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Abstract

Given a simple, acyclic dimension group G and countable, torsion-
free, abelian group G1, we construct a minimal, amenable, étale equiv-
alence relation, R, on a Cantor set whose associated groupoid C*-
algebra, C*(R), is tracially AF, and hence classifiable in the Elliott
classification scheme for simple, amenable, separable C*-algebras, and
with K, (C*(R)) = (Go, G1).

1 Introduction

Over the past twenty-five years, there has been an enormous amount of
truly remarkable work devoted to classifying simple, amenable, separable
C*-algebras by simple invariants which can be roughly described as
K-theoretic. This is the so-called Elliott program.

Let us discuss a specific important result in this program which is of
interest to us here. In [9], Huaxin Lin introduced the notion for a C*-algebra
to be tracially AF (or tracially approximately finite-dimensional). We recall
the definition, in the case of a unital C*-algebra, A: for any finite set F in A
containing a non-zero element xq, € > 0, n > 1 and a, a full element of A™,
there is a finite-dimensional C*-subalgebra F' C A with unit p satisfying
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1. ||pxr — zp|| <e, for all z in F,
2. prp €. F, for all x in F, and ||pz1p|| > ||z1|| — ¢,

3. n[1 —p] < [p] in the sense of Murray and von Neumann and 1 — p is
equivalent to a projection in the hereditary subalgebra generated by a.

In [10], Lin proves that two unital, separable, simple, amenable, tracially
AF C* algebras satisfying the Universal Coefficient Theorem (see [2]) are iso-
morphic if and only if their K-zero groups are isomorphic as ordered abelian
groups with order unit and their K-one groups are isomorphic.

One important aspect of the Elliott program is to understand the range
of the invariant. In practical terms, this means specifying some K-theoretic
data and constructing a C*-algebra within the class having this data as its
K-theory. The typical approach is to consider inductive limits of simpler C*-
algebras. These are usually formed from continuous functions on compact
spaces, finite-dimensional C*-algebras, tensor products of these and, finally,
C*-subalgebras of those.

This is quite natural in the sense that many of the approximation tech-
niques are very well-suited to dealing with these simpler algebras and also
with inductive limits. On the other hand, many important C*-algebras arise
from geometric, topological, number theoretic or dynamical situations. In
particular, the construction of C*-algebras from groupoids provides a very
general source for C*-algebras. Moreover, this has been the basis of many
very fruitful interactions between these other fields and operator algebras.
The classification program itself has devoted a lot of attention to the case of
a crossed product of a discrete group acting on a commutative C*-algebra.
In most of these cases, inductive limit structures are not obviously available.

In this paper, we address the following question: which C*-algebras that
are classifiable in Elliott’s sense, may be constructed from an étale groupoid?
Or, put in a better way, which possible Elliott invariants may be realized as
coming from the C*-algebra of an étale groupoid? If, in addition, it is shown
that the C*-algebra is classifiable, then the classification results will provide
isomorphisms with C*-algebras constructed by other means having the same
invariant.

The class of possible invariants we consider in our main result is rather
restricted. On the other hand, the groupoids which we produce are, in fact,
equivalence relations and the underlying space is a Cantor set. By a Can-



tor set, we mean a compact, totally disconnected, metrizable space with no
isolated points.

We recall the notion of an étale equivalence relation. Let X be a set
and let R be an equivalence relation on X. It is a groupoid with the set of
composable pairs R* = {((z,v), (y,2)) € R x R}, product (x,y) - (y,z) =
(z,2), for ((z,y), (y,2)) in R? and inverse (z,y)"! = (y, ). For convenience,
we will identify the diagonal in R with X in the usual way. This means that
the range and source maps r,s : R — X are simply r(x,y) = vy, s(z,y) = .

If XY are topological spaces, a function f : X — Y is a local homeo-
morphism, if, for every z in X, there is a neighbourhood U of x such that
fU) is open and f: U — f(U) is a homeomorphism.

We say that a topology on an equivalence relation R on a topological
space X is étale if the two maps r, s are local homeomorphisms. We also say
that R is an étale equivalence relation. We say that R is minimal if every
equivalence class is dense in X.

If R is an étale equivalence relation on a space X, the linear space of
continuous complex functions of compact support on R becomes a *-algebra
with the operations

fogley) = Y flz.2)9(2y),

(z,2)ER
[xy) = fly.2)

for f, g continuous and compact supported and (z,y) in R. The completion
of this algebra in a suitable norm is a C*-algebra which we denote by C*(R).

One particularly nice class of examples are the AF-equivalence relations.
In this case, the associated C*-algebra is an AF-algebra and its ordered K-
zero group can be computed rather easily. It is a dimension group (see [4]
and [14]). We say this ordered abelian group is simple if it has no order
ideals. This is equivalent to the C*-algebra being simple which, in turn, is
equivalent to the equivalence relation being minimal. We describe this in
detail in the next section.

There are a number of different equivalent conditions for a groupoid to be
amenable. We will use condition (ii) of Proposition 2.2.13 of [1] which follows.
There exists a sequence of functions ¢g;,/ > 1, on R which are non-negative,
continuous and compactly supported and satisfy the following:




1. for every z in X,

and

2. the function

(I7y)_> Z ’gl(xvz)_gl(ywz)’a

(z,2)ER

converges uniformly to zero on compact subsets of R.

If R is an amenable equivalence relation, then C*(R) is an amenable C*-
algebra [1]. Moreover, in this case, C*(R) is simple if and only if R is minimal
[14].

We state our main result.

Theorem 1.1. Let Gy be a simple, acyclic dimension group with order unit
and let Gy be a countable, torsion-free, abelian group. There exists an étale
equivalence relation, R, on a Cantor set, X, such that

1. R is minimal,
R is amenable,

Ko(C*(R)) = G, as ordered abelian groups with order unit,
K,(C*(R)) = G4, as groups, and

C*(R) is tracially AF.

In view of the classification theorem of [10], it is important to note that
Lemma 3.5 and Proposition 10.7 of [16] show that the C*-algebra of an
amenable, étale equivalence relation satisfies the Universal Coefficient The-
orem. Hence, our C*(R) falls within the realm of Lin’s result above and the
Elliott classification program generally.

Let us briefly discuss the main ingredients in the proof. One begins with
the dimension group GGg. This can be realized as the Ky-group of a simple AF-
algebra and we begin with a Bratteli diagram, (V, E), for it. This diagram
has an infinite path space which will be our Cantor set X. This space has an
étale equivalence relation Rp whose C*-algebra is the AF-algebra. Next, we
find another Bratteli diagram, (W, F'), whose associated dimension group,
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without the order structure, is isomorphic to G; and we find two disjoint
embeddings of this diagram into (V, E). The equivalence relation R is then
generated by the original Rp and all equivalences between the two embedded
copies of the paths of (W, F'). This description as an equivalence relation is
rather easy; what is more subtle is endowing R with an étale topology.

