AN EXCISION THEOREM FOR THE K-THEORY OF
C*-ALGEBRAS, WITH APPLICATIONS TO GROUPOID
C*-ALGEBRAS

IAN F. PUTNAM

ABSTRACT. We discuss the relative K-theory for a C*-algebra, A,
together with a C*-subalgebra, A’ C A. The relative group is
denoted K;(A’;A),i = 0,1, and is due to Karoubi. We present
a situation of two pairs A’ C A and B’ C B are related so that
there is a natural isomorphism between their respective relative K-
theories. We also discuss applications to the case where A and B
are C*-algebras of a pair of locally compact, Hausdorff topological
groupoids, with Haar systems.

1. INTRODUCTION

The goal of this paper is the computation of K-theory groups of the
reduced C*-algebras of groupoids, meaning locally compact, Hausdorft
groupoids with a Haar system. To be more specific, we will be con-
cerned with a pair of groupoids which are related in some way so that
one reduced C*-algebra is a C*-subalgebra of the other. Our results
allow computation of the relative K-theory of this pair.

Results along this line have already been obtained in [13] and [14],
but under very restrictive hypotheses. In particular, the groupoids
there are principal and étale. Moreover, the relation between the pair
of groupoids is very limited. Our aim here is to extend the generality
of these results. At the same, we give a much simpler, more conceptual
description of the isomorphism between relative groups that is our main
objective.

As the theory of groupoid C*-algebras becomes rather technical quite
quickly, we will devote this section to a discussion of the the principal
ingredients in the paper along with a couple of rather simple examples
which nicely illustrate some of the main ideas.
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Our first key ingredient is the notion of relative K-theory. Given
a C*-algebra, A, and a C*-subalgebra, A’, Karoubi [7] defined relative
groups K;(A’; A),i = 0,1. We will review his definition (at least for i =
0) in the next section. (This can be defined for any *-homomorphism
a: A — A. We will not need the definition in this generality, but
we refer the reader to [5] for more details.) A key consequence is the
existence of a six-term exact sequence:

(2

u] lu
Ki(A) <—— Ki(A) = K1 (4 A)

Tx

where i denotes the inclusion map.

Our main results may be described as excision, meaning that the
relative K-theory of a pair A C A depends only on A — A’. Of course,
if A’, A are topological spaces A— A’ makes perfect sense as a topological
space, but this doesn’t make so much sense for C*-algebras. In that
setting, a nice first example of excision is the following: suppose that
A’ is a closed two-sided ideal in A, then K;(A"; A) = K;11(A/A’), where
A/A’ is the usual quotient C*-algebra.

Let us re-state that result in a way which will be useful for compar-
ison later. Suppose that A, B,C are C*-algebras and o : A — C, [ :
B — C are x-homomorphisms. If «(A) = §(B), then the fact that the
kernels are ideals implies that

K, (ker(a); A) = K. (a(4)) = K.(3(B)) = K. (ker(3); B).

Our main results will be concerned with replacing *-homomorphisms
in this statement with bounded *-derivations. At this point, we merely
note that the kernel of a bounded *-derivation is a C*-subalgebra, al-
though not an ideal.

Let us give a very easy example using commutative C*-algebras. Let
X be any compact, Hausdorff space. Choose two distinct points, y1, ¥,
in X and let X’ be the quotient space obtained by identifying them
and 7 : X — X’ be the quotient map. This means that 7 induces an
injection of C(X’) in C'(X). Alternately, we can write

CX) ={f € C(X) | fyr) = f(w2)}-

These two algebras differ only at the points Y = {y;, 92} in X, or at
Y’ = {[x1]} in X’. We have the diagram:
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0——Co(X - Y) ——=C(X) ——=C(Y) —=0
00— Cy(X' —Y) —— C(X') —= C(Y") —0

which is commutative and has exact rows. There is an associated six-
term exact sequence involving the three relative K-groups, and since in
one of them, the inclusion is actually an equality, that relative group
is zero. We conclude that there is an isomorphism

K(C(X'): C(X)) = K(C(Y"): C(Y)),i = 0, 1.

The latter group is rather easy to compute using the exact sequence
above.

This computation can also be regarded as an excision result. While
considering this example, let us see how the notion of x-derivation can
be useful. Assuming that X is separable, let us choose a countable
dense subset, Y C Z C X. There is an obvious representation of C'(X)
on (*(Z) and a slightly less obvious one of C(Y), which is zero on
(*(Z —=Y). Let F be the self-adjoint operator which is the identity on
(*(Z —Y) and such that F&(y;) = &(ys—y), for i = 1,2 and € in (?(2).
Also, let §(a) = i[F, a], for any bounded operator a on ¢*(Z). Observe
that ¢ is a bounded *-derivation with

ker(6)NC(X) = C(X')
ker(0) NC(Y) = CY)
S(C(X)) = o(CY)).

Put in this way, the excision result above now looks similar to the
earlier result on the kernels of x-homomorphisms.

We now look at another example, which has many similarities with
the last, but displays some important new features. Let X = {0, 1},
X' =1[0,1] and 7 : X — X’ be defined by

m(x) = f::vRQ_”,
n=1

for x = (2,)%%; in X = {0,1}". This can also be described as the
restriction of the devil’s staircase to the Cantor ternary set. It is also
known less formally as base 2 expansion of real numbers.

Welet Y ={k27" |n>1,0<k <2'tand Y = 7 (V). Tt is
a rather simple matter to check that 7 is one-to-one on X — Y and is
two-to-one on Y. In fact, for ¢/ in Y, 7=1{y'} consists of two points,
(x1,22,...,2,,1,0,0,...) and (21, 9,...,2,,0,1,1,...). At this point,
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the situation is very much like our last example. The significant dif-
ference is that Y and Y’ are no longer closed and the diagram we had
above is no longer available.

The solution here is to introduce new topologies on Y C X and
Y’ C [0,1] which are finer than the relative topologies from X and
0, 1], respectively, in which they are locally compact (and still Haus-
dorff). In this case, the obvious choice is the discrete topologies. Let us
continue the development with derivations we had in the earlier case.
We represent C(X) and Cy(Y') as multiplication operators on £*(Y))
(noting that Y is conveniently dense in X'). Observe that C(X) acts as
multipliers of Cy(Y). This is a result of the fact that for any f in C(X),
its restriction to Y will remain continuous in any finer topology. Fur-
ther, define F' to be the operator FE¢(y) = £(y), where ¢ is the unique
point in Y with 7(y) = 7(y) and § # y. Again define §(a) = i[F, a| for
any bounded operator on £*(Y). It is a simple matter to check that

ker() NC(X) = C(X')
ker(0) NCo(Y) = Co(Y')
0(C(X)) = (Co(Y)).

In this situation, the conclusion that
Ki(C(X'); O(X)) = Ki(Co(Y'); Co(Y)), i = 0, 1.

follows from our main result, Theorem 3.4.

The key feature in this last example, which differs from the first we
gave, is the idea that the subset where the two algebras of functions
differ must be endowed with a new, finer topology. At the same time,
we are interested in groupoid C*-algebras and the issue of endowing a
subgroupoid with a new finer topology so that the original algebra acts
as multipliers of the smaller one is a considerable technical one.

The two examples we have listed above are part of a general class
which we refer to as 'factor groupoids’. We develop the theory in some
generality in section 7. The idea, avoiding many technical issues, is
to take a surjective morphism of groupoids 7 : G — G’. Under some
hypotheses, we show that this induces an inclusion C}(G’) C C*(G).
We then consider H C GG and H' C G’ to be the subgroupoids where the
map 7 fails to be one-to-one. Under a number of technical hypotheses,
we first show that H and H’' may be given new, finer topologies and
prove that we have

K.(CH(G); CH(G)) = KL (CL(H'); CL(H)),

the latter being significantly simpler to compute in many examples.
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The other situation which is considered in section 6 is one we refer
to an ’subgroupoids’. Here, we suppose that G is a groupoid and
G° C (' C @ is an open subgroupoid. Again we have an inclusion
C*(G") € C*(@). In this situation, we introduce H C G and H' C G’
as the subgroupoids where the groupoids G and G’ differ. Again, under
a number of technical hypotheses we first show that H and H' may be
given new, finer topologies and prove that we have

K.(CH(G); CH@G)) = KL (CL(H'); Cr(H)),

the latter again being significantly simpler to compute in many exam-
ples.

Let us mention that, if the groupoids are all amenable, then the
Baum-Connes conjecture holds [18]. It seems likely that a proof of
our results could be given by using this and conventional excision re-
sults in topology. We believe there is some virtue in working with the
C*-algebras themselves. In particular, this is preferable for doing the
computations in most applications.

Let us briefly mention some applications of the results. In some
cases, these will follow from the earlier paper [14].

For the subgroupoid situation, the simplest example of this are the
so-called orbit-breaking subalgebras, Ay C C(X)XZ first introduced in
[12]. Indeed, we give a considerable generalization of this construction
at the end of the section 6 in Theorem 6.18 and Corollary 6.19.

Another application was given in [15]. The main question is, given
some K-theory data, can one construct an étale groupoid whose asso-
ciated C*-algebra falls in the Elliott classification scheme and has the
given K-theory groups. In this case, assuming the K-zero group is a
simple , acyclic dimension group K-one is torsion free, one begins with
G' as the AF-equivalence relation with that K-zero group and con-
structs G’ C G so that Ko(G*(G)) remains the same, while K;(C*(G))
becomes the desired K-one group.

The subgroupoid results are also used in [4] for similar purposes,
including the case of non-zero real rank C*-algebras.

In [3], examples were given of non-homogeneous extensions of mini-
mal Cantor Z-actions. The K-theory of these extensions can be com-
puted in specific examples [6], using the factor groupoid situation.
Additionally, [6] considers quotients which may be constructed rather
analogously to the extensions given in [15].

Finally, we mention work in progress with Rodrigo Trevino. This
is based on work of Lindsey and Trevino [8] which begins with a bi-
infinite ordered Bratteli diagram and constructs from it a flat surface
with vertical foliation. Typically, the surface is infinite genus. The
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foliation C*-algebra is actually a subalgebra of the AF-algebra associ-
ated with the Bratteli diagram. In fact, their groupoids can be related
by a two-step process through a third groupoid. The first step is that
the intermediate groupoid is a factor of the AF-equivalence relation.
The second is that the foliation groupoid is a subgroupoid of the in-
termediate groupoid. An interesting consequence of these K-theory
computations is that, if the K-zero group of the Bratteli diagram is
not finitely-generated, then the surface is necessarily infinite genus.

The paper is organized as follows. The next section outlines basic
facts about relative K-theory for C*-algebras. The third section is our
excision result. It is stated in considerable generality for derivations be-
tween C*-algebras. Its proof is rather long and technical, so it appears
separately in section 4.

In section 5, we turn to the rather general question: given a groupoid,
G, and a subgroupoid, H C G, endowed with a finer topology, what
conditions ensure that the reduced groupoid C*-algebra of G acts as
multipliers of that of H?

In section 6, we combine the excision results of section three and
those of section five to consider the situation of an open subgroupoid.
In section 7, we do the same for the situation of a factor groupoid.
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2. RELATIVE K-THEORY

In this section, we discuss a relative K-theory for C*-algebras intro-
duced by Karoubi [7]. Most of the basic ideas are already in [7], but
we will add to them slightly.

The idea is to consider a C*-algebra, A, together with a
C*-subalgebra, A” C A, and to define a relative group for the pair,
denoted Ky(A’; A). Let us mention that this definition has a gener-
alization to the case where p : A — A is a *-homomorphism, but
we need only consider the case when ¢ is the inclusion map. More
information can be found in [7] or [5].
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We also remark that there is a definition of a second relative group
K (A’; A) (perhaps it would be more accurate to say a sequence of
relative groups satisfying Bott periodicity). Our results hold for these
groups as well, but we will not need that for our applications. Again,
we refer the reader to [5] for more information.

Let A be a unital C*-algebra. As usual, for n > 1, we let M, (A) be
the n x n-matrices over A, regarded as a C*-algebra. We use the usual
(non-unital) inclusions M, (A) C M,,11(A), for all n > 1 and let M(A)
denote the union, regarded as a normed *-algebra. It is convenient to
regard the elements of A as matrices, indexed by the positive integers,
with only finitely many non-zero entries. We also let P(A) denote the
set of all projections (self-adjoint idempotents) in M(A).

We consider the category whose objects are the elements of P(A). If
p and ¢ are in P(A), then the morphisms from p to g are the elements
of gM(A)p. Composition of morphisms is given by their product and
the element p is the identity morphism from p to itself. We denote
this category by P(A). It is an additive category in an obvious sense.
Moreover, each set of morphisms is actually a Banach space in an
obvious way and P(A) is a Banach category (I1.2.1 and 11.2.6 of [7]).
Then Ky(A) is defined to be the K-theory of this category, as in II.1
of [7]. (Some caution must be used: a homotopy of morphisms in this
category takes place inside a single ¢ M (A)p, which is slightly different
from a homotopy inside M(A).)

We let A denote the unitization of A. In the case that the C*-algebra
A is not unital, Ky(A) is defined as the kernel of the map induced from
the usual homomorphism from A to C. Conveniently, this conclusion
also holds for unital C*-algebras.

Every element of A can be written as a sum of a complex multiple of
the unit and an element of A. If ¢ is in A, we let a denote the complex
number involved. We extend this notation to elements a in matrices
over A, so that a is a complex matrix of the same size.

