)},

constant €z = min{e,,, €, } and bracket

(Y1, 92), (W1, 92)] = (v, 1], [Y2, ¥a))

provided d(yy, ), d(y2, y3) < €z.

We will make extensive use of a variation of this idea. We consider a map
between two Smale spaces

T (Yo0) = (X, )

First, we may consider the fibred product of this map with itself. In addition,
we may iterate this process, taking fibred product with the same (Y, ) each
time. The result is a sequence of Smale spaces which records where the map
is many-to-one.

Definition 2.4.3. Let
m: (Y, 9) = (X, 9)
be a map. For each N > 0, we define

YN(W) = {(y07y17y27 ce JyN> € YN+1 | Tr(yl) = ﬂ-(y])a
for all0 <i,5 < N}.
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We also define

Y(Wo, Y1, Y2, - - Yn) = (0 (W0), V(1) ¥ (12), - -, U (yn))

for all (yo, y1,y2,--.,yn) in Yn().

It will often be the case that no confusion will be caused by omitting the
7 in the notation, writing just Yy.

Finally, we note the obvious fact that the permutation group on
{0,1,2,..., N}, Syi1, acts on Yy (m), commuting with . We use the fol-
lowing notation; if y is in Yy (7) and « is in Sy, for some N > 0, we let
Y= (ya(O)aya(1)7 . :ya(N))'

It is worth noting that Yy (7) is rarely irreducible for N > 1, even if Y and
X are. We will also use the notation 7 for the map from Yy (7) to X defined
by (Yo, Y1, ---,yn) = 7(yo). It is easy to see that, for all N > 1, (Yn(7), )
is the fibred product of (Y;¢) and (Yy_1(7), ). This, and Theorem 2.4.2,
immediately yields the following.

Proposition 2.4.4. If 7 : (Y,¥) — (X, ) is a map between Smale spaces
then, for each N >0, (Yn(7),1) is also a Smale space with ey, (x) = €z and
bracket

[(y07 cee ayN)7 (y67 s aygv)] = ([y0>y6]7 teey [yNay;V])7
for all (yo, .-, yn), (Yo, - -+, Yn) in Yn(m) within distance €.

Before proceeding further, let us introduce a standard piece of notation
which we will use frequently throughout the paper. If A is any set and N > 1,
we define, for each 0 < n < N, 6, : ANT! = AN by

On(ag,...,an) = (ag, ., an_1,0n41, - an) = (A0, -, Apy - -, AN).

We also note that if we regard (Yy(7), ) as the fibred product of (Y, ) and
(Yn_1(m),7) then 0y is simply the map py of Definition 2.4.1.
We now specialize further by considering the situation of a regular map

T (g, 0) = (X, ),

where G is a graph and (X, ¢) is a Smale space. In view of Theorem 2.3.5,
we will lose no generality in considering this case.
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For each N > 0, we define graphs G () by:

Gy(m)® = {t(e") = (t(en), t(e}), ..., t(ex)) |
e = (eg,e1,...,ex) € Bn(m)}
GN(W)l = {60 = (6876(1)7""69\[) |

e = (eg,e1,...,en) € Un(m)}

If no confusion will arise, we will drop the 7 from the notation. Also, the
graph G (m) has an action of Sy, ;. We begin by establishing a few simple
properties of the graphs.

We note that 3y (7) consists of N+ 1-tuples of bi-infinite sequences in G'.
On the other hand, ¥¢ (r) consists of bi-infinite sequences of N + 1-tuples
from G'. If we regard an N + 1-tuples of bi-infinite sequences as also being
a bi-infinite sequences of N + 1-tuples, we have the following.

Theorem 2.4.5. Let G be a graph, (X, ) be a Smale space and
. (ZG7U) — (X7 90)7
be a reqular map. For each N >0, we have

Xy, o) = (En(r),0).

Proof. Tt is clear that we have containment D. It remains to prove the other
direction. We will show by induction on K > 1, that if p is any path of
length K in Gy (7), then there exists an e in Xy (7) such that el%%] = p. The
conclusion follows from an easy compactness argument. The case K = 1 is
clear. Now suppose that the statement is true for K > 1 and we prove it for
K + 1. Let p be a path in Gy(7) of length K + 1. By induction hypothesis,
we may find e in ¥y such that e = pl25+1 and also a f in Xy with
f°=p'. Since p is a path, t(f°) = i(e') and so we may form o~![e, f] which
satisfies the desired conclusion. ]

2.5 s/u-resolving and s/u-bijective maps

In this section, we discuss special classes of maps called s-resolving, wu-
resolving, s-bijective and wu-bijective maps. These maps possess many nice
properties but the most important is that our invariants will behave in a
functorial way with respect to them.
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It is an easy consequence of the definitions that if (Y, ) and (X, ¢) are
Smale spaces and

T (Y, 0) = (X, )

is a map, then 7(Y*(y)) C X*(7(y)) and 7(Y"(y)) C X*(n(y)). We recall
the following definition due to David Fried [18].

Definition 2.5.1. Let (X, ) and (Y,1) be Smale spaces and let
m: (Y,9) = (X, )

be a map. We say that 7 is s-resolving (or u-resolving) if, for any y in Y,
its restriction to Y*(y) (or Y"(y), respectively) is injective.

The following is a useful technical preliminary result.
Proposition 2.5.2. Let (X, ) and (Y,v) be Smale spaces and let
T (Y, 0) = (X, )

be an s-resolving (or u-resolving) map. With e, as in Theorem 2.5.2, if y1, y2
are in'Y with w(yy) in X*(7(y2),ex) (orw(y1) in X" (7w (y2), €x), respectively)
and d(y1,y2) < €x, then yo € Y"(y1,€x) (y2 € Y*(y1, €x), respectively).

Proof. 1t follows at once the from hypotheses that

mly1, 2] = [7(y1), m(y2)] = m(y1)-

On the other hand [y;, y2| is stably equivalent to y; and, since 7 is s-resolving,
[y1,92) = v1. [

Resolving maps have many nice properties, the first being that they are
finite-to-one. We establish this, and a slight variant of it, as follows.

Theorem 2.5.3. Let (X, ) and (Y,1) be Smale spaces and let
T (Y, 9) = (X, ¢)
be an s-resolving map. There is a constant M > 1 such that
1. for any x in X, there exist y1,...,yx in Y with K < M such that
T (X" (2)) = Upey Y (),

and
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2. for any x in X, we have #n {x} < M, .

Proof. Cover Y with balls of radius ¢,/2, then extract a finite subcover,
whose elements we list as B,,,1 < m < M. We claim this M satisfies the
desired conclusions.

For the first statement, given x in X and y in 7~ 1(X"%(z)), it is clear
that Y*(y) € X"(z). We must show that there exist at most M unstable
equivalence classes in 7! (X%(z)). For this, it suffices to show that if y;, 1 <
i < M+1, arein Y with 7(y;) and 7(y;) unstably equivalent, for all 7, j, then
y; and y; are unstably equivalent for some ¢ # j. Choose n < 0 such that
©"(m(y;)) is in X (¢™(7(y;)), €x), for all 1 <, < M + 1. From the pigeon
hole principle, there exists distinct ¢ and j such that ¢"(y;) and ¥"(y;) lie
in the same B,,, for some 1 < m < M. These points satisfy the hypotheses
of 2.5.2 and it follows that they are unstably equivalent. Then y; are y; are
also unstably equivalent.

For the second statement, suppose 7~ '{z} contains distinct points
Y1,--.,Ym+1. Let 0 denote the minimum distance, d(y;,y;), over all i # j.
Choose n > 1 such that \"e, < §. Consider the points " (y;),1 < i < M +1.
By the pigeon-hole principle, there exists ¢ # j with ¢"(y;) and ¢"(y;) in the
same set B,,. We have

m(" () = " (7w (i) = ¢"(x) = " (7 (y;)) = w("(y;))-

From Proposition 2.5.2, ¢"(y;) is in Y*(¢"(y;), €x). This implies that y; is in
Y*(yj, \"€x). As A€, < 0, this is a contradiction. ]

Although the definition of s-resolving is given purely at the level of the
stable sets as sets, various nice continuity properties follow.

Theorem 2.5.4. Let (X, ) and (Y,1)) be Smale spaces and let

™ (Yo¢) = (X, ¢)
be either an s-resolving or a u-resolving map. For each y in'Y, the maps

T Y (y) = X(n(y)), 7 Y(y) = X" (7(y))

are continuous and proper, where the sets above are given the topologies of
Proposition 2.1.12.
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Proof. From the symmetry of the statement, it suffices to consider the case
that 7 is s-resolving.

We use the characterization of limits in Y*(y) and X*(7(y)) given in
Proposition 2.1.12. From this, and Theorem 2.3.2, it is easy to see that 7 is
continuous on Y*(y). The same argument covers the case of m on Y*(y).

To see the map 7 on Y*(y) is proper, it suffices to consider a sequence y,
in Y*(y) such that 7(y,) is convergent in the topology of X*(7(y)), say with
limit z, and show that it has a convergent subsequence. As Y is compact
in its usual topology, we may find ¢ which is a limit point of a convergent
subsequence y,, , k > 1. It follows that

m(y) = 71'(11}?1 Yny,) = liin T(Yn,, ) = lim7(y,) = .
We also have, for k sufficiently large,

TYns ¥ = [7(Yn)s 7)) = [7 (Y ), 2] = 1,

since 7(yy, ) is converging to z in the topology on X*(7(y)) and using Propo-
sition 2.1.12. We know that 7~'{xz} is finite and contains ¢’ and [y,,,v'], for
all k sufficiently large. Moreover, 3’ is the limit of the sequence [y, ,v']. It
follows that there is K such that [y,,,y'] =/, for all £ > K. From this, we
see that 3/ is in Y*(y,, ) = Y*(y) and that the subsequence y,, converges to
y'in Y*(y).

To see the map m on Y*“(y) is proper, we begin in the same way with a
sequence y,, such that 7(y, ) has limit x in the topology of X“(7(y)). Again we
obtain a subsequence y,, with limit ¢’ in Y. Then we have, for k sufficiently
large,

WYy, Y] = [T ) 7)) = [ (i), 2] = 7(Yny.),

since 7(y,, ) is converging to x in the topology on X*(7(y)) and using Propo-
sition 2.1.12. On the other hand, [y,,,¥’] and y,, are stably equivalent and
since 7 is s-resolving, this implies they are equal. It follows that 3/ is in
Y"(Yn,) = Y*(y) and y,, is converging to y' in the topology of Y*(y). [

There has been extensive interest in s/u-resolving maps. We will need a
slightly stronger condition, which we refer to as s/u-bijective maps.

Definition 2.5.5. Let (X, ¢) and (Y, 1) be Smale spaces and let

T (Y 9) = (X, )
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be a map. We say that w is s-bijective (or wu-bijective) if, for any y in 'Y,
its restriction to Y*(y) (or Y*(y), respectively) is a bijection to X*(m(y)) (or
X*(m(y)), respectively).

It is relatively easy to find an example of a map which is s-resolving, but
not s-bijective and we will give one in a moment. However, one important
distinction between the two cases should be pointed out at once. The image
of a Smale space under an s-resolving map is not necessarily a Smale space.
The most prominent case is where the domain and range are both shifts of
finite type and the image is a sofic shift, which is a much broader class of
systems. (See [23].) This is not the case for s-bijective maps (or u-bijective
maps).

Theorem 2.5.6. Let (Y,) and (X, ¢) be Smale spaces and let

T (Y,0) = (X, )

be either an s-bijective map or a u-bijective map. Then (7(Y), ¢|xv)) is a
Smale space.

Proof. The only property which is not clear is the existence of the bracket: if
y1 and yo are in Y and d(7(y1), 7(y2)) < €x, then it is clear that [7(y1), 7(y2)]
is defined, but we must see that it is in m(Y'). If 7 is s-bijective, then
[(y1), ™(y2)] is stably equivalent to 7(y;) and hence in the set 7(Y*(y;)) and
hence in 7(Y'). A similar argument deals with the case 7 is u-bijective. [

Ifr: (Y,v) — (X, ) is a factor map and every point in the system (Y, 1))
is non-wandering (including the case that (Y, ) is irreducible), then it follows
that the same is true of (X, ¢) and in this case, any s-resolving factor map is
also s-bijective, as we will show. The distinction is important for us; although
we are mainly interested in our homology theory for irreducible systems, the
various self-products we constructed earlier, and which will be used in the
later definitions, will almost never be irreducible.

Example 2.5.7. Consider (Y, 1) to be the shift of finite type associated with
the following graph:
Q)l _— UQ

Gy

33—
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and (X, @) to be the shift of finite type associated with the following graph:
(N
S wy : w@

2

It is clear that there is a factor map from (Y, ) to (X, ) obtained by mapping
the loops in the first graph to those in the second 2-to-1, while mapping the
other two edges injectively. The resulting factor map is s-resolving and u-
resolving but not s-bijective or u-bijective.

Theorem 2.5.8. Let (X, ) and (Y,1) be Smale spaces and let

m: (Y, 9) = (X, 9)

be an s-resolving factor map. Suppose that each point of (Y1) is non-
wandering. Then 7 1s s-bijective.

The proof will be done in a series of Lemmas, beginning with the following
quite easy one.

Lemma 2.5.9. Let m:Y — X be a continuous map and let xq be in X with
7 Yo} = {y1, 92, ..., yn} finite. For any e > 0, there exists 6 > 0 such that
7 (X (20,0)) C UL Y (Y €).

Proof. If there is no such 6, we may construct a sequence zF k > 1 in X
converging to zo and a sequence y*, k > 1 with 7(y*) = 2* and ¥* not in
UN_ Y (yn,€). Passing to a convergent subsequence of the y*, let y be the
limit point. Then y is not in UN_,Y (y,,€), since that set is open, while
m(y) = limg 7w(y*) = limy 2® = xy. This is a contradiction to 7='{x¢} =
v, y2, - un ) [

Lemma 2.5.10. Let 7w : (Y,v) — (X, ) be a finite-to-one factor map be-
tween Smale spaces and suppose that (X, @) is non-wandering. There exists
a periodic point x in X such that

#r o} = min{#x 2’} | 2/ € X},

Proof. Choose g in X which minimizes #7~'{zo} and let

7 Hzo} ={y1,...,yn}. Choose ey/2 > € > 0 so that the sets Y (y,,€),1 <
n < N are pairwise disjoint. Apply the last Lemma to find ¢ satisfying the
conclusion there for this e.
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As (X, ) is non-wandering, the periodic points are dense, so choose a
periodic point x in X(x,d). We claim that, for any 1 < n < N, the set
72} NY (yn, €) contains at most one point. Note that from this, it follows
at once that #7 {2} < N = #7 {xo}. The reverse inequality is trivial
from the choice of zy and the proof will be complete. Suppose that both y
and ¢y are in 7 {x} N Y (y,,€). As they both map to = under , they are
both periodic. As € < €y /2, we may bracket y and y’. We have

mly,y] = [r(y), 7(y)] = [2,2] = .

This implies that [y, 4] is also periodic. The periodic points y and [y, y'] are
stably equivalent and hence must be equal. Similarly, the periodic points 3’
and [y,y'] are unstably equivalent and hence must be equal. We conclude
that y = 1/ as desired. O

We now prove a version of Lemma 2.5.9 for local stable sets.

Lemma 2.5.11. Let m : (Y,9) — (X, ) be a factor map between Smale
spaces and suppose xqy in X is periodic and 7 {xo} = {y1, vy, ..., yn}. Given
€ > 0, there exist eg > € > 0 and > 0 such that

T (X (@0, 0)) C Uny Y (3 €.

Proof. First, since x( is periodic, so is each y,. Choose p > 1 such that
YP(Yn) = Yn, for all 1 < n < N, and hence ¢P(zq) = xo. The system (Y, P)
is also a Smale space. Choose ¢y > € > 0 to be less than the Smale space con-
stant for this. Also, choose € sufficiently small so that the sets Y (y,,€),1 <
n < N are pairwise disjoint and so that ¢Y?(Y (y,,€)) N B(ym,€) = 0, for
m # n. Use the Lemma 2.5.9 to find § such that 7= {x} C UY_ Y (y,,¢€).
Now suppose that x is in X*¥(zg,0) and n(y) = x. It follows that y is
in Y (Y, €), for some m. Now consider k > 1. We have 7(¢"(y)) = ¢*(x)
which is in X*(xg, \*6) C X (z,6). Tt follows that ¥*P(y) is in UN_, Y*(y,, €)
for all k£ > 1. It then follows from the choice of € and induction that ¥*?(y)
is in Y¥(ym, €) for all & > 1. This means that y is in Y*(y,, €). O

We are now prepared to give a proof of Theorem 2.5.8.

Proof. In view of the structure Theorem 2.1.13, it suffices for us to consider
the case that (X, ¢) is irreducible. First, choose a periodic point xq satisfying
the conclusion of Lemma 2.5.10. Let 7 '{zo} = {y1,...,yn}. We will first
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show that, for each 1 <n < N, 7 : Y*(y,) — X®(x0) is open and onto. We
choose ¢y > 0 so that the sets Y (y,, €),1 < n < N, are pairwise disjoint. We
then choose ¢y > ¢ > 0 and § > 0 as in Lemma 2.5.11. Let x be any point in
B(xg,0). We know that 7= ({x}) is contained in UN_,Y*(y,, €). As the map
7 is s-resolving, it is injective when restricted to each of the sets Y*(y,, ¢).
This means that 7~ *{z} contains at most one point in each of these sets.
On the other hand, it follows from our choice of zy that 7='{x} contains at
least N points. We conclude that, for each n, 7={z} N Y*(y,,¢€) contains
exactly one point. Let W,, = 77 }(X(x,8)) N Y*(yn,€). The argument above
shows that 7 is a bijection from W,, to X*(z¢,0), for each n. It is clearly
continuous and we claim that is actually a homeomorphism. To see this, it
suffices to show that, for any sequence y* in W, such that 7(y*) converges to
some x in X*(xg,d), it follows that y* converges to some y in W,,. As € < ¢,
the closure of W, is a compact subset of Y*(y,,€y). So the sequence y* has
limit points; let y be one of them. By continuity, 7(y) = z. On the other
hand, there is a unique point 3’ in W,, such that 7(y') = x. Thus, y and ¢/
are both in Y*(y,, €9) and have image x under w. As 7 is s-resolving, y = ¢/
and so y is in W,,. So the only limit point of the sequence y* is 3 and this
completes the proof that 7 is a homeomorphism.

Since W, is an open subset of Y*(y,,, €), we know that
Yo(y,) = U0t ' (W,,) and the topology is the inductive limit topology.
Similarly, X*(z9) = Upsop ' (X*(x0,0)) and the topology is the inductive
limit topology. It follows at once that 7 is a homeomorphism from the former
to the latter.

Now we turn to arbitrary point y in Y and x = 7(y) in X and show
that 7 : Y*(y) — X*(z) is onto. We choose zg and {y1,...,yn} to be
periodic points as above so that 7 : Y*(y,) — X*(z) are homeomorphisms.
By replacing zy by another point in its orbit (which will satisfy the same
condition), we may assume that z is in the closure of X*(xy). Then, we
may choose ¥, such that y is in the closure of Y*(y,). There exists a point
y' is Y*(y,) in Y"(y,€ey/2) and so that 2’ = 7(y’) is in X%(x,ex/2). The
map 7 may be written as the composition of three maps. The first from
Y*(y,ey/2) to Y*(y/,ey) sends z to [y, z]. The second from Y*(y/,ey) to
X*(2') is simply 7. The third is the map from X*(2',ex/2) to X*(z,ex)
sends z to [z, z]. FEach is defined on an open set containing y,y’ and 2/,
respectively and is an open map. The conclusion is that there exists some
¢ > 0 such that 7(Y*(y,€’)) = U is an open set in X*(z) containing z. It



2.5. S/U-RESOLVING AND S/U-BIJECTIVE MAPS 39

then follows that
X3(x) = Uop ™ (U) = Usor (v (Y3 (y, €))) € (Y*(y)).
O

Now we want to observe that although the property of a map being s-
bijective is defined purely at the level of stable sets, continuity properties
follow as a consequence.

Theorem 2.5.12. Let (X, ¢) and (Y, ) be Smale spaces and let

™ (Y, 9) = (X, p)

be an s-bijective (or u-bijective) map. Then for each y in Y, the map
m:Y(y) = X3(n(y)) (or m:Y%(y) — X“(n(y)), respectively) is a homeo-
morphism.

Proof. The proof is the general fact that if A, B are locally compact Haus-
dorff spaces and f : A — B is a continuous, proper bijection, then f is a
homeomorphism. This can be seen as as follows. Let AT and BT denote
the one-point compactifications of A and B, respectively. That the obvious
extension of f to a map between these spaces is continuous follows from the
fact that f is proper. Since this extension is a continuous bijection between
compact Hausdorff spaces, it is a homeomorphism. The result follows from
this argument and Theorem 2.5.4. [

We have established a number of properties of s/u-bijective maps. We
now want to consider the constructions from the last section of fibred prod-
ucts and self-products as they pertain to s/u-resolving maps and s/u-bijective
maps. The first basic result is the following.

Theorem 2.5.13. Let (Y1,11), (Ya,%9) and (X, ) be Smale spaces and sup-
pose that

77—1:(}/1777&1)%()(790)’ 72:()/271;02)_)()(790)
are maps. Let (Z,() denote the fibred product:
Z ={(y1,y2) € Y1 x Yo [ mi(y1) = m2(y2)}, ¢ = th1 X 1.

We have maps pr : (Z.C) = (Yi,0n), p2 : (Z,0) = (Yaubs) defined by
pl(:‘/l??/Q) = Y1, 02(y1792) = Ya.
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1. If my is a factor map, then so is ps.

2. If my is s-bijective (or u-bijective), then py is s-bijective ( or u-bijective,
respectively).

Proof. We will not prove the first statement since it is well-known. A proof
can be found in Proposition 8.3.3 of [23], but is also very similar to what we
demonstrate below for the other part.

We assume that 7 is s-resolving and show that p, is injective on stable
equivalence classes. Let (y1,y2) and (), y5) be stably equivalent points in Z
and satisfy ps(y1,y2) = p2(v], v5). The first statement implies that y; and v
are stably equivalent. The second implies that yo = y5. Since these points
are in Z, we have m(y1) = ma(y2) = ma(vh) = m1(y}). As m is s-resolving, we
have y; =y} and hence (y1,y2) = (y1, y5) as desired.

Next, we show that p, maps stable equivalence classes surjectively. Let
(y1,92) be in Z and yj be stably equivalent to pa(y1,y2) = ya. As (y1,y2) is
in Z, we have m(y1) = ma(y2), which is stably equivalent to mo(y5). As m is
s-bijective, we may find y; in Y; such that y] is stably equivalent to y; and
m(y)) = m2(y5). This means that (y],v5) is in Z and is stably equivalent to
(y1,2). Finally, we note pa(y;,95) = 5. O

Theorem 2.5.14. Let (Y, ) and (X, ¢) be Smale spaces and let w : (Y,9) —
(X, @) be a map.

1. If m is a factor map, then so is
On : Yn(m) = Yn_1(7)
then for all N > 1 and 0 <n < N.
2. If m is an s-bijective (or u-bijective) map, then so is
On : Yn(m) = Yn_1(7)
forall N>1 and 0 <n < N.

Proof. We first consider the case N = 1. The result follows at once from
Theorem 2.5.13, since Y; () is the fibred product of Y with itself. If we have
established the result for some N > 1, it follows for N + 1 by again applying
Theorem 2.5.13 and observing that Yy 1(7) is the fibred product of Y with
YN (7'[') . ]
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The final part of this section deals with the special case of maps between
two shifts of finite type. We begin with the following easy result.

Lemma 2.5.15. Let 7 : (Xg,0) — (X, ) be a reqgular map. Suppose N,k >
1 and p is in G¥(r).

1. If 7 is s-resolving and t*(p;) = t*(p;) for some i, j, then p; = p;.
2. If 7 is u-resolving and i*(p;) = i*(p;) for some i,j, then p; = p;.

Proof. We prove the second part only. Let e be any point in Xy (7) such
that e™* = p. It follows that i(e}) = i*(p;) = i*(p;) = i(e}), and so we may
form [e;, e;]. As 7 is regular, we have 7 ([e;, e;]) = [7(e;), m(e;)] = 7(e;). Ase;
and [e;, €] are stably equivalent and 7 is s-resolving, e; = [e;, €;]. The same
argument also shows e; = [e;, e;]. We conclude that p; = p; as desired. [

As we are discussing s/u-resolving maps between shifts of finite type, we
describe a simple condition on the underlying graphs which is related.

Definition 2.5.16. Let G and H be graphs. A graph homomorphism 6 :
H — G is left-covering if it is surjective and, for every v in H°, the map
6 :t o} — t71{0(v)} is a bijection. Similarly, 7 is right-covering if it
is surjective and, for every v in H, the map 6 : i " {v} — i"HO(v)} is a
bijection.

The following result is obvious and we omit the proof.

Theorem 2.5.17. If G and H are graphs and 6 : H — G is a left-covering
(or right-covering) graph homomorphism, then the associated map

0: (Xg,0) = (Xg,0) is an s-bijective (or u-bijective, respectively) factor
map.

The following is a result due to Kitchens - see Proposition 1 of [11] and
the discussion just preceeding it.

Theorem 2.5.18. Let 7 : (X,0) — (X¢,0) be an s-bijective (or u-bijective)
factor map. There exists a graph H, a left-covering graph homomorphism
(or right-covering graph homomorphism, respectively) 0 : H — G and a
conjugacy h : (Xy,0) — (X,0) such that moh = 0.
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Remark 2.5.19. At first glance, this would seem to indicate that, as long as
we are concerned with s/u-bijective factor maps between shifts of finite type,
we may effectively restrict our attention to ones coming from left-covering
graph homomorphisms. We must warn readers that this is not correct. The
result has some very serious limitations for our applications. Specifically, if
p an s-bijective factor map defined on a shift of finite type (X,0), we will
consider the maps 6, : (Xn(p),0) — (En_1(p),0). The last theorem states
that we may recode Xn(p) so that 6, is left-covering. Unfortunately, to do
so would destroy the presentation of Xn(p) as N + 1-tuples from . If G is
a graph which presents Y such that p is reqular, then in view of Theorem
2.4.5, 0 1s plainly given by a graph homomorphism (in our notation, it is
also &, ), but we cannot assume is left-covering.

2.6 s/u-bijective pairs

The main motivation for this section is the seminal result of Bowen, which
we state now.

Theorem 2.6.1. Let (X, ¢) be a non-wandering Smale space. There exists
a shift of finite type, (X,0) and a factor map

T (X,0) = (X, ).

Moroever, these may be chosen such that 7 is finite-to-one and one-to-one
on a dense Gs subset of .

The weakness of this result for us is that the map 7 does not necessarily
possess nice properties such as the ones we studied in the last section. The
most naive question, whether m might be chosen to be s-resolving can be seen
to have a negative general answer, as follows. If (X, ¢) is, say, a hyperbolic
toral automorphism, then its local stable and unstable sets are Euclidean
spaces, while those of ¥ are totally disconnected. In this case, © cannot be
s-bijective or u-bijective, by Theorem 2.5.14.

The next possibility is that = might be factored as a composition of s-
bijective and u-bijective maps. This is indeed the case - see Corollary 2.6.7
- but we begin in a slightly different way. One can view Bowen’s Theorem
above as saying that the Smale space (X, ¢) may be “disconnected” in some
controlled way. Our improvement to this is to ask that we disconnect only
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the stable sets, while leaving the unstable sets unchanged. Of course, we can
also reverse the roles of the local stable and unstable sets. This is the content
of the following definition.

Definition 2.6.2. Let (X, ) be a Smale space. We say that
m= (Y, 9,7, Z,(,m,) is an s/u-bijective pair for (X, ) if

1. (Y,9) and (Z,4) are Smale spaces,

2. s (Y, 0) = (X, ) is an s-bijective factor map,
3. Y"(y) is totally disconnected, for everyy in'Y,
4. ™y (Z,¢) = (X, 9) is a u-bijective factor map,
5. Z°(z) is totally disconnected, for every z in Z.

The main result of this section is the following. As we will explain shortly,
it may be seen as an improved version of Bowen’s Theorem.

Theorem 2.6.3. If (X, ¢) is a non-wandering Smale space, then there ezists
an s/u-bijective pair for (X, ).

Proof. By Theorem 2.1.13, it suffices to consider the case that (X, ) is
irreducible. We apply Corollary 1.4 of [29] or Corollary 1.5 of [15] to find an
irreducible shift of finite type, (3, ¢), an irreducible Smale space, (Y, ), and
factor maps

m:(E,0) = Y, ¢Y), m:(Y,¢¥)— (X, ¢)

where 71 is u-resolving and my is s-resolving. Since the systems are irre-
ducible, 7y, Ty are s-bijective and u-bijective by Theorem 2.5.8. Let my = mo.
As m is u-bijective, the unstable classes in Y are homeomorphic to those in
>, by Theorem 2.5.12; and hence totally disconnected.

A similar argument shows the existence of (Z,(,m,). ]

Definition 2.6.4. Let 7 = (Y, ¢, 75, Z,(, m,) be an s/u-bijective pair for the
Smale space (X, ). For each L, M >0, we define

ZJL,M(ﬂ-) = {(yov'-'ayLaan"'sz)|yl€Y7Zm€Z7
(Y1) = Tu(2m), 0 < I < L<0<m< M}
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For convenience, we also let X(m) = X o(m), which is simply the fibred prod-
uct of the spaces Y and Z. We let p,(y,z) = y and ps(y, z) = z denote the
usual maps from X(w) toY and Z respectively.

For all, L, M > 0, we also define

U(yg, YL, 2o, - - .,ZM) == (¢(y0), N ,¢(yL),C(ZO), . ,C(ZM)),

for all (yo, ..., YL, 20s---,20) 0 Xp (7).

Finally, for L > 1 and 0 <1 < L, we let &, : Xy p(m) = X1 m(m) be
the map which deletes entry y;. Similarly, for M > 1 and 0 < m < M, we
let 0. : Xp v (m) = X pm—1(m) be the map which deletes entry z,,.

We note the following whose proof (like 2.4.4) is straightforward and
omitted.

Proposition 2.6.5. If m is an s/u-bijective pair for (X,¢), then for all
LM >0, (Xpm(m),0) is a Smale space.

In fact, we can say more.

Theorem 2.6.6. If 7 is an s/u-bijective pair for (X, ), then for all
LM >0, (Xpm(m),0) is a shift of finite type.

Proof. We begin with the case L = M = 0. The map p, : (X(7),0) — (Y, v)
is u-bijective. Hence it is a homeomorphism on unstable sets 2.5.12. On the
other hand, by definition, the unstable sets of (Y, ) are totally disconnected.
A similar argument using Z in stead of Y shows that the stable sets of ()
are totally disconnected. It follows that () is totally disconnected and so,
by Theorem 2.2.8, it is a shift of finite type.

For L, M >, the map sending (Yo, - - ., YL, 20, - - - » 20) 10 (Y15 Zm))1.m 1S an
injection from Yy /() to L(m)EFDMH Tt follows that () is also
totally disconnected and hence a shift of finite type. O]

Let us restate our main result (Theorem 2.6.3), so that it more closely
resembles Bowen’s result. It requires the additional hypothesis of
non-wandering, simply because 2.6.3 does.

Corollary 2.6.7. Let (X, ) be a non-wandering Smale space. Then there
exists a shift of finite type, (¥,0), and a factor map

m:(X,0) = (X, ).

such that m may be written as the composition of an s-bijective factor map
with a u-bijective factor map and vice verse.
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The fact that Bowen’s result (with the stronger hypothesis of
non-wandering) is a consequence is a little bit misleading: the proof of Corol-
lary 1.4 of [29] which is used in the proof of 2.6.3 uses Bowen’s Theorem.

We may find a graph G such that (X(7), ) is conjugate to (X¢, o). For
a point (y, z) in (3(m), o), we denote by e(y, z) the corresponding point in
(X¢,0). For a given integer k, we let e*(y, 2) denote the kth entry of e(y, 2)
which is an edge of G. We may find G satisfying the following definition.

Definition 2.6.8. Let m be an s/u-bijective pair for (X, ). We say that a
graph G together with a conjugacy

e:X(m) = 3¢

is a presentation of m if, for any (y,z),(y,2') in X(w) with t(e°(y, 2)) =
t(e®(y', ")), it follows that [y,'], [z, 2'] and [7(y),7(y')] are all defined and

le(y, 2),e(y’, )] = e[y, ¥'], [2, 2]),

for all (y,2),(y, 2") in X(r).