To verify the conditions of the theorem, the first, second and fifth parts
are relatively straightforward. The main difficulty lies in the computation of
the K-theory. The main tool here is the results of [12] and [13]. We have
Rpg as an open subequivalence relation of R and hence we have an inclusion
C*(Rg) € C*(R). The results of [13] essentially allow us to say that, since
the difference between the groupoids Rp and R is described by the two
embeddings of the diagram (W, F), the relative K-theory for the inclusion
of their C*-algebras can also be described from (W, F'). This is then used
to show that the inclusion of C*(Rg) in C*(R) induces an isomorphism on
K-zero groups and that the K-one group of C*(R) is Gj.

Let us make some comments on some special cases of the theorem and
other potential results along these lines.

Of course, the case G = 0 goes back to the seminal work of Elliott [5]
on AF-algebras coupled with Renault’s construction of them from groupoids
[14]. The case G; = Z is closely linked with the work of the author with
Giordano, Herman and Skau [7].

The author, along with Deeley and Strung [3], showed that the Jiang-Su
algebra [8, 15] could be realized via an étale equivalence relation. This is a
case when Gy = Z, GG; = 0, but the lack of projections in the C*-algebra
means that we cannot use a Cantor set for the space X. The main idea is to
begin with a minimal, uniquely ergodic homeomorphism of a sphere of odd
dimension at least 3. There are a couple of ways in which this construction
might be extended. The first, already discussed in [3], is to begin with a
minimal homeomorphism of the sphere with a more complex set of invariant
measures. This, of course, produces more traces on the C*-algebras. If
one takes the product of one of these equivalence relations with one of the
equivalence relations of Theorem 1.1, one would obtain the K-theory from
1.1, but with more traces. This produces examples where the C*-algebras
are not real rank zero nor tracially AF.

Another extension of the results in [3] is as follows. The key idea in
[3] is to alter the sphere and the dynamics so as to insert a 'tube’ which
is invariant under the homeomorphism. If one instead inserted £ of these
tubes, one obtains a space Z with a minimal homeomorphism ¢ such that



Ko(C(Z) x¢ L) 2 7F =2 K\(C(Z) x¢ Z).

Finally, it appears that the statement of 1.1 can be extended to include
the case Gy is finite. But this work is still in progress and requires more
general excision results than those available in [12] and [13].

The paper is organized as follows. In the second section, we provide back-
ground information on étale equivalence relations. We also define our étale
equivalence relation R and prove some basic properties, including amenabil-
ity and minimality. A key part of the structure of R is that it contains an
open subequivalence relation, Rg, which is AF.

The third section deals with the computation of the K-theory of C*(R).
The key point here is the presence of the AF-equivalence relation Rg, which
provides us with a C*-subalgebra, C*(Rg) C C*(R) and results from [12]
and [13] which allow us to compute the relative K-theory of this pair.

The fourth section is devoted to showing that C*(R) is tracially AF.

2 Groupoids

We begin with a general disucssion of étale equivalence relations, particularly
those on a Cantor set, and AF-equivalence relations.

Returning to our undergraduate days, we recall that a function is defined
as a set of ordered pairs. The first thing that one usually does with this
definition is to forget it and treat functions as a kind of black box. Here,
however, it is useful to keep this definition. The reason is simply that we
are used to thinking of equivalence relations as sets of ordered pairs and
our equivalence relations will be expressed as the union of a collection of
functions. This is particularly useful as these functions provide a basis for
the étale topology which we require. We will use following theorem, which
is designed specifically for use on the Cantor set. Note that if f,g C X x X
are local homeomorphisms, then their composition is

fog={(z,y) | (z,2) € f,(2,9) € g}

For any clopen set U, we denote the identity function on U by idy = {(z, z) |
zeU}.

Theorem 2.1. Let X be a Cantor set and let I' be a collection of subsets of
X x X satisfying the following:



1. each element vy of I is a local homeomorphism of X with () and s(v)
clopen,

{U C X | U clopen ,idy € T'} is a basis for the topology of X,

1

forally in T, v isin T,

if 1,72 are in I, then so is 1 0 7a,

if v1,72 are in T', then so is v N s.

Let Rr be the union of the elements of I'. Then I is a basis for a topology
on Rr in which it s an étale equivalence relation.

The easiest example of such a collection is to begin with ¢, a free action
of a discrete group, GG, on a Cantor set, X. That is, for every g in G, 9 is
a homeomorphism of X and (9 o " = 9" for all g,h in G. The action is
free if @9(x) = x occurs only for g = e. Here, the collection ¢9|y, where g
varies over G and U C X is clopen, satisfies the hypotheses of 2.1 and the
associated equivalence relation is the orbit relation.

The next class of examples are the AF-equivalence relations. These may
be described rather abstractly as those étale equivalence relations on a Cantor
set which can be written as the countable union of an increasing sequence
of compact, open subequivalence relations [6]. They can also be described
more concretely as being constructed from a Bratteli diagram. By a Bratteli
diagram, (V, E), we mean a vertex set, V', which is the union of finite non-
empty subsets V,,,n > 0, with V5 = {vg} and an edge set, F, which is the
union of finite non-empty subsets E,,n > 1 along with initial and terminal
maps i : E, =V, _1,t: E, — V,. Associated to such a diagram, we have its
infinite path space

Xg ={(z1,22,...) | ¥p € Ep,t(zy) = i(xps1),n > 1},

For m < n, we let E,, ,, denote the finite paths from vertices in V,, to vertices
in V,, with the obvious maps ¢ : £, , — Vi, t : Ep,,, — V,,. For each p in
E,,n, we let

Ulp)={z € Xg|xi=p,m<i<n}.

We observe that, for any such p,
U(p) = Uie)=t(mU (pe),
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and that the sets on the right are pairwise disjoint. It follows that sets
U(p),p € Eyn,n > 1, form the basis for a topology on Xg. In this topology,
the sets U(p) are closed as well as open and X is totally disconnected. It is
also metrizable.

We now introduce an étale equivalence relation on Xg. It will be con-
venient to let I, denote the set of all pairs (p, q) with p,q in Ey,, satistying
t(p) = t(q), for n > 1. We define

ﬁp,q - {(ZE,?J) eAXVE ><AXVE | T = PiYi ZQZvl S [ Sn,l'i :ylvl >n})
for (p,q) in I,.
Lemma 2.2. Let (p,q),(p',q') be in I,,, n > 1. We have

1. B,y is the identity function of U(p),

-1 _
2. g BW’

3. Bpg © By g s empty unless ¢ = p' and equals B, 4 in that case,

) N By 95 empty unless p =p and g = ¢'.
pa ! Pp' g Y

5.
519#1 = Ui(6)=t(p)5pevqev

and the sets on the right are pairuise disjoint.