We now suppose that A is a C*-algebra and A’ is a C*-subalgebra.
To define a relative group, we follow the ideas of [7], using ¢ : P(A") —
P(A) being the inclusion map, but make some minor alterations. First,
we would like to include non-unital A and A’, so we consider the obvious
unital inclusion of A’ in A. Second, we will suppress this map in our
notation. We consider triples (p,q,a), where p and ¢ are objects in
P(Z’ ) and a is an invertible morphism from p to ¢ in P(g) Specifically,
if pisin M(A") and ¢ is in M(A’), then a is in ¢M(A)p and there is b
in p/\/l(g)q such that ab = ¢ and ba = p. We let I'(A’; A) denote the set

of all such triples. Although it is likely to raise a storm of controversy,
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we note that 0 is an invertible morphism from {0} to {0}, so (0,0,0)
is in ['(A’; A).

We say two such triples (p, ¢,a) and (p', ¢/, a’) are isomorphic if there
are isomorphisms ¢ from p to p’ and d from ¢ to ¢’ in P(ﬁ’ ) such that
da = a’c. In this situation, we also say they are isomorphic via ¢, d. In
particular, if (p,q,a) is in I'(A’; A) and a lies in M(A’), then (p, ¢, a)
is isomorphic to (g, ¢, q) via the pair a, q.

Let us briefly mention that there are some small difficulties in taking
direct sums of elements of M(A): if the elements are regarded as a €
M,,(A) and b € M,(A), then a ® b € M,,1,(A). This is not quite
consistent with the identification of elements of M, (A) with those in
M, +1(A). On the other hand, the result a @ b is well-defined up to
isomorphism as above and this ambiguity will not cause any confusion.

A triple (p,q,a) is elementary if p = ¢ and @ is homotopic to p
within the automorphisms of p in P(A). If, in addition, a is actually a
unitary in pM(A)p, then there exists a homotopy from p to a within
the unitaries. We also make the observation that (p, p,a) is elementary
if and only if a is obtained as an invertible element of the C*-algebra

{f € C([0,1], pM(A)p) | F(0) € Cp},

when evaluated at 1.

Finally, we introduce an equivalence relation ~ on I'(A’; A) as fol-
lows. Two triples (p,q,a) ~ (p/,¢’,d’) if there are elementary triples
(p1,p1,a1) and (pg, p2, az) such that

(p,q.a) ® (p1,p1,01) = (P D p1,q D p1,a® ay)

is isomorphic to (p', ¢, a’) @ (p2, p2, as). Clearly, isomorphic triples are
equivalent and any elementary triple is equivalent to (0,0, 0).

We define Ky(A’; A) as the set of equivalence classes of the elements
of I'(A’; A) in relation ~. We denote the equivalence class of (p, ¢, a)
by [p,q,a]. It is a simple matter to check that

p,q,a)+[p'.¢,d1=p+p,q+d,a+d],

for (p,q,a),(p',q,d") in I'(A’; A) with pp’ = q¢’ = 0, is a well-defined
binary operation. Alternately, we could define

p.q,al + [, ¢ dl=per,q®d,ad®d]

The element [0, 0, 0] is the identity and any element [p, ¢, a] has inverse

lq, p, b], where b satisfies ab = ¢,ba = p. Hence, Ky(A’; A) is a group.
Suppose that 7 : A — B is any #-homomorphism between two C*-

algebras and A’ C A, B’ C B are two subalgebras satisfying 7(A") C B/,



AN EXCISION THEOREM FOR THE K-THEORY OF C*-ALGEBRAS 9

then we may extend 7 to a unital map from A to B and to ma-
trices over A and it follows that 7 induces a group homomorphism
7. Ko(A'; A) — Ko(B'; B).

We will not give a proof of the following result, but refer the reader
to Theorem 2.1 of [5].

Theorem 2.1. Let A be a C*-algebra and let A’ be a subalgebra. There
is an eract sequence

K1 (A) —2s K (A) —5 KA A) 2 Ko(A') —== Ky(A) -

where i : A" — A denotes the inclusion map, u([uly) = [1n, 1,,u], for

any unitary u in My(A) and vlp,¢,a] = [plo — lalo, for any (p, g,a) in
T(A'; A).

As an immediate consequence, we note that in the special cases,
p: Ki(A) — Ko(0,A) is an isomorphism, while Ky(A4; A) = 0.

Example 2.2. Let H be a Hilbert space and let N be a closed subspace
with N'* its orthogonal complement. Assume that N # 0,H. We
consider A = KC(H), the C*-algebra of compact operators on H, and
A= K(N) ® K(N?). From the short ezact sequence in Theorem 2.1
and the well-known result that Ko(K(H)) = Z, via the usual trace,
and K1(K(H)) = 0, we see that Ko(A'; A) is isomorphic to the kernel
of the map 1., which consists of pairs ([plo — [P']o, [¢lo — [d]o), where
p,p are finite rank projections on subspaces of N', q,q" are finite rank
projections on subspaces of N+ and Rank(p) — Rank(p') = Rank(q') —
Rank(q). Associating to such an element Rank(p) — Rank(p’) is an
isomorphism from this subgroup to 7.

We can give a useful classification of many elements in the relative
group as follows. Suppose S,S" are finite rank operators on H with
S(N) C NE, S(NY) =0 and and S'(N) = 0,5 (N+) C N. Define
P,Q, P, Q as the projections onto the initial space of S, the range of
S, the initial space of S' and the range of S’, respectively. Then (P +
P.Q+Q",S+S") determines an element of I'(A’; A). The composition
of the map v with the isomorphism described above sends the class of
this element to

Rank(P) — Rank(P") = Rank(S) — Rank(S").

We want to establish a few simple properties of the triples under
consideration. We refer the reader to Proposition 3.3 of [5] for a proof
of the following.
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Proposition 2.3. Let A be a C*-algebra and A’ be a C*-subalgebra of
A.

(1) If (p, q,a) is in T(A; A) and a lies in M(A"), then [p, q,a] = 0.

(2) If a(t),0 < t <1 is a continuous path of invertible elements in
gM(A)p with p, q in M(A"), for all0 < t < 1, then [p,q,a(0)] =
[p, q,a(1)].

(3) Every element of I'(A’; A) is equivalent to one of the form
(1, q,a), where a is a partial isometry with a*a = 1,,, aa*™ = q
and a = ¢ = 1,,. We refer to such an element as being in
standard form.

(4) For (1,,,q,a) in T'(A"; A) is in standard form, [1,,,q,a] = 0 if
and only if there exists n > 1, and elementary triples (1, 1,,, ay)
and
(Linsns Linan, a2) in standard form such that as(a ® aq)* is in
M(A).

(5) If (p,q,a), (p',q',b) are in T'(A"; A) and satisfy g = p', then

[p.q,a] + [, d, 0] = [p. ¢, bal.
(6) If (p. g, a) is in U(A’, A), then —[p,q,a] = |q,p,a”].

As a final item for this section, we need a result that links relative
groups for a pair of short exact sequences. This will be used in a key
way in the next section in defining our excision map.

Theorem 2.4. Let

Ul Ul I
0 AT LoD 0

be a commutative diagram with exact rows. Then the natural map
e Ko(A'; A) — Ko(C"; C) is an isomorphism.

This is a consequence of a more general result which begins with a
diagram like the one above, but without the equality on the right, and
shows there is a six-term exact sequence of relative groups. We refer
the reader to Theorem 2.2 of [5]. Our conclusion follows from this and
the fact that K,(D; D) = 0 (which follows from Theorem 2.1 of [5]).

Remark 2.5. Let us make a few concluding remarks on the subject of
relative K-theory. First of all, there is also a relative group K,(A’; A).
Without going into many details, one considers triples (p, a,g), where p

is a projection in A’, a is an invertible in p/\/l(/Nl’)p and g(t),0 <t <1,
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is a continuous path of invertibles in pM(K)p with b(0) = p,b(1) = a,
We refer the reader to [5] for more details. The only important result
for us here is that

KL (A5 A) = Ko(ColR) ® A's Co(R) ® A),

in a natural way so that all of our results here for the relative Ky-group
pass to the relative Ki-group as well. Of course, the exact sequence of
Theorem 2.1 actually becomes a siz-term exact sequence.

Furthermore, the setting of relative K-theory in [5] considers a
x-homomorphism ¢ : A" — A and defines a relative group for the map,
Ko(p). Our situation is simply the special case of the inclusion map.

There is an alternate approach to relative K-theory, which is to define
Ko(A'; A) to be the K-zero group of the mapping cylinder

{f:10,1] = A | f continuous , f(0) =0, f(1) € A'}.

This actually gives the same answer (see [5]). However, it is not really
useful for us; while our excision map can be defined in quite general
terms, we really need Karoubi’s description of the cycles in order to
prove it 1s an isomorphism.

3. EXCISION: THE MAIN RESULT

We begin with the following result, which is a minor variant of a
well-known fact. The important part of the set-up is that we do not
suppose that either C*-algebra is acting non-degenerately.

Proposition 3.1. Let H be a Hilbert space. If A, B C B(H) are C*-
algebras and AB C A, then A + B is a C*-algebra, A is a closed
two-sided ideal in A+ B and the quotient is isomorphic to B/AN B.

Proof. 1t is clear that A + B is a x-subalgebra of B(#) and that A is
a closed, two-sided ideal. We will show that A + B is closed and the
proof will be complete.

Let N be the closure of AH. The condition that AB C A means that
N is invariant under B. Hence, writing H = N ® N+, each element
b of B may be written as by @ b|yrr. As A acts non-degenerately on
N, bly lies in M(A), the multiplier algebra of A, for every b in B. We
regard M(A) as a subalgebra of B(N).

Let ¢ : M(A) — M(A)/A be the quotient map and 6 : (M (A) ®0) +
B — M(A)/A® B(N*) be the map sending ¢ to q(c|[a) @ ¢|yr. Since
this is a *-homomorphism, it is continuous and 6(B) is closed. We note
that A+ B = 6071(0(B)) is closed also. O
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We will assume throughout this section that A and B are related as
above and we let i : A - A+ B and j : B — A+ B denote the two
inclusion maps.

Theorem 3.2. Let A, B C B(H) be C*-algebras with AB C A.
Let E be a Banach A + B-bimodule which is also a C*-algebra and
let 6 : A+ B — E be a bounded *-derivation satisfying §(B) C 6(A).
Then

0 A ' ~A+B——>(A+B)JA——>0
Ul Ul Il

0 — ker(6) N A = ker(§) —— (A + B)/JA —=0
15 a commutative diagram with exact rows. In consequence,

i : K(ker(0) N A; A) — K(ker(d); A+ B)

s an isomorphism and
a = (i,) " oj.: K(ker(6) N B; B) — K(ker(8) N A4; A).
1s a homomorphism.

Proof. Exactness of the top row follows from Proposition 3.1 and com-
mutativity is obvious. Exactness of the bottom row is easy except in
showing that the map from ker(d) is surjective. It is clear that any
element of (A 4+ B)/A can be represented as b+ A, with b in B. By
hypothesis, there exists a in A with d(a) = 6(b). It follows that b — a
is in ker(d) and its image in (A 4+ B)/A is simply b + A.

The rest follows from Theorem 2.2. O

Let us consider a special case of interest, just to see that the hy-
potheses are quite general and that the map « is non-trivial. Let B
be any C*-algebra and suppose that (m,H, F) is a Fredholm module
for B: that is, H is a separable Hilbert space, 7 : B — B(H) is a
representation of B on H and F is a bounded linear operator on H
such that

7(b)(F = F*), m(b)(F* = 1), [x(b), F] = w(b) F — Fr(b),

are all compact, for any b in B. We assume the slightly stronger condi-
tions that I = F*, F? = 1 and, for simplicity, that B and 7 are unital.
Let P = %(F + 1), which is a self-adjoint projection.

Such a Fredholm module induces a natural homomorphism from
K, (B) to the integers, which sends [u];, where u is a unitary in M,,(B),
to

Ind((1, ® P)(id, ® m)(u)|crepu),
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where Ind denotes Fredholm index. We denote this map by Ind for
simplicity.

We can apply our Theorem 3.2 in this situation as follows. Let
A =K(H), use m(B) as the C*-algebra B in 3.2, E = B(H), which is
obviously an A 4+ m(B) bimodule and define

d(z) =iz, F|,z € A+ n(B).
It is a simple matter to see that
ker(0) N A =K(PH)® K((I — P)H)

and the relative group Ky(ker(d) N A; A) = Z has already been com-
puted in Example 2.2.

Theorem 3.3. Let B be a unital C*-algebra and (7, H, F) be a Fred-
holm module for B with H separable, ' = F* F? = I, F # &I and =
unital. With E,6,A, A, P as above, the following diagram is commu-
tative

K\(B) T

L,u,ow =

Ko(ker(§) Nm(B);m(B)) “— Ky(ker(§) N A; A)

where p is as in Theorem 2.1, « 1s as in Theorem 3.2 and the vertical
arrow on the right is the isomorphism described in Example 2.2.