For L,M > 0, we define the graph G s as follows. The vertices are
those (L + 1) x (M + 1) arrays of entries of G® obtained as t(e(y;, 2,,)),0 <
| < L,0<m < M, where (yo,...,Yr,20,---,2nm) is in Xp (7). Similarly,
the edge set G, is the set of those (L +1) x (M + 1) arrays of entries of G
obtained as €%(y;, z,,),0 <1 < L,0 <m < M, where (yo,...,Yr, 20, -, 20)
is in X7, p(m). The definition of the maps ¢ and ¢ are obvious. The proof of
the following Theorem is much the same as that of 2.4.5, and we omit it.

Theorem 2.6.9. Let 7 be an s/u-bijective pair for (X, ) and suppose that
G is a presentation of w. Then for every L, M >0,

(EL,M (ﬂ-)? U) = (ZGL,M7 J)'

Although it is not needed now, it will be convenient for us to have other
descriptions of these systems. Toward that end, we make the following ad-
ditional definition.

Definition 2.6.10. 1. For each L >0, let pr, : ¥ o(m) — Yi(7s) be the
map defined by

PL,(Z/07 ce >yL720) = (y07 - ,yL)-
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2. For each M >0, let p a2 Xop () — Zp(my) be the map defined by

p.ar(Yos 20, -+ 2mr) = (20, -+, 201).
Theorem 2.6.11. Let 7 be an s/u-bijective pair for (X, p).
1. For all L >0, pr, is a u-bijective factor map.
2. For all M >0, p . is an s-bijective factor map.

Proof. We prove the first statement only. It is clear that pr is continuous
and intertwines the dynamics. We check that it is onto. Let (yo,...,yr) be
in Y (7). As m, is onto, we may find z in Z such that m,(2) = m5(y9). Then

(Yo, - -, YL, 2) is in X o(m) and its image under pr, is (yo, ..., yL)-
Next, we check that py, is u-resolving. Suppose that (yo,...,yr, 20) and
(Yos - -y, 2,) are unstably equivalent and have the same image under py, .

The first fact implies, in particular, that zy and z{, are unstably equivalent.
The second fact just means that (yo,...,yr) = (¥, - -, ¥y;). Since the points
are in ¥, we also have m,(20) = 7ms(yo) = 7s(y)) = mu(2]). As m, is
u-resolving, we conclude that zy = .

Finally, we check that py,_is u-bijective. Suppose that (v, ..., yr, 20) is in
Y10 and (yg,...,yr) in Y7 (7m,) is unstably equivalent to pr (vo, - - -, Yz, 20)- It
follows that yo is unstably equivalent to y;, and hence m,(29) = 75(yo) is un-
stably equivalent to m(y}). As 7, is u-bijective, we may find z{, in Z unstably

equivalent to zy and with m,(z)) = ms(y)). It follows that (y;,...,v], 2) is
in ¥, is unstably equivalent to (yo,...,yr,20) and has image (y(,...,y})
under py, . O

Consider now the factor map p : Xpo(m) — Yi(ms). We are free to
take self-products of this map with itself as in Definition 2.4.3. That is, let
M > 0 and consider M + 1 points in ¥, o(7) which all have the same image
under py, . Using our earlier notation, this set is written as (X10(7))am(pL,)-
Each element of such an M + 1-tuple has the form (yo,...,yr,20) and the
condition that they have the same image under pz simply means that the

Yo, - - -, yr, entries of each one are all the same. Thus, we could list them
as (Yo, - Yr,20)s Yoy, - YL, 21)s -« > (Yo, - - -, Y, 2ar). It is then easy to see
that (yo, ..., YL, 20,---,2n) is actually in Xy p.

What we have described is a bijection between (X,0(7))am(pr,) and Xy, ar.
It is an easy matter to see it is invariant for the actions and a homeomor-
phism. Its biggest complication would be in writing it explicitly, which we
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avoid. The same kind of analysis applies to (X (7)) (p,a). We have proved
the following.

Theorem 2.6.12. For any L, M > 0, we have

(Bro(m)m(pr,) = X a(m) = (Zoar (7)) L(p.ar)-

This result has the following easy consequence (although it could also be
proved directly earlier). It will be crucial in our development of the homology
theory in Chapter 5.

Theorem 2.6.13. Let m be an s/u-bijective pair for (X, ¢).

1. For all L > 1, M > 0 and 0 < [ < L, the map &, : Xppm(m) —
Yr—1.m(m) which deletes y; from (yo, . .., YL, 20, - - -, 2Zm) 1S an s-bijective
factor map.

2. For allL >0, M >1and 0 < m < M, the map 6,, : Xy u(7) —
Y. m—1(m) which deletes zy, from (Yo, - .., YL, 20, - - -, 20m) 05 a u-bijective
factor map.

Proof. The first statement follows immediately from the second equality of
Theorem 2.6.12, the fact that p s is s-bijective in Theorem 2.6.11 and The-
orem 2.5.14. The second statement uses the first equality of Theorem 2.6.12
and the same two other results. [

2.7 Technical results

In this section, we assemble a number of technical results which will be crucial
in our arguments later on. These fall into two groups. Let us take a moment
to motivate the first.

Recall that Theorem 2.5.12 states that an s-bijective factor map is actu-
ally a homeomorphism on stable sets. We wish to establish analogues of this
result for factor maps between shifts of finite type. Of course, the statements
look rather different - one sees integer parameters instead of €’s and ¢’s, but
this is typical in symbolic dynamics. In doing so, we obtain slightly stronger
versions of 2.5.12; the continuity is uniform in some sense.

We begin considering a pair of graphs and a graph homomorphism be-
tween them and the associated factor map between shifts of finite type. If the
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graph homomorphism is left-covering, then our estimates are both simpler
to state and easier to prove. But we remind the reader that the case of the
a homomorphism 6,, : Gn(m) — Gn_1(7) cannot be assumed to have this

property.

Lemma 2.7.1. Let G, H be graphs and 0 : H — G be a graph homomor-
phism.

1. If the associated map on the shift spaces is an s-resolving factor map,
then there is a constant Ky > 0 such that, if e, f are in Xy and are
stably equivalent and ko is an integer such that 0(e)k = O(f)*, for all
k> ko, then e = f*, for all k > ky + K.

2. 1If 0 1s left-covering, then Ky = 0 will satisfy the condition of part 1.

3. If the associated map on the shift spaces is a u-resolving factor map,
then there is a constant Ky > 0 such that, if (e, f) are in Xy and are
unstably equivalent and ko is an integer such that 6(e)* = 0(f)*, for all
k < ko, then e* = f*, for all k < k — K.

4. If 0 is right-covering, then Ky = 0 will satisfy the condition of part 3.

Proof. 1t obviously suffices to prove the first and second statements only.
We consider the first. If it is false, then for every K we may find a stably
equivalent pair of points satisfying the hypothesis, but not the conclusion.
This means that they are distinct, but stably equivalent so we may shift
them so that they are equal in all positive entries and different at zero. We
let ek, fi denote these points after applying a suitable power of o so that
9% # f%, while ef. = fr for all k > 1. The fact that the points satisfied
the hypothesis means that 0(e)* = 0(f)¥, for all k > —K. After passing to
a subsequence, we may assume these have limit points e, f, respectively. It
follows immediately that e® # f9 e* = f* for all k > 1 and 0(e)* = 0(f)*,
for all integers k. This contradicts # being s-resolving.

The proof of the second statement is clear from the fact that 6 is injective
on t~H{v}, for every vertex v in H°. O

The next result is, in some way, a more general form of the last one in
that there is no requirement that the range be a shift of finite type.

Lemma 2.7.2. Let G be a graph, (X, p) be a Smale space and p : (Xg,0) —
(X, ) be a regular, s-resolving factor map. There exists a constant K, > 0
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such that, for e, e1, fo, f1 in Xe and ko such that p(ey) = p(er), p(fo) = p(f1),
ek = fF, for all k > ko and ey, fi are stably equivalent, we have e¥ = fF, for
all k> ko + K,.

In the special case that (X, ) is a shift of finite type associated with some
graph and p is induced by a graph homomorphism 6, then the constant Ky of
Lemma 2.7.1 satisfies the conclusion.

Proof. As before, we let 3 (p) denote the fibred product of the map p with
itself. It is a shift of finite type. Let dg(e, f) = e be the usual factor map from
¥1(p) onto Y. It is s-resolving by Theorem 2.5.13. The result follows at
once from considering e = (eg, e1) and f = (fo, f1) in ¥ and using K, = Kj,.
The second statement is trivial and we omit the details. ]

As we see from the proof above, there is a close relation between the
constant K, of a factor map p : (Xg,0) — (X, ¢) and that of the factor
map g : (X1(p),0) = (X¢g,0). In fact, the same relation exists for all higher
self-products of (Xq, o), as follows. The proof is straightforward and we omit
it.

Lemma 2.7.3. Let G be a graph, (X, @) be a Smale space and p : (Xg,0) —
(X, ) be a regular, s-resolving factor map. If K satisfies the condition of
Lemma 2.7.2 for p, then for all N > 1 and 0 < n < N, it also satisfies the
conclusion of Lemma 2.7.1 for the map 0, : (Xn(p),0) — (XEn-1(p),0).

Lemma 2.7.4. Let G and H be graphs and (X, ) be a Smale space. Sup-
pose that 0 : H — G is a graph homomorphism such that the induced map
0 : (Xg,0) = (Xg,0) is an s-resolving factor map. Also suppose that
p:(Xg,0) = (X,p) is an s-resolving factor map. If Ky and K, are con-
stants satisfying the conclusion of Lemma 2.7.2 for 6 and p, respectively, then
Ko+ K, satisfies 2.7.2 for the map po 0.

Proof. Let eg, eq, fo, f1 be in ¥y and satisfy po 6(eg) = pob(er), pob(fy) =
pod(f), ef = f& k> ko and e = ff k > ko + Ko + K,. We apply the
hypothesis on the map p to the four points 0(eq),0(e1),0(fo),0(f1). The
second part of 2.7.2 implies that 0(e,)* = 0(f1)*, k > ko + Ky. One more
application of the second part of 2.7.2, this time to #, yields the result. [

The next technical result will be used frequently. Again, we consider a
graph homomorphism and its associated maps between shifts of finite type.
Under the hypothesis that this map is an s-bijective factor map, we know
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from Theorem 2.5.12 that it is a homeomorphism on stable sets. We need
to have a local version of the surjectivity and injectivity; i.e. a result that
applies to the maps between finite paths in the graphs. It is provided below.
Notice that the first and third statements are existence results (surjectivity),
while the second and fourth are uniqueness statements (injectivity).

Lemma 2.7.5. Let G, H be graphs and 0 : H — G be a graph homomor-
phism.

1. Suppose the factor map 0 : (Xy,0) = (Xq, 0) is s-bijective and suppose
K satisfies the condition of Lemma 2.7.1. For any ko > K, ki > 0,
p in G*tEr and q in H* satisfying 0(q) = t*1(p), there exists ¢ in
HF*otR gych that 97K (¢") = t5(q) and 0(¢') = p.

2. Suppose the factor map 6 : (Xy,0) — (Xg, 0) is s-bijective and suppose
K satisfies the condition of Lemma 2.7.1. For any ko > K, if q,q' are
in H* and satisfy m(q) = 7(¢') and t*(q) = tko(q'), then t%(q) = tX(¢').

3. Suppose the factor map 0 : (Xy,0) — (Xq, o) is u-bijective and suppose
K satisfies the condition of Lemma 2.7.1. For any kg > K, ki > 0,
p in GMTR and q in H* satisfying 0(q) = i*(p), there exists ¢’ in
HF*otk gych that i+ (¢') = i%(q) and 6(¢') = p.

4. Suppose the factor map 0 : (Xy,0) — (Xq, 0) is u-bijective and suppose
K satisfies the condition of Lemma 2.7.1. For any ko > K, if q,q are
in H* and satisfy 7(q) = 7(¢') and i*(q) = i*(¢'), then i®(q) = i*(¢').

Proof. We prove the first and second statements only. For the first, choose e
in ¥¢ such that el' %1%l = p and f in ¥ such that fl%) = ¢. It follows that
e/ = [0(f),e] is defined and is stably equivalent to 0(f). As @ is s-bijective
and €’ is stably equivalent to 6(f), we may choose f’ in X stably equivalent
to f such that O(f") = ¢/. For all k > 1, we have 0(f')* = (f)*. It follows
from Lemma 2.7.1 that (f/)* = f*, for k > 1+ K. Let ¢/ = (f/)=Fvkol and
so thHE(g) = t5(q). For 1 — k; < k <0, we have 0(f")* = (¢/)F = €, while
for 1 < k < ko, we have 0(f')* = 0(f)*. It follows that 6(¢') = p as desired.

For the second statement, choose f and f’ from Yy so that fl=*00 = ¢
and f1=Fo0 = ¢/ Since t"(q) = t*(¢'), we know that f = [f, f] is defined
and f* = f* for k > 1. Now consider 1 — ky < k < 0. We have

OF*) = 0(1™) = 0(g"™0) = 6(¢"+0) = 0( ).
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Thus, 0(f)F = 0(f), for k > 1 — ko and it follows from Lemma 2.7.1 that
f¥ = fk for 1 > 1 — ko + K. This implies the desired conclusion. O

This brings us to the second set of technical results. These are concerned
with the action of Sy 11 x Syr41 of the system Xy, 5/(7) and the graph G,y (7),
associated with an s/u-bijective pair.

It is fairly easy to see that, given an action of Sy .1 X Syry1 on a set, the
subgroups Sp+1 x 1 and 1x.5y,41 may have trivial isotropy at a point, without
the whole action doing so. (The reader may consider the case of L = M =1
acting on the set of 2 x 2 matrices and the identity matrix.) However, it is
clear that this does not occur for the actions on Xy, p/(7). Roughly speaking,
we wish to see this special property is present for the actions of the graphs
GT ap» provided K is sufficiently large.

To begin, we want to establish analogue of the fairly simple result for
s/u-resolving maps in Lemma 2.5.15 for s/u-bijective pairs.

Lemma 2.7.6. Let m = (Y, ¢, s, Z,(,m,) be an s/u-bijective pair for the
Smale space (X, ). Let G be a graph which presents w. There ezists Ko > 0
such that if (Yo, - .-, Yr, 20, - -, 20r) 18 in X ar(m) and satisfies e (yy,, 2m,) =
e* (Y1, 2my) for some 0 < 1y, 1y < L, some 0 < my,my < M and all 1 — Ky <
k < Ky, then

1. ey, 2m) = (Y1, 2m), for all k <0 and 0 <m < M, and
2. ey, zmy) = €5 (Y1, 2my), for all k >0 and 0 <1 < L.

Proof. We use the continuity of the map toe? : ¥(7) — G° to assert that there
is a constant 0 < € < ey, €z such that d(y, y'),d(z,2’) < e implies t(e’(y, z)) =
t(e®(y',2")). Next, we choose Ky > 1 such that d(e(y, 2),e(y’,2')) < 27Ko
implies d(y,v'),d(z, 2') < e. Then with (vo,...,yr, 20,--.,2M) as above, we
prove the first statement only. Let 0 < m < M be fixed. It follows from the
hypothesis and our choice of Ky that [y, y;,] is defined and my([y,, y1,]) =
[7s(yi, ), Ts(yi, )] = ms(yy, ). As w4 is s-bijective, it follows that [y, y,] = v, -
It also follows from our choice of € that t(e®(y,, 2m)) = t(°(y1,, 2m)) and so
we may compute, for £ < 0,

ek(ylw Zm) = [e(yll’ Zm)v e(le, Zm)]k = ek([ylnyb]? [va Zm]) = ek(yln Zm)

]
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Proposition 2.7.7. Let n(Y, ¢, 75, Z,(, m,) be an s/u-resolving pair for the
Smale space (X, ) and let G be a graph which presents 7. Suppose that
K > 2K, as in Lemma 2.7.6 and L, M > 0.

1. Ifp is in GﬁM satisfies Pi, my = Plo,ms for some 0 <1y, lo < L and 0 <
my,my < M, then i (p)-((l12), 1) = i**(p) and t*°(p)-(1, (m1m»))
t"0(p).

2. If pisin GfM and (3 1s in Syr1 Satisfy piym = Diy.p(m), for some Iy, [
and all 0 < m < M, then pj, m = Diy.m, for all0 <m < M.

3. Ifpisin GfM and o 15 1 Sy SAISfY Prm, = Pa(l)ms, for SOme my, mo
and all 0 <1 < L, then pim, = Pim,, for all0 <1 < L.

4. If p is in GfM, « s in Spy1 and B is in Sy satisfy p - (o, B) = p,
then
p-(a,1)=p-(1,8) =p.

5. Forpin ij\r/}, ift(p)-(a, 1) = t(p), for some a in Spy1, then p-(a, 1) =
.

6. Forpin Gf}t}, ifi(p)-(1, 8) = i(p), for some B in Spry1, thenp-(1,5) =
p.

Proof. For the first four parts, we begin by choosing (vo, - .., Yz, 20, - - - 2M)
in GF ; such that

ell =Ko K=Kol(y, 2 ) = pim, for all [, m. The first statement follows at once
from the last Lemma.

For the second part, it follows from Lemma 2.7.6 that e*(y;,2n,) =
e*(y1,, 2m) for all k& < and all m. For k > 1, the same result states that,
for any m, €*(y1,, 2m) = € (Y15, 254my). In addition, for 1 — Ky < k < K,
we also know e*(yy,, 23(m)) = €*(y1,, 2m). Putting these last two together, we
have e*(y1,, 2m) = €5(y1,, 2m), for 1 < k < Ky and all m. Together with the
first step, we have the desired conclusion

The proof of the third part is analogous to that of the second. The fourth
part follows from the second using Iy = [ and Iy = «(l) and the third using
my1 = m and my = S(m).

For the fifth part, we begin by choosing (yo, ..., ¥z, 20, --.,2m) D GfM
such that

el=KoK=Kol(y, 2} = pym, for all [;m. For any I, we apply Lemma 2.7.6
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with I} = ;1o = a(l) and any m; = my = m. It follows that e*(y;, 2,,) =
€*(Ya@), 2m) With k& < 0. Applying k = —K yields the result. The proof of
the last statement is analogous to the fifth and we omit it. ]
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Chapter 3

Dimension groups

In this chapter, we present background material on Krieger’s theory of di-
mension group invariants for shifts of finite type.

The first section presents some very simple observations on free abelian
groups. The second discusses two abelian groups, D*(G) and D*(G), associ-
ated with a graph G. The third section outlines Krieger’s invariants, D*(X, o)
and D*(X, o) associated with a shift of finite type. The main result here is
Krieger’s, that if G is a graph, then the invariant D*(X¢, o) is isomorphic
to that of the graph, D*(G). Of course, we establish explicit isomorphisms
between the two.

The reason we have two different presentations for the invariant is simple:
described as D?(3,0), it is clearly dependent only on the dynamics, while
the description as D*(G) gives an effective tool for its computation. This
becomes particularly important in the next sections where we consider the
properties of these invariants as functors. That is, when 7 : (¥, 0) — (X, 0)
is a map between shifts of finite type, does it induce group homomorphisms
between the invariants? The answer is subtle: for s-bijective maps, D? is
covariant while D" is contravariant. The fourth section considers the covari-
ant situation, while the fifth section deals with the contravariant case. The
other important results here are to establish concrete formulae for the group
homomorphisms in terms of D*(G) and D*(G).

95
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3.1 Free abelian groups

In this section, we establish some very simple ideas about free abelian groups
and homomorphisms between them. Simply put, we are transforming com-
binatorial objects to algebraic ones.

Let A be any (finite) set. The free abelian group on A, denoted by ZA is
the set of all formal integral combinations of elements of A. It is isomorphic
to Z4, but it will be most convenient for us to regard A as being a subset of
the group (which is not so convenient in Z4). Its main feature is that any
function o : A — G, where G is an abelian group, has a unique extension to
a group homomorphism « : ZA — G.

We will also make use of the following notation: for a subset C' of A, we

let
Sum/(C) = Z a.

aeC

Some care must be taken. For example, if & : A — B is any function between
finite sets and C' is a subset of A, a(Sum/(C)) and Sum(a(C)) are not equal
in general if « is not one-to-one.

For a finite set A, we introduce an integer-valued bilinear form <, >4 on
the group ZA by setting

b o 1 ifa=0,
“©OCTY 0 ifa#b

for any a,b in A and extend to pairs in ZA so that it is additive in each
variable. This is non-degenerate in the sense that, for any a in ZA, if
< a,b>=0, for all bin ZA, then a = 0.

If A and B are two finite sets and h : ZA — ZB is any homomorphism,
there is a unique homomorphism h* : ZB — ZA such that

< h(a),b >p=< a,h*(b) >4,

for all @ in ZA and b in ZB. If hy and hy are two homomorphisms (with
appropriate domains), then (hy o he)* = h} o hj.

The following result is a trivial consequence of the definitions and we
state it without proof.

Lemma 3.1.1. Let o : A — B be any function. Also denote by « its unique
extension to a group homomorphism from ZA to ZB. Then the function
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o* : ZB — ZA satisfies

a'(b)= Y a=Sum(a"{b})

aca~1{b}

for all b in B.

3.2 The dimension group of a graph

Expanding on the ideas of the last section, we construct two abelian groups,
denoted D*(G) and D*(G), from a graph G. These are called the dimension
groups associated with G. After presenting the definition, we will observe
one result: that the dimension groups associated with the graphs GX, K > 1
from Definition 2.2.2 are all naturally isomorphic to those of G.

Let G be a graph. First, consider ZG°, the free abelian group on the
generating set G° and we define a homomorphism

Ve 2G° — ZG°

by
Vo) =D ile) =iot*(v),
t(e)=v
for all v in G°. If no confusion will arise, we suppress the subscript G. We
then let D*(G) be the inductive limit of the system

7G5 760 s

The usual definition is in terms of a universal property, but we will provide
a more concrete definition since it will be more useful.

On the set ZG° x N, we define (a,m) ~, (b,n) if there exists [ > 0
such that (&) (a) = (v&)™(b). It is easy to see this is an equivalence
relation. It is also easy to see that this is the equivalence relation generated
by (a,m) ~ (v&(a),m + 1), for (a,m) in ZG° x N. For (a,m) in ZG° x N,
we denote its equivalence class by [a, m]s.

The second dimension group associated with G is obtained by replacing
the map ¢ by

W) = 3 te) =toi()

i(e)=v
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and taking inductive limits. We denote the result by D*(G). It is immediate
that this coincides with the dimension group of the opposite graph G? =
(GO, G t,1).

The equivalence relation ~,, is defined replacing ¢ by ¢ and the equiva-
lence class of (a,m) is denoted by [a, m],. If no confusion will arise, we drop
the subscripts.

Definition 3.2.1. Let G be a graph. The set of equivalence class in ZG° x N
in the relation ~g is denoted D*(G). It is an abelian group with the operation
[a,m]s + [b,m]s = [a + b,m]s, for all a,b in ZG° and m in N. The group
D*(G) is obtained in analogous way, using the relation ~,.

We remark that an important aspect in Krieger’s theory is that the group
ZG° has a natural order structure: the map ~* is positive and the inductive
limit as actually taken in the category of ordered abelian groups. (For more
on this, see [23].) For our purposes here, we will ignore the order structure,
but it should presumably feature in further developments.

Of course, the same construction may be applied to any of the graphs
G, K > 1, described in Definition 2.2.2. We recall that the vertex set of
GE is GE=1 and so D*(G¥) is the inductive limit of the system

s

ZGE L 7GE- Ly R 2
where the map v* = y5x =i ot".
It is worth noting the following easy result.

Lemma 3.2.2. For K > 1, as maps defined on ZG¥, we have

ot = t*oi,
to* = 1*ot.

For K > j, as maps defined on ZGX, we have

7y = pevt = wrod
(Y)Y = tHoi* = J*otl

Proof. Let p be in G*. By definition i o t* =37, \_ i(q), while t* 0 i(p) =

Zt(q):i(p) q. We claim that i : {q | t(q) = p} — {¢ | t(¢") = i(p)} is
a bijection. Since we suppose K > 1, if ¢ is such that ¢(¢) = p, then
t(i(q)) = i(t(q)) = i(p). Moreover, the map sending ¢' ---¢* to ¢' - - ¢"p&
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is the inverse of ¢ and this establishes the claim. The conclusion follows at
once from this.

The second part is proved in the same way and the last two statements
are easy applications of the first two. O

For a fixed graph G, its higher block presentations, G*, K > 1, all have
the same D* and D" invariants , stated precisely as follows. The proof is left
to the reader.

Theorem 3.2.3. Let G be a graph and let K, K' > 0.

1. The maps sending [a,j] in D*(GX) to [t*"*(a), ] in D*(GE+E") and
b, 7] in D3(GEHEY) to [i%'(b), 7 + K'] in D*(G*) are inverse to each
other and hence implement inverse isomorphisms between the groups
D*(G®) and D*(GXTK").

2. The maps sending [a, j] in D*(G®) to [i"*(a),j] in D*(GEKTE") and
[b, 7] in DY (GEHE) to [t5(b),j + j] in D*(GX) are inverse to each
other and hence implement inverse isomorphisms between the groups

D*(G®) and D*(GK+E).

3.3 The dimension group of a shift of finite
type

Let (X, o) be a shift of finite type. We will assign to (X, o) two abelian groups,
denoted D*(¥, o) and D*(3,0). This construction is to due to Krieger [22]
but also see [23] or [10] for other treatments. Once again, these are actually
ordered abelian groups, but we will not concern ourselves with the order
structure here.

Let CO*(%,0) be the collection of all non-empty, compact, open subsets
of 3%(e), over all e in X. Notice that if £ is in CO*(X,0), then any non-
empty subset which is compact and open relative to E is also in CO*(3, o).
Let ~ be the smallest equivalence relation on CO*(X, o) such that E ~ F if
[E,F] = E and [F,E] = F (meaning that both sets are defined) and such
that £ ~ F if and only if o(E) ~ o(F). We let [E] denote the equivalence
class of E.
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Suppose that G is a graph. For e in ¥ and K > 0, recall from Lemma
2.2.6 that

Yi(e, 27 )y ={feSg| e =fF forall k >1— K}.

It is easy to see that such sets are in CO*(X¢, o) and that if e, ¢’ are in ¥ and
satisfy i(e!™*) = i(e17F) then T (e, 275) ~ X5 (¢/,275). Moreover, every
set in CO*(X¢,0) may be expressed as a finite union of such sets (allowing
both e and K to vary).

In a similar way, we let CO"(X,0) be the collection of all non-empty,
compact, open subsets of ¥%(e). Let ~ be the smallest equivalence relation
on CO*(X,0) such that E'~ F'if [E, F| = F and [F, E] = E (meaning that
both sets are defined) and such that E ~ F' if and only if o(E) ~ o(F). We
let [E] denote the equivalence class of E.

If G is a graph, for e in ¥ and K > 0, recall that

Sih(e, 278y ={f € Xg | e = fF, forall k < K}.

It is easy to see that such sets are in CO"(Xq, o) and that if e, ¢’ are in X
and satisfy t(eX) = t(e'K) then X% (e, 275) ~ X4 (e/,27K).

Remark 3.3.1. Krieger’s original definition appears slightly differently.
There, the clopen subsets of a stable set are considered equivalent if there
exists an element of an ample group which moves one to another. For the case
of the past and future dimension groups considered in section 4 of [22], this
is exactly the same as the equivalence relation we introduced above. A second
small variation is the following. Krieger defines addition of clopen sets by
means of taking unions. This requires some type of aperiodicity assumption
which we avoid by taking free abelian groups in the following.

Definition 3.3.2. Let (X, 0) be a shift of finite type. The group D*(¥, o) is
defined to be the free abelian group on the ~-equivalence classes of CO*(3, o),
modulo the subgroup generated by [E' U F| — [E]| —[F], where E, F and EUF
are in CO*(X,0) and E and F are disjoint.

The group D"(X,0) is defined to be the free abelian group on the
~-equivalence classes of CO" (X, o), modulo the subgroup generated by
[EUF) — [E] — [F], where E,F and EU F are in CO*(X,0) and E and F
are disjoint.
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The following theorem is due to Krieger (4.1 of [22]). It asserts that the
dimension group associated to a shift of finite type presented by a graph G is
the same as that of the underlying graph. This provides a concrete method of
computing the invariant. It will be useful for us to describe this isomorphism
in terms of the invariant D*(G*), for all k > 1. Recall in the formulas below,
that for any e in Y and integer k, e*+1# = j(eF+1) = t(e*), by convention.

Theorem 3.3.3. Let G be a graph, (Xg,0) be the associated shift of finite
type and k > 1.

1. The map sending [S5(e,277)],e € Bg,j > k to [el=9+=3=1 j — k + 1]
extends to an isomorphism from D*(Xg, o) to D*(G*).

2. The map sending [S&(e,277)],e € Bg,j > k to [eV=F+23) j — | + 1]
extends to an order isomorphism from D“(Xq,0) to D*(GF).

Moreover, these isomorphisms, for different values of K are compatible with
the natural isomorphisms of Theorem 3.2.3.

Example 3.3.4. Let (X,0) be the shift of finite type associated with the

following graph

Q)l B — 'UD
It is fairly easy to see that X may be identified with the two-point compacti-
fication of the integers, {—oo,...,—2,—1,0,1,2,...,+00}. The points —oo

and +oo correspond to the paths in the graph which only use the left loop and
the right loop respectively. The integer n corresponds to the unique path which
has the non-loop at entry n. Under this identification, o sendsn ton—1, for
n finite and each infinite point to itself. FEach singleton {+oc} and {n},n € Z
is in CO*(3,0). Now, we have some notational difficulties because our space
carries an obuvious order structure and we would like to look at intervals,
such as [—oo,n] ={a | —oo < a < n}. Unfortunately, as we are in a Smale
space, the bracket has another meaning. We use [,] in the order sense only.
Moreover, each interval [—oo,n|, n € Z is also in CO*(3,0). Notice that,
for n > 1, the Smale bracket of n with +00 is 400 and so {n} ~ {+oo}. It
follows that in the group D*(X,0), < [—oo,n| >=< [—oo,m] >, for every
m,n € Z and < {n} >=< {4+o00} >, for every n in Z. Moreover, D*(%, o)
is isomorphic to Z*, with these elements as generators. The order is lexico-
graphic.



62 CHAPTER 3. DIMENSION GROUPS

3.4 The dimension group as a covariant func-
tor

The construction of the dimension group has various subtle, but interesting
functorial properties. This is given in Theorem 3.2 of [10], in the implication
1 implies 2 only in the case m = 1. From our point of view, the result of [10]
is not completely satisfactory. The method there uses a recoding of domain
of the map which we would prefer to avoid (Remark 2.5.19). Secondly, the
key property of a functor, namely that the map induced by a composition is
the composition of the induced maps, is not clear with this approach. So we
give a complete treatment here, starting from Definition 3.3.2.

We begin by showing that the invariant D*(X,0) is covariant for s-
bijective maps. Having established this, we next assume that our shifts of
finite type are presented by graphs H and G and that the s-bijective map
arises from a graph homomorphism, 7. We have seen in the last section that
D*(Xy,0) and D*(X¢, o) may be computed in terms of H and G. We need to
have specific formulae for the maps induced by 7. Essentially, the situation
of [10] is to assume that 7 is actually left-covering. As was the case in the
last chapter, the results in that case are quite simple. But we need to work
in greater generality. The main result is summarized in Theorem 3.4.4, but
we also derive some other useful facts in Theorem 3.4.5 and Theorem 3.4.6.
Finally, we deal with an important special case. In general, any dynamical
system (X, ) always comes with a natural automorphism, namely ¢. In the
context of the this section, if (3, ¢) is a shift of finite type, then both ¢ and
o~1 may be regarded as maps from (¥, 0) to itself. We obtained formulae
for their induced maps in the dimension group invariants in Theorem 3.4.7.

We begin with the following result which shows that the construction of
D#(3, 0) is covariant for s-bijective maps. Of course, there is an analogous
result which we do not state that D“(X, o) is covariant for u-bijective factor
maps. The idea is simple enough: suppose

7:(%,0)— (X, 0)

is an s-bijective map, then for F in CO*(%, o), we will show that 7(E) is in
CO*(¥',0). Moreover, this map extends in a well-defined fashion to a map
from D*(X,0) to D*(X, o).

Theorem 3.4.1. Let (X,0) and (X', 0) be shifts of finite type and let
m:(3,0) = (X, 0)
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be an s-biyjective map.
1. If E isin CO*(X,0), then w(E) is in CO*(¥', o).
2. If E and F are in CO*(3,0) and E ~ F, then w(E) ~ w(F).

3. If E)F and EUF are all in CO*(X,0) with E and F disjoint, then
w(E) and w(F) are also disjoint.

In particular, the map defined by 7°[E] = [1(E)] induces a well-defined group
homomorphism w° : D*(3,0) — D*(¥',0). Finally, if 7’ : (¥',0) = (X", 0)
is another s-bijective map, then (7' om)® = x'* o °.