The proof is trivial.

Definition 2.3. Let (V, E) be a Bratteli diagram. We let Bg denote the
collection of all sets B,,, where p,q are in I, with n > 1, along with the
empty set and we denote the associated étale equivalence relation by Rg.

It is an easy matter to see that the collection By satisfies the conditions
of Theorem 2.1. The third and fourth conditions follow from Lemma 2.2,
provided one considers v; = 3,, and v, = 3,y where p,q,p’, ¢ are all in the
same FEj,,. To deal with the case (p,q) isin I, and (p',¢’) is in 1, it suffices
to observe that repeated application of the last part of 2.2 allows us to write
Bp.q as a union of B , with p’,¢" in any Ey,, with m > n.

For a Bratteli diagram as above, we let b,, denote the characteristic
function of the compact, open set 3,, for (p,q) in I,. This is a partial
isometry in C*(Rg).



It is a simple matter to see that, for fixed v in V,,

B, = span{b,, | p.q € Eon,t(p) = t(q) = v}

is isomorphic to My, where k(v) denotes the number of paths p in Ey,
with ¢(p) = v. It is also easy to check that

B,, = span{b,, | (p,q) € I,} = ®vev, By.

Finally, one checks that B, C B, 1, for all n and that the union of the B,
is dense in C*(Rg).

We next describe the construction of the equivalence relation R whose
existence is claimed in Theorem 1.1. We begin by choosing a Bratteli dia-
gram, (V) E), whose associated AF-equivalence relation R on Xp has
Ko(C*(Rg)) = Gy, as ordered abelian groups with order unit. We note
that (V) F) is simple as Gy is, in the sense that, after telescoping to a subse-
quence, we can assume that between every vertex at some level n and another
at level n + 1, there is at least one edge. Also, as GGy is not a cyclic group,
we may assume that every edge set in F has at least two edges. Moreover,
by telescoping and symbol splitting the diagram further, we can make the
cardinality of both vertex sets and edge sets grow arbitrarily. (See [6] for
more discussion on telescoping of Bratteli diagrams.)

Next, as (G; is a countable torsion-free abelian group, it has an embedding
into R. This can be seen as follows: first, the fact it is torsion free means that
the natural inclusion into G; ®zQ is injective. This is followed by an inclusion
of this countable, rational vector space into R. With the relative order, it
becomes a simple dimension group and we can find a Bratteli diagram for
it, (W, F'). (The actual order does not matter, only that we can write it as
an inductive limit of free abelian groups with maps between them given by
positive matrices.)

Having chosen (W, F), we adjust (V, E) so that #V,, > #W,, for all
n > 1 and so that the number of edges between any two vertices in V,,_;
and V), exceeds 2#F),,. In consequence, we may choose graph embeddings
E:W = Vand €,¢! : F — E with disjoint images. Observe that £°, &% also
define continuous maps from Xr into Xg.

We let 5,4, Br, Rg be as described above for the diagram (V, E).

Recall that for any étale equivalence relation R on compact space X, a
Borel measure 1 on X is R-invariant if, for any Borel set U C R such that
r|u, s|u are injective, we have p(r(U)) = u(s(U)).
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Lemma 2.4. Let p be any Rg-invariant probability measure on Xg. Then
we have

W& (Xp)) = n(€ (Xr)) =0.

Proof. Let i = 0,1. It is well-known (see [4]) that a probability measure on
an AF-equivalence relation Rg is determined uniquely by a function p: V' —
[0, 1] satisfying pu(vo) = 1 and p(v) = 37—, u(t(e)), for all v in V. From
this and the hypothesis on the number of edges in F,, that

w(& (Fon)) <277,

for all n > 1. As &(Xp) = N,&(Fon) and the measure is regular, this
completes the proof. O

As before, we denote the set of all pairs p,q in Ey, with t(p) = t(q) by
I,, and now also denote the set of all such pairs with ¢(p) = t(q) € £&(W) by
w.

Now suppose that p,q are two paths in IV, for some n > 1. We define

subsets A0, A0L 010 690 of Xp x X as follows. First, we define A0 to be

the set of all pairs:

(p17 s 7pn;£1(fn+1)7§1(fn+2); .- )

<QI7--‘,Qn7§0<fn+1)750(fn+2)7--‘)
fz‘ ceF,i>n

It is a simple matter to see that Aézg is a bijection. In fact, its inverse is given
by using the same formula, simply interchanging p and ¢ and £° and ¢'. We
1,0y—1 0,1
denote (A)))~" by Aj.
We define 511):2 to be the union of )\11):2 with all pairs of sequences of the

form:
(pla"'7pn7£1<fn+1)7'-'7£I(fk)7§0(fk+l)7xk+27---)
<Q17"’7Qn750<fn+1)7"'7£O(fk)7£1<fk+1)axk+27"‘)
k>n+1, for1,. o Jr1 € F,

and also all pairs of the form:

(pla"'7pna§1(fn+1)7"'751(fk)7xk+17x/€+27"')
(C]17---7meo(fn+1),~-->5O(fk),xk+1,93k+2,---)
k>n+1>fn+17'-'7fk€F7xk+1 ¢€O(F)U€1(F)

We first observe that the three types of pairs are distinct. In fact, their
images under the source map (and also under the range map) are pairwise
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disjoint. Secondly, the image under s of 5;;8 is all sequences

(P1,D2s -+ -, Prs €nt1, €nsa,---) in Xg such that e,y is in &'(F,. ), which
is a clopen set we denote by U'(p). Its image under r is all sequences
(q1,G2s - - -y Gny €ns1s €nia, - -.) in Xp such that e, is in £%(F, 1), which is
also a clopen set we denote by U%(g). It is also a simple matter to see that
511):8 is a bijection. In fact, its inverse is given by using the same formula,
simply interchanging p and ¢ and £° and £'. We denote (0,7)" by dy,. We
can summarize this in the following way.

Lemma 2.5. Let n > 1, (p,q) be in IV and i =0,1. As defined above, &)}~
s a local homeomorphism of Xg. Moreover, we have

i1—i sl—ii _ ,
Opq Ogp”" = ULrer i c(N)=tm}Ppei () pei (1)
where the sets in the union are pairwise disjoint.
The following is obvious from the definitions, but worth stating explicitly.
Lemma 2.6. For p,q in IV andi= 0,1, we have
i1—i A
oy, —RE=X "

We need an analogue of property 5 of Lemma 2.2 for our elements 657",
which is the following.