Proof. For simplicity, we consider a unitary u in B, instead of M, (B),
for some n. Let P, Py, P3, Py be the orthogonal projections of H onto
each of the following four subspaces:

PHN7w(u)*PH, PHNOw(uw)*(I — P)H,
(I—PHNw(u) (I —P)H, (I—-PHN7(u)*PH.
As 7(u) is unitary, P, + P» + P3 + P, = I. The projections P, and
P, are both finite rank from the Fredholm module condition and the
index of Pr(u)|py is simply dim(PH) — dim(P,H). Also let Q; =
m(u)Pr(u)*, 1 <i<A4.
Letting j. be as in Theorem 3.2, j, o p o m[u]; is represented by the
class of (I,I,m(u)) in I'(ker(9), 7(B) + A). It follows that

U I,m(u)] = [P+ Ps,Q1+ Qs,m(u)(P + Ps)]
+[Py + Py, Q2 + Qu, m(u)(Po + Py)).
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On the other hand, 7(u)(P; + P3) commutes with P and, hence, is in
ker(5)7 S0 [Pl + P3, Ql + Qg, W(b)(Pl + Pg)] = 0. We have

aoporn(lu)) =i ojopon(fu) =[P+ P, Qs+ Qu,m(u)(Ps+ P1)
and the isomorphism of Example 2.2 (using H* = PH) maps this to
rank(m(u)Py) — rank(m(u)Py) = dim(PyH) — dim(PyH).
O

We will continue to assume throughout that A, B, J, E are as in The-
orem 3.2. Our main goal is to provide extra conditions under which
the map « is actually an isomorphism.

Theorem 3.4. Let A, B, E,0 be as in 3.2. Suppose that A has a dense
x-subalgebra, A satisfying the following.
C1 There is a constant K > 0 such that, for every a in A, there is
a’ in ker(0) N A such that

la —d'|| < Kl|5(a)|-

C2 For every ay,...,ar in A, there is 0 < e < 1 in M(A) and
bi,...,br in B such that such that
(a) a; = ea; = a;e = eb; = bie, and
(b) 6(b;) = (i),
foralll <i< 1.
Then 6(A) = 6(B) is closed and the map « of Theorem 3.2 is an
1somorphism.

All of our later applications will be to groupoid C*-algebras. In
such cases, the dense x-subalgebras of continuous compactly supported
functions on the groupoid will form the %-subalgebra, A.

Let us remark that it seems reasonable to conjecture that one could
replace conditions C1 and C2 of Theorem 3.4 with the hypothesis that
d(A) = 0(B) is closed. It certainly makes for a cleaner result. On
the other hand, if one wants to verify this condition in the case of
groupoid C*-algebras, then employing C1 and C2 to do this (and using
the dense subalgebras of continuous compactly-supported functions) is
not an unreasonable route.

We comment that the relation between the statement of the result
and its applications is rather similar to the first isomorphism theorem
for groups. That statement is, given a surjective group homomorphism,
a : G — H, the map induces an isomorphism between the quotient
group G/ker(«) and H. In most applications, however, one is not given
a,G and H, but rather G and a normal subgroup N and then tries to
cook up an a and H such that N = ker(a), so that one may identify
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G /N with the (hopefully) more familiar group, H. Our applications
usually involve starting with B’ C B and trying to cook up 9, A and F
so as to apply Theorem 3.4 and with B’ = B Nker(d). The hope, in
this case, is that A Nker(d) C A is simpler than B’ C B.

4. THE PROOF

This section is devoted to a proof of Theorem 3.4. We start by
expanding on condition C1. We remark that, informally, this means
that almost being in ker(T') (T'x is small) implies nearly being in ker(T)
(near an element in ker(7)). The following result is quite standard and
we omit the proof.

Proposition 4.1. Let T : X — Y be a bounded linear map between
two Banach spaces. The following are equivalent.
(1) T(X) is closed in Y.
(2) There is a constant K > 1 such that, for every x in X, there is
x' in ker(T') such that

lz — &'l < K[ T].

(3) There is a dense linear subspace X C X and a constant K > 1
such that, for every x in X, there is x’ in ker(T') such that

lz = 2"l < K| T]].

Observe that our condition C1 is stronger than the third condition
above because C1 requires a’ to be in ker(d) N A, and not simply in
ker(6).

An immediate nice consequence is the following.

Lemma 4.2. If A is a dense subalgebra of A satisfying condition C1
of Theorem 3.4 and there is a dense *x-subalgebra, B in B such that
d(B) C 6(A), then we have §(B) C 6(A).

Proof. 1t follows from C1 and Proposition 4.1 that the extension of §
to A has closed range. As ¢ is bounded and B is dense in B, we are
done. 0

As we will need to deal with elements of the relative K-groups, it
will be useful to have the following, which considers the unitization of
algebras, matrices over algebras and the cones over algebras.

Proposition 4.3. Suppose that A, B, E,d be as in Theorem 3.2 and A
satisfy conditions C1 and C2 of Theorem 3.4.
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(1) If we deﬁneé:A/—T—/B%E by
dA+a+b)=0d0(a+0b),ac A be B,\eC,

then & is a bounded x-derivation and 5(B) C 6(A).

(2) For any integer n > 1, M, (A), M,,(B), M, (E),idy, ® § satisfy
the conditions of Theorem 3.2 and M, (A) satisfy conditions
C1 (although K may depend on n) and C2 of Theorem 8.4.
Moreover, the e of condition C2 may be chosen to be of the
form 1,, ® e, where e is in M(A).

(3) Co(0,1]®A, Co(0,1]@B, Co(0, 1]Q E, idcy0,11®0 satisfy the con-
ditions of Theorem 3.2. In addition, let C.(0,1] ® A denote the
algebraic tensor product of the continuous, compactly supported
functions on (0, 1] with A. That is, it consists of all functions

of the form
I
F6) =Y filt)as,
i=1
where fi...., fr are in C.(0,1] and ay,...,a; are in A. Then

Ce(0,1]®A is a dense *-subalgebra of Cy(0, 1]® A which satisfies
conditions C1 and C2 of Theorem 3.4.

Proof. The first part is trivial and we omit the proof. For the second
part, the proof of C1 is trivial.

Let us sketch the proof of C2 for the second part. If we are given
a collection of m elements of M, (A), their individual entries provide
n’m elements of A. If we select an appropriate e and n?m elements
of B, it is fairly easy to check that 1, ® e and the corresponding m
elements of M, (B) satisfy the desired conclusion.

We now consider the third part, beginning with C1. Let

1) =3 fit)as

be in C.(0,1] ® A. If (1 ®6)(f) = 0, we are done. Otherwise, let
0<e=|(1®0)(f)]]. We may choose N sufficiently large so that
Il f(s) — f(t)]] <€, whenever |s —t| < N~'. Also choose N sufficiently
large so that f(t) =0, for all 0 < ¢ < N~!. Foreach 1 <n < N, let g,
be the function which is 0 on [0, (n — 1)/NJU[(n + 1)N,1], 1 at n/N,
and linear on ((n — 1)/N,n/N) and (n/N,(n+ 1)/N). Let

g(t) = Zgn(t)f(n/N)7t € [07 1]'
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It is an easy computation to see that ||g — f|| < e. For 2 <n < N, we
may find a], in A N ker(d) with

laz, = f(n/N)II < K[[6(f(n/N)| < K1 ®@6(f)[l,1 <n < N.

We note that f(1/N) = 0 and so set a) = 0. We then define f'(¢) =
SN gn(t)d,. Tt is clear that f’is in ker(1 ® ) and also

If=F1 < IIf =gl +llg = FI
< NA@ONI+ D gal)lIf(n/N) — a]

< J@@a)N+ D gt K|1@s(f)

n=1

< K+ D[l

This completes the proof of C1.

For C2, if we have a finite collection of functions, f), ..., f(
C.(0,1] ® A, we may write all of them in the form
fO®) = ijl fjgl)(t)aj, for all 1 < ¢ < I, simply by using all the
possible elements of A involved in each and using f]@ = () as needed.

We then choose b;,1 < j < Je as in C2 for A. As each f]@ is
compactly supported, we may find 0 < € such that each is zero on
[0,€]. Let g(t) be the continuous function that is zero on [0,¢/2], 1
on [e, 1] linear on [¢/2,¢]. It is now easy to that the set of elements

Z;’:l f;’)bj and e(t) = g(t)e satisfies the desired conclusion. O

D in

Lemma 4.4. Suppose a,b,e are elements of a C*-algebra satisfying
ef =e,
a = ae =ea = be =eb

and § is a x-deriation on that C*-algebra with §(a) = §(b). It follows
that for any continuous function f on the positive real numbers with
f(0) = 0, we have 6(bf(b*b)) = d(af(a*a)). In addition, for any con-
tinuous function f on the positive real numbers and complex numbers
A, it, we have

A+ (f((p+0)"(r+0))) = d((A+a)(f((1+b)(1+D)))
= 0((A+a)f((u+a)(u+a)),
A+ ) (f((p+b)(p+0)7) = d((A+a)(f((r+b)(n+0)))
= 0((A+a)f((u+a)(p+a)))
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Proof. We observe from the hypotheses on b, e that ab = aeb = aea =
a?. Similar equations holds using a and b*. It follows that in any poly-
nomial in a,b,a*, b* is unchanged if we replace all b, b* by a,a*, pro-
vided each term in the sum has at least one a or a*. We also note that
§(a)b = §(ab)—ad(b) = §(a*)—ad(a) = ad(a), so the same type of state-
ment holds for polynomials involving d(a), d(a)*, a,a*, b, b*, §(b), 6(b)*,
provided each term in the sum has at least one of a, a*,d(a),d(a)*.

From these observations and the Leibnitz rule, it follows that if f()
is any polynomial with 0 constant term, we have bf(b*b)) = af(a*a).
For a continuous functions f with f(0) = 0, by finding a sequence
of polynomials that converge uniformly to f(t), the same conclusion
follows.

The conclusions are done in a similar fashion. U

Proposition 4.5. If A, B, 6, E satisfy conditions C1 and C2 of Theo-
rem 3.4, then 6(B) = §(A) is closed.

Proof. First, we claim that if a is any element of A, then there is b in
B with §(b) = d(a) and ||b|| < ||a||. To see this, first select b in B and
e in M(A) as in condition C2. Let f : [0,00) — R be the continuous

function
1 0<t<|al?
ftz{ ) sts
D= e2a) Jlaf? <+

Then, using Lemma 4.4, we have

lof @ 0)I| = [I£ (b 0)o"bf (B*B) (|12 = [Itf(£)*]|2 = l|al.

It also follows from Lemma 4.4 that

565 (6°0)) = (af (a"a)) = o).
We know that §(B) C d(A). To prove the reverse inclusion, let a be
in A. With ay = 0, inductively choose a,,,n > 1, in A such that
(@ —ap =+ = an1) = anl| < 27"[a]]
and
lanll < lla —ap — -+ — ap].

For each n, we may find b, in B with 0(b,) = 0(a,) and ||b,]| < ||an.]|-
The series b = ) b, is then convergent in B and §(b) = d(a) by
continuity of 4. O

As a final preliminary step, we observe the following important con-
sequence of the fact that §(A) is closed.
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Lemma 4.6. Suppose that 0 : A — E is a bounded *-derivation with
closed range. For each n > 1, there is €, > 0 such that if a is a
partial isometry in M,(A), a*a = p,aa* = q with 5(p) = d(q) = 0
and ||6(a)|| < €n, then there are partial isometries ay,ay in M, (A)
with aja; = axay = asay = p, a = ajas, 6(az) = 0 and (q,q,a1) s
elementary.

Proof. A standard argument using functional calculus (see for example,
Proposition 2.2.4 of [17]) proves that there is ¢y > 0 such that if ¢ is
a partial isometry any C* algebra C' and d is any other element of C'
with ||c — d|| < €, then dd* is invertible in cc*Cec* and

|d(d*d)~? — || < 1.

Let K be the constant associated with & : M,(A) — M,(E) in
condition C1 and set €, = K ', as above. .

Given a,p, q as in the statement, we may find az in ¢M,(A)p with
§(az) = 0 and ||as — a|| < Ke,. Let ay = as(aias)™/? and a, = aaj.
All of the conclusions are immediate except that (g, ¢, a1) is elementary.
To see this, we first observe that

lar = gl| = llaas — aa™|| < laz — af| < 1.

It follows that a; is homotopic to ¢ in the invertibles of ¢M, (A)q. O

Lemma 4.7. Assume that A, B, 6, E satisfy conditions C1 and C2 of
3.4. Let (1,,,q,a) be in standard form in T'(A Nker(d); A) and assume

that a_is in Mn(g) Given € > 0, there exists a partial isometry b in
My, (B) with §(b*b) = 0,bb* = 1,, and [|6(ab)|| < e.
Proof. We let ||6]| be the norm of § : M, (A+ B) — M, (E). We also let

K be a constant such that C1 holds, for both 4 : My, (A) — Mo, (E)
and 0 : My, (B) — M,,(FE), making use of Proposition 4.3, Theorem
4.5 and Proposition 4.1.

Let € > 0 be such that
110]| [(8K6')1/2 +4Ke + 7] <e

and so that Ke' < 1/2.
We find a; in M,,(\A) such that ||a — 1, —a1|| < € and [|1,, + a1]] <
|la|]| = 1. Tt follows that

(I + a1)" (I + a1) = L[, [ (1 + a2) (L + @1)™ — g < 2€.

If we replace a; by a; - 1,,, the same estimate still holds and so we may
assume that a;1,, = a;.
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We use condition C2 to find by in M, (B) and e in M, (M(A)), com-
muting with 1,,, with

a; = aje = ea; = bye = eby, d(ar) = 0(by).