Proof. The first and third statements follow easily from the fact that = :
¥ (y) — ¥°(m(y)) is a homeomorphism (Theorem 2.5.12). The second state-
ment is an easy consequence of the definitions and Proposition 2.5.2. The
last statements follow from the first three. O

Example 3.4.2. Consider the graphs H and G of Example 2.5.7. Argu-
ing as in Example 3.3.4, it is easy to show that Xy may be identified with
{a,b} x {—o0,...,—2,-1,0,1,2,...,+00}, while g may be identified with
{—o0,+oo}U{a,b}x{...,—2,—1,0,1,2,...}. The factor map sends (a,+00)
and (b, £00) to £oo and is the identity on the other points. Fix n in Z and
notice that E = {(a,z) | —oo < x < n} is in CO*(Xq,0), while its image
under the factor map is not in CO*(Xq,0). Hence, the first part of the result
above fails with the hypothesis of s-bijective replaced by s-resolving. Although
we have not computed the dimension groups explicitly, it is not difficult if
one begins by looking at Example 3.3.4. Let D denote the group Z* with lexi-
cographic order. We have D*(Xy,0) = D® D, while D*(Xy,0) = D. There
does indeed exist a well-defined homomorphism from the former to the latter,
but it is not induced dynamically.

The next objective is to consider the case that the two shifts (2, 0) and
(X', 0) are presented by graphs, H and G, and the map is induced by a
graph homomorphism, 7. Identifying the invariants D*(X, o), D*(3', o) with
the dimension groups of their graphs as in 3.3.3, we want to have an explicit
formula for the map 7°. Toward that end, we begin by defining the sym-
bolic presentations for the induced map. Unlike 3.4.1, we give a complete
statement for both D® and D" invariants.
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Definition 3.4.3. Let G and H be graphs and let m : H — G be a graph
homomorphism.

1. Ifm: (¥g,0) = (Xg,0) is an s-bijective map, then for any K,k > 0,
define 75K : ZH* — ZG*E by

% (q) = Sum{n(q) | ¢ € H" t"(¢') = q},
for q in H*.
2. If m: (Zy,0) = (3g,0) is a u-bijective map, then for any K,k > 0,
define ¥ : ZH* — ZG*E by
7" (q) = Sum{x(¢) | ¢ € H"¥,i"(¢) = q},
for q in H”.

We remark, concerning the set {7(¢') | ¢ € H*™5 tK(¢') = ¢}, that the
map 7 on the set of all ¢’ with t¥(¢') = ¢ may not be injective. This means
our sum above is not the same as the sum of 7(¢’) over all ¢’ with t¥(¢') = q.
The latter may contain some repetitions while the former does not.

The relevance of the definition above is summarized by the following result

which states that the maps 7% give presentations for 7* on the invariants
for the graphs.

Theorem 3.4.4. Let G and H be graphs and let # : H — G be a graph
homomorphism. Let k > 1.

1. Suppose the associated map 7 : (Xg,0) — (Xg,0) is an s-bijective
map and K satisfies the conclusion of Lemma 2.7.1. If we implicitly
identify D*(Xgy,0) with D*(H*) and D*(Xq, o) with D*(GFE) using
the isomorphism of Theorem 3.3.3, then we have

w*la, 5] = [7*" (a), 5],
for all j > 1 and a in ZH*'.

2. Suppose the associated map w : (Xg,0) — (Xg,0) is a u-bijective
map and K satisfies the conclusion of Lemma 2.7.1. If we implicitly
identify D*(Xy,0) with D*(H*) and D*(Xq,0) with D*(G*) using
the isomorphism of Theorem 3.3.3, then we have

©la, j] = [7""(a), j],
for all j > 1 and a in ZH*'.
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Proof. We prove the first part only. It suffices to prove the result for a = ¢,
where ¢ is in H*"'. Select f in Xy with f-7=*+2-3 = ¢ From Theorem
3.3.3, the set X%, (f, 2797%1) in CO*(Sy, o) is identified with [g, j] in D*(H*).
Let A= {r(¢) | ¢ € HE"*1 tE(¢) = ¢}. Tt follows from Definition 3.4.3
that 755 (q) = SumA.

For each p in A, choose e, an element of ¥ with eL_j_k_KH’_j] =p. By
replacing e, with o~7[07 (7 (f)), 07 (ep)], we may also assume that e}, = 7(f)",
forall | > —j. The sets ¥% (e, 27775 7%1) are in CO* (3¢, o) and are pairwise
disjoint for different values of p. Moreover, for each p, the isomorphism
of Theorem 3.3.3 identifies 3¢, (e,, 2777 F=K+1) with [p,j] in D*(GF*X). So
it suffices for us to prove that m(33(f,2777%1)) is the union of the sets
Y5 (ep, 2707 R K p e A

Suppose that f; is in X5,(f, 277751, Letting p = 7 (f)7 = K+2-31 it
is immediate that 7(f;) is in X&(e,, 279K~ In addition,
p= W(fl[_j_k_K+2’_j}) with

i k—K42—j i—kt2—j L .
tK(fl[ J +2 j]):fl[ J—k+2 J]:f[ J—k+2,—j] _

q

and so p is in A. Hence, we have
(X (f, 2_j_k+1)) C UpeaXig(ep, 2_j_k_K+1)-

Conversely, suppose that p is in A and e is in 3% (e,, 2777F=5+1). From the
definition of A, there exists ¢ in HET*~1 such that 7(¢’) = p and t%(¢') = q.

Let f; be any element of X5 such that fl[_j —koK2m] q. It follows that
5 = o0 707(f),0’(f1)] is defined an = or [ > —j, while f;, = or
alexd J defined and f} ! for 1 hile f} L
—j—k—K+2,-j]

[ < —j. In particular, we have fQ[ =¢'. For | > —j, we have

w(fy) =7(f) =€, =€,
while

( 2[—j—k—K+2,—j}) [—i—k—K+2,—j] _ l-i—k—K+2,—j]

™ =7(d)=p=¢,

Since 7(f2) and e are stably equivalent, there is f3 in Xy with 7(f;) = e
and f3 stably equivalent to f,. By Lemma 2.7.1, since 7(f}) = ¢!, for [ >
—j—k— K +2, we have f} = fl for | > —j — k + 2. We have seen already
that fl = f!, for | > —j — k+ 2 and so f3 is in X3,(f, 277 7F+1). O

The following result will be used frequently.
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Theorem 3.4.5. Let G and H be graphs.

1. Suppose that m : H — G is a graph homomorphism, the associated
map 7w : (By,0) = (Bg,0) is s-bijective and suppose K satisfies the
conclusion of Lemma 2.7.1 for this map. We have

7.(.S,K ot* — 7.[.S,K+1 = t*o 7TS’K
K oi = jomsK,
5K o YH = &o sk,

2. Suppose that m : H — G is a graph homomorphism, the associated map
7 (Xy,0) = (Xg,0) is u-bijective and K satisfies the conclusion of
Lemma 2.7.1 for this map . We have

,ﬂ.u,K o ¥ — ,n_u,KJrl = i*o ﬂu,K
Kot = to ﬂ“’K,
7K o Vi = véo i,

Proof. We prove the first part only. For the first two equalities, it suffices to
consider the case that the domain is ZH and the range is ZGX*!. Let v be in
H°. Tt follows directly from the definitions that 75 ot*(v) = D t(e)=n SUMA,
where A, = {n(q) | ¢ € HE™ t¥(q) = e}. We claim that the sets A, are
disjoint for distinct e with #(e) = v. Suppose that t(e) = t(¢’) = v and there
exist ¢, ¢ with t*(q) = e and t¥(¢') = ¢’ and 7(q) = 7(¢'). It follows that

5 (q) = t(t"(q) = tle) = v =t(e') = " (q)

so by part 4 of Lemma 2.7.5, we conclude e = t¥(q) = t¥(¢') = ¢/. This
means that 7% o t*(v) = SumA, where A = Ut(e)=vAe-
Next, from the definition, we have 7%+ (v) = SumB, where

B={r(q) | g€ H", t*(q) = v}.

If ¢ is in H5™! and t5+1(¢) = v, then letting e = tX(q), we see that t(e) = v

and t%(q) = e, so 7(q) is in A.. Conversely, if ¢(e) = v and a is in A, so that

a = 7(q), where t%(q) = e, then t5*1(q) = t(t¥(q)) = t(e) = v and so 7(q)

is in B. We have shown A = B and this proves the first desired equality.
For the second equality, again using the definitions, we have

t o i (v) = Z Z q.

{n(q)lge HE tK (q)=v} t(¢')=n(q)
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Let C denote the collection of ¢’ in GE+1 such that ¢(q’) = 7(q), for some ¢ in
HE with t%(q) = v so that t*on* (v) = SumC'". First, we claim that B C C,
for if ¢ is in H5T! with t51(q) = v, then t(q) is in HE, t(7(q)) = 7(t(q))
and t%(i(q)) = v, so 7(q) is in C.

Conversely, let us show C' C B. Suppose that ¢’ is in C'. Then there
exists ¢ in HE with t(¢') = 7(q) and t*(q) = v. We may find f in Xy such
that fIl-59% = g and e in ¥ such that el=%0 = ¢/. Tt follows that we may
form [w(f), e] which is stably equivalent to 7(f). As 7 is s-bijective, we may
find f, stably equivalent to f such that 7(f1) = [7(f),e]. It follows that
for k > 1, m(f1)* = =(f)*, while 7(f)K% = =50 = ¢/, In particular,
m(fL) K0 = K0 = ¢(¢) = 7(q) = n(f)IKY Tt follows from Lemma
2.7.1 that fF = f* for k > 1. Consider fl[_K’O], which is in H5*+1. We have

i(FL) = i(FY) = #5 (FIR0) — () = o

and 7(fI-K0) = ¢/. Thus ¢’ is B. This completes the proof of the second
equality.

We now consider the second line. Let v be in H*, with & > 1. It follows
immediately from the definitions that 75 oi(v) = SumA, where

A=A{n(q) | qe H" 1 t5(q) = i(v)}
and 7 o % (v) = SumB, where

B = {i(n(q)) = n(i(q)) | ¢ € H***,t%(q) = v}.

We claim that A = B, and the result follows. Suppose a is in A so that
a = m(q), ¢ in H*5=1 with t¥(q) = i(v). Let ¢ = quv* which is in H¥E
and t5(q) = t5(qv*) = t5¥(q)v* = i(v)vF = v. This means that 7(i(¢")) is
in B and 7(i(¢")) = m(q) = a. Conversely, suppose that b is in B so that
b = 7(i(q)), for some ¢ in H*E with t%(¢) = i(v). Then i(q) is in H*E-1
and t5(i(q)) = i(t* (q)) = i(v). It follows that 7 (i(q)) is in A and 7(i(q)) = b.

The third equation follows immediately from the earlier ones as v* =
iot*. O
Theorem 3.4.6. Let I, H and G be graphs, n : I — H and 7 : H — G
graph homomorphisms such that their induced maps on the shift spaces are

s-bijective. Let K, and K, satisfy the conclusion of Lemma 2.7.1 for these
maps. Then we have

(1 0 m)Hetitn = poidis o ok
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Proof. Let k > 0 and ¢ be in I*. It follows directly from the definitions that
n>5n(q) = Sum(Ap), where

= {n(q) | ¢ € ", t%(¢) = q}.
For each ¢ in I* 7 with t£9(¢') = ¢, let
A(d) = {n(q") | ¢" € H* 5 45 (¢") = n(q)}-

It is clear that if n(¢’) = n(q'), then A(¢") = A(¢). We claim that if A(q’)
and A(q') have non-empty intersection, then 1(q") = n(¢’). Suppose there is
a ¢" with t5=(¢") = n(¢), t*~(¢") = n(¢') and 7(q") = 7(q"). It follows that

the B gy = 50 (n(q')) = n(t* (")) = n(q) = n(t"" (7)) = "+ (q").

It follows from the uniqueness statement of 2.7.5 that t%=(¢") = ¢~ (¢"); but
the former is 7(¢’) and the latter 7(¢') and the conclusion follows.
From the claim above and the definition, we see that

75K o ns’K” E Sum(A

where R is a subset of the possible ¢'’s with the value 1(q’) represented exactly
once by an element of R. This means that 75% o n*n(q) = Sum(A), where

A= {71'((]//) | q// c Hk+K"+K",E|q, c Ik—&—Kn’tKﬂ(q//) — n(q) tK"( ) _ (]}

On the other hand, it follows from the definitions that (7 o n)*E~+&n(q) =
Sum(B), where

B = {x(n(@) | g € " 155 () = g},

We now claim that A = B. For the containment A D B, if m(n(q)) is
in B, with g as described above, then let ¢” = n(q) and ¢ = t%7(g). It is
immediate that w(¢") = 7(n(q)) is in A.

Now suppose that ¢” and ¢’ are as given if the definition of A, so that 7(q")
is in A. We apply Lemma 2.7.5 to the graph homomorphism 7, the paths
q" in HEHEn s and ¢/ in I¥59 to find g in I*T 597 with n(q) = ¢” and
tEn K= () = t57(¢'). The second condition immediately implies t%7 "%~ (q) =
g while the former means that 7(n(q)) = 7(¢”) is in B. O
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We conclude by examining the special case where we consider o and o~}
as maps from (X, 0) to itself. We work with a fixed specific presention by a
graph G.

Theorem 3.4.7. Let G be a graph and (X¢,0) be the associated shift of
finite type.

1. If we consider o' : (Lg,0) = (Xg,0), then it is an s-bijective factor
map. For any K > 1, if we identity D*(Xq, o) with D*(GX) as in
Theorem 3.3.3, then the map (o~1)* is given by

(0™)°[p, k] = [ (p), K],
for any p in G5=' and k > 1.

2. If we consider o : (Xqg,0) — (X¢g,0), then it is an u-bijective factor
map. For any K > 1, if we identity D“(Xq, o) with D*(GX) as in
Theorem 3.3.3, then the map o* is given by

o"[p, k] = [v"(p), K,
for any p in GE=1 and k > 1.

Proof. We begin with the first statement. The properties claimed for !
are obvious. Let J = k+ K — 1 and e in ¢ such that el'=//=K+1 = p 50
that, under the isomorphism of 3.3.3, [p, k] = [S&(e,277)]. It is immediate
from the definitions that

07 (Z5(e,277) = Tglo7 (e), 27,
Going back to D*(G), X% (07 (e),277*1) corresponds to

[6[1 J,J-K+1] K J]
p, K —J]

[V (p). K —J +1]

[v*(p), k].

For the second statement, again let k = J — K + 1 and choose e such that

e/ 72Kl = g g0 that X%(e,277) is associated with [p, k]. Again it follows
from the definitions that

[0_71<e>[17J+1,K7J]’J_ 1+ K — 1] —

0(Sg(e,277)) = g (a(e),277)
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and under 3.3.3, this is associated with

[0(6)[J_K+1’J_1],J—K] _ [e[J—K+2,J}’J_K]
[

]

3.5 The dimension group as a contravariant
functor

In contrast to the situation of the last section, the invariant D*(X%,0) is
contravariant for w-bijective maps, while D"(X, o) is contravariant for s-
bijective maps. This section is devoted to establishing this fact and others
which are direct analogies with the results from the last section. At the end,
there is one new result, Theorem 3.5.11, which deals with the case where
we have a commuting diagram consisting of four shifts of finite type and
four maps, two of which are s-bijective and two which are u-bijective. The
conclusion is that, under certain hypotheses, the associated maps on our
invariant are also commuting in an appropriate way.

The precise statement of D® as a contravariant functor for wu-bijective
maps follows. In its simplest form, the idea is that, if 7 : (X,0) — (¥/,0)
is u-bijective and E’ is in CO*(X',0), then 7= }(E’) is in CO*(%,0). As
stated, this is false, simply because 7~!(E’) is not contained in a single stable
equivalence class. However, we show that 7~!(E’) may be written (uniquely,
in a certain sense) as a finite disjoint union of elements of CO"(3, o). Just
as in Theorem 3.4.1, we state the following result for the D*®-invariant only.

Theorem 3.5.1. Let (X,0) and (X', 0) be shifts of finite type and let
7 (X,0) = (X, 0)

be a u-biyjective map.
If E' is in CO*(¥,0), then there exist a finite collection Ey, ..., Eyp in
CO*(%,0) such that,

1. for 1 <i # j < L, no point of E; is stably equivalent to any point of
E;, and
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2. 77 N(E') = UL, E).

The collection satisfying these two conditions, is unique, up to re-ordering.
If E' and F' are in CO*(Y,0) and E' ~ F' and n=*(E') = UL E; and
7 YF') = UM_ | F,, are as above, then

in D%(3,0).

In particular, the map defined by *[F'] = Sor_,[E)] induces a well-
defined group homomorphism w* : D*(¥ o) — D*(X,0). Finally, if 7 :
(X", 0) = (X', 0) is another u-bijective factor map, then (mon’)™* = 1'% om™*.

Proof. Let € be any point in E’, so that E' C ¥*(¢/). From Theorem
2.5.3, 71 (X%(¢’)) can be written as the union of a finite number of distinct
stable equivalence classes, X%(e;), ..., X%(er). Let By = n1(E') N X%(¢), for
1 <[ < L. The fact that each E; is compact and open follows from the fact
that 7 : X%(e;) — X'°(e’) is proper and continuous (Theorem 2.5.4). The
desired properties of this collection and its uniqueness are immediate.

For the second statement, we suppose that ¥ = Yy and ¥/ = Xq, for
some graphs G and H, and 7 is induced by a graph homomorphism. Suppose
that E', F' are in CO*(Y/, 0) satisty [E', F'| = E',[F', E'] = F'. Let ¢} be in
E’" and f{ be in F'. It follows from the fact that [E’, F'] is defined that every
element of £’ and F’ passes through the same vertex, denoted v, between
edges zero and one. So E’ is contained in ¥*(ef, 1) and F’ is contained in
5(f5,1) and t(ep)) = t(f) = v. Let K be as in Lemma 2.7.1 and P be the
collection of all paths of length K terminating at v. For each p in P, define

E; _ {6/ cE | 6/[1_K’0] Zp},FI; _ {f/ e F | f/[l—K,()] :p}‘

It is easy to see that each E is in CO*(¥',0), they are pairwise disjoint
and their union is £’. Analogous statements hold for the Fj. We claim that
(B, )] = E)[F,, E]] = F). It suffices to show the first condition. If ¢’
is in E, and f"is in F}, then [¢/, f'] is in [E', F'] = £’ and [¢/, fR-E0 =
¢'=K0 = p and hence we have (£, F}] C E,. For the reverse inclusion, let
f"bein . Then f"is in F and hence equals [f”, €], for some ¢’ in E" and
f" in F'. But since F’ is contained in ¥"*(f}, 1), we have f” = [f’, f"] and
hence

fr=1"el =111 el =1f €]
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Also, /=50 = [f ¢ |0-K0 = ¢0-K0 — p and is therefore in E}. This
completes the proof of the claim.

So it suffices to prove the desired conclusion under the added hypothesis
that E’ is contained in X*(e), 275), F” is contained in X*(f},275), for some
ey in E' and f§ in F' with el = f{F, for all k < 0.

As e varies over 7 }(E'), the sets X*(e,27%) form an open cover. Also,
any two such sets are either equal or disjoint, so we may find a finite subcover
and write 771 (E’) as the disjoint union of E; = 7~ 1(E)NY%(e;,275), 1 <i <
I, each being in CO*(%, o). We claim that, if t(e; %) = t(ej_K), for some 1, 7,
then E; = F;. Consider the points e; and € = c%[67 5 (e;), 07 (e;)], which
is defined since t(e; ) = t(e; ). It is clear that ef = E*, for all k < K.
On the other hand, for k > K, we have n(e}) = ¢’ and 7(e*) = m(el) = .
It follows that e; and e are unstably equivalent and have the same image
under 7. Since 7 is u-resolving, it follows that € = e; and it follows that
Y5(e;, 275) = ¥¥(e,27K) = ¥(e;,27K). Henceforth, we assume these sets
are all distinct and so t(e; %) # t(e;K), for i # j.

For each i, the point [f],7(e;)] is in F’. It is also unstably equivalent to
7(e;) and since 7 is u-bijective, we may find a unique point f; in 7 1(F”),
unstably equivalent to e; and such that «w(f;) = [f},7(e;)]. It follows from
Lemma 2.7.1 that ef = fF for all k < —K. For each i, we define F; =
o Ea®(f), o (E;)] which is a compact open subset of F' N ¥*(f;, 27) and
hence in CO*(X, ). Since t(f; ) = t(e;®) # t(ej’K) = t(fj’K), for i # j,
these sets are pairwise disjoint. Moreover, we have E; ~ F;, for all ¢.

We claim that the union of the F; is all of F'. Let f be in F' so that 7(f)
isin F’. Let € = [e, 7(f)] which is in E’. As 7 is u-bijective, there exists e,
stably equivalent to f, such that 7(e) = €¢’. Hence, e is in E and is in E;, for
some i. As 7(f)* = mw(e)*, for all k < 0, we have f* = e, for all k < —K, by
Lemma 2.7.1. As t(f;%) = t(e;®) = t(e™®) = t(f~K) an argument like the
one above showing that the sets E; are disjoint or equal then implies that
fk = f* for all k > —K. It follows that f = o®[c75(f;),07%(e)] and hence
is in F; as desired. ]

Remark 3.5.2. A word of warning is in order regarding our notation. If
m:(X8,0) = (¥,0) is a factor map, it may be that it is both s-bijective and
u-bijective. (The case ¥ =X and m = o will be of some special interest and
qualifies.) In this case, we have four different induced group homomorphisms
s, m and ™. The first pair are defined on the D?® invariants and the
latter on the D" invariants. This must be kept in mind particularly in the



3.5. THE DIMENSION GROUP AS A CONTRAVARIANT FUNCTORT3

case X2 = Y as the domain and range no longer distinguish ©° and 7*.

Example 3.5.3. We return again to example 2.5.7 and 3.3.4. Now we use
the observation that the factor map m is u-resolving. Let n be in Z and
consider the sets {(a,n)},{(b,n)}, {+o0}, each of which is in CO*(Xq,0).
Observe that

mH(an)} = {(an)},
Wﬁl{(b, n)} {(bv n>}7

m {400} = {(a,+00), (b, +00)}

and that
<A{(a,n)} >=<{+o0} >=<{(b,n)} >#0

in D*(Xq,0), while
<A{(a,+00), (b,+0)} >=< {(a,+o0)} > + < {(b, +o0)} >

in D*(Xp,0). This provides a counter-ezample to the statement of the last
Theorem obtained by replacing u-bijective with u-resolving.

Having established the result for the functorial properties, we now turn
to the issue of having explicit formulae for the computation of these maps if
we assume our shifts are given by specific graphs. Again, we begin with a
definition.

Definition 3.5.4. Let G and H be graphs and let 1 : H — G be a graph
homomorphism.

1. Ifm: (Bg,0) = (g, 0) is u-bijective, then for any K,k > 0, we define
0K (p)  ZGHE — ZH* by

w* K (p) = Sum{i®(q) | ¢ € H***,7(q) = p},
for p in ZGFHE.

2. Ifm: (Xg,0) = (3¢, 0) is s-bijective, then for any K,k > 0, we define
K (p) 1 ZGME — ZH* by

m* K (p) = Sum{t*(q) | ¢ € H**¥,7(q) = p},

for p in ZGFHK.
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The maps 7" provide symbolic presentations for 7%* analogous to those
of the last section. This is stated precisely as follows.

Theorem 3.5.5. Let G and H be graphs and m : H — G a graph homomor-
phism. Let k> 1.

1. Suppose that the associated 7 : (X, 0) — (X¢g,0) is an s-bijective map
and that K satisfies the conclusion of Lemma 2.7.1. If we implicitly
identify D"(Xq, o) with DY(G*E) and D“(Xy, o) with D*(H*) using

the isomorphisms of 3.3.3, then we have
Wu*[avj] = [Wu*yK(a)mj + K]a
for all j >0 and a in ZGK+*-1L,

2. Suppose that the associated w: (Xp,0) — (Xg,0) is a u-bijective map
and that K satisfies the conclusion of Lemma 2.7.1. If we implicitly
identify D*(3g, o) with D*(G**E) and D*(Sy, o) with D*(H*) using
the isomorphisms given in 3.3.3, then we have

m[a, 5] = 7" (a), 5 + K]
for all j > 0 and a in ZG*+EK.

Proof. We prove only the first statement. It suffices to consider the case
a =p e GEF1 We find e be in U such that elTLitE+E=1] — 4 Tt
follows from Theorem 3.3.3 that the element [X% (e, 27/~ 5~%1)] in D*(3q, o)
is identified with [p, j] in D*(GET*).

From the Definition 3.5.4, we have 7% (p) = SumB, where B = {t¥(q) |
q € H*E 7(q) = p}. We claim that, for each b in B, we may find f, is ¥y
such that 7(fy) is in ¥4 (e, 27975 +1) and fgﬁKH’jJrKJrk_” =b. Asbisin
B, we may find ¢ in H**%~1 such that 7(q) = p and t*(q) = b. Choose
f such that fUHLi+E+k=1 — ¢ This means that e, = o[’ (7(f1)), o (e)].
Moreover, e} = w(f1)!, for all | > j. As 7 is s-bijective, we may find f, stably
equivalent to f such that 7(f,) = e;. In addition, by Lemma 2.7.1, we have
ft = flfor I > j+ K. This implies that

b[j+K+1,j+K+k—1] = fUHEFLTER-1] tK(f[j+1,j+K+k—1]) — tX(q) = b.

By definition, for [ < j, e} = ¢!, while

€[1j+1,j+K+k71} f[j+l,j+K+k71] — UL+ K+k—1]

=7 )=m(g)=p
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and so 7(fy) = €1 is in ¥4 (e, 277 KAFL)
It is clear from the definitions that the sets ¥% (fy, 279K ~*+1) are pairwise
disjoint, for different values of b in B. Now, we claim that

T (S (e, 277K = Upe S (fo, 277K,

The containment D is clear from the definitions and the choice of f,. As for
the reverse inclusion, let f in Xy be such that 7(f) is in X%(e, 277K -k+1),
Let g = fUtLi+E+k=1] which is in HX+*=1. Moreover,

m(q) = w(f)UHatE+k=l]l — elFLi+K+k=1] — 4 and hence b = t£(q) is in
B. Tt follows that b = b[j+1’j+K+k_1] = fUtLi+K+k=1] " Consider f; =
o a(f),a"(f,)], which is defined and stably equivalent to f. For [ > j, we
have 7(fl) = n(f1)! = 7(f!). On the other hand, for I < j, we have w(f!) =
m(fl) = e = 7(f'). We conclude that 7(f;) = 7(f), but as 7 is s-resolving,
it follows that f; = f and this implies that f is in X% (f,, 2777 K-F+1),

We now have that

[ (Sle, 2K = 3 (S, 279K

beB

Under the isomorphism of Theorem 3.3.3, for each b in B,
Y (SY (£, 277 K=R+1)] corresponds to [f7TE TR Sy K in De(HY).
H b

KA1+ K k-1 1,5+ K +k—1
Moreover, fJHHTHIHRAR=] i gLt RCER=Ty

since SumB =7

= b. The conclusion follows

We want to establish other basic properties analogous to those of the last
section. In fact, we can avoid repeating all the proofs by simply noting the
following duality.

Lemma 3.5.6. Let k, K > 0 and let m : H — G be a graph homomorphism.
1. If the induced map 7 : (Xy,0) = (Xg,0) is s-bijective, then

S*,K(p)’ q >Hk7

<p, " (q) Sgren=<
for all p in ZG*X and q in ZH*.
2. If the induced map 7 : (Xpy,0) — (X, 0) is u-bijective, then

u*,K(

< p, " (q) >grex=< 7" (p), ¢ > g,

for all p in ZG*X and q in ZH".
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Proof. We prove the first statement only. It clearly suffices to consider the
case that p is in G**¥ and ¢ is in H*. It follows from the definitions that
the left hand side is 1 exactly when there exists ¢ in H*% with tX(¢') = ¢
and 7(q') = p and is zero otherwise. The right hand side has the same value,
also from the definition. O

The next result is the analogue of Theorem 3.4.5. In fact, its proof may
be deduced from Theorem 3.4.5, the last Lemma and the non-degeneracy of
the pairings. We omit the details.

Theorem 3.5.7. Let G and H be graphs.

1. Suppose that m : H — G is a graph homomorphism such that the
associated map 7 : (Xp,0) — (g, 0) is s-bijective and suppose K
satisfies the conclusion of Lemma 2.7.1 for this map. We have

ﬂ.s*,K o1 — 7.‘_3*7K+1 = {0 7.(.s>c<,K
7.(.s>|<,K ot* = t*o 71_sak,K’
ﬂ.s*,K o ,Yé — ’V;{ o 7TS*,K‘

2. Suppose that m : H — G s a graph homomorphism such that the
associated map ™ : (Xg,0) — (g, 0) is u-bijective and suppose K
satisfies the conclusion of Lemma 2.7.1 for this map. We have

ﬂ_u*,K ot —_ ﬂ_u*,K—l—l = to ,/Tu*,K
7].u*,K 0i* = {*o 7.‘.u>s<,K’
7Tu*,K o ,yg — ,Y}LI o WU*’K.

We now establish an analogue of Theorem 3.4.6. The same comments
made about the proof of the last result apply here as well.

Theorem 3.5.8. Let I, H and G be graphs, n : I — H and m : H — G
graph homomorphisms such that their induced maps on the shift spaces are
s-bijective. Let K, and K, satisfy the conclusion of Lemma 2.7.1 for these
maps. Then we have

)s*,Kﬁ—}—K,, s¥, Ky o 7_‘_s>|<,K7r

(mon =1

Exactly as in the last section, we take note of the following special case
where we regard o and o' a maps from (X¢,0) to itself.
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Theorem 3.5.9. Let G be a graph and (X¢,0) be the associated shift of
finite type.

1. If we consider o : (Xg,0) — (Xq,0), then it is an u-bijective factor
map. For any J > 1, if we identity D*(Xq,0) with D*(G”) as in
Theorem 3.3.3, then the map o°* s given by

US*[ 7k] = [Vs(p%k]v
for any p in G7~% and k > 1.

2. If we consider o' : (Xg,0) = (Xg,0), then it is an s-bijective factor
map. For any J > 1, if we identity D*(Xq, o) with D*(G”) as in
Theorem 3.5.3, then the map (o) is given by

(Ofl)u* [pv k] = [7u<p)7 k]a
for any p in Gt and k > 1.

Proof. This follows immediately from the corresponding result Theorem 3.4.7
for the covariant case. Just consider the first statements for a moment. In
3.4.7 we consider the image of local stable sets under the map o~!. In this
case, we must consider pre-images of local stable sets under under o. As o
is a homeomorphism, these coincide. Or put briefly, 07! = o~ 1. [

Up to this point, this section has been devoted to proving results in the
contravariant case which are analogous to those of the last section in the
covariant case. The last item here concerns a mix of the two situations,
where both type of functorial properties are in play. Specifically, we will
consider a commutative diagram of maps

(Z.¢) —"= (Y1,41) .

(Y2, 42) — (X, ¢)

Our interest will be in the situation where the horizontal maps are s-bijective
and the vertical maps are u-bijective.

Before getting to the main result, we need to establish the following
Lemma. Observe that the map sending z in Z to (n2(z),n1(2)) has range
in the fibred product of 75 and m;. We denote this map by 7y x 7.



78 CHAPTER 3. DIMENSION GROUPS

Lemma 3.5.10. Let (Z,(), (Y1,v¢n), (Ya,12) and (X, ) be dynamical systems
and suppose that

(Z.¢) —"= (Y1,11)

(Yo, 12) —— (X, ¢)

is a commutative diagram of maps. Assume that the map ns X 1y 1S a surjec-
tion from Z to the fibred product of o and w. Then, for any set E in Y5,
we have

m (ma(E)) = m(ny* (E)).

Proof. We first prove the containment C. Let y be in 7y '(m2(E)). This
means that m(y) = ma(y2), for some yp in E. This implies (y2,y) is in the
fibred product so we may find z in Z such that e x n1(2) = (y2,y). As
1n2(2) = yo, which is in F, z is in 1, ' (E). So n1(2) = y is in m1(ny ' (E)).

For the reverse containment, suppose that y is in 7, (n, ' (F)). This means
that y = n1(z) for some z in 7, ' (E). Then we have my(n2(2)) = m1(n1(2)) =
m1(y). As my(z) is in E, y is in m; ' (mo(E)). O

Our main result follows more or less immediately from this last Lemma
and the definitions given in Theorems 3.4.1 and 3.5.1 and we omit the details.