Lemma 2.7. Let (p,q) be in IV with t(p) = £(w), for some w in W,,. Define
A = {f€Ful|i(f) =w}
B = {(f,]) € Fup1 x Fya |
i(f) =w,t(f) =i(f)}
C = {(f.e) € For1 X Epya |
i(f) =w,E@(f)) =ile), exr1 & £ (Fria) UE (Fuia)}-

Then we have
1,0 _ 1,0
Opg = <Uf€A5p§1(f)7q§°(f)>

U (Uir.mesBpet(peom).aene (1))
U (Ure)ecBoet (Fe.aeo(fre)

Moreover, the three sets on the right are pairwise disjoint.
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Proof. If (x,y) is in 8,0, then (zy,...,2,) = p, and Zp41 = £ (fry1), for some
fnr1 in F, 1. Now, there are three mutually distinct possibilities for x,, 5.

: L . L d10
The first is 19 is in €Y(Fy42). In this case, (z,y) is in 5p£1(fn+1),q£0(fn+1)'

The second is that z,,,5 is in £°(F,;2). In this case, (z,y) is in
Bt (frs )0 frs2) €0 frs )€ (frsa)- Finally, if @, 1o is in neither °(F') nor £'(F),

then (2,y) 1S 10 Bpet (£, 1)z s0,06  (for1)onss- Lhe reverse inclusions are clear. [

The first immediate consequence of the lemma is the following.

Theorem 2.8. The collection

B = {ﬁp,q ’ (p>CI) €ly,n > 1}
{022,651 | (p,q) € 1V ,n > 1}

P9’ "p.q

u{0}

satisfies the hypotheses of Theorem 2.1. We let R be the associated étale
equivalence relation. The equivalence relation Rg is an open subequivalence
relation of R.

Proof. The first three conditions are clear. The fourth and fifth must be dealt
with in several cases. If v, and 7, are both of the form 3,4, both properties
follow from Lemma 2.2.

The next case is to consider f3,, and 5;;?(1,, with (p,q) in I, and (p/,¢’) in
I, First assume that n = m. In this case, it is a simple matter to check
that

5170 o
ﬁpqo51/’0/={ B’ q_p/
g 0. a#p
and Lo
; !/
50 08, = Opgr 4 =D
e 0, ¢ #p
It is also simple to observe that for any (z,y) in (5;}2/, Tni1 7 Yne1 and hence

Bp.g N 5;,’21, = (). Similar arguments apply if we replace 511,;0(1, with 62;113,.

Now let us suppose that n < m. Using repeated applications of i)art 5 of
Lemma 2.2, we can replace f3, , with a union of 8, ,» with (p”,¢") in I,,, and
then the previous case applies, for both properties.

Finally, let us suppose that m < n. Here, repeated applications of Lemma
2.7 allow us to replace (511),’?(1, with a union of 5;;,(2 g With (p”,q") in IV and some
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By g (it is not necessary to specify the lengths of p”). Then the previous
case and part 5 of 2.1 yields both of the desired properties.

The next case to consider is 71 = 0,0 and 7, = (5;,’?(1,. We again begin
with n = m. Here, 7(6,9) = U°(q) and s(5,9) = U'(p). It follows easily that
0,9 0 6;;?(1, = () while 6,9 N (5;,’?,1, is empty unless p = p’ and ¢ = ¢'.

Next, we suppose that n < m. We use Lemma 2.2 to replace 6,0 with a

union of 5;,’,0[1,, with (p”,q¢") in I}V and By o with (p”,¢") in I, for varying

m'. Here both results follow from the previous case and the cases already
established above.

The final case to consider is v, = (511,:2 and v, = (52,’71(1,. We again begin
with n = m. Here, 7(5,9) = U°(q) and s(5,9) = U'(p). It follows easily that
Opg N 51;71(1, = () while 0,77 o 62;}q, is empty unless p = p’ and ¢ = ¢’ and then
the composition is simply the identity function on U*(p).

Next, we suppose that n < m. We use Lemma 2.2 to replace 511):2 with a

union of 5;,’,0q,, with (p”,¢") in I}V and By o with (p”,¢") in I, for varying

m/. Here, both results follow from the previous case and the cases already
established above. [

The first desired property of our equivalence relation R is easy: as Rg is
a subequivalence relation and is minimal, every Rg-equivalence class is dense
in X and hence the same is true for R.

Theorem 2.9. The equivalence relation R is minimal.

Although we do not need it immediately, we record the following useful
result.

Proposition 2.10. A probability measure p on Xg is R-invariant if and
only if it is Rg-invariant.

Proof. The ’only if’ part is clear. Now suppose that u is Rg-invariant. If
we let Y be the set of all points which are Rg-equivalent to some point of
E(Xp)UEY(XF), this Borel set has ;4(Y) = 0. On the other hand, Rg and R
agree on the complement of Y and it follows that p is R-invariant as well. [

To study R in greater detail, for each n > 1, we let B,, be the collection
of all sets 8,, C R, with (p,q) in I,,, along with all 6,0 and 0], with (p, q)
in IV. We also define R, to be the union of these sets.
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Lemma 2.11. 1. For each n > 1, R,, with the relative topology of R,
is a compact, open, étale equivalence relation. We let [x]gr, be the
equivalence class of x in R, for any x in Xg.

2. For any x in Xg, we have

#[ZE] _ { 2#{}7 € Eon | t(p) = t(xn)}v Tnt1 € fO(Fn_H) U gl(Fm-l)
" #{p € Eo,n | t(p) = t(xn)}’ Tpt1 ?é fo(Fn—H) U §1(Fn+1)

3. Forl > n, we have R, — R; is the union of

Boer(preo(sn.acoper(ry Y Bago(prer (s per (o),
over all (p,q) in I}V and (f, ') in F,; x Fiiq with t(f) = i(f).
4. For fired n > 1, the sets R, — R;,l > n, are pairwise disjoint.
5 Foralln>1, R, CR,.1UR,.>.
6. The union of R,,n > 1, is R.

Proof. Each of the sets in B is compact in the topology of X x X and hence
also in R. They are also open in R since they are part of the basis for its
topology. Thus, R, is the union of a finite number of compact open sets and
is then compact and open.