By replacing by with b,1,,, we may assume that b;1,, = b;.
Let

1 t<1,
f(t):{ t_1/2 tZl

and by = (1,,+0b1) f((1,,+b1)*(1,,+b1)). It is clear that by is in M,,(B),
bol,, = by and ||c|| < 1. It follows that

e (1 — babo) P
b = { 0 0

is in My, (B) and satisfies bgb} = 1,,.
We define the partial isometry

[ aby a1, — b3bs)"?
Clb3|: 0 0 .

First, we note

6(abs)| < [18((Ln + a)bs)|| + |16]lla — (L + a1)|]
< [0((Lm + an)bs)l + [16]1€

To deal with the first of the two terms, we make extensive use of
Lemma 4.4. We compute

16((Lm +a)b3)l = [[0(Lm + a1)bs + (L + a1)0(b2)"||

= 101+ a1) f (L + b1)" (L + 1)) (L + b1)"
+(Im + a1)d(ar)"]|
16(1m + a1) f (L + a1)" (Lo + @1)) (L + a1)”
(1 4 a1)d(a1)’|
16((Lm + a1)* (1 + a1))|
||6]]2€.

IN

Finally, letting h(t) = (1 —tf(t)?)"/2, as 0 < (1,, + a(1,, +a1) <1,

1A((Lm + 02)" (I + @)l = 1 = (o + a2)" (I + a1) || < 2€.
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We also have
5 (<1m +ay) (L — b§b2)1/2> — 5L 4 ar) (L — b))/
+ (Lo + a1)8 (L — biba)'?)

= 0 ((Lm + a1)) h((Lm + b1)" (1 + b1))
+(1n +a1)o (h(1,, + b1)* (L, + 01)))
= 0 (a1) h((Lm +a1)*(1p + a1))
+(Lm 4+ @1)d (A((Ly + a1)* (L + a1)))

Together, we conclude that
18 (L + 1) (L = B32)"%) || < 10]4€'
Putting this together implies that
16(abs)|| < [[0][2€" + [|6]|4€" + [|o]|e" = 7][5]|€".
At this point, the only property lacking for b3 is that §(b5b3) may
not be zero. Let p’ = bib;s. We have
16PN = [|6((abs)™ (abs))[| < 2[|6(abs)|| < €

So we may find by in My, (B) with §(by) = 0 and |by — p/|| < K€
We may also assume that by is self-adjoint. By Lemma 2.2.3 of [17],
the spectrum of by is contained in [ K¢/, Ke'| U1 — K€, 1+ K¢']. As
Ké < 1/2, p = X(1/2,00)(bs) is a projection in My, (B) N ker(d) and
|lp —p'|| < 2K¢. It follows from routine estimates that we may find a
partial isometry bs in Moy, (B) such that bsbf = p’ and bib; = p and
105 — p|| < (8K€)Y? + 4K¢.
From this, it follows that
150l < 9] [(8K €Y + 4E¢].

Letting b = b3bs now satisfies all the desired properties. O
Lemma 4.8. Suppose that (1,,,q,a) in I'(ANker(d); A) is in standard
form and that € > 0. Then there exists (1,,, p,b) in T'(BNker(d); B) also
in standard form and (q,q,a) in T'(ANker(9); A), elementary with a*a =
aa* = q such that(1,,,q,aa) is isomorphic to (1,,,q',b) in I'(ker(d), A+
B) via 1,,,b(aa)*.
Proof. By Lemma 4.7, we may find a partial isometry b in MQn(B) with
bb* = 1,,, p = b*b in ker(9) and ||§(ab)|| < €4y.

Let p: A+ B — A+ B/A denote the quotient map. As we observed

in the proof of Theorem 3.2, we have p(B) = p(ker(8)). Hence, we may
find ¢ in My, (ker(d)) such that p(c) = p(ab) and ||c|| < ||ab]| < 1.
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It follows that
ge (q— qec'q)'/?
0 0
is in My, (ker(d)), dd* = q and p(c’) = p(ab). Hence, ¢*ab is a par-
tial isometry. Let p’ denote its initial projection, which is also in
My, (ker(6)). Moreover, we have

p(c™ab) = p(c')"p(ab) = p(ab)*p(ab) = p(p) = p,
as p is in M,(A Nker(d)). This means that ¢*ab is in My,(A); let
us denote it by a;. We have afa; = b*a*dc*ab = p and aya] = q.
Therefore, (p,q, ab) is isomorphic to (p',q,a;) via ¢, q. Using the fact
¢ is in ker(d), we have

16(a2) ]l = N16(c"ab)[| = [ d(ab) || < €n

It now follows from Lemma 4.6 that a; = asas, with ajas = aszal =
atas = p,q1 = asal, d(az) = 0 and (p, p, az) elementary. It follows that

/
CcC =

a = abaja;b* = (abay)asazb*
and hence
(abajag)ai(abajas)*a = (abajaz)b*.
Observe that a = (abajas)a}(abajas)* is also elementary and (1,,, ¢, aa)
is isomorphic to (1,,,p, b*) via 1,,, b*a*a*. O

We are now ready to prove Theorem 3.4. We begin with surjectivity.
Let (1,,,¢,a) be in I'(ker(d) N A; A) and assume it is in standard form

and that a is in M,,(A). We apply Lemma 4.6 to the map § : A+B — FE
to obtain ey,. By Lemma 4.7, we may find a partial isometry b in
My, (B) such that §(b*b) = 0, bb* = 1,, an d ||0(ab)|| < ez,. Let
p = b*b. From Proposition 2.3, we know that

[Lrns @, a] + [p, 1, b] = [p, q, ab].
By Lemma 4.6, we may write ab = c;cp, where ¢y, ¢y are partial isome-
tries in Mo, (A + B) with §(c2) = 0 and (g, g, ¢1) elementary. It follows
that (p, g, ab) is isomorphic to (g, ¢, ¢;) via ¢z, ¢ and hence it represents
the zero element of Ky(ker(d); A+ B). It follows from Theorem 3.2
that a[l,,, p,b*] = [1m, q, al.

We now turn to the issue in injectivity. In view of Theorem 3.2, it suf-
fices to prove that the map from Ky(BNker(d); B) to Ky(ker(d), A+ B)
is injective. Let (1,,,¢,b) be an element of I'(ker(d) N B; B) which
is in standard form and b is in M,(B) and such that its class in
Ky(ker(0), A+ B) is zero. From Proposition 2.3, there exist (1x, 1, ¢1)
and (1gym, lgrm, ¢2) which are elementary and in standard form such
that co(b@® ¢p)* is in ker(0).
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As ¢y, co are elementary, we may find a partial isometry ¢;(¢) in
M ((Co(0,1] @ (A+ B))™) such that (1, 1z, ¢1(t)) is in standard form
in F(ker(lco(o’” X 6) N Co(o, 1] 0% (A + B), C[)(O, 1] & (A -+ B)) We may
also find ¢,(t) in an analogous way in My (4m)(Co(0,1] ® (A4 B))™).

By part 3 of Proposition 4.3, we know that conditions C1 and C2
also hold for Cy(0,1] ® A and Cy(0,1] ® B. We apply Lemma 2.3
to find partial isometries a1(t) in Mag((Cp(0,1] ® A)™) and aq(t) in
Mo(+my((Co(0,1] ® A)™) such that

d(aic]) = d(ascs) =0,
aja; = 1,
a§a2 = 1k+l'

Note that a;a} = (a;cf)(a;c)* is in ker(9).

With € = €4(44m)/2, we now appeal to Lemma 4.7 to find b;(t) in
My ((Co(0,1] ® B)™) and by(t) in Mygim)((Co(0,1] ® B)™) such that

(L@ 8)(bi(t) bilt)) = 0,
bi(t)bi(t)" = 1y,
ba()b2(t)" = lism,
(1 @) (ai(®)bi(t))]] < e

Now there is a small problem in that by (¢)*b;(¢) may not be constant
in t. But it is a continuous path of projections in My (ker(d) N B)
which begins at 1 at ¢ = 0. Hence we may find a continuous path of
partial isometries b3(t) in My (ker(0) N B) with b3(t) = 1x, b3(t)bs(t)* =
by(1)7b1(£),ba(£)"bs(t) = 1p. By replacing by(£) by by (1)bs(t), we may
assume by (t)*by (t) = 1, for all ¢, without changing the other properties
of by (t). We do the same for by(t).

It follows that if we define by = by (1), by = ba(1),

B

(1gtms Lktm, b2) are elementary in I'(ker(d) N B;
write

then <1k7 1k; bl) and
). Moreover, we can

by(b@db))* = by(b" D by)
= biasascsea(b” @ cjeralaby)
= (agb2)™(a2¢3)ca(b" @ 1) (1 © (c107))(a1br)

Observe that the terms are grouped so that each group is in the
kernel of §, except the first and last, asbs, a1b1. It follows that

16(b3(b & b7)")[| < 2e.
By Lemma 4.6, we may find partial isometries by, b5 in M(B ) such that
b3(b @ b1)" = babs
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d(bs) = 0 and (1gssm, Lksm, bs) is elementary. It follows that (1,, &
1k, ¢® 1k, b® by) is isomorphic to (1xim, Lktm, b505) via lxim, b5 As the
latter is elementary, it follows that [1,,,¢q,b] = 0 in Ky(ker(0) N B; B).

5. GROUPOID C*-ALGEBRAS

We are interested in applying our excision result to various groupoid
C*-algebras. The first question which arises, even before we get to some
of the more subtle hypotheses, is when the C*-algebra of one groupoid
lies in the multiplier of another. This issue is the focus of this section.
We refer the reader to [16] and [19] as standard references on groupoids
and their C*-algebras.

The question for us will reduce to the following: suppose that G is
a locally compact, Hausdorff groupoid with a Haar system and H is
a subgroupoid of (G, endowed with its own locally compact, Hausdorff
topology which is finer than the relative topology of G. Under what
circumstances can we conclude that C(G) lies in the multiplier algebra
of C*(H).

If this situation does not seem intuitive, let us provide some justi-
fication. The first is that it arises quite naturally as we will show in
the next two sections. Secondly, let us offer the following fairly simple
example, which is a special case.

It is well-known that the category of unital, commutative C*-algebras
is isomorphic to that of compact, Hausdorff spaces with continuous
maps. If we enlarge this to include non-unital commutative C*-algebras,
we replace ‘compact’ by ’locally compact’ and also require the maps
to be proper. On the other hand, there is an alternative (less cate-
gorical) possibility. Suppose that XY are locally compact, Hausdorff
spaces and « : Y — X is simply continuous. Then « induces a *-
homomorphism, p, from Cy(X) to the algebra of continuous bounded
functions on Y, which is multiplier algebra of Cy(Y). The point is
that, for f in Cy(X), while f o @ may not be compactly supported, it
is continuous, and its product with any compactly supported function
on Y will be compactly supported and continuous.

If we additionally assume that « is injective, then we can simply
identify «(Y") with its image in X, which we will simply denote Y.
But the map « induces a topology on Y which is possibly finer than
the relative topology from X. The map p we described above is now
simply the restriction of functions from X to Y. If we consider X and Y
with the co-trivial groupoid structures (that is, the equivalence relation
which is equality), then this is exactly the situation we outlined above
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and we have a positive answer to our question. In general, of course,
more hypotheses are needed.

We first discuss the structure and relations in the setting of H C G,
but at the end of the section we will provide some constructions for
obtaining H from G which are inspired by the seminal work of Muhly,
Renault and Williams [9].

Let us begin by setting out some standard notation for groupoids
and groupoid C*-algebras.

Let GG be a groupoid. That is, there there is a set of composable pairs,
G? C G x G with a product from G? to G. We assume this is associative,
as in [16]. It will sometimes be convenient to denote the product map
as g from G? to G. The units of G are denoted by G° and the range
and source maps rg, sq : G — G°, r6(9) = 9971, sa(g) = g~ g, for all
g in G. When no confusion can arise, we will drop the subscripts. We
let

G =rg{u}, Gy = sg'{u},

for each v in G°. A subset X of G is called G-invariant if, whenever
g is in G with r¢(g) in X, then sg(g) is also in X.

We also assume that G is a topological groupoid; that is, it has a
topology, T, in which the inverse and product are continuous. More-
over, we assume throughout that it is second countable, locally compact
and Hausdorff.

Recall the definition of a Haar system for G: for each u in G, there
is a measure v* on G* with full support and such that the function

u— f(x)dv*(z)
Gu

is continuous, for every f in C,(G), the continuous compactly-supported
functions on G. We also assume that v is left-invariant in the sense
that, for any ¢ in G and f in C.(G), we have

flay)dr@(y) = | fy)dv @ (y).
Gs(@) Gr(@)
The following result is well-known, but worth recording here.
Lemma 5.1. Let G be a locally compact, Hausdorff groupoid. The
following are equivalent:

(1) The map rq : G — G° is open.
(2) The map s¢ : G — G° is open.
(3) The product map ug : G*> — G is open.

If the groupoid has a Haar system, then all three conditions are satisfied.
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Proof. The equivalence of the first two follows from the facts that + —
! is a homeomorphism and r(z™1) = s(z).

Let us assume the first condition holds and prove the third. Let (x,y)
be in G?, z € U,y € V, open and suppose that u(U x V N G?) is not
open. Then there exists a sequence z; converging to xy which is not in
w(U x VN G?). Choose a decreasing sequence of open sets, U, 1 > 1,
contained in U and with intersection {x}. Since r is open, r(U;) is
open and contains r(x), which is the limit of the sequence 7(zy), as r
is continuous. Hence, for each [, we may find k; and x; in U; such that
7(z;) = 7(23,). Hence, the sequence z; is converging to = and z; 'z, is
converging to 7' (zy) = y. So for [ sufficiently large, xl_lzkl isin V
and hence 2, = 2y(2; '21,) is in (U x V N G?), a contradiction.