Theorem 3.5.11. Suppose that (X1, 0), (X2, 0) and (3o, o) are shifts of finite
type and
i (3i,0) = (X0,0),1=1,2,

are factor maps with m; u-bijective and o s-bijective. Let (X, 0) be the fibred
product:

(2,0) —2= (24, 0)
J(nz i
(32,0) == (o, 0)
Then we have

njony =mi"omy: D¥(3y,0) — D*(X4,0)

and
ny on* =my om : DY(X,0) = D*(Xs, 0).
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Proof. We prove the first statement only. It suffices for us to consider e in
Yo and a compact open subset E of ¥5(e). By hypothesis, m maps s(e)
bijectively to Xy (ma(e)) and, by Theorem 2.5.12, my(E) is compact and open.
Apply the first part of Theorem 2.5.3 to the map m; (while reversing s and
u) to obtain fi,..., fx in X; with

T (35(ma(e))) = Uy 23 (fi)-

It follows from Theorem 3.5.1 that we may find compact open sets Fj C
Y5(fr) satisfying the conditions of 3.5.1 so that

momy B =[]+ - o+ [Fi].

For each 1 < k < K, we may find e in ¥5(e) such that mo(ex) = m(fx)-
It is easily seen that the points (eg, fr), 1 < k < K satisfy the first part of
the conclusion of Theorem 2.5.3 for the factor map 7, and the point e and
also that the sets 7, *(Fy),1 < k < K satisfy the conclusion of Theorem 3.5.1
for the map 7, and the set E. This means that

nion' = i (F)]+ -+ [y ' (Fk))
= [F]+-- +[Fk]

This completes the proof. ]
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Chapter 4

The complexes of an
s/u-bijective factor map

In this chapter, we consider a shift of finite type, (X,0), a Smale space,
(X, ), and a factor map

p:(X,0) = (X, 9).

Under the hypothesis that p is s-bijective, we associate to this data two chain
complexes and two cochain complexes which are based on the dimension
group invariants from the last chapter applied to the systems (Xy(7),0) of
Section 2.4. There are analogous complexes in the case of a u-bijective map.
There is obviously a degree of symmetry in our definitions. Usually, we state
main definitions and results in all cases, but on occasion we will just use one
case for brevity with the understanding that analogous results hold for the
other.

This situation is obviously a rather special one. Given (X, ¢), (3, 0) and
p as above, it follows from Theorem 2.5.12 that the stable sets of (¥, ) and
(X, ¢) are homeomorphic and hence the latter must be totally disconnected
and this is a severe restriction.

Before proceeding, let us mention some related work. First, Williams [36]
defined the notion of an expanding attractor. These are basic sets where the
stable coordinate is totally disconnected, while the unstable coordinate is a
Euclidean space. He provided a construction of such basic sets as inverse
limits of branched manifolds and also proved that every expanding attractor
could be written in this way. More recently, Wieler [37] gave a generalization

81
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of this result to the setting of Smale spaces. While keeping the hypothesis
that the stable sets are totally disconnected, there is no hypothesis on the
unstable sets. She also provides a construction via inverse limits and also
shows that every irreducible Smale space with totally disconnected stable
sets can be written in this way.

Let us take a moment to hint, at least, at the later importance of this
situation. If we begin with an arbitrary Smale space (X, ) with an s/u-
bijective pair, then, for each fixed L > 0, we have an s-bijective factor map
pr. - (Zpo(m),0) = (Yi(ms), ), from Theorem 2.6.11, whose domain is a
shift of finite type. In the next chapter, we will associate double complexes
to the s/u-bijective pair 7 and the restriction of one of these to its Lth row
will be one of the complex we consider here for the map py, .

The first section will simply give the definitions and establish the impor-
tant fact that these are indeed chain complexes. In the second section, we
assume that we have a graph G which presents the map p and describe our
complexes in terms of the graph and its dimension group invariants. In the
third section, we establish a basic result that the two chain complexes for
an s-bijective factor map have isomorphic homologies. There are three other
analogous results.

The fourth section elaborates on the functorial properties of the chain
complexes and their homologies.

The fifth section is devoted to proving a very important result: that the
homology of our complexes do not depend on (¥, o) or p, but only on (X, ¢),
in some natural sense. Again, this will be an important ingredient in proving
analogous results for the double complexes which follow in the next chapter.

4.1 Definitions of the complexes

In this section, we give the definitions. If p : (¥,0) — (X,¢) is an s-
bijective factor map, then we may form the systems (Xy(p),0o), for each
N > 0 exactly as in Definition 2.4.3. From Theorem 2.4.5, each such system
is also a shift of finite type. Moreover, for 0 < n < N, there is a factor
map 9, : (En(p),0) = (En_1(p),0) which deletes entry n. It follows from
Theorem 2.5.14 that each of these maps is also s-bijective and so we may
invoke the functorial properties of the last chapter on the invariants. It
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follows that

521 D'(En(p)0) = D*(Sx-a(p).o)

5 DU (Sna(p)0) = D*(Sw(p),o)
are well-defined by Theorem 3.4.1. There are analogous statements for the
case p is u-bijective.

Remark 4.1.1. For the rest of this chapter (and much of what follows
later) it will be convenient to drop the o from our notation and simply write

D*(Xn(m)).

Definition 4.1.2. Let (X,0) be a shift of finite type, let (X, p) be a Smale
space and let

p:(80) = (X, 0).
be a factor map.

1. Suppose that p is s-bijective.
We define d°(p)n : D*(Xn(p)) — D*(En-1(p)) by
N

& (p)n =) (=1)"(6.)",

n=0
for N > 1. We set d*(p)o to be the zero map. We also define d**(p)n :
D*(Xn(p)) = D" (Xn11(p) by

N+1

d"(p)y = ) _(=1)"(6)",

n=0

for N > 0.

2. Suppose that p is u-bijective. We define
d*(p)n - D*(En(p)) = D*(Xn11(p)) by
N+1

o)y = 3 (~1)"(6.)",

n=0

for N > 0. We also define d“(p)n : D"(Xn(p)) — D“(En-1(p)) by

N

d“(p)x =D _(=1)"(6.)",

n=0

for N > 1. We set d*(p)o to be the zero map.
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The first important property is that these groups with these maps form
chain or cochain complexes.

Lemma 4.1.3. Let
p:(X,0) = (X, ).

be a factor map. If p is s-bijective then
d(p)n-10d’(p)y =0, d“(p)n+10d"(p)n =0,

for all integers N. If p is u-bijective then

d“(p)n-10d"(p)y =0, d™(p)n+10d™(p)n =0,
for all integers N.

Proof. We prove the first part only and we may assume N > 2. The compo-
sition is the sum of terms (—1)"%"(,,)* o (0,,)%, ranging over 0 < m < N —1
and 0 < n < N. The map sending (m,n) to (n,m+ 1) is a bijection between
the set of pairs with m > n and those with m < n. Moreover, for such a pair
(m,n), we have

(0m)® 0 (0n)° = (0m ©04)° = (05 © Ony1)® = (0n)® © (Ont1)?,

where we have used the functorial property of D* from Theorem 3.4.1 in the
first and last steps. So each pair (m,n) with m < n now appears twice, once
with coefficient (—1)™"™ and once with coefficient (—1)""™~1 and hence the
sum is zero. [

To summarize, we have proved the following.

Theorem 4.1.4. Let (X,0) be a shift of finite type, let (X, p) be a Smale
space and let
p:(80) = (X, 0).

be a factor map.
1. If p is s-bigective then (D*(Xn(p)),d*(p)n) is a chain complex.
2. If p is s-bijective then (D*(Xn(p)),d" (p)n) is a cochain complex.

3. If p is u-bijective then (D*(Xn(p)),d**(p)n) is a cochain comple.
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4. If p is u-bijective then (D*(Xn(p)),d"(p)n) is a chain complex.

When considering the homology of a simplicial complex, there are two
different complexes, usually called the ordered complex and the alternat-
ing complex. It is an important fact that the two yield the same homology
groups. In the first case, one considers the N-chains as the free abelian group
generated by all N + 1-tuples (vg,vy,...,vy), whose elements are contained
in a simplex. That is, the order of the entries is considered and repeated
entries are allowed. In the second case, one ignores all N + 1-tuples contain-
ing a repeated entry and the order is not considered, except for orientation.
That is, the generators are the N-simplices. More rigorously, the alternat-
ing complex is a quotient of the ordered in the computation of simplicial
homology. In the computation of cohomology, the alternating complex has
a slightly different definition and it is a sub-complex of the ordered. The
ordered complex has various theoretic advantages, especially in terms of the
use of the formulae involved in the boundary maps, and is more natural from
a combinatorial point of view. The alternating has substantial advantages
for performing computations (the groups are “smaller”) and is more natural
from a geometric point of view. Most modern texts on the subject deal only
with the alternating complex.

The complexes above are analogous to the ordered complex. We now
introduce a version of the alternating. There is some subtlety here as it is
not so obvious exactly what a simplex is in our systems 3 x(p). This can be
avoided by considering the actions of the permutation groups at the level of
the invariant.

We begin, as before, with an s-bijective factor map from a shift of finite
type, p : (3,0) = (X, ). For N > 0, (Xy,0) has an action of the group
Sni1, written on the right, we may regard this action as an s-bijective or
u-bijective factor map. For an element a in Sy, we write o® for induced
map on the invariant D*(Xy).

Definition 4.1.5. Let (Xn,0) be a shift of finite type which has an action
of the permutation group Syy1 (commuting with the shift).

1. We define D3(Xy) to be the subgroup of D*(Xn) of all a such that
a®(a) = sgn(a)a, for all o in Sny1, and we let J denote the inclusion
map of this subgroup in the group.

2. We define Dj(Xn) to be the subgroup of D*(Xy) which is generated by
all elements:
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(a) b satisfying a®(b) = b, for some non-trivial transposition o in
Sny1, and

(b) all elements of the form b — sgn(a)a®(b).

3. We define D§(Xn) to be the quotient of D*(Xy) by the subgroup
Di(Xn) and we let Q denote the quotient map.

Our alternating complexes will be formed by the groups D% (Xn(p)) and
D§(Xn(p)) of the last definition. Let us take a moment to explain why
two different complexes are needed. The quotient Dg(Xn(p)) is most nat-
urally suited to chain complexes, while D%(Xy(p)) is most naturally suited
to cochain complexes. We need to see these groups are compatible with our
boundary maps.

Lemma 4.1.6. Let (X,0) be a shift of finite type, (X, @) be a Smale space
and p: (X,0) = (X, ) be a factor map.

1. Suppose p is s-bijective. We have
d*(p)n(Dp(Xn(p))) C Dp(Xn-1(p))

and, hence, d*(p)n descends to a well-defined map, denoted dg(p)n, on
Dg(Xw). In addition, we have

d"(p)n(DY(En(p))) € DU(En11(p))

and, hence, d“*(p)y restricts to a well-defined map, denoted d'(p)n,
on DA(Ex(p)).

2. Suppose p is u-bijective. We have
d*(p)n(Dg(En(p))) C Dp(Xn-1(p))

and, hence, d"(p)n descends to a well-defined map, denoted d(p)n, on
D§(En(p)). In addition, we have

d*(p)n (D3 (En(p))) C DY(En+1(p))

and, hence, d°**(p)n restricts to a well-defined map, denoted d% (p)n,
on D%(Sx (p).
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Proof. We prove the first part only. For the first statement, we first consider
bin Dj(Xn(p)) such that a®(b) = b, for some a = (i) in Sy41. We may
suppose that ¢ < j. We must check that d*(p)n(b) is in Dj(Xn-1(p)). For
n # 1, j, it is clear that 9, oa = 0, for some transposition 5 in Sy. Then
we have

0, (b) = 0y, 0 a®(b) = (0n 0 @)*(b) = (5 062)°(b) = f8* 0 ,,(b)

and so 65(b) is in Dj(XEn_1(p)). Also, we have ¢; oo = [f 0 d;, where § =
(ij—1j—2---i+ 1) is a cyclic permutation and sgn(8) = (—1)7"F1. Tt
follows that

(—1)i62(b) + (—1)73 (0 (—1Y8:(0)
(=1)75;(b)
+(=1)705(b)
+ (—1)755(b)
(—1)75;(0)
b) — (=1)"77' 8% 0 &5(b))
— sgn(3)8° 0 55(b))
isin DE(En-1(p)).

Next, we consider any a in D*(Xn(p),0), o in Syy1 and the element
b = a — sgn(a)a’(a), which is in Dj(Xn(p)) and show that d®(p)n(b) is
in D(Xn-1(p)). It suffices to check o = (i + 1), 0 < i < N, since such
elements generate Sy.1. For n # 4,7+ 1, we have d,, o« = [ 09, for some
transposition 4 in Sy and so

0,(b) = dp(a+a’(a))
+ 65 o a’(a)
+ (6,0 a)'(a)

)

) (
a) + (B0 dn)*(a)

) )

is in Dj(Xn—1(p)). On the other hand, §; o & = ;41 and 6,41 0o aw = J; so the
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remaining terms in the sum giving d*(p)n(b) are

(=1)'0; (D) + (=1)""167,(b) = (=1)'67(a) +
+(=1)"65, 1 (a) + (=
= (-1)'6;(a) + (-1’

(—1)'0 ( *(a))
(
(—
+(=1)"167 () + (=
(—
(

/—\
\/
<.
+
[
=
+
—
—
Q
»
—
S
~—
~—

5,0 )S(a))
= (=1)'6;(a) + 1)

H(=1)7107 (a) +
= 0.

AO'I/-\
A
\_/
~—

This completes the proof of the first statement.

Now we must check the second statement. Let a be in D*(Xx(p)) and
suppose that a®(a) = sgn(a)a, for all a in Syy1. We must check that
a*(d"(p)n(a)) = sgn(a)d"(p)n(a), for every v in Syo. It suffices to check
the case a = (i7 + 1), for some 0 < i < N + 1, since such elements generate
Sni2. We use the conditions observed earlier: for n # i, + 1, we have
0, o = (o, for some transposition § in Sy; and

a“(0,7(a)) = (0noa)*(a)
= (B00,)"(a)
= 0, ("(a))
= 6, (—a)
= —0"(a).

On the other hand, we also have ; o &« = §;11,0;41 0 a = ¢; and

a"((=1)'6;"(a) + (=1)""'5i71(a) = (=1)"(di© )" (a)
+(=1)" (041 0 @) (a)
= (=1)'051(a)
+(=1)""6;"(a)
= —((=1)'0{"(a)
+(=1)™"6 ().
Putting all this together yields the desired conclusion. O]

Theorem 4.1.7. Let (X,0) be a shift of finite type, let (X, ) be a Smale
space and let

pi(X0) = (X,9).
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be a factor map.

1. If p is s-bijective then (DL(En(p)), d5(p)n) is a chain complex and the
quotient map Q from D*(En(p)) to DG(Xn(p)) is a chain map.

2. If p is s-bijective then (D% (Xn(p)), d%s (p)n) is a cochain complex and
the inclusion map J from D% (En(p)) to D*(En(p)) is a cochain map.

N) s a cochain complex and

3. 1If p is u-bijective then (D% (Xn(p)), d% (p)
o D*(Xn(p)) is a cochain map.

the inclusion map J from D5(Xn(p)) t

4. 1If p is u-bijective then (D (Xn(p)), ds(p)n) is a chain complex and the
quotient map Q from D*(Xn(p)) to DE(Xn(p)) is a chain map.

4.2 Symbolic presentations

We now work under the assumption that our shift of finite type map is
presented by a graph and the factor map is regular (as in 2.3.3). That is, we
assume that p : (Xg,0) — (X, @) is s-bijective and regular. We let K satisfy
the conclusion of Lemma 2.7.2. We also note that, by Lemma 2.7.3, the same
K satisfies the same condition for each map 9, : (Xg,,0) = (Zgy_,,0), for
all N > 1 and 0 < n < N. We recall the maps 5;2’[{ as defined in 3.4.3 and
6K as defined in 3.5.4

We make an obvious analogue of the Definition 4.1.2. For this definition,
we also include the case for a u-bijective factor map.

Definition 4.2.1. Let G be a graph, (X, ) be a Smale space and
p:(Xag,0) = (X, ) be factor map.

1. If p is an s-byective factor map and K satisfies the conclusion of
Lemma 2.7.2, for each N > 1 and k > 0, we define d>% (p)n : ZG% —
ZGN by

N
&K (p)y =Y (=1)"5",

n=0
and, for N >0 and k > 0, we define d**(p)n : ZGK™ — 7G| by

N+1

du*,K(p)N _ Z(_l)nég*7K~

n=0



90 CHAPTER 4. MAP COMPLEXES

2. If p is a u-byjective factor map and K satisfies the conclusion of Lemma
2.7.2, for each N > 1 and k > 0, we define d“*(p)y : ZG% — ZGE

by
N

4 (o) = 3 (1)

n=0
and, for N >0 and k > 0, we define d**5(p)n : ZGK™ — ZG%_, by

N+1

ds*,K<p)N _ Z<_1)n6787,*’K

n=0

We take a moment to state one easy result. It will be used later. The
proof is actually an immediate consequence of applying Lemma 3.5.6 to each
of the s-bijective factor maps d,,.

Lemma 4.2.2. Let G be a graph, (X,¢) be a Smale space, p : (Xg,0) —
(X, @) be an s-bijective factor map and K satisfying the conclusion of Lemma
2.7.2. For each N > 1 and k > 0, we have

<p, " (p)n(q) >gri=< A" (p)n-1(p). 4 >,
for all p in ZGK™S and q in ZGY,.

For the moment, we will concentrate on the maps d**(p)y. We sum-
marize their basic properties in the next result. The proof is trivial since
d*%(p)n is a sum of maps §5¥ and the conclusions hold for each of them by
virtue of Theorems 3.4.4 and 3.4.5.

Theorem 4.2.3. Let G be a graph, (X, ) be a Smale space and
p: (Xag,0) = (X,¢) be an s-bijective factor map. Suppose that K satisfies
the conclusion of Lemma 2.7.2 for the map p.
1. We have
&K (p)yots = & (p)y = trod*F(p),
K oi = iod (p)y,
&R (p)voy = P od(p)n
Moreover, for any k > 0, if we identify D*(Xq,) with D(G%;) and
D*(Xqy_,) with D*(GKE), by Theorem 8.2.3, then we have

d*(p)nla, j] = [d*" (p)n(a), j],
for all a in ZG% ™ and j > 1.
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2. We have

d“*’K(p)N ot — du*,K—i—l(p)N = to du*’K(P)N,
du*,K(p>N 0i* = {*o du*’K(p)N,
A (p)y oy = 7t od™"(p)y

Moreover, for any k > 0, if we identify D"(Sq,) with D*(G%;) and
D*(Sq,) with DG by Theorem 38.2.8, then we have

d"(p)nla, j] = [d"* (p)w(a). 1],
for all a in ZG%, and j > 1.
We now turn to the issue of local formulae for our alternating complexes.
Definition 4.2.4. Let k, N > 0.
1. Let

A(Gh, Sni1) ={a € ZG% | a- o = sgn(a)a, for all a € Sy},
which is a subgroup of ZG%,. We denote the inclusion map by J.

2. We let B(G%, Sn+1) denote the subgroup of ZG%; by the subgroup gener-
ated by all elements p in G%, such that p = p-«, for some transposition
a and all elements p— sgn(a)p- «, where p is in GX, and o is in Sny1.

3. We let Q(G%, Sny1) denote the quotient
LG /B(GY, Sn+1),
and ) denote the quotient map.

The following result is standard and we omit the proof, but we state it

for future reference. It provides us with a basic idea of duality between the
two constructions.

Lemma 4.2.5. Let k, N > 0.

1. For any a in ZG%;, < a,b >= 0, for all b in B(G%, Sxy1) if and only
if a is in A(G%, Sni1).

2. For any b in ZG%, < a,b >= 0, for all a in A(G%,, Sy11) if and only
if b is in B(G%, Sny1).
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Lemma 4.2.6. Let N > 0.
1. For any k > 1, we have

(A(GN, Sxni1)) C AGY, Snia)
tA(GY, Sni1)) € A(GE™, Snia)
i(B(GY, Svi1)) € B(Gy, Sni1)
t(B(G%,Syi1)) € B(G% ! Snyi)
2. For any k > 0, we have
i"(A(GR, Sn+1)) C A(GK, Swi)
t"(A(GR, Sv+1)) € A(GY, Sni1)
*(B(GY, Sni1)) C© B(GR™, Snp)
t*(B(GﬁV’SNH)) - B(vaJrl,SNH)

3. The maps i,t,i*,t* descend to the quotient groups Q(G%;, Syy1) such
that, using the same notation, we have

Qoi=10Q, Qot=to(Q,
Qoi*=i"0Q, Qol'=1"0Q

Proof. The first item is clear since the action of Sy, commutes with ¢ and ¢.
The second item follows from the first and characterization of these subgroups
given in Lemma 4.2.5 above. The third item is immediate from the first
two. [

Now we can incorporate the inductive limits as follows.

Definition 4.2.7. Let N > 0 and k > 1. We define v° = iot* and "
t 0 4*, which we regard as endomorphisms of the groups A(G* N L Sni1) and
Q(G’f\, 1 Sni1), using the same notation for both cases.

Furthermore, we define

D3(GY) = hmA(G’;V%sNH)ﬁA(G?V-%SNH) %,
DY(Gh) = HmAG Y, Syi1) B AGK T, Syi1) B,
Dy(Gh) = mngczR&wnligGﬁ%&wnll
DY(GY) = lmQ(GY ™, Sni) > QG Swin) B,
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We note the following analogue of Theorem 3.2.3 which relating the alter-
nating invariants for the system with those of the graphs, for different values
of k.

Theorem 4.2.8. Let G be a graph and p : (Xg,0) — (X, @) be an s-bijective
reqular factor map. For any k > 1 and N > 0, let h denote the isomorphism
of Theorem 3.5.3 between D*(Xn(p)) and D*(G%,).

1. For any e in D*(Sn(p)) with h(e) = [a,j], for some a in ZGY ™ and
j >0, e is in Dy(En(p)) if and only if [Q(a),j] = 0 in DLH(GY).
Consequently, this map induces an isomorphism between Dg(Xn(p))

and D (G%,).

2. For any e in D*(Xn(p)), e is in D5(En(p)) if and only if h(e) =
[a, §], for some a in A(Gh ™, Syi1) and j > 0. Consequently, this map
induces an isomorphism between D5(Xn(p)) and D5 (G%;).

Proof. First, it is clear that the map commutes with the action of Sy.;.

In the first part, suppose that e is in D§(Xn(p)). There are two cases to
consider, the first being that e - a = e, for some transposition «a. It follows
that, for some 5 > 0, (v*)(a) = (v*)(a-a) = (v*)7(a) - . We write
the element (7°)’'(a) as a sum over the generating set G%'. For each p in
Ght with p- o = p, the term in (v°)7'(a) for p is in B(G*™', Sn41). As for
other p, the equation above means that the coefficient of p and of p - a are
equal and so their sum is a multiple of p — p- a and is in B(G*~1, Sy41). In
total, we conclude (v*)'(a) is in B(G*~', Sy41). This means that [Q(a), j] =
[QUA*Y (@), + 71 is zero in Dy(GY).

The second case is when e = €' — sgn(«a)e’ - a, for some €’ in D*(Xy(p)).
Let h(e') = [b,j]. Tt is then immediate that [a, j] = [b, j] — sgn(@)[b, j] - a =
[b — sgn(a)b- «a,j] and Q(a) = 0.

Next, we suppose that [Q(a), j] = 0. It follows that a may be written as
a sum of terms of the form p, where p is in G5! satisfies p - a = p, for some
transposition o and terms of the form ¢ — sgn(3)q- 3, where ¢ is in G& ! and
S isin Syy1. In the former case, h™!p, j| - = h™[p, j] is in D§(Xn(p)) and
in the latter

h™'a = sgn(B)q - B, ] = h™"(a, 5] — sgn(B)h~" (g, 5] - B

which is also in Dj(Xn(p)). We conclude that e is in Dj(Xn(p)) as desired.
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For the second part, the ’if’ part is clear. We suppose that e is in
D% (Xn(p)). For each v in Sy41, we know that

-, j]l = la,j]-a= h(e) -a = h(e- a) = sgn(a)h(e) = sgn(@)[a, j].

We find J, such that, for all j' > J,, we have (7*)7 (a-a) = sgn(a)(y*)’ (a)).
Letting J be the maximum of J,, over all o in Sy, we see that (v*)7 (a) is
in A(GY ", Sv11) and h(e) = [a, j] = [(+°) (a),j + 4], for any 5/ > J. O

Our next ingredient is to verify that our local version of the boundary
operator preserves the subgroups of interest. Its proof is similar to that of
Lemma 4.1.6.

Lemma 4.2.9. Suppose that (X, ) is a Smale space, G is a graph and that
p:(3g,0) = (X,p) is a regular factor map. Let k > 0.

1. If p is s-bijective and and K satisfies the condition of Lemma 2.7.2,
then we have

K (p)n(B(GY, Sny1)) © B(GEE Sy),
A K (p)w (AGE™, Sxi1)) C A(GKE, Sna).

2. If p is u-bijective and and K satisfies the condition of Lemma 2.7.2,
then we have

du,K(ﬂ)N(B(Gﬁ\/?SN—FI)) C B<G§€V+—I§75N>7
() v (AGRT, Sni1)) C A(GR41, Svpa)-

Proof. To prove the first statement, we first consider the case that p in G%
has a repeated entry, say p; = p;, where ¢ < j. We will actually show that
the desired containment actually holds replacing d*¥ (p)x by 055, for each
0 <n < N. The desired conclusion follows.

For i,j < m, it is clear that the set {d,(q) | t*(¢) = p} is invariant under
the permutation switching entries ¢ and j. If we eliminate those elements
which are fixed by this permutation and hence are in (), the remaining sum
can be written as Sum(A) + Sum(A - (ij)), for some set A, and hence is in
the kernel of @) since sgn(ij) = —1. A similar argument deals with the other
cases n # i,j. Finally, it is easy to see that if A; = {d;(q) | t*(¢) = p} and
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A; ={6;(q) | t¥(q) = p}, then A; = A, -0, where o is the cyclic permutation
o= (j—1...7+14). Notice that sgn(c) = (=1)7717% It follows that

(=1)'Sum(4;) + (=1)Sum(A;) = (=1)"(Sum(A4;) — sgn(o)Sum(A; - o)),

which is in B(G Sy).

Next, we must consider a generator of B(G%, Sxy1) of the form p —
sgn(a)p- a, where p is in G% and « is in Sy1. In fact, it suffices to consider
a to be the transposition which switches entries 7 and 1+ 1, 0 <7 < N, since
such elements generate Syy1. It is fairly easy to see that

{0:(a) [ t"(@) =p- @i+ 1)} = {dia(a) [t"(a) = p},
{0ir1(0) [ (@) =p- i+ 1)} = {di(a) |t"(a) = p}.
From this it follows that
(16 (p+p-((i+ 1)+ (=D& (p+p- (@i +1)) =0,

which is certainly in B(G’fvtlf ,Sn). We are left to consider the remaining
terms 0,(p+p- (10 + 1)), where n # i,i + 1. Here, it is easy to see that

o (p+p- (104 1)) =675 (p) + 6, (p) - (i — 14)
if n <7 and

O (ptp-(i+1)) =675 (p) + 67" () - (10 +1)

if n > i+ 1. In all cases, the right hand side is in B(G5%S,Sy). This
completes the proof of the first part.
The proof of the second part is obviously the same. The third and fourth

parts follow from the first two and the characterization of A(G5™S, Sy) given

in Lemma 4.2.5. (]

Definition 4.2.10. Suppose that (X, ) is a Smale space, G is a graph and
that p: (Xqg,0) = (X, @) is a reqular factor map.

1. If p s s-bijective, then for any K which satisfies the conclusion of
Lemma 2.7.2 and k > 0, we define dSQ’K(p)N to be the map from
Q(Gk;, Sny1) to Q(GETE Sy.1) such that

d3"(p)x 0 Q = Qo d"(p)n.

We also define, for k > K, d%5" (p)x to be the restriction of d**¥(p)y
IfO A(Gl]{:\[, SN+1)
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2. If p is u-biygective, then for any K which satisfies the conclusion of
Lemma 2.7.2 and k > 0, we define dgK(p)N to be the map from
Q(G%;, Sny1) to Q(GKIE Sn 1) such that

5" (p)x 0 Q = Qo d"*(p)y.

We also define, for k > K, d>0" (p)n to be the restriction of d**5(p)y
tO A(G?V, SN_;’_]_).

Finally, we note that the definitions above provide a method for com-
putation of the boundary operator for the alternating complex. Its proof is
immediate from the definitions and Theorem 4.2.3.

Theorem 4.2.11. Suppose that (X, ) is a Smale space, G is a graph and
that p : (3g,0) — (X, @) is a regular factor map. Suppose that K satisfies
the conclusion of Lemma 2.7.2 for the map p.

1. Suppose that p is s-bijective. Using implicitly the identifications of
Theorem 4.2.8, we have

dy(p)n[Q(a), 4] = [d5" (n)n(Q(a)), 4],
for a in ZG% and j > 0, and
&5 (p)wla, 3] = [d5" (p)w(a), J]
for all a in A(G%.,Sx+1) and j > 0.

2. Suppose that p is u-bijective. Using implicitly the identifications of
Theorem 4.2.8, we have

db(p)n[Q(a), 5] = [d5" (p)n(Qa)), ],
for a in ZG% and j >0, and
&% (p)nla, 3] = (A" (p)w(a), J]
for all a in A(G%., Sx+1) and j > 0.

We finish this section with a useful consequence of the symbolic presen-
tations.



4.2. SYMBOLIC PRESENTATIONS 97

Theorem 4.2.12. Suppose that (X, ) is a Smale space, (X,0) is a shift
of finite type and that p : (X¢g,0) — (X, ¢) is a factor map which is either
s-bijective or u-bijective. Let Ny > 1 be such that #p~{z} < Ny, for all x
in X (whose existence follows from Theorem 2.5.3). For any N > Ny, we
have

Dy(Ex(p) = DA(Sw(p)) = Db(Sn(p) = Di(Ew(p)) = 0.

Proof. Select a graph G which presents p. We suppress the isomorphisms
between Yy (p) and X, given in Theorem 2.4.5. Fix k > 0. If p is in G%,
then p = el for some e in Xy (p). From the choice of N and Ny, we see
that e; = e;, for some ¢ # j. Then we have p = p- (ij) and so p is in
B(G%;, Sy11). Since p was arbitrary, we see that

D5(En(p)) = D5(En(p)) = 0.

Now suppose that a is in A(G%,, Sy;1). For any p in G%;, we find a
transposition (7j) as above. As a = —a - (ij), the coefficient of p in the
expression for a must be zero. But as p was arbitrary, a = 0. It follows that

D3(En(p) = D4(Sx(p)) = 0.
(]

In principle, Theorem 4.2.8 provides a method for computation of the
alternating invariants D% (Xy) and Dg(Xy), but there is a more concrete
form available for each.

Recall that the isotropy subgroup of Sy at an element p in G%; is the set
of all « such that p-a = p and we say that p has trivial isotropy if this group
consists of only the identity element. In this case, the isotropy subgroup of
every point in the orbit of p is also trivial.

For each kK > 0 and N > 0, suppose that B]’“V is a subset of G?V which
meets each orbit having trivial isotropy exactly once and does not meet any
orbit having non-trivial isotropy. For p in B% and j > 1, let

talp,j) = {(g, )€ Glfvﬂ: X Sni1 | t(q) =p,7(q) -« € By}
(p,7) = {(ga) € G5 x Sy | #(q) = p,#(q) - a € B}
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We define 7§ : ZBA ' — ZB% ! by

vap) = ). sgn(@)i(g) - o,
(g,0)€t% (p,1)

Yalp) = Z sgn(a)t(q) - a.

(g,2)€i% (p,1)

These maps are well-known; they are exactly the signed subset matrices
as used in the computation of the zeta function for a sofic shift, as described
in Theorem 6.4.8 of [23].

Theorem 4.2.13. Suppose that (X, ) is a Smale space, (X, 0) is a shift of
finite type and that p : (g, 0) = (X, ¢) is a reqular factor map and is either
s-bijective or u-bijective. Let k > 1 and N >0, and suppose BY, C G%; is as
above.

1. For any j > 1, we have

Y = ) sgn(@)i(q) - a,
(g,0) €% (p.5)

) = > sgn(@)t(q)- o
(@,0) €% (p.)