Let z be any point in X. If 2,41 is not in €°(F,, 1) U&(F,,1), then its
images under the elements of B,, is exactly the set of all y such that y; = z;,
for all i > n. If 2,11 = £°(fuy1), for some f,, 1 in F,,, 1, then its images under
the elements of B, is exactly the set of all y such that y; = z;, for all i > n,
and all z with z,,; = &(fny1) and z; = @y, for all i > n + 1. Similarly, if
Tpy1 = EY(fns1), for some f, 41 in F, 1, then its images under the elements
of B, is exactly the set of all y such that y; = z;, for all © > n, and all z with
Zni1 = E%(fny1) and z; = 24, for all 4 > n + 1. From this, it is clear that R,
is an equivalence relation.

The second part follows immediately from the description of the equiva-
lence classes we have just provided.

For the third part, we consider an element of B,,. If it is 3,, for some
(p,q) in I, then by part 5 of Lemma 2.2, it is contained in R; and so 3, ,— R,
is empty. For 5;:2 with (p,q) in IV, we apply Lemma 2.7 | — n times. In

the end, we have a collection of (5}17,’3], where (p/,¢') is in I}V, which are all in
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R;. We also have many [,y ». Almost all of these are contained in R;, with
the only exception being those listed in the statement where the (p/,q’) are
in I}’/;. The reverse containment is clear.

From the description of R, — R; which is given in the third part, we see
that any pair (z,y) in R, — R; has x;,1 # y;41, but x; = y;, for all i > [ + 1.
This implies the fourth part.

The fifth part follows from Lemma 2.7. The last part is immediate from
the definitions. ]

The last two parts of this result are rather curious: if the R, actually
formed an increasing sequence of compact, open subequivalence relations,
then C*(R) would be an AF-algebra. The sets R, U R,;1 do form an in-
creasing sequence of compact open subsets, but they are not subequivalence
relations.

Theorem 2.12. The étale equivalence relation R is amenable.

Proof. For [ > 1, we define h; as follows:

_ (#[I]Rz)ilv ("L‘ay)eRl
f”(x’y)‘{ 0, (zy) ¢ R

This is a continuous function on the space R since R, is étale. It is compactly
supported as R; is compact and it is clearly non-negative. We consider the
two conditions given in the first section for amenability. The first of these
conditions is trivially satisfied.

We consider h; on R, for [ > n. Let (z,y) be in R,,. If (z,y) actually
lies in R; as well, then we have

h(z,2) = l(y, 2) = (#[z]r,) "

for every (z,z) in R;. Now suppose that (z,y) is not in R;. Let z be any
point with (z, z) in R. If neither (z, z) nor (y, z) are in Ry, then

hi(x,z) — h(y,z) =0—0=0.

If z is such that one of (x,z) and (y, 2) is in Ry, then as (z,y) is not in Ry,
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(x,z) and (y, z) cannot both be so exactly one of them is and we have

Yo (e z) —hly.2)l = Y Ih(e,z) = hu(y,2)

(z,2)ER (z,2)ER

3 Jhula,2) - by, 2)]

(y,z)GRl

= > |#klr) " -0

(z,2)ERy

+ > 10— (#lr)

(y,2)ER;
= 2.

Now we define g, = {71 Zizl h;. This is clearly non-negative, continuous,
compactly supported and satisfies the first of the two conditions. As for the
second, we consider the value of g; on R,:

Y lale2) —aly, )l < 7YY (,2) = uly, )]

(z,2)ER =1 (:1: z)ER

+17t Z Z \hi(x, z) — hi(y, 2)|

1=n+1 (z z)GR

< IT2n417'2 Z X Rp—R;
1=n+1

< I'2(n+1)

where we have used the fact that the sets R, — R;,n < ¢ < [, are pairwise
disjoint from part 4 of Lemma 2.11 in the last step. This clearly tends to
zero uniformly on R, as [ tends to infinity. This completes the proof, using
the characterization of amenability given in the introduction. O]

3 K-theory

In this section, our single goal is to compute the K-theory of the C*-algebra
C*(R). The main tool will be Theorem 2.4 of [13]. Translating the notation
from [13], the groupoid G there will be our R. It will be useful to have some
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notation for the elements of C*(R). As in the last section, For each pair
(p,q) in I, we let b, , be the charactersitic function of 3, ,. If (p, q) is in IV
and 7 = 0,1, we let d’;.~* be the charactersitic function of 651 7".
The C*- subalgebra of C*(R) generated by the b,, is the AF-algebra
Let discuss relative K-groups for C*-algebras. If A is a C*-algebra and
A’ is a C*-subalgebra, the mapping cone of the inclusion is

C(A;A) ={f:]0,1] = A f continuous, f(0) =0, f(1) € A"}

which is a C*-algebra with point-wise operations. The relative K-theory
K;(A’; A) is usually defined as K 1(C(A’; A)), for i = 0,1. As there is an

exact sequence
0—Co(0,1)® A—C(A;A) - A" =0

and using the canoncial isomorphism K;(Cy(0,1) ® A) = K;1(A), there is a
six-term exact sequence

Ko(A') —— Ky(A) —= Ky(A; A)

| |

Ki(AGA)<— K (A) =— K (4)

In [12], a different description of the relative group K;(A’; A) is given.
We let A denote the C*-algebra obtained by adding a unit to A and A’ C A
is the unital inclusion. We also let M, (A) denote the n x n-matrices with
entries from A. One considers partial isometries v in M, (A), such that v*v
is in M, (C) (the subalgebra generated by the unit) and vo* is in M, (A’).
Following [12], we let V,(A’; A) denote the set of all such elements v. The
relative group K;(A’; A) is described in terms of equivalence classes of such
partial isometries, which we denote by [v], (r for 'relative’).

One obvious advantage of this description is that two of the maps in the
six-term exact sequence shown above become rather obvious: the one from
Ki(A) into K,(A’; A) simply takes [u];, where u is a unitary in M,,(A), to [u],
in K;(A’; A) and the one from K;(A’; A) to Ko(A’) takes [v], to [vv*]o—[v*v]o
in Ko(A').

We would like to apply the results of [13] to our C*-algebras
C*(Rg) € C*(R). To do so, we must define the set L C R from page 1492
of [13]. We let L be the union of all sets A\}9) with (p,q) in IV and n > 1.

D,q’
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Observe that every point in s());)) has all but finitely many edges in
¢'(F), while every point in r(A}9) has all but finitely many edges in £0(F).
It follows that r(L) N s(L) is empty. It is clear then that L™' is simply the
union of all AD'.

We know from Lemma 2.6 that, for any such p, ¢, we have 6,0 —Rp = A}0.
Also, as R is the union of all 3, ,, we know that 3, ,— Rg is empty. It follows
then that the complement of Ry in R is exactly LU L~!. As the equivalence
relation Rg is open in R, it follows that L is closed.

Following [13], we let

Hy=L"'L H =LL' H=HyUH,,H=HyUH, ULUL™.