The third condition implies the first on general topological grounds.

The last statement is Proposition 2.4 of Chapter 2 of [16]. O

We now begin to consider the situation we outlined of H C . The
following is an extension result that will be needed shortly.

Lemma 5.2. Let (G,Tg) and (H,Tg) be locally compact, Hausdorff
topological groupoids and that v*,u € G° is a Haar system for G. As-
sume that H is a subgroupoid of G such that the topology Ty is finer
than the relative topology on H of To and that, for every u in H°,
H" = G" and the relative topologies from Ty and T agree on this set.

LetY C H be a subset which is closed in both topologies and such that
the two topologies agree on this set. Let K C H° be compact, M > 1
and suppose that a : H — CM is continuous, compactly supported
and r(supp(a)) U s(supp(a)) € K. Then there exists b : G — CM
continuous and compactly supported such that b(z) = a(x), for all z in
YUr Y (K)uUs(K).

Proof. Let U = {x € H | a(x) # 0}. It follows that U is compact in
H, hence also in GG and the two topologies agree on this set. As Y and
U are closed in both H and G, the two topologies agree on Y U U.

Let X = r~!'(K)U s '(K), which is closed in G.

We define b(z) = a(x), for all # in U UY and we define b(x) = 0,
for all z in X — U. First, observe that this is well-defined, for if z is
in X — U, then a(z) = 0. Secondly, both of these sets are closed in
G. Thirdly, b(z) is continuous on both: on the first because the two
relative topologies agree there and on the second because it is constant
there. Finally, the support of b(x) is contained in U, which is pre-
compact. Hence, by the Tietze extension theorem (Proposition 1.5.8 of

[11]), b may be extended to a continuous function of compact support
on G.
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It is clear that b(x) = a(x), for any = in Y. Now suppose that r(x)
is in K. If z is in U, then b(z) = a(x), by definition. If z is not in U,
then a(z) = 0 by the hypothesis on U, while b(z) =0 as x isin X —U.
The case for s(x) € K is similar. O

Theorem 5.3. Let (G, T) and (H, Th) be locally compact, Hausdorff
topological groupoids and that v*,u € G° is a Haar system for G. As-
sume that H is a subgroupoid of G such that the topology Ty is finer
than the relative topology on H of T and that, for every u in H°,
H" = G" and the relative topologies from Ty and T agree on this set.

Then the following are equivalent:

(1) the map r : H — H° is open (in Ty ).

(2) the map s : H — H° is open (in Ty ).

(3) v",u € H®, is a Haar system for H.

Proof. The first two conditions are clearly equivalent since r(z~!) =
s(x) and # — z~! is a homeomorphism. The third condition implies
the first from Lemma 5.1 or Proposition 2.4, Chapter 2 of [16].

It remains for us to prove that the first condition implies the third.
First, it is clear from the fact that the two topologies agree on all
sets H* = G* that the measures are well-defined, have the desired
support and are left-invariant. It remains for us to verify the continuity
property.

Let h be any continuous function of compact support on H. Let
U= {x € H| h(z) # 0}. Its closure U is compact in H and so is
K =r(U)Us(U). We apply Lemma 5.2 to find g in C.(G) such that
g(x) = h(x) for all z with r(x) or s(z) in K.

We consider the function I(u) = [, h(z)dv*(z) defined on H° and
show it is continuous. We appeal to the same general topology result
as in the last proof. First, on the set r(U), it agrees with the func-
tion J(u) = [, g(x)dv*(x). As v" is a Haar system, this function is
continuous on G° in the topology 7¢ and so its restriction to r(U) is
continuous in the topology Tgz. Secondly, on the set H? \ 7(U), it is
clearly 0, which is continuous in any topology. These two sets cover
H°. The first is closed as we observed above that it is compact. The
second is closed since U is open and our hypothesis is that r is an open
map. 0

We consider the left regular representation of G, A\g. For each
unit, v in G°, we define the measure v, on G, by v,(FE) = v*(E™),
for any Borel set £ in G,. We let L?(G,,v,) be the corresponding
Hilbert space and define (with a slight abuse of notation) L*(G,v) =
Dueqo L*(Gy, vy). Tt is worth noting that the elements can be seen as
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functions on G. For each f in C,.(G) and u in G°, we define the operator
Ao(f) on L3(Gy, )

(D) (2) = / ey i),

for f in C.(G), ¢ in L*(G,v) and = in G,. We also let A\g(f) be
Dueao AU(f)

We let Ay denote the left regular representation of H on L?(H,v).
From the fact that, for every unit v, G, = H, and assuming they have
the same topology G and in H, the Hilbert space L*(H,v) is a closed
subspace of L?*(G,v). We use this inclusion implicitly. Furthermore,
we can regard the operators Ay (f), f € C.(H), and also those in the
operator-norm closure of these as being defined on L*(G,v) by setting
them to be zero on the orthogonal complement of L?(H,v).

Theorem 5.4. Let (G,7g) be a locally compact, Hausdorff topological
groupoid with Haar system, v*,u € G°, and 2-cocycle o. Let H C G be
a subgroupoid with a topology, Ty, in which it is also locally compact
and Hausdorff. Suppose that

(1) H° C G° is G-invariant,

(2) the topology Ty is finer than the relative topology of T on H,

(3) For every u in H®, the topologies Te and Ty agree on H* = G*

and G, = H,.
(4) v",u € H® is a Haar system for H.

Then the following hold.
(1) For each f in C.(G) and g in C.(H), the functions

(fo)(x) = Huf(y)g(y’lx)v(y,y’lx)dV“(y)

(9f)(z) = /ug(y)f(y‘lx)a(y,y‘lx)dV“(y)

are well-defined and in C.(H).
(2) For each f,g as above we have

Aa(f)Au(g) = Au(fg),
Aa(9)ra(f) = Aulgf),
(3) This defines a map sending f in C.(G) to p(f) in
M(C.(H)) which extends to a *-homomorphism from C*(G, o)
to M(Cr(H, o)) which is injective if and only if H® is dense in
G°.

We will not give the proof which is really quite straightforward.
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It is observed in Remark (iii) on page 59 and Proposition 1.14 of
[16] that there is a natural way that C.(H°) acts as multipliers of

C.(H):

(ef)(x) = e(r(x))f(x), (fe)(x) = f(z)e(s(x)),
for each f in C.(H), e in C.(H") and z in H. In our case here, this
representation of C.(H ) interacts with C.(G) in a particularly nice way.
Observe that the two formulae above make sense equally well if e is in
C.(H®) and f is in C.(G), the results being functions on H and it is
easy to see that they are both continuous and have compact support.

There remains one technical issue in this construction. Suppose that
f is a continuous function of compact support on H. Let us suppose
for the moment that H is closed in G (which is rarely the case). Then
the Tietze Extension Theorem guarantees the existence of a continuous
function f on G such that f|y = f. It is a more subtle question to ask
if f may be chosen so that the norm, ||f||,, can be controlled in some
way by || f]|-, independently of f.

This is true if we replace the reduced C*-norm by the uniform norm.
The proof is quite standard but it will be helpful to examine it, as we
will do in a moment.

As we noted H itself is usually not closed in G and it is necessary
for us to restrict our attention to subsets of H which are closed in G,
which usually rules out H itself.

Definition 5.5. Let (G, Tg) be a locally compact, Hausdorff topological
groupoid with Haar system, v*,u € G°, and 2-cocycle o. Let H C G be
a subgroupoid with a topology, Ty, in which it is also locally compact
and Hausdorff.

For any C > 1, we say that a set X C H which is closed in G (and
hence also in H ) has the C-extension property if, for any f in C.(H)
with support in X, there exists f in Co(G) such that f|x = f|x and

11l < ClI£llr-

Let us just check that the property holds (with C' = 1) if we use the
uniform norm instead of the reduced C*-norm.

Let X be a subset of H which is closed in G. Let f be in C.(H) with
support in X. Consider X U {oo} as a closed subset of G U {o0}, the
one-point compactification of G. Extending f|x to be zero at oo, this
function is continuous on X, with the topology from G and we may
apply the Tietze Extension Theorem to find f , a continuous function
of G U {oco} which agrees with f on X and is zero at co. It is a
simple matter to check that this can be modified so that f is actually
compactly supported.
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It remains to worry about the norm of the extension. Define the
function h(t) to be 1 for ¢ in the interval [0, f||?], and | f|~¢~'/2 for
t > ||f|®2. It is an easy exercise to check that fh(f*f) satisfies all
the desired properties. Notice that h(f*f) exists in the unitization
C(GU{o0}).

It is worth asking why this same argument does not suffice for general
groupoids. The answer is that h(f*f) exists in the unitization of C*(G),
but not necessarily in the unitization of C,(G) and the element fh(f*f)
exists in C(G), but not necessarily in C.(G).

Now we could replace the function h above by some polynomial which
approximates our given i and our final element would indeed lie in
C.(G), but then we cannot be sure of the condition f|x = f|x.

It follows then that in the case that H and G are co-trivial, G =
G°, H = H°, where the two norms agree, this holds. In generality,
it seem to be a subtle issue, although it does hold in many cases of
interest.

Let us just observe the following positive result in a very special case.

Proposition 5.6. Let G, H be as in Definition 5.5 and assume that
H s closed in G. Then G — H 1is also a locally compact groupoid with
Haar system. Assume we have a short exact sequence

0—-C(G—-H)—C:G)— C:(H)—0.

(See [16], [1] for further discussion.) Then H has the C-extension
property, for any C' > 1.

Proof. Let the quotient map from C'(G) to C}(H) be denoted by p.
Let f bein C.(H). It is a consequence of the Tietze Extension Theorem
that we may find g in C.(G) with p(g) = g|lg = f. It follows that

[f 1l = mf{[[f +0ll. | 0 € GG — H)}.

The desired conclusion follows for any C' > 1 from the fact that C.(G —
H) is dense in C(G — H). O

I do not know if the converse holds (the C-extension property im-
plies exactness), but this does suggest that the property is linked with
amenability /exactness in some way.

Our next task is to provide a fairly general way of constructing
groupoids H C G from G. This follows ideas of Muhly, Renault and
Williams [9)].

Let (G,7g) be a locally compact, Hausdorff topological groupoid
with Haar system, v*, v € G, and 2-cocycle 0. Suppose that Y is a
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closed subset of G°. We can form
Gy ={g€G|r(g),s(g) €Y}

which is obviously a closed subgroupoid of G with unit space Y. It also
acts on the left of

G ={geG|r(geY}

Observe that this action is free in the sense that g -z = z for g in GY
and z in G¥ with s(g) = r(z) only if g is a unit. It is also proper in
the sense that the map sending (g, z) in Gy x G¥ with s(g) = r(z) to
(gz,z) in GY x GY is a proper map.

We define

H={(z,y) € G" x G | r(z) =r(y)}

which is equipped with an action of GY- by g(x,y) = (gz, gy), for (x,y)
in H and ¢ in GY- with s(g) = r(z) = r(y). This action is also free and
proper.

Theorem 5.7. Let (G,7¢) be a locally compact, Hausdorff topological
groupoid with Haar system, v*,u € G°, and a 2-cocycle, o. Suppose
that Y is a closed subset of G° such that

rs:Gy =Y
are open. If we define
H={z""y | (z,y) € H},

and endow it with the quotient topology from the map sending (x,y) in
H to x~1y, then it satisfies the hypotheses of Theorem 5.4. In addition,
GY is a GY — H-equivalence bimodule.

We will not give a proof of this result. Most of it follows the tech-
niques of [9] or is quite straightforward. We would like to examine a
special case where G is a transformation groupoid.

Suppose that X is a locally compact Hausdorff space and I' is a lo-
cally compact Hausdorff topological group which acts on X by homeo-
morphisms on the right: that is there is a map sending (z,v) in X x T’
to x7y in X which is continuous and satisfies (z7)y = z(y'), for all x
in X, v,7 in T

Let G be the associated transformation groupoid:

G=XxT,

which is simply X x I" as a set with product given by (z1,71)(x2,72) =
(w1, 7172) if o1 -1 = 2o and inverse (z,7)"! = (z - v,7"!). The unit
space is G® = X x {er}. For notational convenience, we will usually
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write this as simply X. It is given the product topology. It has a Haar
system by transferring the Haar measure from I' to G = {z} x I in
the obvious way, for any z in X.

We remark that in this example, the reduced groupoid C*-algebra,
C*(G), coincides with the reduced crossed product algebra, Cy(X) I

Definition 5.8. Suppose that X is a locally compact Hausdorff space
and I" is a locally compact, Hausdorff topological group which acts on
X by homeomorphisms If Y is a closed subset of X, we say that Y
is I-semi-invariant if, for every v in I' either Yy =Y or Yoy NY is
empty. In this case, we denote by 'y the set of v for which the first
condition holds.

Notice that this includes the case, YyNY = (), for all v # e. Observe
that I'y is clearly a subgroup of I'. Also notice that for any + in I'; the
set Yy depends only on the right coset I'yy.

The following is an easy consequence of the definitions and we will
not give a proof.