2. The restriction of Q from ZB%, to Q(G%;, Sx11) is an isomorphism and
Qovp=17"0Q, Qoyp=7"0Q.
3. The map A from Z.B%, to A(G%,Sn,1) defined by

Alp)= D sgnla)p-a,

a€ESN11
for p in BY, is an isomorphism and

Aoyp=7"04, Aoyp =170 A

Proof. The first statement we show the first part only. The proof is by
induction on j, with the case 7 = 1 being the definition. Now assume the
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result is true for j. By direct computation, for any p in B%,, we have
()0 = 5(() ()
= (Y. sgn(a)il(q))

(g,2)€t% (p,J)

- Z Z sgn(a)i(q’) - o

(¢/,0/)€t (7 (q)- 1) (g,0) €L7% (P])

Suppose that (¢”,a”) is in t%(p,j + 1). We claim that @ o ¢(¢”) has trivial
isotropy. Suppose the contrary. If p is s-bijective, then it follows from Lemma
2.5.15 that i/ (¢") also has non-trivial isotropy and hence so does /11 (¢"). But
this contradicts the assumption that ¢” is in ¢%(p,j + 1). Similarly, if p is
u-bijective, then it follows from Lemma 2.5.15 that ¢(¢”) also has non-trivial
isotropy and hence so does #/7!(¢") = p and we reach another contradiction.

Therefore, there exists a unique « such that i/ o t(¢") - v is in BY,. Now
(t(¢"), ) is in t%(p,j) and (¥(¢") - a, ') is in % (t 0 (") - a, 1). Tt is
fairly easy to check that the map described which associates to (¢”, alpha”)
the pair (¢, ) = (¢(¢"),a) in t%(p,j) and (¥(¢") - a,a ') = (¢, ') in
t*(q,1) is a bijection. Moreover, i(q') = ¥T'(¢") and sgn(a)sgn(a’) =
sgn(a)sgn(a=ta”) = sgn(a”). This means that the sum we have above
is equal to

(e = Y sgn(d)it(¢") -
(¢ ") et’y (p,g+1)

The fact that ) is an isomorphism is evident: the inverse may be de-
scribed as follows. If p is any element of G% having to repeated entries, then
Q (p) = sgn(a)p - a, where « is the unique element of Sy, such that p-«a
is in BY,. For any p in BY,, we have

Qorpp) = =Q( Y, sgn(a)i(g) - a))

(g, a)€t’y (p,1)

= ) Qsgn(aig) - @)

(g,a)€t’y (p,1)
= > Qlilg)
(g,a)€t’y (p,1)

On the other hand, if we consider the set of all ¢ with ¢(¢) = p, this may be
divided into two groups: those for which i(q) contains no repeated entry and
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those for which it does. For each ¢ in the former class, there is a unique «
for which (¢, «) is in t%(p, 1). For each ¢ in the latter class, Q(i(¢)) = 0. So
we see the sum above is equal to

Qorplp) = Y Qi(g) = Qiot"(p) = Qo ¥ (p).

t(q)=p

For the third part, consider the map, R, defined on ZG% which is the
identity on each generator in BY and zero on all others. It is easy to verify
this, when restricted to A(G%;, Sy11), is an inverse to the map A.

Let p be in BY. First, the map sending ¢ to ¢ - a~! provides a bijection
from the set of ¢ with t(q) = p - @ and the set of ¢’ with ¢(¢') = p. Secondly,
consider the set of ¢ in G’fv“ with #(¢) = p and let C be the set of such ¢
where i(g) has trivial isotropy and D the those ¢ where i(q) has non-trivial
isotropy. For ¢ in D, there exists a transposition J that fixes i(¢). Then if
the sum of sgn(«a)i(q) - a over all v in a coset of the subgroup {1, 5} is zero
and hence we conclude that the sum over all « in Sy, is also zero. Putting
these things together we obtain

Yo Alp) = (Y. sgn(a)p-a)

OéGSN_H

S Y i

( paaGSN+1

= i Z ngnaq-a’l)

a€SN 41 t(g)=p

= Y Y sgn(a)i(g-a)

t(q)=p @€SN 11

= Z Z sgn(a)i(q-a‘1)+z Z sgn(@)i(g- o)

qeC OcESN+1 qeD OLESN+1

= Z Z sgn(a)i(q-a™t).

qeC OéESN_H

For each ¢ in C, there exists a unique «, in Sy41 such that i(q) - o, is in
B%.. In this case, (¢,q,) is in t%(p,1) and each element of this sets occurs
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uniquely in this way. Then we have

YoAp) = Y Y sgnlaa,Vi(g- (aa;) )

qEC(XESN+1

= Z sgn(ay) Z sgn(a)(i(q) - ag) - o™
(q7aq)€tj4(p»1) OCGSN+1

= Z sgn(og)A(i(q) - o)
(g,09)€t% (p,1)

= vpo A(p).

]

Corollary 4.2.14. The groups D3 (Xn(p)) and DG (Xn(p)) are both isomor-
phic with the inductive of the system

s

7B% &gk %

4.3 Equivalence of the complexes

With the relevant definitions and the methods of computation via the graphs
in place, we are ready to state our main theorem of this section, which relates
the homology of the ordered and alternating complexes.

Theorem 4.3.1. Suppose that (X, ) is a Smale space, G is a graph and
that p: (X¢,0) = (X, @) is a reqular factor map.

1. If p is s-bijective then the map Q is a chain map from
(D*(Z.(p)), d*(p)) to (Dg(E4(p)), do(p)) which induces an

isomorphism on homology.

2. If p 1s s-bijective then the map J is a chain map from
(D% (2:(p)), d% (p)) to (D*(X4(p)),d™(p)) which induces an
1somorphism on homology.

3. If p 1s u-bijective then the map Q) is a chain map from
(DX(3.(p)), @*(p)) to (D(S.(p)), d(p)) which induces an
isomorphism on homology.
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4. If p is u-bigective then the map J is a chain map from
(D%(Z(p)), d% (p)) to (D*(E.(p)), d™(p)) which induces an

1somorphism on homology.

The proof of this result requires a series of lemmas and will occupy the
rest of the section.

We follow the usual idea by finding a type of inverse for the maps () and
J, which we will denote by Q# and J#. Some care must be taken since these
will not actually be chain maps. Both of them are done by choosing a linear
order, denoted <, on the vertex set G°. We define Q¥ from Q(G%, Sny1) to
ZG%; as follows. First, we define a function F' on G%. If p = (po, ..., pN)
is in G%; and all entries are distinct, it follows from Lemma 2.5.15 that the
entries of t*(p) are also distinct. We define

F(p) = sgn(a)p - a,

where « is the unique element of Sy such that t*(pa) < ... < t*(pan)).
On the other hand, if two entries of p are equal, then we set F'(p) = 0. This
map extends to a unique group homomorphism on ZG%;. We check that it
is zero on the subgroup B(G%;, Sy1). First, if p; = p;, for some i # j, then
it is clear that F'(p) = 0 and also that F(p — sgn(a/)p-a’) = 0, for any « in
Sni1. Finally, suppose that all entries of p are distinct and that « is as in
the definition of F. We again want to check that F'(p — sgn(a/)p - ') = 0,
for any o’ in Sy 1. It follows at once that (a/)~! o v is the element of Sy,
that puts the entries of t*(p - o) into ascending order. This means that

F(p-a) = sgn(d)sgn(a)(p- (o)~ - a) = sgn(a)sgn(a)p - a.
All together, we have
F(p—sgn(d)p - o) = sgn(a)p - a — sgn(a’)sgn(a)sgn(a)p - o = 0.

We conclude, as claimed, that F' is identically zero on B(G?V, Sn+1) and so
we define Q7 (Q(p)) = F(p), for all p in G%,. It is easily seen that Q o Q¥ is
the identity on Q(G%, Sny1).

We also define J# : ZG%, — A(G%;, Sy11) by setting

T(p) = | Lacsya sm(@)p-a i th(po) < - < t(pw)
g 0 otherwise

for p in G%;. It is easily seen that J# o.J is the identity map on A(G%;, Sy.1).
We will need the following result.
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Lemma 4.3.2. For all N > 0, we have

" toQ% = Q%ot, toJ¥ = J¥ot,
ifk>1,
2.
tro Q% = Q7 ot*, troJ¥ = J¥otr
if k>0,
3.

< Q%o Q(p),q>=<p,J o J¥(q) >,
for k>0 and p,q in G%.

Proof. For the first statement, for p in G%, to compute Q¥(t(Q(p))) =
Q7 (Q(t(p)), we consider the vertices of t*~1(t(p)) = t¥(p). If one is repeated,
then the result is zero. Otherwise, the result is sgn(a)t(p)-a = t(sgn(a)p-«a),
where a puts the vertices in increasing order. In either case, this is the same
as t(Q7(Q(p))). The proof of the second equation is the same.

The second part follows from the third, the first and Lemma 4.2.6.

For the third part, we first suppose that there exists o in Sy.1 so that
p-a = q and that the entries of t*(¢) are in ascending order. It follows that
Q7 oQ(p) = sgn(a)p-« and the left hand side is sgn(a). On the other hand,
JoJ#(q) = zﬁesNH sgn(B)q - . Pairing this sum with p, all terms are zero
except for B = a~! and we get sgn(B) = sgn(a) and the desired equality.

For the next case, suppose that there exists an « such that the entries of
tk(p) - o are in ascending order, but p - a # 3. It follows that the left hand
side is zero. If the entries of t*(q) are not in ascending order, then the right
hand side is also zero. If they are, since this is true also of t*(p) -, t*(¢) and
tk(p) must have distinct Sy; orbits. It follows the same is true of ¢ and p
and this implies the right hand side is again zero.

Finally, we consider the case that t*(p) contains a repeated entry. Then
the left hand side is zero. On the right, for J#(q) to be non-zero, then entries
of t*(g) must all be distinct, so t*(q) -« cannot equal t*(p) and hence q-« # p,
for any o in Sy11. In any case, the right hand side is zero. [
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Lemma 4.3.3. For any N > 0, we have

Q* odg(p)y = d"(p)v o Q¥
Ay (v o J* = JFod™(p)y.

Proof. We begin with the first equation. Let p be in G% which is in the range
of @#. This means that t*(py) < t*(p1) < -+ < t*(py). Suppose ¢ is in G5
and t(q) = p. Tt follows that t*+5(qy) < t"K(q,) < --- < "% (gy) and the
same inequalities hold if we delete any entry. It follows then that for such
q and any 0 < n < N, we have Q% o Q(q) = ¢. It then follows from the
definition of d*¥(p)y that

Q# oQo dS’K(P)N o Q# = dS’K(P)N 0 Q#-
But from part 3 of Lemma 4.2.6, the left hand side is just
Q* 0 Qod ™ (p)y o Q¥ = Q¥ 0 dg" (p)n o Qo Q¥ = Q¥ 0 dy" (p)x

as desired.
For the second equation, let a,b be in ZG%. As J# o d*“¥(p)x(a) is in
A(GN], Sn+2), we may consider

<JoJ*od™E(p)n(a),b> = <dK(p)n(a),Q" o Q(b) >
= <a,d(p)yo Q7 0 Q(b) >
= <a,Q*oQod* (p)x(b) >
= < JoJ#(a),d*™(p)n(b) >
= < du*’K(p)N oJo J#(a),b >
= < Jod¥¥(p)yoJ*(a),b> .

~—_— —

As b was arbitrary and J is injective, the conclusion follows. O]

We now concentrate our attention on the proof of the first of the four
parts of Theorem 2.7.2. In the end, the proof of the second will follow from
what we establish to prove the first and some duality arguments. We shall
continue to assume that p is s-bijective.

The technique is an adaptation of the method of acyclic carriers found in
[14, 34] We introduce a new complex, first fixing a positive integer K which
satisfies the conclusion of 2.7.2 for the map p. We define Ey = @kZOZG’fV
with map dy = ©pd>"(p) .
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For each 0 < I < #G° let K(M) = K(#G° — I) and

Vi = {(vo,v1,...,0;1) € G?(I) |
tED (ye) < KD (vy) < -+ < KD (y))}.

Notice, in particular, that the entries of any v in V; are all distinct.
For v in Vy, first, for every k > K(I), N > 0, let

Gh(v) = {pe Gk |tF 5D (py) = v,
tkiK(I)(pn) € {’Uo, e ,U[}, 1 S n S N}

and secondly, let )
G (v) = 60(GRr41(v)).

We make some elementary observations.

1. Whether p in G% is in G%(v) or G%(v) is completely determined by
)

2. We have t(G%(v)) € G%*(v) and hence t(G% (v)) € GE1(v).

3. If p Is in é?\;(ﬂ), then 60(p) = (pOapOapla'-'>pN) Is in é?\ﬂrl(v) and
do(eo(p)) = p. This shows that G% (v) C G% (v).

4. The set G%(v) is invariant under the action of Sy_1 (but G%;(v) is not).

5. Forany 1 <n < N, we have 6n(G% (v)) € G%_,(v). For any 0 < n <
N, we have §,(G% (v)) C G%_,(v).

We define En(v) = ®r>k(m) ZG’“ % (v). The first subtle point is the follow-
ing.

Lemma 4.3.4. 1. The subsets E.(v) define a subcomplex of (E.,d.).

2. Suppose I > 1, v is in Vi, w is in Gﬁ(MHK with t¥(w) = v. Then for
all 0 <i <1, §(w) isin Vi_1 and

En(di(w)) C En(v),

for all N.
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Proof. We consider the first statement. It suffices to show that, for any
0<n <N and k> K, we have 6>%(ZG% (v)) C ZG5 ™ (v). To do this, we
let ¢ be in G%,;(v) and compute 05 (0p(q)) = Sum(A), where

A= {0.(p) | p € GE ™ 5 (p) = do(q)}.

Let p be in G5™ with t5(p) = dy(¢). We apply Lemma 2.7.5 to the map
o : Gny1 — Gy. We may find ¢ in G5 such that t25(¢) = t(g) and
do(¢") = p. From the first observation above and the fact that ¢ is in G%,,; (v),
it follows that ¢’ is in G5 (v). Moreover, we have

0u(p) = 0u(80(¢")) = 00(0n+1(d)) € So(GR ™ (v)) = GR} (v)

using the final observation above. We have shown that A is contained in
G5 (v). This completes the proof.

For the second statement, the fact that §;(w) is in V;_; is clear. For the
last part, we first consider the case i = 0. Let p be in G?VH(cSO(w)) so that
do(p) is a typical element of G%(6y(w)). As p is in G%, , (Jo(w)), for each 0 <
n < N+ 1, tF=EKD=K(p yisin {w,...,w;}. Define w' = (wp, tFKD=K(p))
which is in strleK and &o(w') = tF= K=K (p). By Lemma 2.7.5, there exists
P’ in G& ., such that & (p') = p and t*=KD(p') = X (w'). We claim that p’
is in C??VH(U); from this it follows that p = dy(p’) is in G%(v) as desired. For
any 0 <n < N + 1, we have

D () = (KO W) = 5 (W), = 5 (w],).
For n = 0, we know that t(w)) = t5 (wp) = vy. For 1 <n < N+1, we have
tK(U);,) = tK(tkiK(I)iK(pnflw € tK{'U)O, Wi,y ... ,U)]} = {Uo, Vi, ... ,U[}.

Finally, we consider the case 0 < i < I. Again, let p be in éﬂ“\,ﬂ(éo(w))
so that do(p) is a typical element of G% (6o(w)). This means that
th= K=K (p) = §;(w)o = wp and

th=KD=K () € {8:(w)o, di(w), ..., 6i(w) 11} C {wo,wy, ..., wr}.
It follows at once that t*~5()(py) = t¥(wy) = vy and
tkiK(I)(pn) C tK{w07 Wy, - - - le} = {U(], AR 7UI}

From this, we see that p is in G%, +1(v) and the conclusion follows. ]
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We now define, for v in V; fixed, a group homomorphism h, : ZG% (v) —
ZGY ., for all k > K(I),N > 0, by h,(p) = Sum(A), where
A= {g € G51.1(v) | Sola) = p},

for any p in G%(v). It follows from the definition of G (v) that A above
is non-empty. We also note that the range of h, is contained in ZG%, ,(v),
which in turn is contained in ZG%;(v).

Lemma 4.3.5. We have
(58’K o h, = t&*

and, for 1 <n < N,
055 0 hy = hy 0 555

Moreover, we have
dS’K(p)N+1 ohy + hy o ds’K(p)N = ¢,

Proof. First, we compute 055 o h,(p), for p in G%(v), k > K. From the
definition, we have

ho(p) = Sum{q € Gl 1 (v) | do(q) = p}.

For a ¢ in the set, define
Alg) = {d' € GFA 117(d) = ¢

and we note that A(q) is contained in G, (v).

Next, we claim that, for 0 < n < N + 1, the sets 0,(A(g)) are pairwise
disjoint for distinct values of ¢. Suppose that ¢’ is in A(q) and ¢ is in A(q)
and 6,,(¢") = 6,(¢'). We have

do 0t (q') = dg 0 t*(q) = t"(p) = do 0 1*(q) = 6o 0 (7
and so, for all m > 1, we have t**5 (¢ ) = t**£(7 ). On the other hand for
m = 0, we have
tk+K—K(I)(q6) — tk_K(I)(Q()) =y = tk—K(1)<q—0) — tk+K_K(I)(q(/J)
since ¢ and ¢ are in G%_, (v). We conclude that
thtK=KU) (¢ = ¢b+E=KI)(g). In addition, we have 6,(¢') = 8,(¢') and the

fact that
q=t"(¢)=t"(7) =1
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follows from the uniqueness statement of Lemma 2.7.5. This completes the
proof of the claim.
It follows that 655 o h,(p) = Sum(A), where

A={0.(a) | ¢ € GF (v),60 0 1% (q) = p}.

We first consider the case n = 0. Of course, we have t**(p) = Sum(B),
where

B={q|qeG* t"(q) =p}.

It is clear that A C B. For the reverse inclusion, let ¢ be in B. We know
that p = do(p) for some p in (N}’f\,ﬂ(v). Applying part one of Lemma 2.7.5.
we may find ¢ in G} such that dy(§) = ¢ and t*5(§) = ¢¥(p). The latter
implies that ¢ is in é’f{g (v) and hence ¢ is in A.

We now turn to the case n > 1. It follows from the definitions that
hy © 0p,—1(p) = Sum(B), where

B=1{qe€ G?VJFK(U) | 00(q) = 0,_1(¢), for some ¢’ € G55 t¥(¢) = p}.

Suppose that ¢ is in éf\;ﬁ(v) with § o t%(q) = p. Since n >, we have d,(q)
is in G55 (v) and
00(0n(q)) = dn—1 0 do(q).
Moreover, we have t%(5y(q)) = 6o(t* (q)) = p. This implies that §,(q) is in B
and we have shown A C B. For the reverse conclusion, let ¢ be in B and ¢’
be as in the definition. Since p is in G%(v), we may find j in G%, , such that
do(p) = p. We also have t*(¢') = p and so we may apply the existence part
of Lemma 2.7.5 to find ' in GiY] such that do(§) = ¢’ and t*5(5') = t%(p).
We have
tHR(BG) = (o) = vo = "7 (go)

since p is in G5 (v) and ¢ is in G (v). We also have
00(q) = 6n-1(q") = 0n—1 0 0(F') = o © 6 (P').

The uniqueness part of Lemma 2.7.5 implies that t%(q) = t%(5,(p')) = 6, o
t5(p'). We again apply the existence part of Lemma 2.7.5 to find ¢ in Gty
such that 6,(¢) = q and t*2(q) = tX o t5(p') = t*(p). Now, we have

0n-1(60(q)) = do © 6x(q) = do(q) = dn-1(q)-
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Moreover, we also have
t25(00(q)) = do 0 t" (p) = t" 0 do(p) = t" (p),

and
t*(q") = t" o t"(¢') = t"(p).

One more application of the uniqueness part of 2.7.5 implies that t(5y(q)) =
t&(¢") = p. It follows that g satisfies the condition so that d,(¢) = ¢ is in A.
This completes the proof.

The final statement is an immediate consequence of the first two. ]

Lemma 4.3.6. let p be in G%, with k > K#G°. There is a unique minimal
0<I<N andv in V; such that p is in G%(v).

Proof. Consider the vertices t*(p) and assume there are I + 1 distinct ones.
We choose distinct entries of t*~%(1)(p) and order them appropriately. That
is, we find t*(p,,) < -+ < t5(p,,). Let v = th=" KD (p, ... p,,). Tt is clear
that (pny, Po,---,pn) is in éﬁ“\,H(v) and hence p is in G% (v). The minimality
of I and the uniqueness of v are clear. ]

Lemma 4.3.7. There exists a homomorphisms Hy : Exy — Eni1,N € Z
satisfying

t"* o Hy_y 0 d®" (p)y — d*" (p) 10 Hy =tV 0 (1 - Q% 0 Q).

Proof. Our proof is by induction on N, but we had an extra hypothesis to
the induction statement. Suppose p is in G, for some k > K#G°. Let v in
Vr be as in Lemma 4.3.6 so that p is in G% (v). We require that Hy(p) is in
EN+1 ('U)

We begin by setting Hy = 0, for all N < 0 and then proceed by induction.
These satisfy the induction hypothesis for N < 0 (since Q¥ oQ is the identity
map on Fy). Assume that Hy_; has been defined, where N > 0, satisfying
the desired conclusion.

Let p be in G%; and find the minimal M and v in V as in 4.3.6. We define

Hy(p) = ho[Hy—1 0 d¥" (p)(p) + V5 (p) — V5 0 Q% 0 Q(p)).

In doing so, we note that since p is in G% (v), so is #QoQ(p), since it is either
zero or a permutation of p. This means that tV5*(p) and tVE*(Q# o Q(p))
are in En(v). As for the other term, if ¢ is any element of G5 such that
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t’(q) = pand 0 < n < N, if th(p,) = t"E(q,) is a repeated entry of
th(p) = t*+¥(g) then v is the minimal element such that d,(q) is in G (v)
and hence by lemma 4.3.4, Hy_1(6,(q)) is in Ex(v). On the other hand, if
this is not a repeated entry, then it is equal to t*((v,,), for some m. We
form w in V;_; by taking the distinct entries of t*~5)(¢q) arranging them
in the proper order. It follows that the desired minimal element for 4, (q)
is 0,(w). This w satisfies the conditions of part 2 of Lemma 4.3.4 and it
follows that En(0,(w)) C En(v). Then by our induction hypothesis, we
have Hy_1(6,(q)) is in En(v). In this way, we see that Hy(p) is well-defined
and in Fy1(v), as desired.

To prove that the formula holds, we proceed as follows. First, we apply
Lemma 4.3.5 to see

d}g\}l«il oHy = d}g\’/[il ohyo(Hy-10 df\}K + V-t 0 QF 0 Q)
= (—hyod}™ +15)
o(Hy_1 0 df\}K 4 NEE _NEx 5 O 6 ()
= —h,o0 d;}K oHyn_q10 df\}K
+t5* 0 Hy_1 0 d}g\}lfl
—hy o d}s\}K o (VK _4NKx 5 O 6 ()
L NHDES _(NDEx o O# 6 .

Considering just the first term on the right and applying the induction hy-
pothesis gives

hyodi o Hy_1od3® = —hyo(tf o Hy_yodif, —tVE*
+tVE* 0 QF 0 Q) o df\}K
= —hyotf* o Hy 50 df\’,[fl o df\}K
+hv ° (tNK* . tNK* ° Q# o Q) o d}s\}K
_ 0—|—hUO(tNK*—tNK*OQ#OQ>Od§\}K
_ hvodf\}KO(tNK*—tNK*OQ#OQ),

where in the last step we have used Lemma 4.3.3. Returning to the first
display above, we now see that the first and third terms on the right cancel.
This gives the desired conclusion. O

We are now ready to give a proof of Theorem 4.3.1.
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Proof. We begin by proving the first statement. As () is a chain map, it
induces a well-defined homomorphism at the level of homologies. Let us first
check that it is onto. Suppose that b is in Q(G%, Sy.1) and j is N with
dg(p)n[b, j] = 0. This means that for some j' > 0, (v*)7 o dZK(p)N(b) = 0.
Now consider a = Q% o (*)7'(b). First, we note that

/

A" (p)n(a) = d"(p)y o QF o (") (b)
= Q% odg"(p)no (7)) (b)
= Q¥ o (") 0dz" (p)n(b)
= 0.
Furthermore, we have
Qla,j+j'T = [Q(a), J+J]
= [Qo Q%o (v*) ' (b),j+ 4
[(v*)"(b), j + 4]
[, 7].

It follows that the map on homology is onto.

Next, we show that the map induced by @ is injective. Let a be in
ZG%, and j > 1. We may assume that k > #G°K. Further suppose that
d*(p)nla,j] = 0 and [Q(a),j] is zero in the homology of (C&(p),d%(p)).
We may then find j° > 0 such that (7°)” o d*(p)y(a) = 0 and b in
Q(GhH, Sn42) such that [Q(a),j] = [dSQ’K(p)NH(b),j]. The latter means
that we may find j” > 0 such that (7°)"'(Q(a)) = (v*)"" 0 d3" (p)n+1(b). By
replacing j’ and j” by the larger of the two, we may assume they are equal.

Now, we apply both sides of the equation of Lemma 4.3.7 to the element

(v%)7" 0 iN+DE (q). On the left hand side, we get two terms. The first is

t5* 0 Hy_y o d**(p)y o (y*)7 0 itV (a) =
th* o Hy_y 0 iVHDE o (4)7 o dSK(p)N(a) = 0.

We do not need to know the second, except that it is in the image of
d*¥(p)ny1. On the right hand side, the first term is

VDK o (39)7 0 N EDI (g) = ()7 HOHDE ),
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The second term on the right (ignoring the negative sign) is

Koo QF 0 Qo (1) 0 il¥+DK (a)
v 10Q* 00 () 0 Qla)
VI 0 QF o (N o ()7 0 a5 (p)v i (B) =
QF o () VIR o g () (1)

K (D)1 0 QF o (37) HNFDK ().

Putting this all together we conclude that

()" VK (@) = d*F (p) w4 (0),

for some c. It follows that [a,j] = [(v*)/ TWV+DE (@), j + 5’ + (N + 1)K] is
in the image of d*(p)n.1 and hence is zero in homology. This completes the
proof of the first part of 4.3.1.

For the second part, we have already noted that J : D%(2.(p)) —
D*(X.(p)) is a chain map. Let us first show that it surjective an homol-
ogy. Suppose that b is in ZG%, j > 1 and d“*(p)n[b, 7] = 0. It follows that
for some [ > 0, we have (v*)! o d“*%(p)n(b) = 0. Without loss of generality,
we may assume that [ > (N + 1)K.Consider a = J# o (y*)!(b). Then, using
Lemma 4.3.3, we have

4K (p)n(a) = d55(p)y o J#* o (v4)(b)
= J*o(y") ody " (p)n(D)
= 0.

This means that that . Next, we claim that ¢ = (y*)""V+DE(p) — J(a) is in
the image of d**(p)n—1. Once this is shown, then we know the class of [b, j] =
() FWNHDE (B 414 (N+1)K] is equal to the class of [J(a), j+I+(N+1)K]
in homology and our proof of surjectivity is done.

As for the claim, let p be any element of ZG%, and we use Lemma 4.3.2
to see that

<pc> = <p (1—JoJ#)o () +N+DE(p) >
= <(1-Q%oQ)(p), (v TN IE(p) >
- < (1 _ Q# o Q)( ) 2fl-i-(N-i-l)K ~(l+(N+1)K)*(b) =
= <tWHE o (1 - Q* 0 Q)(p), t' 0 il T () >
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We may now apply Lemma 4.3.7, then Lemma 4.2.2 and finally the second
part of Theorem 4.2.3:
<pe> = <tWDE o (1 Q% 0 Q)(p),t o iHNFDI () >
< 50 Hy_y 0 d* (p)(p), ' 0 DB (p) >
— < d*®(p)ny1 0 Hy(p), t! o ilFWNFDE=(py
= < p, K ()N HE_, 0t o i1+ N+DE)x gy
— < Hy(p),d™ X (p)y1 0t o G+ (N+1) K)*(b) >
= < p,d"K(p)yH ot o j+(NH DK (b) >
< p HY o ((N+DEx o K (p)ns1 0 (Y (b) >
= < p,d"E(p)HE_, o tHE o j(+NTDE)x ) 5 g

As this is valid for any p in ZG%;, the claim is proved.
We now prove that the map J is injective on homology. Suppose that a
is in A(G%.,Sn11), 7 > 1, that [a, j] is in the kernel of d**(p)x and [J(a), J]
is zero in the homology of D*(3,(p)). The last condition means that [a, j| =
d"™(p)n_1[b, j'], for some b in ZGKS. It follows that, for some I > 0, we
have (y)7* o d*“(p)y_1(b) = (7*)"*'(a). Then J#(b) is in A(GK™ Sy).
Moreover, using Lemma 4.3.3, we have
A" (p)n-10 T o (Y H(b) = JFod™F(p)n_1o (v) (D)
= Jo(y") o d™ " (p)y-1(b)
= J*o (Fa)
(7Y *(a)
since a and hence (v*)?*(a) are in A(G%;, Sy+1). From this it follows that
d(p)n1[J# o (7)), 5 + 7+ 1 = [(v"Y (@), + 5 + 1] = [a, ]

and hence [a, j] is zero in homology of D% (X.(p)).
The third and fourth parts are immediate consequences of the first two.

]

4.4 Functorial properties

In this section, we establish some simple functorial properties of the com-
plexes introduced in Section 4.1.
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Theorem 4.4.1. Let (X, ) and (X', ¢") be Smale spaces, (X', 0) be a shift
of finite type and nx : (X, @) = (X', ¢ ) and p' = (X 0) = (X', ¢') be factor
maps. Let (X,0) be the fibred product::

(2,0) — (X, )

| | |

(T, 0) = (X", ¢)

1. If p and nx are s-bijective, then, for each N > 0, ns induces a nat-
ural s-bijective factor map ny : (Xn(p),0) — (En(p'),0). The in-
duced maps n3 are chain maps from the complex (D*(X.(p)), d*(p)) to

(D*(Eu(p"), d*(p"))-

2. If p' is s-bijective while nx is u-bijective, then, for each N > 0, nx
induces a natural u- bzyectwe factor map ny : (Xn(p),0) = (En(p),0).

The induced maps % are chain maps from the complex (D*(X.(p")), d"™*(p))
to (D" (3.(p)0,d"(p)).

3. If p' is u-bijective while nx is s-bijective, then, for each N > 0, nx
induces a natural s—bijective factor map ny : (En(p),0) = (Zn(p),0).
The induced maps 1% are chain maps from the complex (D*(X.(p")), d**(p))

0 (D*(%.(p)), d™(p))

4. If p and nx are u-bijective, then, for each N > 0, ny induces a nat-
ural u-bijective factor map ny : (En(p),0) = (En(p'),0). The in-
duced maps 0% are chain maps from the complez (D*(X.(p)),d"(p)) to

(D*(B.(p)), d"(p')-

Proof. We prove the first statement. It follows from Theorem 2.5.13 that
both 1y and p are s-bijective factor maps.

It is a simple matter to check that for any N > 0, Xx(p) is simply the
fibred product of nx and p' : (Xn(p'),0) — (X', ¢’). This establishes the
first statement of the conclusion.

It follows from Theorem 3.4.1 that 1y induces a homomorphism between
the chain groups D*(Xy(p),0)) and D*(Xx(p'),0)). In addition, it is clear
that , ony = ny_1 00, forany 0 < n < N and N > 1. From this, the
functorial property of the dimension group invariant and the definitions, it
follows that

d*(p')nv ony =ny_, o d’(p)n
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and hence is a chain map.

The other three parts are done in an almost identical fashion except in
the mixed cases (2 and 3), we need to apply Theorem 3.5.11 to conclude
that we have a chain map. For that, it is a simple matter to fix 0 < n < N
and begin with 6, : (Xn(p'),0) = (En_1(p'),0) and ny_1 : (En-1(p),0) —
(Xn-1(p’), o) and see that the fibred product is exactly

(En(p), 0) =2 (Sn-1(p))

- e

(En(p),0) =2 (Sn-a(p), 0)

This allows us to apply Theorem 3.5.11. [

4.5 Independence of resolution

Here, we show that the homology (or cohomology) of the chain complex
(cochain complex, respectively) of Section 4.1 is independent of the shift of
finite type, (3, o) and the factor map p. This is done in a sequence of three
Theorems. The first treats the special case where we have graphs G and H
and s-bijective factor maps

(S,0) 5 (Za,0) B (X, )

and the map 6 is induced by a left-covering graph homomorphism 6 : H — G.
Then we show that the complexes for p and 6 o p yield naturally isomorphic
homologies. The second theorem drops the hypothesis that there are specific
presentations for the two shifts of finite type above. The third Theorem
treats the general case.

Of these three, the first is the most difficult; the other two follow in fairly
easy fashion from the first. We actually delay the proof of the first until
we have stated all three. It is then done in a series of Lemmas. The basic
ideas are standard ones from the proofs of analogous results in algebraic
topology. However, they are not completely routine because some of the
maps involved which function as chain homotopies are only defined via the
symbolic presentations of the invariants and are not chain maps in the usual
sense because they do not pass through to the inductive limit groups.
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Theorem 4.5.1. Suppose that G, H are graphs, 0 : H — G is a left-covering
graph homomorphism, (X, ¢) is a Smale space and p : (Xg,0) — (X, ¢) is a
reqular s-bijective factor map.