This defines these objects simply as subgroupoids. They are not locally
compact in general. The main point of [13] is that each can be endowed with
natural new topology which is finer than the relative topology from R and is
étale.

In view of Lemma 2.6, we sce that A0 = 0,0 N L and this means that
the sets )\1 Y are all clopen in the relative topology of L. It follows that, for
(p,q) in I}, n > 1, the sets

_ 0,1 1 0 0, 1 1,0
= Np O A = A 0N,
are compact and open and a base for the topology of Hy. We also define

1,1 1 o 0,1 __ 1,0 0,1
apq o )‘ >‘p,q o )‘p,q © /\q,q

which are compact and open and a base for the topology of H;. The set
LUL™! keeps its topology from R and H is given the disjoint union topology.
For each (p,q) in IV, we define a;Zq to be the characteristic function of
ot which is in C*(H;) € C*(H). The span of these elements is dense in
C*(H;). We also let a;l)g be the characteristic function of )\11)2 and agé be the
characteristic function of )2, which are both in C*(H).

The following is essentially the same as Lemma 3.8 of [13] and so we do
not provide a proof. On the other hand, it is a simple matter to see that the
a’? form a systems of matrix units for the various finite-dimensional algebras
and this can be proved directly using arguments following Definition 2.3. It
does seem worthwhile to point out that for any n > 1, (p,q) in IV, 4,5 = 0,1

and m > n, we have

i:j — Z7~7
pg = Z Apei(p'),q83 (p')?
P/ EFn,m E(i(p'))=t(p)
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since this is a slightly different relation than satisfied by the b, ,.

Theorem 3.1. 1. The C*-algebras C*(Hy),C*(Hy) and C*(H) are all
AF-algebras.

2. We have
Ko(C*(Ho)) = Ko(C*(H)) = Ko(C"(H1)) = G
and the first two isomorphism are induced by the inclusion maps.

8. The map from Ko(C*(Ho)) to Ki(C*(H'); C*(H)) which sends [a)7]o
1,0
to [ 1 ipé’gzg 0 } 18 an isomorphism.

The important relation between the C*(H) and our earlier C*(R) is the
fact that elements of C*(R) act as multipliers of C*(H). When considering
those elements which are continuous functions of compact support on R, this
is a matter of realizing that H C R and one simply restricts the functions.
The topology which H has been given is not the relative topology from R,
but it is finer so that a continuous function on R restricts to a continuous
function on H. If it has compact support on R, its support will no longer be
compact on H, but the function will be bounded.

We need to perform this product in a few simple cases.

Lemma 3.2. Let m > 1, (p,p’) be in I,,, q in Ey,, and i, j =0,1. We have

1.
171_2 . . ;)
ditigii — ) oy fl—i=7j0 =q
pp 0 otherwise
) ) 171_1 . L -
@i @ — Ay oy if i = ]?p =q
097PP otherwise
)] y /
by p/(lj’j — ) Yy P =q
R 0 otherwise
j7j y J—
a]v] bp p/ — ap,p’ pr - q
A 0 otherwise
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Proof. The proof of the first part involves computing the composition
1,11 Jj — shl—i J1=j 1-5,j
512717’ © g = 5p,p’ © >‘q,q © )‘q7q )

It follows from the defintions that this is empty unless j =1 — i and p’ = ¢.
In that case, it is simply )\;;,_i. This completes the proof. The second part
is done in a similar way and we omit the details. The others parts can be
obtained from these by taking adjoints. m

Lemma 3.3. For each m > 1, define

_ 0,0 1,1
Em = Z a‘]aq + al]v‘]’
qEEO,mvt(Q)eg(W)

1. The sequence e,,,m > 1 is an approximate identity for C*(H).

2. If n <m and (p,q) is in I}V, then

bp.q€m = embp.q,
is in C*(Hy) & C*(Hy).
3. If n <m and (p,p) is in I}V, then
dypem = emdyy =y + ¢,
where ¢ is a partial isometry in C*(Hy) ® C*(Hy). Moreover, all,zg and
¢ have orthogonal ranges and orthogonal sources; that is, c*a;:g =0=

1,0 %
(Ip7pC .

Proof. The proof of the first part is straightforward and we omit it. For the
second part, we use part 5 of Lemma 2.2 to write b, ,, as a sum of b, over
pairs (¢,¢’) in I,,. We also write e,, as a sum of aé’fq as in its definition. We
then expand out the product b, 4e,,, applying part 2 of Lemma 3.2 to each
term. A similar approach to e;,b,, yields the result.

For the third part, repeated application of Lemma 2.7 means that we may

write
1,0 _ 1,0
dp,p - Z dpél(p’),pﬁo(p’) +0,
P €EFnm,&(s(p'))=t(p)
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where b is a sum of terms of the form 5, ,» with (¢’,¢") in I,,+1. Moreover,
these are two partial isometries with orthogonal initial projections and final
projections. We now take the product with e,,, again writing it as a sum of
al’ and expanding. By using Lemma 3.2, we we first see that d. e, = emd)?.
For a fixed p’ € Fy, ., &(s(p')) = t(p), we also have

1,0 - 1,0 0,0 1,1
dpﬁl(p’)w&o(p’)em - Z dpﬁl(p’)m@(p’)(aq,q + aq,q)
q
1,0

= Aper ) peo(pr)

using Lemma 3.2. Taking the sum over all p’ now yields

1,0 10
Z dpfl(p’),pfo(p’) Em = Apyp-

p'€Fn,m,§(s(p’))=t(p)

The term be,, = c lies in C*(Hy) @& C*(H;) in consequence of Lemma 3.2.
This completes the proof. O

Proposition 3.4. With the isomorphism
a: Ki(C*(Rg); C*(R)) — K{(C*(H"); C*(H))

given in Theorem 3.1 of [12], for any n > 1 and p in Ey,, with t(p) in E(W),

we have
a{ dyp 0}_{ @y 0}
1,0\% 71,0 = _ 400

1- (dp,p) dyp 0], 1=ayp 01,
Proof. The map « is constructed as follows. One finds an approximate
unit, e;,t € [0,00), for the algebra C*(H). Then for a partial isometry v
in M,(C*(R)™), such that v*v and vv* are in M, (C*(Rg)~), we form

ve 0
= [ 1yt |

1/2
Vo — e vtue) 20

Notice here that we write e; rather than 1, ® e, € M, (C*(H)), for simplicity.
For sufficently large values of ¢, this defines a class in
K, (C*(Hy) ® C*(H,); C*(H)) which is the image of [v], under .