Theorem 5.9. Suppose that X is a locally compact Hausdorff space
and T' is a locally compact Hausdorf topological group which acts on
X by homeomorphisms. Suppose that Y is a closed I'-semi-invariant
subset such that I'y\I' is discrete. Then Uy is open in I'. Moreover,
GY. 2 Y xTy, where the latter is regarded as a transformation groupoid
and the maps r,s : Gy — Y are open. If H is groupoid given in 5.7,
then the unit space of H is

H° = Ury~ery\rY Y

and has the inductive limit topology. With this identification, H 1is
isomorphic to the transformation group

(UFY’YGFY\FY")/) x I

These examples seem to be more accessible for the extension property
mentioned earlier. While the following deals with a couple of specific
closed subsets of H, it would seem the techniques of proof could be
applied more generally and we will do so in future sections.

Theorem 5.10. Let X be a locally compact Hausdorff space and I' be
a locally compact Hausdorff topological group acting on X by homeo-
morphisms. Suppose that Y is a closed I'-semi-invariant subset of X.
Suppose that T'y\I" is discrete. Let H be as in 5.7.

If there is a short exact sequence

0— C()(X — Y) X, 'y — C()(X) X,y — C()(Y) X, 'y =0
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then the closed sets Gy, GY C H have the extension property of Defi-
nition 5.5 .

We will not give a proof. First, we will not need the result. Secondly,
the proof is very similar to the one given for the last item in Theorem
6.18.

6. APPLICATION TO SUBGROUPOIDS

In this section, we consider a groupoid G and open subgroupoid G’
and give conditions under which our excision theorem can be applied
to the reduced groupoid C*-algebra, B = C¥(G), and a C*-subalgebra,
B' = CxG").

We assume that G is a locally compact, Hausdorff, second countable
groupoid with Haar system v* u € G°, and 2-cocycle o. We suppose
that G° C ' C G is a subgroupoid (using the same algebraic opera-
tions) and is open in GG. This means that the unit space of G’ coincides
with that of G. The following is an easy result and we omit the proof.

Theorem 6.1. Let G be a locally compact, Hausdorff topological
groupoid with Haar system, v*,u € G° and suppose G° C G' C G is an
open subgroupoid.
(1) The system of measures, v*|qung:,u € G, is a Haar system for
G'.
(2) The inclusion C.(G") C C.(G) obtained by extending functions
to be zero on G — G' extends to an inclusion of C*-algebras,

Cr (G 0) € CYG,0).

Let us define a notational convention: if A C G is any subset of a
groupoid G, A2 = Ax ANG? and A", n > 3 is defined in an analogous
way.

We state the following result for convenience. The proof is trivial
and we omit it.

Lemma 6.2. For an open subgroupoid G° C G' C G, we have

(1) A=G -G is closed in G,
(2) A=A"Y

(3) AG’ G’ A CA,
(4) A (A X A) N G? is closed in G?,

(5) A2 N (G is open in A2,

We now want to construct a new pair of groupoids, H' C H. If u
is any unit of G, the set s(G*) is G-invariant and the restriction of
G to this set is a transitive groupoid (see 1.1 of [16]). Of course, this
restriction may be disastrous, topologically. Our new groupoids will be
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the restrictions of G and G’ to all sets s(G") where they differ. In other
words, all s(G*) where u is in 7(A). At least intuitively, any relative
theory of G’ C G should be the same as that for H" C H. The first
difficulty lies in the issue of putting suitable topologies on H' and H.
In fact, there is a canonical way to do this, but we will need certain
technical conditions to proceed further.

To facilitate this, let us name some of the topologies involved. We
let S be the topology on G and §4 be the relative topology on any
subset A of G.

Definition 6.3. We say the inclusion G° C G’ C G is regular if
the map r : A — r(A) is open, when the image is given the quotient
topology. We let R be the quotient topology on r(A).

Lemma 6.4. Let GY C G’ C G be a open subgroupoid. If the inclusion
is reqular, then A% N p~(G') is closed in AZ.

Proof. Suppose that (z;,y;),7 > 1 is a sequence in A? N u~(G") con-
verging to (z,y), which is in A% as A is closed. Suppose that xy is
in A. We may choose a decreasing sequence of open subsets in G,
U,,n > 1, which intersect to xy. Then U, N'A is an open set in A and,
as our inclusion is regular, r(U, N A) is open in R. As x; € Aji > 1
is converging to z, r(z;),7 > 1 in the topology R. So for each n > 1,
we may find z;, such that r(z;,) is in »(U, N A). So we may find z,
in U, N A with r(2,,) = r(z;,). The sequence z, 'z; y; is in AG = A
and converges to (zy) 'zy which is in G° C G’. This contradicts G’
being open. O

Definition 6.5. Assume that G° C G' C G is a open subgroupoid and
that the inclusion is reqular. Define
H' = p(A2 0 (@) € 6.
We endow H' with the quotient topology from the map
e AP NG — H
which we denote by T.
We observe the following for future purposes.

Lemma 6.6. With H' as defined in Definition 6.5, we have

(1) z in G" is in H' if and only if r(x) is in r(A),

(2) H' is a subgroupoid of G,

(3) the unit space of H' is r(A).
Moreover, the topology on the unit space given in Definition 6.5 agrees
with the quotient topology of r : A — r(A). That is, we have 7E/H’)0 =
R.
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Proof. For the first part, it is clear that
P(H') = 7o p(A2 0 p (@) € 1o pu(A2) C r(A).

On the other hand, if z is in A, then (z,z7') is in A? and also u=*(G")
and r(z) = pu(x,2~'). The second and third statements follow easily
from the first.

The final part relies on the following basic topological fact: if X is
a topological space, f : X — Y is a surjection and Y is given the
quotient topology, then for any Z C Y, the relative topology from
Y agrees with the quotient topology from f : f~}(Z) — Z. In our
case, we use X = A’Nu NG, f=u, H =Y and Z = (H')°
along with the observation that the map sending z in A to (z,z7!) is
a homeomorphism from A to u~1((H")°. O

Theorem 6.7. Assume that G° C G' C G is a open subgroupoid and
that the inclusion is reqular. Let H', T be as in Definition 6.5.

(1) The topology T' on H' is finer than Sy, the relative topology
from G.

H' is topological groupoid.

H' is locally compact.

H' is Hausdorff.

For each w in (H')* = H' NG, we have

G'NH =G"NnG", G,NnH =G,N¢

and the relative topologies from T and S are the same on each
of these sets.

(6) The system of measures, v*|qung,u € (H')°, is a Haar system
for H'.

Proof. The first statement follows immediately from the fact that the
map g is continuous and the definition of the quotient topology.

Let us consider the set A* N p=Y(G') x p~1(G’) and the map (pu? x
id)(w, z,y, z) = (wzy, z) defined on this set. First, we observe that wx
is in G’ and so wzy is again in A. We also note that wxyz = (wz)(yz)
is in G’ and so we have

p?xid : AN (G x pwHG) = APt HG).
Moreover, we have a commutative diagram:

AT EG) X p (G - A2 0 ()
= X1

| |

(H/)Q Ka H'
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To verify pgs is continuous, we must take an open set U in H' and
see that s/ (U) is open in (H')%. To see that, we must see that (u x
)" (g )71 (U)) is open. From the commutativity of the diagram, we
have

(e )~ () ~H(U)) = (1 > id) ™ (= (U)).

The set ' (U) is open due to the definition of the topology on H’
and (p? x id)"Y(u~'(U)) is open because p? X id is continuous. The
continuity of the inverse in the new topology is obvious from the fact
that p(gh)~' = u(h™", 7).

Let us prove H' is locally compact. Let h be in H’', so it is in G’
we may write h = gg’ with ¢,¢" in A. As p is open and G’ is open,
we may find open sets ¢ C U, ¢ C U’ , each with compact closure,
such that u(U x U’ N G?) is an open set in G'. It follows fairly easily
that u(U x U'N A?) is an open set in H'. Let us verify its closure is
compact. Let h,,n > 1 be any sequence. It follows that, for every
n, we can find g, in UN A and ¢}, in U' N A with g¢,g, = h,. As U
and v’ have compact closures, we may pass to a subsequence such that
(9ni» 9r,) is converging. From Lemma 6.4, the limit of this subsequence
must also lie in =1 (G')NA?. Tt follows then that &, has a subsequence
converging in H'.

The topology on H' is Hausdorff since it is finer than the usual
topology, which is Hausdorff.

For the fifth part, the containment G* N H' C G* N G’ is obvious
since H' C G'. For the reverse containment, let g be in G* N G’. The
fact that w is in H' means that u = hh~!, for some h in A. We have
g =ug = (hkh™')g = h(h~'g), which is in H' since h~'gisin AG' C A.

As we know that the topology for H’ is finer than that for G’, to
see they are equal it suffices for us to take a sequence g, in (G')*
converging to ¢ in the topology of G’ and show it also converges in
the topology for H'. We simply write g, = ug, = h(h™'g,), with h
as above. It suffices now to observe that h,h='g, and h~'g are in A,
and (h,h'g,) converges to (h,h"'g) in G*. This implies their images
under p converge in the quotient topology as desired.

For the last part, by using Theorem 5.3, it suffices to prove that
r: H — (H')? is open. Let z be in H and U be set in T’ containing
x. This means z is in G’ while x = yz, with y, z is A. It also means
that p~3(U) N A2 N p~Y(G) = V N A%u=(G'), for some open set V
in G?. We have (z,y) is in V N p~*(G’) and so we may find open sets
W, Z in G with s(W) =r(Z) such that W x ZNG* CVNnu Y(G). Tt
follows from regularity and Lemma 6.6 that (W NA) is an open subset
of (H')°. We claim that it is contained in r(U). If u = r(w) for some
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w in W N A, then 7(w) = r(wz), for some (w,2) in GPNW x Z CV
The fact that w is in A while wz is in G’ means that z is in A also.
Hence (w,2) isin ANV = Y (U)NA? N p (@), wz is in U and
u=r(w)=r(wz) € r(U), as desired. O

Theorem 6.8. Assume that G° C G’ C G is a open subgroupoid and
that the inclusion is reqular. With H' as in Definition 6.5, we define

H=H UA.

We endow H with the disjoint union topology; that is, both H' and
A are clopen. We denote this topology by T, so that Ty = T' and
Ta = Sa.

(1) The topology T on H is finer than the relative topology from G.
(2) H is topological groupoid.
(3) H is locally compact.
(4) H is Hausdorff
(5) For each uw in H® = H N G°, we have
G'nNH=G", G,NH=G,

and the relative topologies from H and G are the same on each
of these sets.
(6) The the systems of measures, v*,u € H, is a Haar system for

H.

Proof. The first, third and fourth parts follow easily from their coun-
terparts in Theorem 6.7. For the second part, the continuity of inverses
is clear. As A is clopen, it suffices to check the continuity of products
on H x H' H x A;A x H and A x A separately. The first is done.
The second and third both have range in A and the continuity follows
from that of the product in G, together with the fact the the topology
on H' is finer than that of G. For the last case, we use the fact that
Lemma 6.4 implies that

A =A’Np N (GYU (A = AN H(G)

are clopen. On the first set, continuity follows from Theorem 6.7, the
second just uses the continuity in G.

For the proof of the fifth part, we can write G* = (G')* U (AN G")
and the result follows from Theorem 6.7.

The last part follows from the last part of Theorem 6.7 and Lemmas
6.4 and 6.6. O

We remark that the groupoids (G, S) and (H, T) satisfy all hypothe-
ses of Theorem 5.4 and the conclusions hold.
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We turn now to the regular representations of C*(G, o) and C}(H, o)
on L?(G,v). We let p be the projection operator on L*(G,v) whose
range is L?(G’,v). That is, for £ in L*(G,v) and ¢ in G, p&(g) = £(9)
for g in G’ and p&(g) = 0 for g in A.

We let E denote the C*-algebra B(L?(G, v)) and define § : C*(H, o)+
Cx(G,0) — E by
for z in C}(H,0) + C!(G,0). 1t is clear that J is a completely contrac-
tive, x-derivation.

We let xa be the function on G which is 1 on A and 0 on G'. It

is neither continuous, nor compactly supported, but will be useful, as
follows.

Lemma 6.9. (1) For any function a in C.(H), the function xaa
(meaning the pointwise product) is in C.(H) and (1 — xa)a is
in C.(H').
(2) For any function a in C.(H) , we have
pa(l —p) = p(xaa)
(1—plap = (xaa)p
6(a) = d(xaaq)
pap = p((1—xa)a)
pap = ((1 = xa)a)p.
(3) For any function b in C.(G), the function xab (meaning the
pointwise product) is in C.(H).
(4) For any function b in C.(G), we have
pb(1 —p) = p(xab)
(1=p)bp = (xab)p
5(b) = b(xab).
Proof. The first part follows from the fact that A is both closed and

open in H and H' is the complement of A in H.
For the first equation of the second part, let & be a function in

L*(G,v). From the definition of p, (pa(1 — p)&)(g9) = (p(xa)a)é) (9) =
0, if g is in A. Now, let g be in G’ and we compute

(pa(1 = p)&)(g) = (apt)(9)
= [ o™ - DRIl v 1)

Now ((1—p)&)(h) is non-zero only if h isin A. As g is in G’, this means
that gh™! must be in A as well. For such values of gh™!, a(gh™!) =
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(xaa) (gh™') and we have

(pa(1 — p)E)(g) = / g (1 = D))o v (1)
heGy(g)

= /heG a(gh™)((1 = p)&)(h)a(gh™", h)dvyy (h)

s(gNA

_ / (xa0)(gh~DE(R)r(gh™", h)dvse(h)
heGs(g)NA

N / G (xaa)(gh™")&(R)a(gh™, h)dvyg) ()
heG(g)

= ((xaa)§) (9)-

The second equation is obtained by taking adjoints of both sides of
the first (with a* replacing a). For the third equation, we compute,
using the first two equations,

6(xaa) = i(xaap—pxaa)
= i((1 —p)ap —pa(l —p))
= i(ap — pa)
= d(a).