1. The map 0 induces an isomorphism between the homologies of the chain
complezes (D*(E.(p o 0)),d*(pob)) and (D*(E.(p),d*(p)).

2. The map 0* (3.1) induces an isomorphism between the cohomologies of
the cochain complexes (D“(X.(p)),d"*(p)) and (D*(X.(p o 0)),d"*(po

6)).

The proof will be done in a series of Lemmas, but we postpone the start
while noting some more important consequences.

Theorem 4.5.2. Let (X, ) be a Smale space and (X, 0) and (X', 0) be shifts
of finite. Suppose that p : (X,0) = (X,¢) and 0 : (¥',0) — (£,0) are s-
bijective factor maps.

1. The map 0 induces an isomorphism between the homologies of the chain
complezes (D*(E,(po0)),d*(po b)) and (D*(E.(p)), d*(p)).

2. The map 0* (3.1) induces an isomorphism between the cohomologies of
the cochain complexes (D*(X4(p)),d"*(p)) and (D“(X.(p o 0)),d"*(p o

6)).

Proof. First, we may find a graph G which presents the map p; that is, (3, o)
is conjugate to (Xg,0) and, after identifying them, the map p is regular.
By Proposition 1 of [11], we may find a graph H and a left-covering graph
homomorphism, also denoted 6, from H to G such that (X', o) is conjugate to
(X, 0) and, after suitable identifications, the factor map 6 is induced by the
graph homomorphism 6. The result now follows from the last Theorem. [J

Finally, our main result is the following.

Theorem 4.5.3. Let (X, ) be a Smale space and suppose that (¥,0) and
(X, o) are shifts of finite type with factor maps p : (X,0) — (X, p) and
pl(X o) = (X, 9).

1. If p and p' are s-bijective, then there are canonical isomorphisms be-
tween the homologies of the complexes (D*(X.(p)),d*(p)) and
(D*(24(p")),d*(p")) and between the cohomologies of the cochain com-

plezes (D"(X.(p)),d™(p)) and (D*(E.(p')),d™(p"))-
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2. If p and p' are u-bijective, then there are canonical isomorphisms be-
tween the homologies of the complexes (D*(X.(p)),d"(p)) and
(D“(2.(p")),d“(p')) and between the cohomologies of the cochain com-

plezes (D*(2.(p)), d*(p)) and (D*(Z.(p")), d™(p'))-

Proof. Let (¥”,0) denote the fibred product of p and p’. It comes with
natural factor maps 6 to (X,0) and € to (X', ). The conclusion now follows
from two applications of the last Theorem. O

We now turn to the proof of Theorem 4.5.1. Of course, we consider the C*
complex only. First, we fix a K > 1 such that the conclusion of Lemma 2.7.2
is satisfied for the map p. We will assume throughout the rest of the section
that this holds. It follows from Theorem 4.4.1 (using (X', ¢') = (X, ¢) and
n = id) that € induces a chain map.

Since 6 is a graph homomorphism, we have tof = fot, 100 =40oi.
Moreover, since @ is left-covering, we also have t* 00 = f ot*. From Theorem
3.4.6, we also know that 655 00 = 0 0 635 for any 0 < n < N, and hence
d*E(p)y ol =0od*(poh)y.

Now, we choose a lifting for the function 8 between the vertex sets of the
two graphs. Specifically, since 6 is surjective, we find a function A : G — H°
such that (\(v)) = v, for all v in G°. From the fact that @ is left-covering,
for any k > 1 and p in G*, there is a unique path, denoted A(p), in H*
such that O(A(p)) = p and A(p) terminates at the vertex A\(t®(p)); that is,
t*(X(p)) = A(t*(p)). It is important to note that X is not, in general, a graph
homomorphism as the condition io\ = Ao may fail. However, the important
properties of A\ are summarized in the two lemmas below.

Lemma 4.5.4. Let N >0, k > 0. If p' is in Hx™5 and t5(p') = \(p), for
some p is in G%;, then p' = Ao 0(p).

Proof. 1t is clear from the fact that X\ is a lift of # that the paths p’ and
Ao 0(p') have the same image under . Moreover, we have

KXo 0(p') = X0 0" (p) = Ao 0(A(p)) = A(p) = t*(p').

As 0 is left-covering, it follows that p’ = X o 6(p'). ]
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Lemma 4.5.5. For N >0 and 0 <n < N, we have

tod = MAot,

"o = Mlot",
0 (pob)or = Xody"(p),
d*F(pof)yor = Xod* (p)n.

Proof. The first two properties follow from the definitions. For the third part,
let p be in G%;. It follows from the definitions that 655 (p) o A(p) = Sum(A),
where

A={b:(q) | g€ HF™,t"(q) = Mp)}.

It also follows from the definitions and the fact that X is injective that X o
0" (p)(p) = Sum(B), where

B={\6.(p) | p € G 5 (p)) = p}.

We claim that A = B and the conclusion follows. Suppose that ¢ is in
HE with t5(q) = A(p) so that 6,(¢) is in A. Applying 6 to both sides, we
have t5(0(q)) = p. Then applying A, we have t®(\(0(q))) = X(p) = t¥(q).
But this implies that A(9(q)) = ¢. Then p' = 0(q) is in G5 and satisfies
t"(p') =t"(0(q)) = p and

A6n(p) = 0n(A(D) = 2 (A(0(q))) = n(q).

It follows that d,(¢) is in B.

Conversely, suppose that p' is in G5 with t5(p’) = p so that \(6,(p'))
is in B. Let ¢ = A(p), which is in Hy™. Moreover, tX(q) = tX(\(p')) =
AtE(p')) = Ap) so that §,,(q) = A(0,(p)) is in A.

The fourth formula follows from the third. O]

We now define maps &, : ZHJ’% — ZHJ’%H, forallk > 0and 0 <n <N,
by
I{n(pOa s 7pN) - ()\ o e(p())a sy )‘ o 0(pn)>pn7 s 7pN)7
for all (po, . ..,pn) in HY. Weset K = 32 (=1)"k,. Since ¢ commutes with

n=0

both § and A (4.5.5), we have the following.
Lemma 4.5.6. For 0 <n < N, we have t* o k,, = k, ot* and t* ok = ko tF.

Next, we establish an analogue of the property that « is a chain homotopy
from X o @ to the identity.
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Lemma 4.5.7. For N > 0, we have
d*F (O op)nsiok —kod®(@op)y =t ool —tF*

Proof. Let p be in HY and fix 0 < n < N. We claim that for p’ in Hy',
t5(p') = kn(p) if and only if there exists p” in Hxt™ such that t%(p”) = p
and p’ = k,(p").

For the ‘if” direction, if such a p” exists, then we have

t5(p) = t" (5. (0")) = £t (V")) = ().

Conversely, suppose that t# (p)) = kKn(p). For 0 < i <
ti(pl) = XNoO(p;). Tt follows from Lemma 4.5.4 that p, =
have that

we know that

n’
Ao 0(p;). We also

0(t" (p})) = 0(A 0 0(pi)) = ().
From the fact that 6 is left-covering, there is a unique path p! in HE**
such that 6(p}) = 0(p}) and t¥(p!) = p;. Notice that, in particular, from
considering the n + 1 entries of t*(p') = k,(p), we have t*(p.,) = p, and

so, by uniqueness, p) = p, ;. We let pi = pi., for n <7 < N. We claim

7

that p” is in H5**. This follows from the fact that 6(p”) = 6(p’) and 0(p')
is in GRKT. Tt is clear that t(p”) = p. Finally, we see that x,(p") = p’ as
follows. For n < i < N +1, we have (k,(p")); = p/_; = p}, by definition. For
0 <17 <n, we have

(5n(P"))i = Ao O(pi) = X o 0(p}).

We also know that % (p}) = Ao@(p;) and so it follows from Lemma 4.5.4 that
Ao 0(p;) = pi. This completes the proof of the claim.

We are now ready to prove the result. We compute directly from the
definitions, for p in HJ’{,, 0<m<N+land0<n<N,

O 0 ka(p) = Sum {6, (p') | ' € HYY 15 (1) = ka(p)}.
The claim above shows that this is equal to

05l 0 kn(p) = Sum{S,(kn(p")) | P € HG 5 (p") = p}.
Now we use the standard, easily computed facts:

Om O Kp = Kp_1 0 O0m if m<n
Om ©Kp = KpOOm_1 if m>n+1
5n+1 O kp = 5n+1 O Kn+1-



120 CHAPTER 4. MAP COMPLEXES

Summing over all 0 < m < N+ 1 and 0 < n < N with a coefficient of
(—1)™*" yields

(00 p)niiorlp) = ) ( Y (F)™ My 0 8 (B) + A0 6(p") p”) :

p’eB \m,n=0

where B = {p" € HY™ | t5(p") = p}. O
We are now ready to prove Theorem 4.5.1.

Proof. Considering the first statement of 4.5.1, we first show that the map on
homology induced by 6 is injective. Let a be in ZHE and j > 0. Suppose that
[a, j] as an element of D*(Hpn ') is a cocycle. That means that 0 = d*(p o
0)n[a, 7]. From 4.2.3, we know that d*(pof)x|a, j] = [d*" (pod)y(a), j] and it
follows that, for some j' > 0, (5, ) (> (pof)n(a)) = 0. By Theorem 4.2.3,
0= (Vig,_,)" (@ (pob)n(a)) = d** (pof)n((viy, )" (a)). Let ar = (73, )7 (a)
and j; = j + 5. We have [a, j] = [a1, j1] and d**(po )y (a1) = 0. The fact
that @ maps the class of the cocycle to zero means that in the group D*(Gy),
0(a1), j1] = d*(p)n1b, 7"], for some b in ZGY,, ;. We know from Theorem 4.2.3
that d*(p)n (b, "] = [d*%(p)n41(b), "] and so we know there is [ > 0 such

that y .
(Voo TH(0(a1)) = (&, ) TR (0) (1))

Letting az = (73, )" (a1) and by = (7¢, )" (b), we have [az, ji +5" +1] =

la, 5], dS’K(P of)n(az) =0 and

0(az) = d** (p)n41(b2).

N+1

Now we apply both sides of Lemma 4.5.7 to the element a; and obtain

dS’K(p o 9)N+1(/{(a2)) = t*K olo 0(&2) — t*K(ag)
= " oXodyl,(p)(b2) — " (az)
= d*"(poO)ns1ot™ o A(b2) — " (az).
Applying ¥ to both sides and using the fact that i commutes with

d*%(poO)ni1, we see that ()" (az) is in the image d>%(p o 0)y,1 and it
follows that [a, j] is in the image of d*(pof) .1 and hence is zero in homology.
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Now, we must show the map is surjective. Let b be in ZGK and j > 1. We
assume that d*(p)n[b,j] = 0. Arguing in much the same fashion as above,
we may assume that d>*(p)y(b) = 0. Tt follows from Lemma 4.5.5 that

d*(p o O)n11(A(b)) = AMd*(p)n41(b)) = 0,

so that [A(b), j] is a cocycle and G[\(b), j] = [0 o A(b),j] = [b, j] and we are
done.

The proof of the second part regarding the cochain complexes is done in
much the same way. We just observe that analogues of the four Lemmas
4.5.4, 4.5.5, 4.5.6, 4.5.7 all hold for ¢* by simply using the duality of 3.1.1
and Lemma 3.5.6. We omit the details. [
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Chapter 5

The double complexes of an
s/u-bijective pair

This chapter represents the heart of our theory: the definition of the ho-
mology theories for a Smale space and their basic properties. In the first
section, we consider a Smale space (X, ) and an s/u-bijective pair « for it.
From this we construct several double complexes. There are eight in all, four
based on Krieger’s invariant D?® and four on D". For most of what follows,
we restrict our attention to the first four. The differences between these four
are analogous to the ordered verses alternating complexes we saw in the last
chapter. Indeed, much of this chapter runs parallel to the developments in
the last chapter. In addition, for many of the proofs, the difficult part has
already been established in the special cases done in the last chapter. Our
invariants, denoted H®(w) and H"(r) are defined as the homology of two of
these double complexes. We stress that, at this point, it is defined for an
s/u-bijective pair.

The second section develops the symbolic versions of the objects we de-
fined in the first section. These will be crucial in working with the definitions.

The third section is devoted to comparing the alternating and ordered
complexes of the first section. In particular, we shall show that three of these
all have the same homology, in a natural way. This is a natural extension of
Theorem 4.3.1. At this point, it is likely that the fourth complex also has
the same homology, but this seems out of the reach of standard techniques.

The fourth section outlines the functorial properties of our invariants.
Put briefly, H® is covariant for s-bijective factor maps and contravariant
for u-bijective factor maps. Not surprisingly, H" is covariant for u-bijective

123
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factor maps and contravariant for s-bijective factor maps. These are exactly
the same as for Krieger’s invariants.

The constructions of the first section will clearly be dependent on the
choice of s/u-bijective pair. In the last section, we establish the crucial fact
that while the double complexes depend on this choice, their homologies do
not. That is, our invariant depends only on the Smale space and not the
s/u-bijective pair. With this result, we write the invariants as H*(X, ¢) and
H"(X, ).

5.1 Definitions of the complexes

We begin with a Smale space (X, ¢) and assume that it has an s/u-bijective
pair, m. Based on 7, we construct first two double complexes: the groups
in the first are Krieger’s invariant D*, applied to the shifts of finite type
Ypm(m) defined in 2.6.4. The second complex simply replaces D® with D*.
These complexes will be denoted by (C*(7),d*(7)) and (C*(7),d"()).

We note one important result: if we restrict our attention to a single row
or column in the double complex, the result is a complex of the type we
considered in the last chapter. This will allow us ultimately to transfer a
number of results from the last chapter to the situation here.

Following this, we introduce six other double complexes, three associated
with the invariant D® and three with D". These will be analogues of the
alternating complexes from the last chapter. They correspond to the natural
actions of the groups Sy x 1, 1 X Sy41 and Spyq X Syy1 on the spaces
Yr,m(m). Ignoring the D* case for the moment, these three new complexes
will be denoted (Cg (7),dg (7)), (C(m), d4(m)) and (Cg 4(7),dg 4(7)).
Our homology, denoted H*(), will be defined as the homology of the last.

We recall the definition from section 2.6: for each L, M > 0,

EL,M(W> = {(y07'-'7yL7207---72M> ’ Y1 GY,Zm S Z7
s (1) = Tu(2m),0 <1 < L,0 <m < M},

which is a shift of finite type from Theorem 2.6.6.

We also recall the maps ¢;, and 9 ,,, of Definition 2.6.4, which delete entries
y; and z,,, respectively, and the fact from Theorem 2.6.13 that the former
are all s-bijective and the latter are all u-bijective. This fact is at the heart
of the following definition.
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Definition 5.1.1. Let w be an s/u-bijective pair for the Smale space (X, p).
1. For each L, M > 0, we define

CS(W)L’M = DS(ELM(W),O').

We define these groups to be zero for all other integral values of L, M.
We define also

E(mp = Y, (D6 + Y (=nFtmen

0<I<L 0<m<M+1

on the summand C*(m)p ar. Notice that the first sum has range
C*(m) 1.0, while the second has range C*°(m)p arv1. The first term
only appears when L > 1 and the second only for M > 0.

2. For each L, M > 0, we define
Cu(’ﬂ')L’M == DU(ELM(TF),O').

We define these groups to be zero for all other integral values on L, M.
We define

(M= Y (D4 + Y (=1Fme

0<I<L+1 0<m<M

on the summand C*(7)ar. Notice that the first sum has range
C*"(m) 41,0, while the second has range C*(m)par—1. The first term
only appears when L > 0 and the second only for M > 1.

For the moment, we concentrate on C*(7). For any integer N, we may
consider @1 p—nyC*(m) p and observe that the map

@L—M:NdS(W)L,M : @LfM:NCS(W>L,M - EBL—MszICz,M(W)-

Suppose for a moment that we fix an integer M and consider
C*(m)Lm, L € Z, as a Z-graded subgroup of C*(w). We refer to the re-
striction of (C*(7),d*(m)) to row M to be this graded group with the map
> o<i<r(—1)'07. This is exactly the restriction of d*(r) to C*(7)pm, L € Z,
in the usual sense, followed by the projection onto C*()p ar, L € Z. There
is an analogous definition of the restriction of (C*(w),d*(w)) to column L.
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Recall from Definition 2.6.10 and Theorem 2.6.11 that, for each L > 0,
we have a u-bijective factor map

pr, - (Bro(m),0) = (Yi(ms), ¢)

and, for each M > 0, we have an s-bijective factor map

par it (Boa(m), o) = (Zu(mu), C)

From Theorem 2.6.12, ¥, y/(7) is the same as ¥ r/(7)(p,ar). Moreover,
under this identification, the map ¢ ,,, which deletes entry m, is the same for
these two systems. This leads us to the first part below; the others follow in
a similar way.

Lemma 5.1.2. 1. For each L, M, as maps defined on C; ,,(7), we have

YD) = o)

0<I<L

> (=D)"Em)” = d™(pL)u

0<m<M+1
() = & (pa)e + (=) (pr)ur

2. For each L, M, as maps defined on C} (), we have

Yo D) = d e

0<I<L+1

> (=D)"0m)" = d*(pr)u

0<m<M

d“(m) o = d™(pr)p + (=1 d"(pr)mr

The first important consequence is that (C*(7),d*(x)) and (C"(x), d"(n))
do indeed form complexes. We state the relevant result for the former only.

Lemma 5.1.3. Let m be an s/u-bijective pair. For all N in Z, we have

(Br—m=N1d°(m) ) © (Br—m=nd*(7) 1) = 0.
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Proof. Fix L, M. We must show that the composition is zero on C*(7)p, u-
The only non-trivial cases are for L > 1 and M > 0. We first apply
(T = &(par)r + (—1)d**(pr)ar- The first term has its image in
C*(m) 1.0 and the second in C*(m)p, pr+1. On the first, we apply d°*(7) -1
and, on the second, d*(m)p pr41. We summarize: the restriction of the com-
position to C*(m)p, ar is

D" ™ (pr—1,)m o d(pr) L
(IOL,)M+1 o ds*(pL,)M~

d*(pa)r—10d°(pm)L

+ (=
+(=D) d*(par1)r o d** (pr) )y + d

The first and last terms are zero by Lemma 4.1.3 and we are left to consider
the two middle terms. Here, we get

((—1)“12(—1)”‘(57771)3*) o (Z(—l)’(éz,)s>

m

+ <Z(—1)l(5z,)s>

l

= (=1 Y (D) 0 (6n)™ = (0m) 0 (61)°):

Iym

o
—~
|
Naw

h

|
=
=
[=%)

3
3

N——

It is clear that, for every [ and m, the maps ¢; and ¢,, commute. Consider

the diagram

8,
YL M4+l —>= X1, M+1

la,m ig,m
0

I,
XM Yr—1Mm

We apply Theorem 3.5.11, using 1y = 0;, = 7 and 1y = 9, = m; (there is a
slight abuse of notation since ¢; and ¢, each have two different domains) to
conclude that each term in the sum above is zero and our proof is complete.
Notice that it is a trivial matter to see that the diagram above is actually
the fibred product. O

We have already observed the following result, but we state it for empha-
sis.

Theorem 5.1.4. 1. For fited M > 0, row M of the complex (C*(m), d*(m)
is the same as the complex (D*(3, p(p.ar)), d*(p.ar))-
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2. For fixed L > 0, column L of the complex (C*(m),d*(m) is the same as
the complex (D*(X.(pr)),d*(pL,))-

Next, we need to consider analogues of the alternating complexes in this
setting. Of course, there are two different permutation groups acting, Spi1
and Spy;y1. For the former, we are using a chain complex in that variable, so
we need to consider the quotient complex and for the latter we are using a
cochain complex and need to consider the subcomplex.

Definition 5.1.5. Let m be an s/u-bijective pair for the Smale space (X, p).
Let L, M > 0.

1. We define D (Srm(m)) to be the subgroup of D*(Xpa(m)) which is
generated by

(a) all elements b such that b="b- («a, 1), for some transposition a in
Sr+1, and

(b) all elements of the form a — sgn(a)a - (a, 1), where a is in
D*(Xp m(m)) and o is in Spyq.

2. We define Dy (Xp,0m(7)) to be the quotient of D*(Xp a (7)) by the sub-
group D (Xpm(m)) and we let Q denote the quotient map.

3. We define D*4(Xp nm(m)) to be the subgroup of all elements a in
D*(Xp m(m)) satisfying a = sgn(B)a - (1, 5), for all 5 in Sy+1 and we
let J denote the inclusion map.

4. We define Dg 4(Xpm(7)) to be the image in Dg (Xp,m (7)) of
D2y (X m(m)) under Q. We let Qa denote the restriction of Q to
D4 (Xpm(m)) and Jg denote the inclusion of Dg 4(Xpnm (7)) in
DSQ7(ZL7M(7T)).
There are analogous definitions of D% (¥ am(7)), Dig(Xr,m (7)) and
D% o(Xrm(m)).

Lemma 5.1.6. For L, M > 0, as maps on D*(3p p (7)), we have

@ (pm)L(Dp(Erm(7))) C Dy (Ep—1,m())
d(pr)m (D (Zr,m(m))) C Dp (Zra41(m))
d** (pa) (D24 (EL (7)) C Dy(Bp-1m(m))
A (pr ) (D% (Em(7))) € D4(Xparsa(m))
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Proof. For the first part, the value M is held constant and the result here is
an immediate consequence of the first statement in part 1 of Lemma 4.1.6, ap-
plied to the s-bijective factor map p j;. Similarly, the fourth part is obtained
from the second statement in part 2 of 4.1.6 applied to the u-bijective factor
map pr,. The second part follows from the fact that the action of Sy x 1
commutes with d***(pr )as. The third is analogous to the second. ]

Definition 5.1.7. Let w be an s/u-bijective pair for the Smale space (X, p).
For L, M > 0, we define
Co (M = DG (Erm(m)),
Cou(mm = Du(Erm()),
Coalmramr = DG a(XLm(m)).
We also let
1. dy (m)par be the map induced by d*(m)L n on the quotient
Dg (Xr,m(T)),
2. d°4(m)ra to be the restriction of d*(m)p . to D*4 (XL m (7)), and
8. dy A(m)rm to be the restriction of dg (m)pa to D 4(Xr.m(T)).

The following simply summarizes these last definitions and a simple con-
sequence of Lemma 5.1.6.

Theorem 5.1.8. Let m be an s/u-bijective pair for the Smale space (X, p).
We have a commutative diagram of chain complexes and chain maps as
shown:

(Co dy) —L— (C*, %)

o |

S S J S S
(Co ., dp0) == (CQ,dy)

Before proceeding further towards our main definition, we want to make
some important (although fairly simple) observations about the four com-
plexes of the last theorem.

Theorem 5.1.9. Let m be an s/u-bijective pair for the Smale space (X, ).

1. For a fized M > 0, row M of the complex C§ (), dg (7)) is the same
as (DG(Xa (o)), do(poar)) of Theorem 4.1.4.
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2. For a fived L > 0, column L of the complex C (), d% (7)) is the same
as (D53 (X1.(pr,)), d% (pr,)) of Theorem 4.1.4.

Let us now make a preliminary observation as to why these alternating
complexes may be useful and/or simpler than our original.

Theorem 5.1.10. Let w be an s/u-bijective pair for the Smale space (X, p).
Let Ly and My be such that #m;{z} < Ly and #n,; {x} < My, for all z in
X (which exist by Theorem 2.5.3).

1. If L > Ly, then C§ ().m = 0.
2. If M > My, then C°y(m)p . = 0.
3. If either L > Lo or M > M, then CSQ’_A(W>L7M =0.

Proof. The first two parts follow immediately from the last Theorem and the
analogous result for the map complexes given in Theorem 4.2.12.

As for the third part, for any L, M > 0, the map () 4 defines a homomor-
phism from C%(7)zx to C (7),m whose image is Cg 4(m)r.n- So if either
its domain or range is zero, then so is its image. O

This brings us to our main definition, but some comments are in order
before we give it. To an s/u-bijective pair 7, we have associated four double
complexes, (C°(7), d*(m)), (Cg (), dg (7)), (C34(7), d°4 (7)) and
(Coalm),dg 4(m)). The first of these stands alone as having the simplest
definition, in a certain sense. On the other hand, it is the most troublesome
of the complexes because it is non-zero in infinitely many positions as either
L or M tend to infinity. In addition, because its boundary has components
of degree (—1,0) and (1,0), it is really a second (or fourth) quadrant double
complex, which make it less accessible to standard techniques of spectral
sequences.

The next two complexes are both non-zero in infinitely many coordinates,
but each in only a single direction. This means they are much more amenable
to study by the use of spectral sequences. Finally, the last complex is actually
only non-zero in finitely many positions, which makes it the simplest, in some
sense.

Ultimately (in the next section), we will show that the second, third and
fourth all yield isomorphic homologies. At this point, we believe the first
also yields the same homology, but this does not follow easily from standard
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methods. So we choose as our definition, the homology of the last complex.
It is this which is the simplest to compute and which gives the right answer
for the next chapter.

Definition 5.1.11. Let w be an s/u-bijective pair for the Smale space (X, ¢).

1. We define H:(w) to be the homology of the double complex
(Coa(m),dg 4(7)). That is, for each integer N, we have

HY(m) = Ker(Dr-ym=ndp 4(7)p.0) /[ Im(Dr—p=n11d 4(T)L.01)-

2. We define H!(m) to be the homology of the double complex
(Cho(m),d% o(m)). That is, for each integer N, we have

H]l\tf(ﬂ') = Ker(@LszNdiQ(W)L,M)/Im(@LfM:Nfld%Q(W)L,M)-

It is worth observing that the homology groups are actually defined for an
s/u-bijective pair. Our main result of section 5.5 will show that it actually
only depends on (X, ) and we will ultimately use the notation H?(X, )
and H!(X, ). (The definition does rely on the ezistence of an s/u-bijective
pair.)

The bounds on the complexes given in Theorem 5.1.10, particularly for
C A(T) ., will be very useful. Recall that an abelian group H is finite
rank if the rational vector space H ®7 Q is finite dimensional. If we consider
the case of a finitely generated free abelian group, such as ZG% s We note
that we may identify ZG} ,; ®z Q with the vector space of formal linear
combinations of the generating set, G} ;, which we denote by QGY ;. Here,
G’i u 18 @ basis and this vector space is finite dimensional.

Continuing, we note that D*(Gf ;) ®z Q is the inductive limit of the
system

QGk ® 5 QG

Now suppose V is any finite d1mens10nal (ratlonal) vector space and « :
V — V is any linear transformation. Let W denote the inductive limit of
the system

Va3vS...

The sequence of subspaces a™(V),n > 0 is decreasing and hence there exists
some N > 1 with dim(a¥(V)) = dim(a¥ (V). It follows that « restricts
to an isomorphism between o (V) and aNTH(V). Tt is then a simple matter
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to prove that the map sending v in o¥(V) to [v,1] in W is an isomorphism
and hence dim(W) = dim(a™(V)) < dim(V). So we conclude from this
that D*(G} ;) (and also D*(GY ,,)) is finite rank. The following result is an
immediate consequence.

Theorem 5.1.12. Let m be an s/u-bijective pair for the Smale space (X, @)
and let Ly and My be as in Theorem 5.1.10.

1. The homology groups HY (m) are finite rank, for each integer N.

2. The homology groups H3, () are zero for N < —My and for N > L.

5.2 Symbolic presentations

With the assumption that we are given a graph which represents an s/u-
bijective pair for the Smale space (X, ), we develop appropriate symbolic
presentations for computations of our invariants. Most of the material in this
section is an immediate adaptation of the results in Section 4.2.

Definition 5.2.1. For any k, L, M > 0, we define:

1. B(GY ppy Spa x 1) is the subgroup of ZGY ,, generated by all p in G
such that p- ((11'),1) = p, for some 0 <1 #1' < L and all p- (o, 1) —
sgn(a)p, where p is in GZM and « 18 in Spiq,

2. Q(G} ap, Spv1 x 1) is the quotient of ZGY 5 by B(GY yy, Sp41 X 1) and
Q s the quotient map,

3. A(G’Z’M, 1xSpr41) is the subgroup OfZGIZ,M of all elements a satisfying
a-(1,8) = sgn(B)a, for all 5 in GIZ,M'

Just as in Section 4.2, the groups B(GY} 5/, Sp41 x 1) and A(G} 5,1 X
Spy+1) are invariant under the map +*. We use the same notation for the
map induced on the quotient, Q(Gf ,/, Sp41 % 1).

Definition 5.2.2. For any k, L, M > 0, we define:

1.

Dy,(Gh ar) = 1im QG oy, St x 1) 5 QG 4y, Spaa x 1)
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s

s

5 4G 1) = Tm QA(GE 11, 1% Sai1)) 5 QUA(GE s 1% Sarpr))

We will (also) let Q4 be the map from D%, (G7 /) to D§ 4(G7 ) which
is the restriction of Q. We let .J denote the inclusion of D*%,(G7 ;) into
D*(Gf ;) and Jg be the inclusion of Dy 4(Gf ) in Dg (Gf ;). Thus, we
have a commutative diagram

DS (GL M) 7 DS(GIE M)

o N

J
D a(Ga) == D (G} ur)-

We have an analogue of Theorem 4.2.8 that allows to compute the groups

in our alternating complexes using the presentation G.

Theorem 5.2.3. Let m be an s/u-bijective pair for the Smale space (X, )
and let G be a presentation of w. Let L, M > 0 and k > 1. The isomorphism
of Theorem 3.8.3 between D*(Sp a(m)) and D*(GY ;) induces isomorphisms

1. DSQ,(ELVM(W)) and Dsgv(G’zﬁM),

2. DiA(EL’M(ﬂ')) and DfA(G’z7M), and
3. Dy 4(Erm(m)) and Dy 4(GF ).
We now bring in the boundary maps.

Lemma 5.2.4. Suppose that K satisfies the conclusion of Lemma 2.7.2 for
ps and py,. Then for any k > K, L, M > 0, we have

A" (p.a)L(B(G pr, Span % 1))

™" (p,)ar (B(GE 31, Spar % 1))

d**(p, )L(A(G’Zt\?a 1 X Sary1))

& (pr ) (A(GL 37, 1 X Shrsn))

B(GEJFII(M,SL X 1),
B<GL Ma1 Sy X 1),
A(GT 100 1 X Shi),

C
-
C AG]

C A(G] pre151 X Sarya)-
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Proof. For the first part, the value M is held constant and the result here is
an immediate consequence of the first conclusion of Lemma 4.2.9, applied to
the s-bijective factor map p ps. Similarly, the fourth part is obtained from the
third part of 4.2.9 applied to the u-bijective factor map py . The second part
follows from the fact that the action of Sp,; X 1 commutes with ds*’K(pL)M.
The third is analogous to the second. O

As a consequence of the first two parts, we obtain well-defined boundary
maps for our three new complexes.

Theorem 5.2.5. Let m be an s/u-bijective pair for the Smale space (X, @)
and let G be a presentation of m. Let K satisfy the conclusion of Lemma 2.7.2
for ps and p,. With the identifications given in Theorem 5.2.3, we have

1.
o.(MrulQ(a),j] = [Qd™" (par)r(a)), ]
+H(=DHQE™ (pr)m(a)), ],
fork>K,j7>1 anda in ZG’E’M,
2.
da(m)zalag] = [ (par)e(a), ]
+H(=1) [d " (pr, ) (@), 5],
forj>1,k>K and a in A(Gf 3,1 % Syy1) and
3.

oamomlQ(a),j] = Q& (par)r(a)), j]
+(=)MQd™  (pL)m(a)), 5],

Jorj>1, k> K and a in A(G§ 3,1 % Sary1).

Let us remark that if we look just at the first boundary map, the term
Q(d*X (p.ar)r(a)) actually lies in Q(G’ES{;, Sr41 x 1). We implicitly identify
its class in DSQ(G]E\?) with an element of Dy (Gf ,/). We leave it as an
exercise to see that each is well-defined and independent of the choice of k
and K.
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Let us now fix k, L, M. We choose k sufficiently large so that k& > 2K,
as in Lemma 2.7.6. We choose B ), a subset of G ,;, which meets Sp,1 x
Swre1-orbit having trivial isotropy exactly once and does not meet any other
orbits.

We note the following definition for future reference.

Definition 5.2.6. For each p in B} ,; and j > 1, define

t*Q,A(paj) = {((Lavﬁ) € G’Z—,’—]\]‘JXSL-i-lXSM-H | t](Q) =D Z](Q)(Oé,ﬁ) € B]Z,M}

Define a homomorphism on the vector space ZB,’-fy v by setting, for ¢ in
BE M>

)= Y, sgn(@)sgn(B)i(d) - (@, B).