We extend our approximate unit e,, extend to real values by setting e; =
(m+1—t)e, + (t —m)eyyr, form <t <m+1.
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It will be convenient to denote

O0v# 71,0 _
b= (dzlzp) dp,p = Z bpeo () pe0(f)-
FE€Fn+1,£(i(f))=t(p)

1,0
Let v = ( fiipb 8 > Then, for m > n, using the facts that e,, and b

are projections and commute, we have

Ve 0
() = [ (Vv — envtven)’? 0 }
[ dll,zgem 00 0]
B (I—-"b)e,, 0 0 0
- (I1—e,) 0 00
i 0 00 0
[ azl):g +a 0 0 0]
B (I—="b)e,, 0 0 O
- (I1—e,) 0 00
i 0 00 0

We will use part (iii) of Lemma 2.2 of [12], which states that left multi-
plication by a unitary in My ((C*(Hy) ® C*(H;))™) does not change the class
of this element in the relative K-group. We then note that

1 0 0 0 aypt+a 0 0 0 ayp+a 0 0 0
0 em loem O|| (I-ben 00 0] | 1-ben 00 0
0 1—em en 0| (1—en) 000" 0 000
0 0 0 1 0 0 0 0 0 0 0 0
Then, we compute, noting that ¢ is in C*(Hy) & C*(H,),
1 —cc* c 00 ayo+c¢ 0.0 0 ayg 000
c* 1—cc¢c 0 0 l—bem 00 0] | 1=a)) 000
0 0 1 0 0 000/ 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
O

Proposition 3.5. In the siz-term exact sequence of Theorem 2.4 of [13], the
map from Ko(C*(H)) to Ko(C*(REg)) is zero.
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Proof. The map is question is the composition of the isomorphism
Ko(C*(H)) = Ko(C*(Hp)), the isomorphism
Ko(C*(Hyp)) = K1 (C*(H"); C*(H)) of Theorem 3.1 and inverse of the map «
of Proposition 3.4. We begin [a)9]o, with p in Ey, with t(p) = {(w), w €
ayp 0 }
1— agzg 0
in K;(C*(H');C*(H)). By Proposition 3.4, the inverse of « carries this
1,0
d{”%’ . 110 0 Finally, the map from K;(C*(Rg);C*(R)) to
1- (dpzp) dpp O r
Ky(C*(Rg)) sends this to

W. By Theorem 3.1, the second isomorphism sends this to [

to

dyip(dyp)* 0 10 1,0( 41,0 1,0\* 71,0
p?p p’p J— P ) ) * —_ ) * k)
[ 0 1 — (d},;f?)*d}g;?, . 0 0], [dyp(dyp)"To = [(dyp) " dyplo-

As d}9 is the characteristic function of 00, d}0(d}9)* is the characteristic

function of the source of 511,;2 while (d},:g)*dzl,zg is the characteristic function of
the range of §,7). The former is the set U'(p), while the latter is U°(p). We
let

w = Ui(r)=wbpe ().pe0(f)
This is clearly in Rp and it is a simple matter to see that
* _ 71,07 71,0\ % * _ 1,0\* 71,0
ww = dp,p(dp,p) W W= <dp,p) dp,p'

We conclude that the two projections in C*(Rpg) are equivalent in C*(Rg).
This completes the proof. O

We are now ready to prove the third and fourth parts of the main theorem,
1.1.
We consider the six-term exact sequence given in Theorem 2.4 of [13].

Ko(C*(H)) — Ko(C*(REp)) — Ko(C*(R))

|

Ki(C*(R)) =— K1(C"(Rp)) =— K:i(C*(H))

We know that C*(H) and C*(Rpg) are both AF-algebras and their K-
one groups are trivial. In addition, we know that Ky(C*(Rg)) = G, and
Ko(C*(H)) = G;. Putting in all of this information, we have
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Gy Gy Ko(C*(R))

| |

Ki(C*(R)) 0 0

Finally, the last Proposition tells us that the horizontal map from
Ko(C*(H)) = G, is zero. It follows that the two remaining maps are isomor-
phisms.

We must still show that the map on Kj is an order isomorphism. As it
arises from the inclusion of C*(Rg) in C*(R), it sends positive elements to
positive elements. Conversely, suppose that an element in Ky(C*(Rg)) has
a positive image in Ko(C*(R)). Then the image under that element under
every trace on C*(R) is strictly positive. On the other hand, these traces all
arise from R-invariant measures on X g, which are precisely the Rp-invariant
measures by 2.10. As C*(Rg) is a simple AF-algebra, it follows that the
element is positive in Ko(C*(Rg)).

Remark 3.6. For readers who might be disappointed by the fact that our com-
putation of K1(C*(R)) did not explicitly produce a single unitary in C*(R),
let us note the following. If we fix a path p with t(p) in E(W), and define

1,0
Up = E , bpfo(f),pﬁl(f) dpvp’
feFn+1,£(i(f))=t(p)

then v, is a partial isometry in C*(R) and
U;Up = UpU; = Z bpeo (1) pe0(f) < bpps
FeFn1,£(i(f))=t(p)

and v, + (1 — vyv,) is a unitary. Under the natural map from K,(C*(R)) to
do 0
* * - N p,p
K, (C*(Rg),C*(R)), it is sent to [ 1_ (d};;,?)*d});,‘i 0 L.
Pursuing this slightly further, it is not difficult to show that
c* (Bt(p), Up + (bp,p — U;Up)) = C(T) X Bt(p),

where By 1s as described earlier and T denotes the circle. Repeating this
construction at every vertex of E(W,,), we can construct a C*-subalgebra of
C*(R) which we denote by D,,, containing B, and with

Dn = <@wEWnC(T) ® B{(w)) SY <@v€Vn75(Wn)Bv) .
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This looks remarkably like an approximating subalgebra with the correct K-
theory. The difficulty lies in the fact that D, is not contained, or even
approzimately contained, in D, 1. (This is related to a similar problem with
R, and R, is the last section.)

Presumably, D, is approzimately contained in D,,, for some m suffi-
ciently large, but this would seem to need powerful classification tools to prove.

Let us finish this section with a pair of relatively simple applications
of Theorem 2.4 from [13]. We consider a Cantor set X with a minimal
homeomorphism ¢ of X. Let R, denote the orbit relation of ¢. That is,
each equivalence class is {¢™(z) | n € Z}, for some z in X. We select two
points y, z having distinct orbits and let R be the subequivalence relation
with exactly the same equivalence classes except {¢"(y) | n < 0}, {¢"(y) |
n > 1} {e"(z) | n < 0} and {¢™(z) | n > 1} are all distinct equivalence
classes [11].