For the fifth equation, it follows from the first that

pap = pa — p(xaa) = p(((1 — xa)a) .

as desired. The sixth is done similarly.

The third part follows from the fact that A has the same topology in
H as it does in (G, and that A is a clopen subset of H. So the function
xab is a continuous function of compact support on H.

The proofs of the last part are exactly the same as the first three
parts of the second part and we omit the details. O

Lemma 6.10. If b is in C.(G,0), then §(b) € 6(C.(H,0)).

Proof. This follows at once from part 3 and the last equation in part 4
of Lemma 6.9. [

Finally, we need a reasonable extension of the notion of finite index
from groups to groupoids to obtain condition C1 of Theorem 3.4.

Definition 6.11. Let G° C G' C G be an open subgroupoid. We say
it has finite index if there is a constant K > 1 such that, for any u in
G, there is a finite subset I C G, with #F < K and G, = G'F.
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We remark that if G C G is of finite index, then H' C H, as defined
in Definition 6.5 and Theorem 6.8 is also of finite index, as it is a purely
algebraic condition.

Lemma 6.12. Let H® C H' C H be an open subgroupoid of finite
index. If K is as in the definition and p is the projection of L*(H,v)
onto L*(H',v), 6.11, then for every a in C*(H, o) then ||a|| < K]||pal|.

Proof. Let us fix a unit v in H° and restrict our attention to L*(G, ).
Let FF C H" be a subset of at most K elements such that FFH =
H*. We may assume that this set is minimal, so that fif, ' is not
in H', for fi # fo in F. For each f in F, the map sending h in
H, to hf~"in H, induces a unitary operator Uy : L*(H,(f), Vr(f)) —
L?*(H,,v,). This unitary operator conjugates the part of the left regular
representation of Cf(H, o) on L?(H,,,) onto that on L*(H,(f), vy(s))-
For convenience, we denote these two Hilbert spaces by H, and H, ),
respectively. Define py = UypU;. It is an easy computation to check
that the condition that H'F' = H, implies that > rer by is the identity

operator on L?(H,,v,). Hence we have

labu I = 1) pralw.l

fer

Z [prals,|

fer

= D UmUsals,|
feF

= Y _lpUjaly

fer

- Z Hpa|7-ls(f) I

feF
< Kllpall

IN

Hs(p) H

Taking the supremum over all 4 completes the proof. ([l

Corollary 6.13. If G° C G’ C G is an open subgroupoid and the
inclusion is reqular and finite index, then the x-algebra C.(H) satisfies
condition C1 of Theorem 3.4.

Proof. Let a be in C.(H) and define o’ = (1 — xa)a which is in C.(H")
by Lemma 6.9. We have

(a) = i(ap — pa) =i ((1 — p)ap — pa(l —p)).
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The first of these terms maps pL?*(G,v) to (1 — p)L*(G,v) and the
second the other way. It follows then that

K|(a)| = Kmax{|[(1 - p)ap]l. [pa(1 ~ p)[}
= wax{K[[(xa0)pl, K[lp(xa0)[}
> [xal
= Jla—d.

U

Lemma 6.14. If G° C G' C G is an open subgroupoid and the in-
clusion is regular, then the x-algebra C.(H) satisfies condition C2 of
Theorem 3.4.

Proof. Let ay,...,ap be in C.(H). Define a = (ay,...,ap) Let U =
{r € H | a(x) # 0} so that U is compact in H. It follows that

r(U) U s(U) is compact in H°. We can find e : HY — [0,1] which is
continuous, identically one on 7(U) U s(U) and has support contained
in the compact set K C H°.

We apply Lemma 5.2 with K,a as above and Y = A to each to
obtain b = (by,...,by).

Then we have

3(bm) = Xsbm = Xsam = (anm),
from parts 2 and 4 of Lemma 6.9, for 1 < m < M.

We claim that a,, = ea,,, for all 1 < m < M. For any x in H,
we have (ea,,)(x) = e(r(z))a,(x). If z is not in U, then a,,(x) =0 =
e(r(x))ay,(x). On the other hand, if z is in U, then r(x) is in r(supp(a))
and so e(r(x)) = 1.

Finally, we claim that ea,,(z) = eb,,(x), for all z in H. If r(z) is in
K, this follows from the fact that a,,(z) = b,,(z) for such . On the
other hand, if (x) is not in K, then e,,(x) = 0.

The proof that a,, = a,,e = b,,e is done in a similar way.

What remains at this point is to verify that C¥(H,o) N ker(d) =
C¥(H',o) and C}(G,0) Nker(d) = Cr(G',0). The first is relatively
simple.

Theorem 6.15. If G° C G' C G is an open subgroupoid and the
incluston 1s reqular and finite index, then
C(H,o) Nker(d) = CX(H', o).

Proof. The containment C(H, o) Nker(d) 2 CF(H’, o) follows at once
from part 2 of Lemma 6.9 and the continuity of . For the reverse
inclusion, let a be any element of C*(H,o) Nker(d). We may select
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a sequence a,,n > 1in C.(H). As d(a) = 0, we know d(a,),n >
converges to 0. By Corollary 6.13, for each n, we may find a], in C.(H
such that ||a, — al|| < K||0(a,)||, so al, also converges to a. O

1
/
!/ | )
The second equality is more subtle and we prove it only under some

additional hypotheses. It would follow if we knew that A = C.(G)
satisfied condition C1 of 3.4, using exactly the same argument as above.

Lemma 6.16. Assume that G is a locally compact, Hausdorff groupoid
with Haar system v*,u € G, o is a 2-cocycle on G and that G° C
G' C G is a regular, open subgroupoid of finite index with K as in the
definition. If a is in C.(A) C C.(H), then

lall < Kl[o(a)]l-

Proof. Tt follows from part 2 of Lemma 6.9 that pa = p(xaa) = pa(l —
p) and that ap = (yaa)p = (1 — p)ap. We have

d(a) =iap —ipa = (1 — p)iap — pia(l — p).

Thus §(a) is the sum of two operators, one which is zero on (1 — p)H
and range in (1 — p)H and the other which is zero on pH and range in
pH. It follows that

16(a)l = max{][(1 = p)iapl], |[pia(l — p)||}
= max{|[apl, [[pal[}
= max{|[pa”|, [[pal[}
< max{K||a"[|, Kllal|}
= K.
0

Theorem 6.17. Assume that G is a locally compact, Hausdorff groupoid
with Haar system v*,u € G°, o is a 2-cocycle on G and that G° C
G’ C G is a regular, open subgroupoid of finite index. If the closed set
A = G — G' has the C-extension property of Definition 5.5 for some
C > 1, then

CHG,o) Nker(d) = CH(G, o).

Proof. The containment C*(G, o) Nker(§) 2 CH(G', o) follows at once
from part 4 of Lemma 6.9 and the continuity of §. For the reverse
inclusion, let b be any element of C*(G,0) N ker(§). We may select
a sequence b,,n > 1 in C.(G). As 6(b) = 0, we know d(b,),n > 1
converges to 0. From part 2 of Lemma 6.10 above, xab, lies in C,(A) C
C.(H) and, from part 4 of the same Lemma, 6(xab,) = 0(b,). As A
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satisfies the C-extension property, for every n, we may find ¢, in C.(G)
with
cnla = xabn|a = bu|a
and
lenll < Clixaball < CK[|6(xabn)|| < CKI6(bn)].

It follows that ||c,|| tends to zero as n tends to infinity so b, — ¢, also
converges to b. These functions are in C.(G) and vanish on A, so they
can be approximated by functions in C.(G’). O

We finish this section with a specific construction which general-
izes the orbit splitting groupoids, first introduced in [12]. The group
of integers still plays an important role. This has seen a number of
applications.

Suppose that the locally compact Hausdorf space X has an action
by homeomorphisms of the locally compact Hausdorff group I'. Also
suppose that Y C X is semi-invariant in the sense of Definition 5.8.
We further suppose that I'y is a normal subgroup of I' and that the
quotient group I'/T'y is isomorphic to Z. Let us denote the quotient
map from I' to Z by (.

We notice that Theorem 5.9 applies immediately to this situation.
But we can go further to find an open subgroupoid.

Theorem 6.18. Let I', X, Y, ( be as above and let G = X x T be the
associated transformation groupoid. Define
A ={(y7,7m "), 072,79 ) |y € YVoma,m € T, () <0,¢(r2) > 0}

Then we have the following.

(1) G" =G — A is an open subgroupoid.

(2) The inclusion G° C G' C G is reqular and finite inder.

(3) If H and H' are the groupoids of Definition 6.5 and Theorem
6.8, then

H= (Y xTy)x(Zx2Z)
(the latter is the co-trivial groupoid) while
H =Y xTy)x (Z" xZ UZ"xZ")
where ZT ={1,2,3,...} and Z= ={0,—1,-2,...}.
4) If there is a short exact sequence
(

0—>Co<X—Y) Nrry%CO(X) Nrry%co(Y) X, 'y =0

then the closed set A has the C-extension property for any C' >
1.
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Proof. Let us choose a in I' with ((a) = 1.
First observe that Yy = Ya¢®"), for every v in I'. It follows that we
may write

A = (Uicos0Ya" x (THi+j}) U (Uisog<oYa' x ¢TH{j —i}).

The sets on the right are pairwise disjoint and each is clopen in G. It
follows that A is closed so G’ is open. It is a simple computation to
check that G’ is a subgroupoid.

For the second point, it is easy to check from the equation above
that

T(A) = Uz‘eZY@i,

and that each of the sets Ya' is clopen in the quotient topology. In
addition, the restriction of 7 to a set of the form Ya' x v is actually
a homeomorphism to Ya' and, in particular, r is open so the inclu-
sion is regular. It also follows that the map sending ya’ to (y,1) is a
homeomorphism between r(A) and Y x Z.

We check that the inclusion is finite index. If (x,€) is any unit in G
and = ¢ r(A), then we may use F' = {(z, e)} in Definition 6.11. On the
other hand, if (z,¢) = (ya’,e), for some y in Y and integer i, letting
F ={(ya',e), (ya=" a*~1)} satisfies G, = G/, F. (The essential point
being that ¢ < 0 if and only if —i +1 > 0.)

As for the descriptions of H' and H, recall that (ya’,~) and (y'a”, ')
are composable if and only if ya'y = y/a”. If this occurs then i +( () =
i" and ' = a’ya~". We know also that if i < 0, then ¢/ =i 4+ ((y) > 0
while if 4 > 0, then ' =i + ((v) < 0. It follows then that

A2 N ,U/_I(G/> — U(i,’y,’y’) UyGY ((yai7 V)’ (ya’ir)/’ ry,))

where the union is over y in Y and triples (4,7, ') with either i < 0,7+

((7) > 0,i+C(7) +¢(7) < 0ori>0,i+¢(y) <0,i+C(y)+¢(y) > 0.
If we just take the union over Y, these sets are pairwise disjoint, clopen
and each is homeomorphic to Y.

As a set, we can write

H' ={(ya',7) |y € Y,i,i+ ((y) <0,0rd,i+((y) > 0}.

and the isomorphism of part 3 sends (ya‘,~) to

((y, a™"va"™ ™ (i,i+ ((v))). We omit the topological details. This is

extended to H by mapping (ya’,7) in A to ((y, a"tya O (4,0 + C(v)))
We turn our attention to the last part. Observe that, for any n > 2,

the sets

A, =00 ur_, (Ya' x (THj—ifuYd (T x {i—j})
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are all in A. Moreover, they are increasing with n and each is clopen
(in A and hence also in H). Therefore, it suffices for us to consider a
continuous function f with compact support in A,,, for some fixed n.
Let us denote Y,, = U, Ya', which we identify with r(A,) = s(A,).

In fact, A, is a clopen subset of the groupoid G%;Z = H‘Zj and by
simply restricting the function we can regard f is being in C’C(G%) and
its norm there coincides with its norm in C}(H).

As the sets Ya',i € Z are pairwise disjoint, we may choose an open
set Y C U C X such that the sets Ual,1 — 3n < [ < 3n are pairwise
disjoint also. .

The set U will not necessarily be I'y-invariant. In addition, U N U®
may be non-empty for some i # 0. However, we may consider the
reductions (X x I')Y and (X x I'y)Y. Their associated C*-algebras are
hereditary subalgebras of Cy(X) x, I' and Cy(X) %, 'y, respectively.
We define V = U™,  Ua' and, identifying V with V' x {e} in G°,

GV)=GyvNX x (Y1 —-2n,...,2n—1}.

This is an open subset of the groupoid GY},. We claim that it is also a
groupoid. Suppose that (z,7) is in G(V). Then for some 1—n < i < n,
risin Ua' and 1-2n < ((v) < 2n—1. In addition s(z,7) = (z7,€) isin
V. On the other hand, v is in Ua'**®) and 1 —3n < i+((y) < 3n—1.
As these sets are pairwise disjoint and only in V if 1 —2n < i+ ((y) <
2n — 1, we know that this inequality must hold.