0,0,8)€ty 4 (p.J)

Lemma 5.2.7. Let j > 1. Then, we have

OB = Y. sgn(@)sgn(B)i"(q) - (o, B).

(¢,2,8)€A(p,n)

Proof. The proof is by induction and the step j = 1 is simply the definition
of v5. Assume the result is true for j and let us consider (v5)?(p).

Let (g, a, ) be in t§ 4(p,j + 1). First, we claim that #/(t(¢’)) is in B.
Suppose there exist o/, #’ such that i/ (t(q)) - («/, 8") = i (¢(¢')). Then by part
2 of Proposition 2.7.7, we know that ¢/ (¢(¢'))- (o, 1) = 4 (¢(¢')). Then by part
3 of the same result, we have i/(¢')-(a/,1) = i(¢') and hence /1 (¢')-(o/, 1) =
i7T1(¢"). From our choice of ¢, it follows that o/ = 1. A similar argument
shows that 8’ = 1 as well and so our claim is established.

We may find a unique (o, ') such that i"(¢(q))- (¢, f’) is in By. It follows
immediately that that (¢(q), o/, ") is in A(q,n).

We also claim that (i"(q) - (o/, 8'), (/) "', (8)78) is in t§ 4(t(i"(q)), 1).
The first condition is trivially satisfied. For the second, we have

i(i(q) - (o, 8)) - (o)) ', (B)7'8) = " (q) - (o, B) € By,

from the fact (q,a, 8) is in t§ 4(p, j +1).

Let A denote the set of all sextuples (¢, o/, ', ¢", ", ") where (¢, o/, f’)
is in t5 4(p,j) and (¢",a”,B") is in t*Q’A(ij(q’), 1). We claim that the map
fitoap,j+1) — A defined by

flg, 0, 8) = (t(a), o, 8,7 (@) - (&, ), (&) e, (B) 1 B).
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The inverse may be written explicitly as follows.

Let (¢, o/, B',q",a",8") be in A. Since
(¢", ", ") isinth 4((q'), 1), we know that t(¢") =/ (¢) - (o, 8'). It follows
that there is a unique path ¢ with t(q) = ¢’ and "(q) - (¢, ') = ¢". We check
that (¢, a'a”, 5'8") is in 5 4(g,j + 1). First, we have " (q) = t(¢) = p
since (¢, o/, ') is in tg 4(#7(q'),1). Secondly, we have

Z~j+1(q> . (O/O//, 6/5//) — Z(/lj(q) . (O/vB/)) . (O//, 6//) — i(q”) . (O//,ﬁ//) c BZM
Let us Set g(q/,&/,ﬁl,q”? O/,,/BH) — <q’a/a//,/6//8//).
It is a simple matter to verify that f and g are inverses and we omit
the details.
It follows that

(v ) = 5 > sgn(a)sgn(B)il(q) - (o, B)
(q/va/7ﬁl)et5,A(p7j)
(q/7a/76/)€t*Q’A(p’j) (q’,,a”,ﬁ”)ét*gwé‘(ij(q/)'(a/,ﬁ'),l)
Sgn<&l)sgn(ﬁl)sgn(o/l)Sg'n,(/g//)/l(q//) . (a{/’ﬁl> . (O//7 /8//)
_ Z sgn(o/o/’)Sgn(ﬁ'ﬁ")i(q”) . (O/O//, B,B”>
A
— Y sgn(@)sen(B)i (@) - (e, )
O
Lemma 5.2.8. Define a homomorphism A : ZG% y; — A(G} 5.1 X Sprs1)
by
Alp)= > sgn(B)p-(1,8),

BESM+1
for all p in G ;. The map
QA ZBl 1y — QIA(G) 111 % Syrin)
15 an isomorphism and the following diagram commutes.

S

B

ZBE,M ZnyM

QAl QAl

s

Q(A(G’Z,M71 X Sny1)) L>Q(A(GI£,M7 1 X Spr41)).
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Proof. We first show the map is onto. It is clear that the map A maps
ZGT pp onto A(GT 5, 1 X Sa41) and, by definition, @ maps the latter onto
Q(A(GE 351 X Sarq1)). Consider ¢ in GF ), and QA(q). If ¢ is in B, then
there is a unique (a, 3) such that ¢ - (¢/, f’) is in BZM. Moreover, we have

QA(g) = Q( > sgn(Bg-(1,0))

BESM+1

= Q( Y sgn(B)sgn(B)q- (1,55))

= Q( Y sgn(a)sgn(B)sgn(8)q- (o', 8'8))
BESM+1
= sgn(a)sgn(B)Q( > sgn(B)(g- (o/,8)) - (1,5)
BESM+1
= sgn(a’)sgn(8)QA(q - (/. "))
€ QA(ZB; ).

On the other hand, if ¢ is not in B, then ¢-(«a, 8) = ¢, for some («, 5) # (1,1)
and it follows from the second part of Proposition 2.7.7 that ¢ - (o, 1) = ¢ =
q - (1,5). First, suppose that 5 # 1. Then we may find a transposition [’
such that ¢ - (1,5’). Let C be a subset of Sy;11 which contains exactly one
entry of each right coset of the subgroup {1, 3'}. It follows that

Alg) = D> sgn(B)g-(1,8")
B"E€Sm+1
= > sgn(B")q- (L,8") + sgn(B'8")q - (1,8'8")
[3"60
= > sgn(B")q- (1.8") = sgn(8")q - (1,8")
B"GC
= 0.

Hence, we have QA(q) is in QA(QBy). Now we consider the case a # 1.
Here, we have Q(q) = 0. But it is also the case that Q(q - (1, 5)) = 0, for all
B in Syr41 and so we have QA(q) = 0. Again,we have QA(q) is in QA(QBy).
This completes the proof that QA is surjective.

We define a variant of the map Q% of Section 4.3. We choose an order
on the set of Sy;41 orbits of elements in Gf ;. Let p be in G} ;. From part



138 CHAPTER 5. DOUBLE COMPLEXES

2 of Proposition 2.7.7, two rows of p are either equal or have distinct Sy
orbits. So we define Q#(Q(p)) = 0 or two rows are equal and Q% (Q(p)) =
sgn(a)p - (a, 1) if the rows are all distinct, where « is the unique element
of Sry1 which puts the Sy;4q orbits of the rows into increasing order. (Of
course, to do this correctly, we should proceed as in Section 4.3 by defining
a version on ZGj j, and showing it is zero on B(GY} 5, Sp+1 x 1), but this is
very similar to what was done earlier and we skip this.)

We make the following two claims, which are both quite clear. First,
Q% o () commutes with the action of 1 x Sy;41 and hence also with the
map A. Secondly, for any p in BZM: Q% o Q(p) is in Zp - Sy x 1. For
different elements p, these subgroups have trivial intersection and it follows
that Q% oQ(p) is injective on ZBY ;. In addition, we see that Q% oQ(p) maps
Bj j into BY 3, - Spq1 x 1. Tt is a simple matter to see that the restriction
of A to ZBJ 5 - Sp41 % 1 is injective.

Now, if a is in ZB} ,; and QA(a) = 0, then we have 0 = Q# 0 Qo A(a) =
Ao Q% oQ(a). Tt follows from the last paragraph that Q# o Q(a) = 0 and
hence that a = 0, as desired.

We now prove the commutativity of the diagram. We first consider p in
B,’-j, v and

Y(p) =iot (p) =) ilg),

where the sum is over all ¢ in G’ZJFA}[ such that t(q) = p. We divide the set
of all such ¢ into two groups: one with i(¢) having trivial isotropy and the
others with i(¢) having non-trivial isotropy. Consider ¢ in the latter class for
the moment. This means that i(q) - (a, 5) = i(q), for some « in Sp41 and 3
in Sys11, not both the identity. It follows from the fourth part of Proposition
2.7.7 that we have

i(q) - (a, 1) = iq) = i(q) - (1, 5).

The second equality and part five of 2.7.7 then imply that ¢ = ¢ - (1, 5) and
hence t(q) - (1, 8) = t(q) and as t(¢q) = p is in B ,;, we conclude that 3 = 1.
This means that o # 1. It follows that i(t(p)) - ((11'),1) = i(t(p)), for some
[ # 1" and this implies that Q(i(¢(p))) = 0. We conclude from this that

QMY (p) =Y _Qig)),

where the sum s over all ¢ with #(q) = ¢ and i(q) having trivial isotropy. As
each such element is in the S, x Sy;.1 orbit of a point in BfM, we may
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re-write this as

QUym) = Y,  Qlia).

(g,,8)€A(p,1)

Now let p be in Bj ;, and 3" in Sy41 and consider Q(v*(p - (1,4))) =
Q(y*(p) - (1,8)). The action of (1, /) does not affect i(¢q) having repeated
rows and so we conclude that

QU (p- (L) = Y Q- (14).
(ga.B)ety 4(p,1)
Summing over 3’ with a sgn(5’), we have
o QA(p) = ) > sgn(B)Qi(g) - (1,8)).
B'eSmt1 (goB)€ty 4(p)1)

On the other hand, we may use the fact that sgn(a)Q(q - (a,1)) = Q(q)
to compute

QAong(p) = QA > sgn(a)sgn(B)i(q) - (o, B)

(qaavﬁ)et*g,/\(p71)

— o 3 sgn(a)sgn(8)sgn(8)ila) - (a, 88

B'€Sm+1 (¢,2,8)

= Q| Y. D sgn(Bs)ile) - (1,88)

(g,,8) B'ESM+1

-0 S sn®ile)- (1.8)

(g,,8) B'ESM+1
= 770 QA(p)
as desired. O]

Theorem 5.2.9. For any k > 2K, and L,M > 0, D§ 4(X1.m(7)) is iso-
morphic to the inductive limit of the system

s

ZBs,, B 7Bk, B ...

Moreover, this isomorphism intertwines the automorphism (o=1)* with the
automorphism of the inductive system defined by v3[a, j| = [v5(a), j].
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5.3 Equivalence of the complexes

The main objective of this section is to show that, for a Smale space (X, ¢)
with s/u-bijective pair 7, the complexes (C3 (7),dg (7)), (C24(7),d%4(7))
and (C§ 4(m),dg 4(m)), all have the same homology. Specifically, we prove
the following two results.

Theorem 5.3.1. Let m be an s/u-bijective pair for the Smale space (X, p).
The chain map

Qu: (Cu(m), da(m)) = (Cg (), dg (7))
induces an isomorphism on homology.

Theorem 5.3.2. Let m be an s/u-bijective pair for the Smale space (X, ).
The chain map

Jo 1 (Cya(m), dg a(T)) = (Cg (m), dg (7))
induces an 1somorphism on homology.

Let us begin the proof of Theorem 5.3.1. We consider the two filtrations:

FPC%(m) = @rzom=pC%(T) LM
FPCH A(m) = Sr>0m2pC0 A(T)r,m

Notice that the first filtration is decreasing and bounded: that is,
Cy(m) = FOC%(m) D F'C%(w) D -+ D FMC% () =0,

where M is as in Theorem 5.1.10. The same holds for the second.

The first page of the spectral sequence associated to each, E}™, is ob-
tained by computing the homology of each row of the complex. We will
show that the chain map @) 4 induces an isomorphism between the resulting
homologies. The conclusion of Theorem 5.3.1 then follows from standard
results on spectral sequences, for example Theorem 3.5 of [25].

Restricting our attention to row M of the two complexes, they are sub-
complexes of (D*(X. n(pu)), d°(par)) and (Dg (Bun(par)), dg (par)), re-
spectively. We know from part one of Theorem 4.3.1 that the quotient map
(@ induces an isomorphism on the homology of these complexes. It is true
that @ is also equivariant for the action of 1 x Sy, and so passes to a
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map between the subcomplexes, but it does not follow at once that it is also
an isomorphism on homology. Instead, we must adapt the proof given in
Theorem 4.3.1. Fortunately, the adjustments are fairly minor.

We want to show that the arguments in the proof of Theorem 4.3.1 show-
ing that, for fixed M, ¢ induces an isomorphism between the homologies
of the complexes (D*(X,n(pr)), d*(par)) and (Do (X (o)), do, (par)),
may be adapted to reach the same conclusion for the subcomplexes
(DSt (o)), d*(par)) and (D 4(Ser(par)). d (par)). We state for
emphasis that M will be fixed throughout.

Recall that the starting point for the proof of Theorem 4.3.1 was to choose
an order on the vertex set G, which in our case is G ;. The first step will
be to replace this by Ggﬁ, where K satisfies the condition of Proposition
2.7.7. This has almost no effect, except for changing some t* to t*~2£0 and
considering G ), only for k > 2K.

The second step is to choose an order, instead of on G?)’I](\?, on the Syy1-

orbits in G(Q)’If\}. One alternative is then to use this order and replace com-
parison of vertices with comparison of their orbits. Instead, we will simply
extend this order to Ggﬁj} so that the comparison of elements in G(Q)f\}} is done
first by comparing their orbits and secondly, if they have the same orbit, by
some pre-assigned order on each orbit.

With this special choice of an order on G%{(]&, we follow the proof exactly
as it is given for Theorem 4.3.1, with some additional observations. The
crucial one is the first: by part 3 of Proposition 2.7.7, if p is in G%KAOJ and
two rows have the same 1 x Sj;41-orbits, then they are equal. So now, while

it is not true that our order in G%K]& is 1 x Syyyi-invariant, it s true that if
the rows of p in G%KJ& are in strictly increasing order, then so are the rows of
p-(1,8), for any §in Spsyq.

This means that both functions Q# and J# commute with the action of
1xSyre1. Also, the set Vy is globally invariant under 1 x Sy;1. Moreover, if v
isin Vy and 8 in Sy, 1, we have GE+17M(U'B) = é'EH’M(v)-(l, 3) and Gf ), (v-
B) = G§ »(v)-(1, 8). For pin G} ,,(v), we have h,5(p-(1,8)) = hy(p)- (1, ).
Finally, it follows from all of this that the function Hy is equivariant for
the action of 1 X Gpy1. Therefore it maps Ey N @A(GIEM, 1 X Syry1) to
Enx N @®A(G] 51 X Syrg1). The remainder of the proof is exactly the same
as in Chapter 4. This completes the proof of Theorem 5.3.1.

We now turn to the proof of Theorem 5.3.2. But we will make use of
the results already established in the proof of Theorem 5.3.1. Consider the
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dynamical system (X, p~!). Tt is a trivial matter to see that this is also a
Smale space whose local stable sets are the local unstable sets for (X, ),
etc. An s/u-bijective pair for it is # = (Z,( 1, m,, Y, 7). For any
L > 0, it is an easy matter to see that the s-bijective factor map for the 7
system, pr, is equal to pr. (Of course, the reason the latter is u-bijective
while the former is s-bijective is because their domains are the same space
but with inverse maps.) The systems X, p(7) coincide with Xy (7), for
all L, M, except that the inverse maps are used. Consider the complexes
(DU(Z*’L(ﬁ’L)),du*(ﬁL)) and its subcomplex (Dﬁ(E&L(ﬁ’L)),dﬁk(ﬁ’L)) By
part 2 of Theorem 4.3.1, the inclusion map J from the latter to the former
induces an isomorphism on homology. At this point, we must realize that we
have made a simplification in out notation which is slightly misleading. We
should, in fact, be considering the groups D“(X, r(p.1),c~"). Tt is obvious
from the definitions that

DS, 1(pr),0 ") =D*(Sur(pr),0) = D*(SL.(pL,), 0)

and that under this identification, the chain map d“*(p )) equals d**(py)).

Now we return to the proof we have given above for 5.3.1, as it applies to
the s/u-bijective pair 7. We have noted that the map J# is also equivariant
for the action of Sjp/y1 and hence the proof that J is an isomorphism is
equally valid for the quotient complexes D§ (3. (p,r)) and its subcomplex
Dg 4(3.2(p,2)). This completes the proof.

5.4 Functorial properties

Our aim in this section is to show that our homology theories have exactly
the same functorial properties as Krieger’s original dimension groups.

Theorem 5.4.1. Let 1 = (Y, ¢, 75, Z,(,m,) and ©' = (Y' ', 7., Z' (', 7))
be s/u-bijective pairs for the Smale spaces (X, p) and (X', "), respectively.
Let n = (nx,ny,nz) be a triple of factor maps

nx (X)) = (X ¢)

77Y<Y‘7w> - (Ylvw/)
nz:(2,¢) — (Z.¢)
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such that the diagrams

(V) —= (X, )

iny | inx

s

(Y/7 ?ﬂ/) — (Xla 90/>

and
(Z,¢) —= (X, )

iﬂz \LUX
(Z,¢) == (X',
are both commutative and satisfy the conditions that ny X ws and nz X m, are
surjective onto the respective fibred products.

1. If nx,ny and nz are s-bijective, then they induce chain maps and be-
tween the complexes Cg 4(m) and C§ 4(7') and hence group homomor-

phisms
n’ s Hy(m) = Hy ('),

for every integer N.

2. If nx,ny and nz are u-bijective, then they induce chain maps and be-
tween the complezes Cy 4(7') and C§ 4(7) and hence group homomor-

phisms
n* Hy(n') — HY (),

for every integer N.

These construction are functorial in the sense that if n, and ny are both triples
of s-bijective factor maps and the ranges of 01 are the domains of 6, then

(92 o) 01)8 = 8; e} Qf
An analogous statement holds for the composition of u-bijective factor maps.

Proof. For each L, M > 0, we define n : Xy, p(7) — X1 a(7") by setting

nYo, - YL, 205+ -5 2m) = (v (Yo), - - -, v (Yz), mz(20), - - - mz(2m))-

The fact that n is surjective is proved in much the same fashion is in the
proof of Theorem 4.4.1. It is clear that these maps are s-bijective if ny and
1z are and that they commute with the action of S;; X Sy;11. The rest of
the proof is routine and we omit the details. O
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Theorem 5.4.2. Let (X, @) and (X', ¢') be non-wandering Smale spaces and
suppose 1 : (X, p) = (X', ¢) is a factor map.

1. If n is s-bijective, then there exist s/u-bijective pairs, ™ and 7', for
(X, ) and (X', ¢'), respectively, and a triple of s-bijective factor maps
n = (n,ny,nz) which satisfy the hypotheses of Theorem 5.4.1.

2. If n is u-bijective, then there exist s/u-bijective pairs, m and «’, for
(X, ) and (X', ¢'), respectively, and a triple of u-bijective factor maps
n = (n,ny,nz) which satisfy the hypotheses of Theorem 5.4.1.

Proof. We prove the first part only. By Theorem 2.6.3, let Y, v, m, be the
first half of an s/u-bijective pair for (X, ¢) and let Z’, (', 7/, be the second
half of an s/u-bijective pair for (X', ¢'). Let (Z,() be the fibred product of
the maps 7 : (X, ) = (X', @) and 7, : (Z', (") — (X', ¢'). We denote by the
two canonical factor maps by m, : (Z,() — (X, ¢) and nz : (Z,() — (Z', ).
By Theorem 2.5.13, the former is u-bijective since 7, is, while the latter is s-
bijective since @ is. Moreover, since the sets Z’*(z') are totally disconnected,
for every 2/ in Z" and ny : (Z,() — (Z’,(’) is s-bijective, it follows from
Theorem 2.5.12 that Z*(z) is totally disconnected, for every z in Z. It then
follows that 7 = (Y, ¥, ms, Z,(, m,) is an s/u-bijective pair for (X, p).

On the other hand, since 7 is s-bijective, 7" = (Y, ¢, nows, 2", (', 7)) is
an s/u-bijective pair for (X', ¢’).

The proofs that these satisfy the hypotheses of Theorem 5.4.1 are imme-
diate. ]

5.5 Independence of s/u-bijective pair

In this section, we will prove that, for a given Smale space (X, ) with an
s/u-bijective pair 7, the homology groups Hy (7) and Hj(m) are independent
of the choice of 7, and depend only on (X, ). We then use this result and
the results of the last section to deduce a final result on functoriality.

Theorem 5.5.1. Let (X, ) be a Smale space and suppose that
T = Y, ¢,n5,2,(,my) and @' = (Y' ' 7wl Z' (' 7)) are two s/u-bijective

pairs for (X, ). Then there are canonical isomorphisms between Hy (7) and

H$ (7)) and between HY(m) and H¥(7'), for all integers N.
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Proof. 1t suffices to prove the result in the case that 2’ = Z,{’ = ¢ and
! = m,, for a similar argument will deal with the case Y =Y’ ¢ = ¢’ and
= 7, and the result follows from these two special cases.

Assuming that 2/ = Z,’ = ¢ and 7, = m,, let (Y, ¢") be the fi-
bred product of 75 : (Y,¢) — (X,¢) and 7, : (Y, ¢') = (X,¢). Let n:
(Y" ") — (Y, ) denote the usual map and let 7" = (Y, " wgon, Z,(, ).
We will show that n implements an isomorphism at the level of homol-
ogy. This will complete the proof since the same argument also shows that
n (Y ") — (Y, ¢') (denoting the usual map) also induces an isomor-
phism on homology.

First, note that 7 is s-bijective by Theorem 2.5.13. Define 6 : ¥(7n”) —
X(m) by 0(y",2) = (n(y"),2), for all y” in Y and z in Z with 77 (y") = m,(2).
It is a simple matter to see that 6 is s-bijective. Also observe that p! :
Y(7") — Z may be written as p, o 0.

We may find a graph G such that (3(7),0) is conjugate to (X¢,0) and
so that ps and p, are regular. Then we may find a graph H and left-covering
graph homomorphism from H to G so that (X(7”), o) is conjugate to (X, o)
and, under these identifications, the map induced by the graph homomor-
phism agrees with 6. For convenience, we denote the graph homomorphism
by 6 also.

For each M > 0, 0 also defines a graph homomorphism from H s to
Go,m- We claim that this is also left-covering. Fix a vertex in Hy . This
consists of an M + 1-tuple of vertices in H:

v= (v, var) = (H(e* (Y, 20), -, 1 (Y7, ),

where (y", 2, ..., 27%;) is in Xo ar(7”). The graph homomorphism 6 is applied
entry-wise and since it is injective on each set t~'{v,,},0 < m < M, it is
injective on t~*{v}.

We now turn to the issue of surjectivity. With the vertex v in Hy s as
above, consider an edge in Gy whose terminus is #(v). Such an edge is an
M +1-tuple (e°(y, 20), . .., €%(y, 2ar), where (y, 2o, . . ., 2ar) 18 in 3o p (), with
t(€(y, zm)) = t(e®(y", 2")), for all m. Since 6 from H to G is left-covering,
for each m we may find a point (y/,, 2 ) in X(7”) such that 6(e*(y/ ,2!)) =

m m

e*(y,z) for all k < 0 and t(e°(y/,,2.,)) = t(e°(y", 2")). The second con-

dition and the regularity of # imply that we may form [(v”,z"), (v, z.)] =
(" ], 20, 2h)]). Moreover, we have

0" (1" vl [z 2)) = (" (U0, ) = €5 (y. 21,).

T

u
/
7Ts
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for £ < 0. On the other hand, we have

O (([y", Yol [2ms 2)])) = (e (Y, 21)) = €*(B(y"), 21n),
for k > 1. It follows that

e Oly", yml. [z 2m]) = 0 (", ym] 2 2m)])
= (0", 2): (Y, 2m)])
= e ([0(y"), yl; [z, 2m)),

for all k. We conclude that 0[y”,y.,] = [0(y"),y]. For the various different
values of m, the points [y”,y! ] are all stably equivalent to y” and they have
the same image under 6. Since @ is s-bijective, we conclude they are all equal.

From this it follows that the point ([y”, o], (20, 20], - - -, [2hrs 2hy)) 18 in
Yom (7). Moreover, for each m, we have

0 (ly" vol: [zms 2m)) = 0" (" Yl [2m: 27a))
(€ (Yrms 2m))
= (Y, zm)-

>

Also, we have

t(e([y", wol, [oms 2ml)) = (e ([ ol [, 2])
= i(e'(y", )
= t(’(y", )
as desired. This completes the proof that 6 mapping Hy s to Go s is left-
covering.

Now, we may apply Theorem 4.5.1 to each 0 : Hyy — Go oy and p s :
You(m) — (Zuy(my),¢). The conclusion is that, for each fixed M, the
map 6 will induce an isomorphism between the homology of the complex
(D*(Sont(par 0 8)), d*(par 0 6)) that of (D*(Snr(par), d*(par)).

On the other hand, we know from part 1 of Theorem 4.3.1, that these
complexes have the same homologies as (D (X a(p,ar00)), do(p,ar06)) and
(DS(Bum(par)), do(poar)), respectively.

Let us return to consider our double complexes C*(7”) and C*(w). For
each L, M > 0, the map

9<y07"'>yLazO7"'72M) = (n(yO)a"'an(yL)>Z07"'7ZM)
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is a factor map from X p(7”) to Xp a(m). It is easy to see that it is s-
bijective and, after identifying the systems with their presentations by G, is
induced by the graph homomorphism 6.

We use Theorem 5.3.2 to observe that the homologies of the complexes
Cg 4(m") and C 4(m) are isomorphic to those of C4 () and C (7), so to
establish our result, it suffices to show the map induced by 6 on the latter
pair induces an isomorphism on homology.

We consider the filtration

FPCQ (1") = ®120,m2pCo (7" ) Lt

and the obvious analogue for m. These filtrations are decreasing and, while
not bounded, they are exhaustive and since Mo FPCg (7”) = 0, they are
weakly convergent [25]. Finally, we claim that they are complete [25]. As
noted in Theorem 5.1.10, the complex Cg (7) has non-zero entries only for
L < Ly and it follows that the entries of FPCg (7") are non-zero only for
L < Ly and M > p. (Here, Ly, My are the constants for the maps 74 o and
Tu.) But this means the homology of this double complex is non-zero only in
dimensions N = L — M < Ly— p. Combining Theorems 5.3.2 and 5.1.12, we
see that the homology of C (1) is zero in dimensions N < — M. It follows
that under the natural inclusion, the image of the homology of FPC} (7”) in
that of Cg (") is zero, if p > Lo + My. From this it follows at once that the
filtration is complete. The same argument applies to the filtration of Cg (7).

To compute the E}™ term for each of these filtrations is done by com-
puting the homology of the rows of the complexes and we have already es-
tablished above that we get the same answer for each. We may now apply
Theorem 3.9 of [25] to complete the proof. O

With this result established, we set out the following notation.

Definition 5.5.2. Let (X, ) be a Smale space which has an s/u-bijective
pair w. We define Hy (X, ) = Hy(m) and HY(X,p) = Hy(m), for all
integers N .

The final result of this section is a re-statement of the functorial properties
of Theorem 5.4.1 for the invariants H?(X, ¢) and H*(X, ¢).

Theorem 5.5.3. 1. The functor which associates the sequence of abelian
groups HZ (X, ) to a (non-wandering) Smale space (X, ) is covari-
ant for s-bijective factor maps and contravariant for u-bijective factor
maps.
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2. The functor which associates the sequence of abelian groups H*(X, ¢)
to a (non-wandering) Smale space (X, p) is contravariant for s-bijective
factor maps and covariant for u-bijective factor maps.

Proof. The existence of the desired induced maps on homology follows from
Theorem 5.4.2. The main issue we must address is showing that the map
induced by a composition is the same as the composition of the induced
maps. Let (X, ), (X', ¢') and (X", ¢"”) be non-wandering Smale spaces.
Let (Y,4, ) be the first half of an s/u-bijective pair for (X, ) and let
(Z",¢",7!") be the second half of an s/u-bijective pair for (X”,¢"). Let
(Z',{") be the fibred product of the maps 7', and 7/,. Also, let 7/, be the
canonical factor map from (Z',7') to (X', ¢’) and let 77, be the canonical
factor map from (Z',7') to (Z”,¢"). Repeat this procedure: let (Z,() be
the fibred product of the maps nx and 7, and define 7, and 7 analogously.
It follows that 7 = (Y,v, 7, Z,(,m,) is an s/u-bijective pair for (X, ¢),
7 = (Y,¢,nx oms, Z', (', 7l) is an s/u-bijective pair for (X', ¢') and 7" =
(Y, ¢, n' onxoms, 2", (", 7" is an s/u-bijective pair for (X", ¢”). Finally, we
define 7y, 1} to be the identity maps. With these choices for s/u-bijective
pairs, " = (n'y, o nx, Ny 0Ny, Ny onz) and Theorem 5.5.1, the conclusion of
the Theorem is immediate. 0



Chapter 6

A Lefschetz formula

The goal of this chapter is to prove the following version of the Lefschetz
formula for our homology theory. We present the statement in the first
section and the remaining two sections are devoted to its proof; each deals
with one side of the formula.

6.1 The statement

Let (X, ¢) be a Smale space, which we assume has an s/u-bijective pair 7. We
may regard ¢ and o' as s-bijective or u-bijective factor maps from (X, ¢)
to itself, then we consider ¢° and ¢** to be the maps induced on H (X, p)
and ¢* and ¢"* to be the maps induced on H}*(X, ¢). We denote by ¢% ® 1g
and ¢ ® 1o the associated maps on the rational vector space Hy (X, ¢) ® Q.
We recall from Theorem 5.1.12 that this space is finite dimensional. There
is analogous notation for the maps on Hj (X, ¢) ® Q.

Theorem 6.1.1. Let (X, ) be a Smale space which has an s/u-bijective

149
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pair. Then, for every n > 1, we have

#Hae X |'(x)=2} = Y (DNTr(((¢)y © 1))
= Y (=DTr((pk ® 1g)")
= > (DVTr((px © 1o)")

= Y =DYTr(((p N @ 1))

NezZ

In view of Theorem 5.5.1, we fix an s/u-bijective pair 7 for (X, ¢), which
we use to compute our homology theory. In fact, we will also compute the
periodic point data for (X, ) in terms of that of the systems (X r(7), o).
The computations involving the periodic point data are based on ideas of
Anthony Manning and we will be done in the next section. The following
section will deal with the homological data. The proof of the theorem follows
from the fact that these two sections finally arrive at the same expression.

Before proceding to the proof, we note the following consequence. Recall
that for a dymanical system (X, ¢), its zeta function is

* #lre X | @) =1},
Co(t) = exp(nz::1 . t")
at least formally, provided #{z € X | ¢"(z) = x} is finite, for all n > 1.
If (X,¢) is a Smale space, this series converges for small values of ¢ an
defines a rational function of ¢ [23]. Our next result shows that our homology
theory provides a canonical decomposition of the zeta function as a product
of polynomials and their inverses.

Since our power series will actually converge uniformly and we are using a
real variable ¢, it seems most convenient to use the real numbers rather than
the rationals as our scalars for the vector space version of the homology.
Theorem 6.1.1 remains true replacing Q by R.

Corollary 6.1.2. Let (X, ) be an irreducible Smale space. For each inte-
ger N and real number t, define py(t) to be the determinant of the linear
transformation

I -t Dy @1 : Hy (X, 0) @R = Hy (X, 0) @ R.
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FEach of the vector spaces is finite dimensional and all but finitely many are
trival so that py(t) is well-defined and all but finitely many are identically
one. Then we have

C@(ﬂ = Ilyezpn (t)(_l)NH
1N oda PN (t)
l_IN even PN (t) .

Proof. We give a proof under the assumption that Theorem 6.1.1 holds. It
is fairly standard that if A is a square matrix with real entries, then

exp (i Wt’) = det(I —tA)™".

(See 6.4.6 of [23].) In our case, let Ay be a matrix representing the linear
transformation (¢')% ® 1g. It follows from Theorem 6.1.1 that

GO = o (Z 2N<—1>NTr<A7V>tn>

= exp (Z(—I)Nz —TT(:mt”)
- i (-1
= Iy <exp (Z(—l)NZ TT(:N)IS”>>

= HN det([ — tAN>(_1)

6.2 The periodic point side

The heart of the proof (here presented in Theorem 6.2.1) is an argument
due to A. Manning [24]. We will need some new notation for it. Suppose
that G = Sy, X Sy, X -+- x Sy, is the product of permutation groups. We
denote the identity element by 1. We extend the definition of the sign of a
permutation to elements of G by setting

sgnas, - ,ar) = sgnfan) - sgn(as) - - sgnla),
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for any (v, -+, ) in G.

If X is a set with an action of G (written on the right), we let X! denote
the set of of those points of X with trivial isotropy; that is, x is in X! if the
only element a of G with x - @ = z is the identity.

Suppose that X is a set with an action of G and ¢ is a bijection of X
which commutes with the G action. For any integer n > 1, we define

Per®(X,p,n) ={x € X' | ¢"(x) =z - a, for some a € G}.