Also, let Ry be the subequivalence relation with exactly the same equiv-
alence classes as R, except {¢"(2) | n <0} and {¢"(2) | n > 1} are distinct
equivalence classes. It follows from the results of [11] that both R and R,
are AF-equivalence relations.

Next, draw a Bratteli diagram for R, so we may identify X with the path
space of this diagram. Put an order on the edges (as in [7]) such that y is the
unique infinite maximal path, while ¢(y) is the unique infinite minimal path.
Let 1 be the associated Bratteli-Vershik map and R, be its orbit relation.

It is an easy matter to see that R, and R; are actually the same equiv-
alence relation. They carry different topologies, however. The latter is AF,
while the former is not. Both contain R as an open subequivalence relation
and the two topologies agree on R. In each case, we may apply the results
of [13] using

L=A{(¢"(y),¢"(y)) [n<0,m =1}

The set L is discrete in both topologies and in both cases the groupoids
Hy, Hy and H are the same. It is a simple matter to check that C*(H) = K,
the C*-algebra of compact operators, and Ko(C*(H)) = Z. If we consider the
six-term exact sequences in Theorem 2.4 of [13], one involving C*(R), C*(R;)
and C*(H) and the other involving C*(R), C*(Ry,) and C*(H), four of the

terms are identical:
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Ki(C* (1)) 0 0
T Ko(C*(R)) — Ko(Ol(Rzp))
Ki(C*(Ry)) 0 0

The difference arises in the maps between them. In the first case,
K (C*(Ry)) = 0 since it is an AF-algebra and the Z in the upper left
corner maps injectively under the map to its right. In the second case,
K1(C*(Ry)) = Z and the vertical map into Z is an isomorphism.

4 Tracially AF

The aim of this section is to prove that the C*-algebra C*(R) is tracially AF.

We know that C*(R) is the closed linear span of the elements b, ,, with
(p,q) in I, along with di1 =", over (p,q) in I}} and i = 0,1. (We are forced
to switch to m since n is already in use.)

Given the presence of the € in the definition, it suffices for us to consider
F to be a finite subset of such elements and then we may as well assume
that F consists of all such by, 4, d;}~", for some fixed m. However, we may not
assume that z; is of this form. But we can assume that it is in the span of
such elements.

In addition, we have a faithful conditional expectation F from C*(R) onto
C(Xg), considered as the diagonal functions in C.(R). As a is strictly positive
we may assume that F(a) is strictly positive. We may choose a clopen subset
in the interior of the support of F(a) and let p, be its charactersitic function,
which we regard as an element of C*(Rg) C C*(R). It suffices for us to
choose p such that 1 — p is equivalent to a subprojection of p,.

For [ > m and i = 0,1, let Q! denote the set of all paths ¢ in Fy,; such

that (¢mi1,-..q) is in E(F), ). Then we define

i _ 0, -1
€ = g by, € =€ + €,
qeQ!
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which is a projection in C*(Rg). We will use p = 1 — ¢, for suitably chosen
[ > m. (We use ¢; so that it is not confused with the e, of the last section.)

Let us make some easy observations. First, it follows easily from Lemma
2.2 that we have

€ bp,p’ = bp,p’ €

for all (p,p’) in I, and that the product lies in finite-dimensional C*-algebra
By as described following Definition 2.3, provided [ > m. Next, we consider
similar facts for products with the d;’;;l.

Lemma 4.1. For allm <1, (p,p’) in I, and i = 0,1, we have
adyt=d ey

and -
(1—e)d; " € B.

Proof. The proof will be by induction on [ —m. In the case, [ —m =1 or
[ = m+1, we will actually prove that éld;’;,,_z = d;’;;i. For simplicity, we will
assume that ¢ = 1.

It is a consequence of Lemma 2.7 that we may write

1,0 . 1,0

dp,p’ - deél(f),pféﬂ(f)
fEA
+ > bapeunaene ()
(£.f)€B

+ Y by (peqer(nete
(f.e)eC

For fixed ¢ in Q!, we have seen earlier that the proof of Theorem 2.8 that
bq,qd;’g(f)’p/so(f) is equal to d;’gol(f)’p,go(f) if ¢ = p€'(f) and is zero otherwise.
As p€!(f) is in Q} and not in Q?, summing over all g and i gives

_ 41,0 410
Cildyer () preor) = Dper(p) preo(s)”

A similar argument, using the results of Lemma 2.2, shows the same con-
clusion for the second and third sum. By taking adjoints, we have the

same conclusion for right multiplication by €. That is, we have shown that
(L—e)dy, ' =d ' (1—e)=0.
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Now, we assume that [ > m+1. Again, we use the same decomposition of
d;’;,_i as above. In the first sum, we use the obvious fact that (p&'(f), p’€°(f))
is in IV, | so that we may apply the induction hypothesis. The conclusion
follows at once for the first sum.

For the second sum, the path p&t(f)€%(f') is in neither Q}HQ‘ nor Q9 .,
and it follows that bq’qbpé‘l(f)gO(f/)’qé'O(f)gl(f/) = O, for all q in Q{,j = 0,1.
Similarly, since e is in neither £(F}, o) nor £'(F),.2), the path p&'(f)e is in
neither @Q;, 5, nor QY ., and it follows that bg,qbpet (freqeo(pe = 0, for all ¢ in

{ ,j = 0,1. We have shown that left multiplication by &; on the second and
third sum yields zero. Hence, multiplication by 1 — ¢; leaves these unchanged
and they are already in B, 2 C B;. O

Now we can verify the three properties to show that C*(R) is tracially
AF. Our finite-dimensional C*-subalgebra is (1 — &)B;(1 — ¢;). We have
already shown the first of the three properties.

Next, we turn to the conclusion ||pz1p|| > ||z1]| — €. Let = be any point
of Xg with none of its edges in either £°(F) or £'(F). We consider the
representation 7 of C*(R) on (?[z]p [14]. As C*(R) is simple and amenable,
this representation is faithful. So we may find a unit vector n such that
|7 (z1)n|| > [|z1]] — €/2. It is clear that the sequence 7(e;)n,l > 1 converges
to 0. So we may find [y sufficiently large that |7 ()72 < €(2||x1]]) " for all
[ > ly. For such [, we have

|z1(1—e)| > [[mw(2)(1 —7(e))nlla
> lw(@)nll2 — 7 (1) (@)nl|2
> Nl = ¢/2 = lzalleflz )"

= =l —e

Finally, we turn to the issue of making ¢; small in the third condition. It
is clear from our choice of the embeddings &', that we have [ ]o > 2!=™[éi]o,
for every i = 0,1, [ > m. After summing over i, we have [€,,]o > 2!"™[é]]o,
and the desired conclusion follows. This completes the proof.
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