Notice that if z in Per®(X, p,n), it is also in X! and hence, the « in the con-
dition given is unique (for a fixed n). We define sgn(x,n) to be sgn(«), where
« in G is chosen so that ¢"(z) = z - a. We also notice that Per®(X, ¢, n) is
invariant under GG and since

P f)=¢"(2) B=(z-a) B=(x-B) (B ap),

the function sgn(x,n) is constant on G orbits. Therefore, whenever
Per®(X, ¢, n) is finite, we define

pr®Xoem = Y son(an)
x€PerG(X,p,n)/G

If G is the trivial group with one element, we suppress the G in our
notation and write

Per(X,p,n) = {v € X | ¢"(x) =}
and
per(X,p,n) = #Per(X, p,n),

provided it is finite.
Suppose that (Y,1) and (X, ¢) each have actions of G, as above, and
that

m: (Y, 9) = (X, p)

is a finite-to-one factor map equivariant for the actions of G. That is, for all
yinY and « in G, we have n(y - o) = 7(y) - a.

Theorem 6.2.1. Let (Y,v) and (X, ) have actions of G and let

T (Y 9) = (X, )



6.2. THE PERIODIC POINT SIDE 153

be a finite-to-one factor map equivariant for the actions of G. If, for any
p>1, Per®(X,p,n) is finite, then Per®Sn+1(Yy(7),1,n) is also finite for
all N > 0 and is empty for all but finitely many N. Moreover, we have

per®(X, o, n) = Z(—l)NperGXSN+1 (Yn(m),1,n).

N>0

Proof. First of all, we note that Per®(X, ,n) = Per®(X, ", 1) and
per® (X, o,n) = per®(X, " 1). It follows from this (and analogous state-
ments for the systems Yy (7)) that it suffices to prove the result for n = 1.
Next, it is clear that 7 maps Per® v+ (Yy(m), ¥, 1) to Per®(X, ,1).
Since the latter set is assumed to be finite and the map is finite-to-one,
the former set must be finite also. In addition, as 7 is finite-to-one, there
is a Ny > 1 such that 7= '{z} contains at most Ny points, for any x in
X. It follows then that for any N > Ny, any element of Yy (7) must con-
tain a repeated entry. Hence, we see that Yy (m)! is empty and hence so is
Per@Sn+1(Yy(m), 1, 1), for all such N.
So if we fix x in Per®(X, ¢, 1), we can consider Per®v+1(Yy(rm),1,1)N
7~ Hx - G}, which we denote by Yy(r, z), for convenience. We claim that

sgn(z, 1) =Y (=DY Y sgn(y,1)

N2>0 yEYN(ﬂ,x)/GXSN+1

Once this claim is established, summing both sides over = in Per®(X, ¢, 1),
we obtain the desired conclusion.

Let a be the unique element of G such that ¢(x) = = - a. Next, using
the fact that 7 is finite-to-one, write 7~ '{x} = {yo,y1,...,yr}. Notice that,
since we write this as a set, we assume the elements are all distinct. For each
0 <[ < L, we have

Wy o) =er(y) o) =p(z-al) =
and it follows that there is a permutation ¢ in Sy, such that
(Yo, - yL) = (Yo, - -+, yz) - (@, 0).
Moreover, as the y; are all distinct, ¢ is unique. Write ¢ as the product of

disjoint cycles;
O =0109*--07.
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(We include elements which are fixed as cycles of length one.) Let L; be the
length of cycle 0;, 1 < i < I. We have > . L; = L+ 1 and also sgn(o;) =
(—1)%~1. As the order on the y; has been arbitrary up to this point, we may
assume now that they are ordered so that we have

g1 = (01L1—1)7
092 = (L1L1+1L1—|—L2—1),
o = (Liyv+Lo+-+-Liy -+ Li+Lo+---L; — 1).

Now suppose that A is any non-empty subset of {1,2,...,I}. We define
a point y, as follows. First of all, let Ny = > .., L; — 1 and y4 will be in
Y, (7). It consists of those y; where [ is part of the cycle o;, for some 7 in A.
More precisely, for L1+ -+ L;_1 <[l < Ly+---+ L;_1 + L; — 1, for some 7
in A, we include y; in Y4. These are written in increasing order.

We observe the following properties of the points y4. First, we have

Y(ya) = ya- (o, [ o).

i€A

In fact, the notation [,. , o; is not good, as this is a permutation of
{0,1,..., L} and we have deleted a number of the entries of y in forming y,.
In fact, [],. 4 0i is really meant to represent a permutation having exactly the
same cyclic structure as [],. , o;, but with the fix-points removed. It follows
that

<_1)NA39n(a7H0i) — (_1)NA5971(04)H<—1)L1'*1
1€A i€EA

= (—=1)Msgn(a)(— ) ieali(—1)#A

= ( )NASgn(a)< 1)NA+1( 1)#A
= —sgn(a)(=1)*.

Next, we claim that y4 is in Yy(7)!; that is, the only element of G x Sy, 11
which fixes it is the identity. Suppose that y4 - (¢/,0’) = ya, for some (¢, o’)
in G x Sy,+1. Applying 7, we see that z - o’ = x and it follows from the fact
that z is in X! that o/ is the identity. It follows from the construction of 34
that all of its entries are distinct. This then implies ¢’ is also the identity.
We observe that the elements y, are distinct for different sets A. This
is because the y; are all distinct. But more is true. No two lie in the same



6.2. THE PERIODIC POINT SIDE 155

orbit of G X Sy, for any N. Finally, we claim that if N > 0 and 3’ is any
element of Yy (m, x), then ¢/ is in the G x Syy1 orbit of some y4. Suppose
7(y') = x - B, for some B in G. Then we have 7(y’ - 37!) = z and so the
entries of y' are of the form y; - 5. Secondly, no y; - § may be repeated. We
know that ¥(y') =" - (/,¢’), for some ¢’ in G and ¢’ in Syy1. Applying ™
and arguing as before, we see that o/ = a. Next, we note that if ¥} =y, - 5,
then y;_,(i) = Yo()) - 3. This means that the set of [ such that y; - 8 appears in
y' is invariant under o. After re-ordering the entries of y', we see that it is
of the form y4 - 5, for some A, as desired. This completes the proof of our
claim.
We may now compute

> > DNsgny,1) = > (=1)Vsgn(ya, 1)

N yeYn(mx)/GXSN41 0#£AC{1,...I}
= > (=)Msgn(a, [J o)
0£AC{1,....T} i€A
= > —sgn(a)(-1)*4
0£AC{1,....I}
= sgn(e,)(1- D (~D*Y.

For a fixed 0 < i < I, there are exactly < f ) sets A with 7 elements. This

means we have

]

We can apply the result above in the situation of an s/u-bijective pair =
for a Smale space (X, ¢). The proof is immediate from 6.2.1.

Theorem 6.2.2. Let (X, ¢) be a Smale space and suppose that
7 = (Y, 15, Z,(,m,) s an s/u-bijective pair for (X,p). Then, for any
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n > 1 we have

per(X,pm) = S (=1 pern (Vy(r,), b, n)

L>0

S ()M perS (Zyg (). C.m)
M>0

= Z (= 1) M perSarxSus1 (3, (1), 0,m).
L,M>0

We will conclude this section with a final result.

Lemma 6.2.3. Let m be an s/u-bijective pair for a Smale space (X, ). For
every L,M > 0, k > 2Ky as in Lemma 2.7.6, we suppose that BE’M s a
subset of GEM which meets each orbit of S 1 X Sy with trivial isotropy
in exactly one point and no other orbits. Forn > 1, let

A(n) ={(q.a, B)GERT x Spa1 X Suga | (@) = i"(q) - (a, B) € BY 3}
Then we have

perStrt ML (Y (1) oy n) = Z sgn(a)sgn(p).
(g,0,8)€A(n)

Proof. Define fl(n) to be the set of all (¢, «, 8) in G’ZJFAZ X Sr41 X Syry1 such
that t"(q) = i"(q) - (o, B) and t"(q) has trivial isotropy for the action of

Sr+1 X St ~
For (¢, a, 5) in A(n), we define e(q, o, 8) in X p(7) by setting

clg.. 6" = ¢ (o, ),
for1<i<n,jeZ.
First, we show that e(q, o, ) is in X (7). In the case i < n, we have
He(g, 0 )7 — (') - (0, B) = g™ - (ad, B) = i(e(g, ) B)Hm ).

On the other hand, if i = n, then we have t(e(q, a, 3)"") = t(¢") - (o?, 37)
while i(e(q, o, B)7") = i(q') - (ot 7). We use the fact that t"(q) =
i"(q) - (o, B); comparing their first entries, we have ¢"™' = ¢! - (o, 8). From
this it follows that

t(q") (o, 87) = i(q"") - (o, ) = i(q") - (7, B71)
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as desired.

Moreover, it is clear that o™ (e(q, o, 5)) = e(q, «, B) - (o, B). Since (q, v, 5)
is in A(n), there is no non-trivial element of Sy, x Sy41 which fixes t*(q)
and so e(q,a,3) is in (X (7). Putting all this together, we see that
(e, B) is in PerSt+1XSu+1(3; 1 o, n).

We now show the map e(-) is injective. If (¢, o, 8) and (¢, o/, f’) are in
A and e(q, o, 5) = e(q, ', f') then we know that

e(q,a,B) - (a,8) = o"(elq,, B))
= o"(e(d, ;)
= e(d,a,f) - (o, B)
= e(q o, p) - (o, ).

But we have also shown that e(q, a, 3) is in (X7 (7))! and so we conclude
that « = o and 8 = f’. Then for 1 < i < n, we have

¢ =e(qg, o, B) =eld,a,B) = ().

The condition t"(q) = i"(q) - (o, 8) means that ¢"™" = ¢ - (a?, 7), provided
1<i<nandi+ jn <k+n and a similar statement for ¢’. Hence, we have
¢ =g (o), ) = () - (7, 87) = (¢)"

We have shown (¢, «, 5) = (¢, ¢/, 5') as desired.

We now show that e(-) is surjective. Suppose e is in
PerSt+0Su+1(3; 11 0, n), so that a™(e) = e - (a, B), for some unique (a, 3).
We claim that el"* has trivial isotropy. If not, then el"*. (o/, 8") = elb¥ for
some (o, 5") # (1,1). We may apply the fourth part of Proposition 2.7.7 to
conclude that el* . (1, 8) = el"*. Then applying the sixth part of the same
result ¢ times, we see that el"**7. (1, ") = elb*+ for any k > 1. But as e is
periodic (in the usual sense), we find that e- (1, ') = e. As e was assumed to
be in Perdr+1>Sm+1(Y; 11 o, n), it follows that 8/ = 1. A similar argument
proves that o/ = 1. This establishes our claim.

Define ¢ = el"#+7_ Tt follows immediately that (q,a, () is in A(n) and
e(q,a, ) = e, so e(-) is surjective.

The map sending (¢, «, 5) to e(q, «, 3) is clearly covariant for the action
of Spy1 X Syry1 and we have established above that it is a bijection from A
to PerS+1XSm+1(3; 1 g n). The conclusion now follows from the definition
and the fact that Bf’ v Mmeets each Sp1 X Sy4 orbit with trivial isotropy
exactly once. ]
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6.3 The homological side

In this section, we turn to the right hand side of Theorem 6.1.1. We carry
out the calculations for the first part only, then describe how the other three
follow in a similar way.

First, we introduce some notation. If A is any finite set, we let QA
denote the rational vector space which is formal linear combinations of the
elements of A. Obviously, A is a basis for this space. We suppress the obvious
identification of ZA ® Q with QA. We also use the same choices for B and
By as in the last section.

Let us fix m = (Y, ¥, 7, Z, (, ), an s/u-bijective pair for (X, ). We are
considering ny = ¢! as a factor map from (X, ) to itself. This may be
lifted to our s/u-bijective pair, as in Theorem 4.4.1, by setting 7y = ¢~! and
nz = (1. The map induced on each Y pa(m) is then simply o L.

To compute the homology H;(X,¢), we use the complex C§ 4. By The-
orem 5.1.10, this has the advantage of being non-zero in only finitely many
positions. We may therefore apply the Hopf trace formula [12] to conclude
that

D EDTr(((eT @ le)) = Y (FD)FMTH(((071) @ 1g)"),

NezZ L,M>0

where o is the usual shift map on X, p(7). We may identify
Dy A(Xrn(m),0) with Dg 4(GF ) by Theorem 5.2.3 Now we may assume
that we have a graph G which presents 7, that k is sufficiently large and that
we have selected a subset B} ,; of G ), as in Theorem 5.2.9. This then, in
turn, allows us to identify D 4(GF ,;) with the inductive limit in Theorem
5.2.9. These identifications also conjugate the automorphism (o~!)* with the
automorphism v3[a, j| = [v5(a), j], for any a in ZBY ;.

The following general fact is probably well-known, but we state it here
for completeness and provide a short sketch of the proof.

Proposition 6.3.1. Let E be a finite-dimensional vector space and let T :
E — FE be a linear transformation. Let V' be the inductive limit

ELEL ...

The automorphism of V' sending [v, k] to [T™v, k] has trace equal to the trace
of T™.
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Proof. The sequence of subspaces T*E is decreasing and so their dimensions
form a non-increasing sequence of integers bounded above by the dimension of
E and below by zero. Therefore, there exists K > 1 such that dim(T5*T1E) =
dim(T®E). Then T is a surjection from TXE to itself and hence is an
isomorphism. We claim that £ = TXE @ ker(T¥). Let u be any element
of E. Then T5u is in TXE, on which T¥ is an isomorphism. Hence, there
exists v in TX E such that T5v = TKy and we may write u = v + (u — v),
the former being in TX E and the latter in ker(7%). As T¥ is invertible on
TEE, its kernel there is trivial. This means that T% E Nker(T%) = 0. Each
of TKE and ker(T¥) are invariant under all powers of 7' and so the trace
of TP is the sum of its restrictions to the two subspaces. On the latter, it is
nilpotent and so the trace there is zero.

Finally, it is an easy matter to check that the map from TX E to V sending
u to [u, 1] is an isomorphism of vector spaces and conjugates the restriction
of T™ with the map induced by 7™ on the inductive limit. ]

Lemma 6.3.2. Suppose that Bf ,, C G is as in Theorem 5.2.9 andn > 1.
We have
Tr((©le)) = Y, sgn(a)sgn(f)
(¢,0,8)€A(n)

where

A(n) = {(g, o, BYGERT X S x Sug [ 17(q) = i"(q) - (o, B) € Bf ur}-
1s as in Lemma 6.2.3.

Proof. The set Bf ,; forms a basis for QBj ;. Using Lemma 5.2.7, the
coefficient of p in (v%)"(p) is the sum of sgn(a)sgn(5) over all (¢, «, B) in
A(p,n) with i"(q) - (o, 8) = p. Now the trace of (75 ® 1g)™ is obtained by
summing this over all p in BE, v and this yields the desired result. ]

The proof of the first equality in the Lefschetz formula of Theorem 6.1.1
is an immediate consequence of Theorem 6.2.2, Lemma 6.2.3, Proposition
6.3.1, Lemma 6.3.2 and the discussion above. The other three equalities are
obtained in an analogous fashion. We omit the details.
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Chapter 7

Examples

In this chapter, we present a number of simple examples to illustrate the
theory. First, we consider a shift of finite type, (2, 0) and show that the the
homology groups H3, (X%, o) are all zero, except for the case N = 0, in which
case, we recover Krieger’s original invariant: H§(X,0) = D*%(X, o).

Secondly, we consider the case of an irreducible Smale space whose stable
sets are totally disconnected. Here, we will show that the double complex
used in the calculation of our homology from Chapter 5 essentially reduces
to the complex appearing in Chapter 4.

Our third example is a special case of the second, where we consider the
m™>-solenoid (precise definitions will be given). The main ingredient in the
s/u-bijective pair is the usual covering by the full m-shift. We will carry out
the computation in full detail.

Our fourth example is a specific hyperbolic toral automorphism. We will
not give a full treatment, but we summarize the computations which will
appear elsewhere.

7.1 Shifts of finite type

Let (X, 0) be a shift of finite type. The first step in computing its homology
is to find an s/u-bijective pair. It is easy to see that (Y,v) = (X,0) = (Z,()
and 7, = 7, = idy will suffice. We denote it by id, for emphasis. (Of course,
there are many other choices.) It follows at once from Theorem 5.1.10 that
Cy alid)par = 0 if either L or M are greater than zero. Moreover, we have
Cg alid)op = D*(%,0). In consequence, we have the following.

161
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Theorem 7.1.1. Let (X, 0) be a shift of finite type.

1. We have De(s: N
s (X, o :O,

2. We have

HJUV(E’“):{ 0 N;O.

7.2 'Totally disconnected stable sets

Let us begin by supposing that we have a Smale space, (X, ¢), a shift of
finite type, (X,0) and an s-bijective factor map 75 : (X,0) — (X, ). It
follows from Theorem 2.5.12 that X*(z) is totally disconnected, for every
z in X. Conversely, if X*(z) is totally disconnected, for every z in X and
if, in addition, we assume that (X, ) is irreducible, then from Corollary
3 of [29], we may find an irreducible shift of finite type, (3,0), and an s-
resolving factor map 7, : (X,0) — (X, ). From Theorem 2.5.8, the map 7
is also s-bijective. In any case, it follows that 7 = (X, 0, 75, X, ¢, idy) is an
s/u-bijective pair for (X, ¢).

In this case, we have My = 1 in Theorem 5.1.10 and so the complex
C§ 4(m) is non-zero only in row zero, where it is precisely

(D5(Su (), d(r.))-

Theorem 7.2.1. Let (X, ) be a Smale space and suppose that 7ws : (X, 0) —
(X, ) is an s-bijective factor map. Then the homology H3 (X, ¢) is naturally
isomorphic to the homology of the complex (Dg(X.(m,)), d*(ms)) of 4.1.7.
Similarly, the homology Hy (X, ) is naturally isomorphic to the homology of
the complex (D% (3. (7)), d" (7s)) of 4.1.7.

Corollary 7.2.2. Let (X, ) be a non-wandering Smale space with X*(x) to-
tally disconnected, for every x in X. Then we have HY (X, p) = HY (X, p) =
0, for all N < 0.

Things are just slightly more complicated in the case of a w-bijective
factor map m, : (X,0) — (X, ¢). In this case, an s/u-bijective pair is 7 =
(X, ¢,idx, X, 0,m,). The remaining argument as above is the same, reversing
references to rows versus columns. In the end, the homology of the double
complex, either H* or H*, is reduced to that of the first column. In the
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former case, this first column is the same as the complex C**(7,), except
that the grading is reversed (N is replaced by —N).

Theorem 7.2.3. Let (X, ) be a Smale space and suppose that 7, : (¥,0) —
(X, ) is a u-bijective factor map. Then the homology H3 (X, ¢) is naturally
isomorphic to the homology of the complex (D% (X.(ms)),d** (7)) of 4.1.7,
with the reverse grading. Similarly, the homology HY.(X, ) is naturally iso-
morphic to the homology of the complex (D§(X.(s)), d" (7)) of 4.1.7, with
the reverse grading.

Corollary 7.2.4. Let (X, ¢) be a non-wandering Smale space with X*(z) to-
tally disconnected, for every x in X. Then we have H3, (X, p) = HY (X, p) =
0, for all N > 0.

7.3 Solenoids

In this section, we consider a specific example of the general type of the last
section. We fix an integer m > 2 and consider the m*-solenoid. Let T
denote the unit circle in the complex plane. Our space X is the inverse limit
obtained from the system
T 22 T 22 L.
That is, we have
X ={(z0,21,...) | zn € T, 2,1 = 2zn, for all n > 0}.

The map ¢ is given by (20, 21,...) = (2%, 2", ...) with ¢ '(20, 21,...) =
(z1,22,...). This example was first done jointly with T. Bazett and will
appear in [3], but we give most of the details here.

The metric on X is d(w,2) = Y, o027 "||lw, — 2,)||, where |[w" — 2/| is
the arclength distance on the circle. Our Smale space constant ex = 7. In
particular, if d(w, z) < ex, then |lwy — 2| < § and so we may find a unique
—}l <t < ;11 such that wy = zpe?™. In this case, the bracket is defined by

[w, 2] = (20€*™, 1™, 2pe™/2 ).

The shift of finite type which maps onto (X, ¢) is the full m-shift. That
is, the graph G consists of a single vertex vy and edges {0,1,2,...,m — 1}.
We may write the factor map 7, : (g, 0) — (X, ¢) quite explicitly as

'/Ts(e)n _ 627ri 2k>1 m~kek—n ]
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Consider e, f in ¥ with m4(e) = 7s(f). There are three possibilities. The
first is that e = f. The second is that e¥ = 0, f¥ = m — 1, for all k (or
vice verse). The third is that, for some K, e¥ = f* for all & < K, while
ek =0, ff =m—1, forall k > K (or vice verse). From this fact, we conclude
that L() = 2.

By Theorem 5.1.10, the only two non-zero groups in our complex occur at
positions 0,0 and 1,0. Here, the factor map is not regular, but if we replace
G by G?, then the induced map is regular. The vertex set for G? is just
G' and there is exactly one edge between every pair of vertices. It is fairly
easy to see that the map sending [i,j],i € G* 1,5 € N to m™7 % is an
isomorphism from D?*(G*) to Z[1/m], the subgroup of all rational numbers
of the form [/m?, where | € Z and j > 0. To summarize, we have

Dg(%o(ms)) = D*(X,0) = Z[—].

The vertex set for G2(r) is {(0,0), ..., (m—1,m—1),(0,m—1), (m—1,0)}.
The edge set consists of all pairs (p,p), where p is in G* and the edges
(00,m—=1m—1),(m—1m —1,00) and (:0,im — 1), (im — 1,70), where
0 <7 < m. To compute the homology, we first appeal to Theorem 7.2.1,
which means that we will just consider the complex (D (X, (m,)), d*(my)).

;From this it is easy to see that Q(G?%,S,) is an infinite cyclic group
with generator Q(0m — 1). Moroever, ¥*(0m — 1) = (0m — 1) and hence
D$(G5 () is the integers and is generated by [Q(0m — 1), 7], for any j > 1.
We now need to compute

dg" (m)(QOm — 1)) = 67" (0m — 1) — 67" (0m — 1).

We compute 65 (0 m—1) using the definition given in 3.4.3: we must consider
all paths ¢ in G}™ with t%(¢) = (0m —1). We do need to list them all since
we are going to apply &y and then take the sum (without repetition). It is
clear from the graph that we get every p in G!™ with t¥(p) = 0. Using the
isomorphism above with Z[1/m], we see that the image of our generator is
1/m. A similar computation shows the same result for §; and we conclude
that d*(ms); = 0.
We summarize the conclusion as follows:

Z[1/m] N =0,
0 N #0,1.
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We also observe that the groups H¥ (X, ¢) are exactly the same. In this
case, the groups in the complex are exactly the same as above. Curiously,
the computation of the boundary map is made easier by the fact that the
zero map is the only group homomorphism from Z[1/m] to Z.

7.4 A hyperbolic toral automorphism

We consider the matrix A = 1 (1) . In the usual way, it induces an
automorphism of the two-torus T?, which we denote by ¢. We also let ¢ :
R? — T? denote the usual quotient map. The local stable and unstable sets
are given by the eigenvectors of the matrix, which are (v,1) and (1, —7),
where 7 denotes the golden mean. The associated eigenvalues are v and
—~~1, respectively.

The detailed computation was carried out jointly with T. Bazett and the
details will appear elsewhere [3]. Here, we present a summary. The (Y, )
and (Z, ¢) we choose are both DA systems [30]. The space Y is obtained from
T? by removing the stable set of ¢(0,0), which is the line {q(s, —ys) | s € R}
and replacing it with two copies of itself, separated by a gap. The space Z is
obtained from a similar alteration to the unstable set at ¢(0,0). The system
(3(7), o) is associated to the Markov partition of T? having three rectangles
which may be found in many texts on dynamical systems. For example, see
page 207-212 of [23]. A description of the graph presenting (X,0) can be
found in [23]. It has three vertices and five edges. Here, the map * is an
isomorphism and we have D*(3, o) = Z3.

The constants Lo and M, of 5.1.10 are both two. The only non-zero
groups in our double complex (besides the one above) are

Coalmie = 77,
Coalmoy = 27,
CSQ’A(W)IJ Z

The boundary maps may also be computed explicitly and the resulting
homology is as follows:

12

10

Hf(’]IQ)SO) - Z)
Hy(T?¢) = Z7
Hil<T27(10> Z.

12
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It is also worth noting that the automorphism of these groups induced by
¢ is the identity on H*,(T?,¢), minus the identity on H;(T?,¢) and given
by the matrix A~' on H§(T?, ¢).



Chapter 8

Questions

8.1 Order on homology groups

One the great strengths of Krieger’s invariant which has not appeared at all
in our presentation is that it is not simply an abelian group, but an ordered
abelian group. That is, given a shift of finite type (3, ¢), there are natural
positive cones, which we denote by D*(X, o)™ and D*(X, o))", in D*(X, ) and
D*(X, 0), respectively. In the former case, this is simply the sub-semigroup
generated by the equivalence classes of the compact open sets in CO*(3, 7).
These provide a great deal more information than the groups on their own. It
is natural to ask whether this has any generalization to our homology theory.
Probably the right formulation is the following.

Question 8.1.1. For a Smale space (X, p), is there a natural order struc-
ture on on the groups H3(X, ) and H{(X,p)? That is, are there natural
subsemigroups HS(X, )t C H(X,p) and H{(X,p)"™ C HY(X, @) which
generate the groups in question? This should be functorial in the sense that,
if T (Y, ) = (X, ) is an s-bijective factor map, then the induced map 7° :
H{(Y, ) — H§(X, @) should be positive; i.e. w5(H5(Y,¥)") C H (X, )",
Analogous statements should hold for a u-bijective factor map and for H* as
well.

Concentrating just on the case of H® for the moment, one could pro-
ceed as follows. Let 7 be an s/u-bijective pair for (X, ). Observe that
D 4(X0,0(m)) = D*(X0,0(7)) and so this group carries a natural order. Next
define an order on the group @©r y—0DH 4(Xrm (7)) by setting the posi-
tive cone to be those elements whose entry in the summand L = M = 0

167
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are strictly positive, together with the zero element. That is, entries for
L = M > 0 do not effect positivity. Now we can (attempt to) define a
positive cone in H§(7) as those elements which are represented by a positive
cocycle in @ n=0D{ (XL m (7))

In short, three things need to be verified. The first that this positive
cone generates the group. The second is that there are no elements which
are positive and their inverses are positive as well. (Strictly speaking, the
definition of an ordered group does not prohibit this. For example, letting the
positive cone be the entire group is a valid order. But it seems desirable in
our situation that we avoid this.) Finally, one needs to see that the positive
cone is independent of the s/u-bijective pair which is used.

For the first point, observe that the kernel of

0% — 07 1 DG 4(X00(m)) = DG 4(Xo1(T))

also lies in the kernel of @& _p—od®(7m)r p and hence determine homology
classes. It suffices to prove that

ker(8% — 0%) N D*(Soo(m))*

generates ker(d7 — 67%°).

For the second point, it suffices to verify that the coboundaries, that is,
the range of @p_p—1d*(m)r as lies in the part of the group which does not
effect positivity. Immediately from our definition, the maps d*(m) a satisfy
this condition for L > 1. So it suffices to verify that this condition holds for

G, = 01, : Dg a(31,0(m)) = Dg a(F00(7)).

Since the range is the direct sum of simple acyclic dimension groups, positiv-
ity is determined by the states on this group [13] and so this should provide
a method for verifying the desired property.

As a final comment, it is well-known that Krieger’s invariant is a dimen-
sion group [13]. In our generalization, it seems unclear whether one should
expect H°(X, ) to be torsion free.

8.2 Machinery

Of course, one would like to be able to actually compute the homology theory
in specific examples. In the few examples we have given, this has been done
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mostly by resorting to the definition. In algebraic topology, the computa-
tions of homology and cohomology are done by appealing to very powerful
machinery such as long exact sequences, excision, homotopy invariance, and
so on. It is natural to look for such techniques here as well, but exact ana-
logues of these are not so clear. One possibility would be something along
the following lines.

Question 8.2.1. If (X, ), (Y,¥) and (Z,() are Smale spaces and
T (Y4) = (X,9),0:(Z,0) = (X, )

are factor maps, are there some hypotheses on these maps which will yield
a long exact sequence in H® involving the three Smale spaces and the fibred
product of the maps?

In particular, if (X, ) is a Smale space with s/u-bijective pair
= (Y,¢,7s, Z,(,m,), can the homology of (X, ) be computed from that of
(Y, v¢), (Z,¢) and 3o o(m)?

One particularly difficult aspect in the computation of our homology is
that it is done via a double complex. It may be possible to eliminate some of
this. As an example, here is a fairly simple result. The hypothesis is slightly
odd, but the conclusion is quite nice.

Theorem 8.2.2. Suppose that (X, ) is a Smale space with s/u-bijective pair
m = (Y, 7, Z,(,m,) which satisfies

min{#m, {a}, #m, {z}} =1,

for all periodic points v in X. Then C§ 4(7)rm = 0, if either L > 1 or
M >1.

We will not give a proof of this result, but it is a fairly simple consequence
of the results we have already.

Let us observe that it could be used for the computation done for the hy-
perbolic toral automorphism in Section 7.4 if we use a different s/u-bijective
pair. In fact, Y, ¢, 7, would be exactly the same. But instead of obtaining
Z by replacing the line which is the stable set (0,0), we would do exactly
the same with the three lines which are the stable sets of the periodic orbit
consisting of (1/2,0), (1/2.1/2) and (0,1/2). We will not complete the com-
putation except to observe that this s/u bijective pair satisfies the hypothesis
of the theorem. In fact, the same technique can be used for any hyperbolic
map of the 2-torus.
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Question 8.2.3. Does any irreducible Smale space have an s/u-bijective pair
satisfying the hypotheses of Theorem 8.2.27

On the positive side, since the maps in an s/u-bijective pair can be chosen
so that m, and 7, are both one-to-one on a dense Gg, there is some genericity
sense that this might be possible or even likely. Nevertheless, it seems too
good to be true in general.

8.3 Relation with Cech (co)homology

It seems natural ask if there is some relation between our homology for the

Smale space (X, ¢) and the usual Cech (co)homology of X. There are old

questions about which manifolds admit an Anosov or even Axiom A diffeo-

morphism. It seems conceivable that an explicit relation between our homol-

ogy and the Cech cohomology might have applications for such questions.
Let us formulate a couple of concrete questions.

Question 8.3.1. Let (X, ¢) be an irreducible Smale space. Under which con-
ditions is there a group homomorphism from H*(X) to H*(X, )@ H*(X, ) ?

There are several problems here, since it is not really clear in what sense
the range group is a functor.

However, let us observe that the result holds for a shift of finite type,
(3, 0). In this case, the Cech cohomology lives in dimension zero and can be
seen as being generated by the clopen subsets of 3. In fact, it is generated
by clopen sets which are rectangles. That is, clopen sets of the form [U, V],
where U is a clopen subset of ¥X%(e, €/2) and V' is a clopen subset of ¥°(e, €/2).
The map that sends [U, V] to [V] ® [U] can be shown to give a well-defined
homomorphism of the type desired.

The Cech cohomology of the product of two spaces is closely related to the
tensor product of their cohomology (see the Kiinneth Theorem [34]). The
question above would provide a homological remnant of the local product
structure.

Another question which may be more reasonable, but perhaps more diffi-
cult, would be to know cases where our homology and the Cech cohomology
agree, up to a shift in degree. This is mainly based on examples.
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Question 8.3.2. If the stable (or unstable) sets in a Smale space (X, ) are
contractible in the topology of 2.1.12, is there an integer k such that

HY(X) = Hy (X, ),

for alln > 07

8.4 (*-algebras

As we mentioned, Krieger showed how C*-algebras could be constructed from
a shift of finite type. Moreover, these have a relatively nice structure: they
are inductive limits of finite-dimensional C*-algebras. This fact makes their
K-theory readily computable, and it is exactly Krieger’s invariant.

The construction of C*-algebras was extended to the general setting of
Smale spaces by David Ruelle [32, 28]. To an irreducible Smale space (X, ¢),
we associate (C*-algebras to stable and unstable equivalence, denoted by
S(X,¢) and U(X, p), respectively. However, unlike the situation for shifts
of finite type, the result has no obvious inductive limit structure and so the
computation of the K-theory of these C*-algebras is not immediately clear.
The work of this paper began as an attempt to compute these K-groups and
in future work we plan to show how this may be done from the homology
presented here.

Question 8.4.1. For an irreducible Smale space (X, ¢), can the K-theory of
S(X, @) and U(X, @) may be computed from HE(X, ) and H* (X, ¢)?

The answer is presumably some type of spectral sequence.
Due to some regrettable choices for terminology, the K-theory of S(X, ¢)
should be computed from H!(X, ¢).
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