The left regular representation of C*(G) also extends to a represen-
tation of the bounded Borel functions on G, as well as to a unitary
representation of the group I' [16]. It is a simple matter to check that

XUaiai = aiXU
and, for any g in C.(G(V)), 1 —n <1,j <n,
a7 XUai gXUai@'

is in C.((X x T'y)Y). This defines an isomorphism (we will not write
it explicitly) between C(G(V)) and Mo, (Cr((X x I'y)f))) (the matrix
entries are indexed by the set {1 —n,...,n}). For simplicity, let us
denote X x I'y by L.

The set Y, is a closed invariant subset of the unit space of G(V') and
we have a quotient map from C;(G(V)) to C;(Gy). This yields the
following commutative diagram
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Cr(G(V)) Cr(Gy)

| |

and the vertical map on the right is also an isomorphism.
We now invoke our hypothesis to extend this diagram to

CxG(V)) Cr(Gy?) 0

| |

Mo, (C*(LY)) Moy (Cr(Ly)) ——0

| |

Mgn(CO(X) A Fy) e Mgn(CQ(Y) A, Fy) — 0.

We now take our function f lying in C.(H), whose support is in A,
and assume that f is non-zero. We can regard this as an element of
Moy, (Co.(Y % T'y) and we may lift it an element f in Ma,(Co(X 3 Ty).
From our hypothesis, we know that

£l = f {1 f + gllr [ g € C((X = Y) x Ty)},

and so if C' > 1, we may choose g so that || f+ g, < C||f||,. It remains
to get this function back into My, (C#(LY)). As we noted above, this is
a hereditary subalgebra of M, (C.(X x I'y)) and we can multiply on
both sides by a function bounded between 0 and 1, identically 1 in Y,
and supported in V. 0

Corollary 6.19. With X,I',Y,( as above, if there is a short exact
sequence

0— Co(X — Y) X,y — Co(X) X, I'y — Co(Y) X, I'y =0
then

K. (CH(G); Co(X) %, T) 2 K,(Coy(Y) %, T'y).
7. APPLICATION TO FACTOR GROUPOIDS

In this section, we again have two groupoids, G,G’. We assume
that each is locally compact and Hausdorff. In addition, we assume
that G has a Haar system, A%, u € G° and G’ has a Haar system,
e, u € (G')°. Finally, we assume that o is a 2-cocycle on G and that
o’ is a 2-cocycle on G’

We assume that there is a map 7 : G — G’ satisfying the following
conditions, which we refer to as our standing hypotheseson 7 : G — G":

(1) 7 is continuous,
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(2) m is surjective,

(3) m is proper,

(4) m is a morphism of groupoids,

(5) for every u in G and 7|gu : G* — (G')™™ is a homeomorphism
and

(6) for every u in G and Borel set F in G*, we have

Ao(E) = AG (n(E)).

(7) for all (s,t) in G?, we have o(s,t) = o’(7(s), 7(t)).
We will assume this holds throughout this section.

Example 7.1. As an example, consider the case where I' is a locally
compact, Hausdorff topological group acting continuously on compact
Hausdorff spaces, X and X'. If v : X — X' is a continuous, T'-
invariant surjection then, ™ X idp : X x I' — X' x I' satisfies the
desired conditions.

The proof of the following result is straightforward and we omit it.

Theorem 7.2. The map sending b in C.(G") to bow in C.(G) extends
to an injective x-homomorphism, also denoted w, from C(G' o) to

Cx(G, o).

It will be convenient (though probably not necessary) for us to as-
sume that dg is a metric on G giving rise to its topology. By simply
replacing dg by the function

max{dg(x, y), dG<x717 yil)a dg<7’(l’), T(Z/))? dg(S(SL’), S<y))}

1

we may assume that the map x — 7 is an isometry and that r, s are

contractions.
We will let G(z,r) denote the ball centred at z € G of radius r > 0.
In addition, if A C G is any subset, we let
G(A,r) ={x € X | for some y € A,d(z,y) <r}

for r > 0.
We will then use the same notation, dg, for the Hausdorff metric on
the compact subsets of G:

dg(E,F)=inf{e >0 | F CG(E,¢), E C G(F,e)},
for £, F' C G compact. We will use the notation
diama(E) = sup{da(z,y) | z,y € E},

for B C G compact. We will also assume for convenience that G’ is
second countable.
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The following is an obvious consequence of the third and fourth con-
ditions, but we find it convenient to state explicitly.

Lemma 7.3. Let m : G — G’ satisfy the standing assumptions listed
at the beginning of this section. For every x in G, we have

#r{a} = #r ()} = #7 {s(2)}.
The following technical result will also be useful later.

Lemma 7.4. Suppose the sequence x}, converges to x’' in G'. Then

liin diamg(m~z}}) =0,

iof and only of
lilgn diamg(m{r(z})}) = 0,

Proof. Let X' consist of the sequence z}, along with its limit point, 2.
This is evidently a compact subset of G’. Hence, r(X’) is also compact
in G', while X = 77!(X’) and r(X) are compact in G as 7 is proper.
As X is compact, r is uniformly continuous on X and the ’only if’
direction follows at once. Conversely, suppose the first condition fails:
then there exist subsequences xy,y, in G with 7w(x) = 2}, = 7(yk),
limy 2 = x # y = limy yx and limy, r(xg) = limg r(yx). Then we have

r(z) = r(liin xy) = liin r(zg) = liin r(yr) = r(liin yk) = 1(Yy).
On the other hand, we also have

m(z) = 71'(11]?1 xy) = liin m(xy) =2’ = liin 7(yr) = w(lilgn yr) = m(y).

Thus x,y are in G"®) with 7(2) = n(y). By the fourth condition of
our standing hypotheses, this means x = y, a contradiction. 0

As a final preliminary topological result, we have the following.

Lemma 7.5. Given x' in G’ and € > 0, there is an open set x’' € U' C
G’ such that 71 (U") C G(rm {a'}, €).

Proof. If the conclusion is false, then we may find a sequence, z}, k > 1,
converging to z’ and a sequence xy, k > 1 with 7(zy) = z}, for all
k > 1 such that x;, is not in G(m~'{2'},¢). The sequence z},k > 1
along with 2’ forms a compact set in G’. As 7 is proper, its preimage is
aslo compact in GG. So we may find a subsequence zj,,! > converging
to some x in G. As G(m {2}, €) is open, z is also not in this set. But
by continuity of 7, 7(z) = lim; 7(z,) = «’. This is a contradiction. [

We want to focus our attention on the parts of G and G’ where they
are actually different; that is, where 7 is not injective.
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Definition 7.6. Let 7 : G — G’ satisfy the standing hypotheses. We
define
H ={2d e G| #r {2} > 1}
and H =n'(H').
We endow H' with the metric

A (2", ) = do(nHa'}, m Hy'}),
for 2’,y in H', and H with the metric

du(z,y) = da(x,y) + du (7 (), 7(y)),
for z,y in H.

To obtain our excision result, we will need a hypothesis on our map
7. It implies the continuity of the fibres of 7, but in a weak sense.

Definition 7.7. Let 7 : G — G’ satisfy the standing hypotheses. We
say that m is regular if, for every x’ in H' and € > 0, there is an open
set ' € U C G such that if y' is in U’, then either

da(m '}, n 7 {y'}) <e
or
diamg(m H{y'}) < e.
In view of Lemma 7.5, we may also assume the conclusion there also
holds for U'. We remark that if e < 3 'diamg(7—'{z'}), the two con-
ditions are mutually exclusive.

Proposition 7.8. The topologies on H' and H from the metrics dy
and dy are finer, respectively, than the relative topologies from G' and

G.

Proof. Let s’ be in H' and let U be an open set in G’ containing it.
Choose any s in 7~ '{s'}. As 7 is continuous, there is ¢ > 0 such that
m(G(s,€)) C U. We claim that H'(s',e) CUNH'. If t' is in H'(¢¢€)
then it is clearly in H’. Moreover, we know dg(n={s'}, 77 H{t'}) < e.
It follows that there is ¢ with 7(¢) = t' and dg(s,t) < e. It follows that
t" = m(t) is in U. Hence the topology from dp finer than the relative
topology from G’.
The fact that, for all z,y in H,

da(r,y) < dp(n(x), 7(y)) + de(z,y) = du(z,y),
immediately implies the desired conclusion for H. O
Theorem 7.9. Suppose that m : G — G’ is reqular. Then H' and H,
with the metrics dg: and dy, are locally compact, Hausdorff topological

groupoids and 7 : H — H' is an open, continuous, proper morphism of
groupoids.
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Proof. We begin with H’. It follows from Lemma 7.3 that either
a',r(z') and s(z’) are all in H’, or none are. It follows that H' is a
subgroupoid of G'.

Next, we show that H’ is locally compact. Let 2’ be in H'. Let € =
27 'diamgm—'{x'}. Observe that if ¢ is any element of H' within € of
7' then diamg(n~{y}) > €. Select 2’ € U C G’ open, as in Definition
7.7. As @ is locally compact, we may assume that U has compact
closure. Finally, select € > € > 0 such that 7(G(7 '{z'},e') C U. We
claim that the dg-ball around 2’ of radius ¢’ has compact closure. Let
xj. be any sequence in this ball. The fact that dg (', x},) < € means
that 7= *{z}} is contained in G(r~'{2'},€') and so z is in U. As U
has compact closure, we may pass to a subsequence which converges to
y' in G'. We claim this sequence also converges to 3’ in dy.. Let § > 0
be given. Without loss of generality, assume § < e. We now apply our
regularity hypothesis to ¢’ to find an open set ' € W C G’ such that,
for all 2’ in W, either

de(r 'y}, m {2} <0
diamg(mH{2'}) < 4.

As our subsequence of x}, converges to ¢’ in the usual topology, we may
find K such that zj, is in W, for all £ > K. Since our subsequence is
taken from the dg-ball, we know that diamg(m='{z}}) > ¢ > 6. This
eliminates the second possibility above and hence, we have dg (z},,y’) <
0, for k > K.

Every metric space is Hausdorff.

As dg is preserved under inverses, so is dg/. We must now check
that the product on H' is continuous in dgy. Suppose that (z},y}) is
a sequence converging to (z/,4') in (H')%.. We again let X’ be this
sequence, together with its limit point. As G? is closed in G x G,
X = (7 x m)71(X’) N G? is compact in G?. The product map on X is
continuous and it follows that it is continuous on the compact subsets of
X, equipped with the Hausdorff metric. The continuity of the product
on H' follows from this.

We now turn our attention to H. As mor =rom,mor =rom, an
element x in G is in H if and only if (z) is in H, if and only if s(z) is
in H. It follows that H is a groupoid.

We observe first that. for any z,y in G, we have

dp (7 (), w(y)) < dp (m(2), 7(y)) + do(x,y) = du(z, y)

so the map m is contractive and hence continuous.
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We show that H is locally compact in dy. Let x be in H. We may
find € > 0 such that H'(w(z),€) has compact closure. We claim the
same is true of H(z,€). Let xy be any sequence in H(z,€). It follows
from the definition of dy that that m(xy) is in H'(mw(x),€). Hence we
may pass to a subsequence such that 7(xy) is converging to z’. We use
the same trick again: let X denote the pre-image of of the subsequence
and its limit point under 7, which is compact and contains z;. Now
we can further extract a subsequence where the x;’s converge in the
usual topology of G, also. It then follows from the definition of dy
that this subsequence is also converging in dy. Again, a metric space
is Hausdorft.

To check that the product in H is continuous in the metric dy, it
suffices to observe the definition of the metric dy and the facts that
the product is continuous in dg, 7 is continuous and the product in H’
is continuous in dgs. The inverse is isometric in dg: this follows from
the fact that taking inverses is isometric in both dg and dg.

Let us show that 7 is continuous. Let x be in H and ¢ > 0. Without
loss of generality, assume that € < 37 'diamg(w(x)). There is an open
set U’ in G’ containing 7(z) such that, for all 2’ in U’, diamg(2') < €
or dg(m~Ha'}, 7~ Hm(x)}) < e. As the topology on H’' from the metric
dy is finer than the relative topology from G’, we may find ¢/2 > § > 0
such that H'(w(z),d) C U’'. Now suppose that z’ is in H'(mw(x),d). It
follows that dg(7~'{z'}, 7~ {m(x)}) < § < €/2, implying that we may
find y in H with 7(y) = 2’ and dg(y, x) < 0. It follows that dy(z,y) < €
and this completes the proof.

The last thing for us to check is that 7 is proper. Let K/ C H’ be any
subset which is compact in dg,. Then it is compact in the topology of
H as well and hence K = 7~ 1(K’) is compact in G. Now let z3, k > 1
be any sequence in K. It follows that there is a subsequence which is
converging in dg. There is a further subsequence such that 7(zy) is

converging in dg.. This subsequence converges from the definition of
dy. O

Theorem 7.10. Suppose that 7 : G — G’ is reqular.

(1) The groupoids G' and H' satisfy the hypothesis of Theorem 5.4.

(2) The groupoids G and H satisfy the hypothesis of Theorem 5.4.

(3) For every u in H®, the map 7 : H* — (H')™™ is a homeomor-
phism.

Proof. We begin with G’ and H'. We have already seen G’-invariance
as a consequence of Lemma 7.1. The second condition is the conclusion
of Proposition 7.8.
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Let us now fix v’ in H' and verify that the relative topology from
G’ on (G')Y = (H")* is finer than the topology of dy:. Fix s’ in H’
with r(s') = «' and let ¢ > 0. We want to find an open set U in
(G such that U C H'(s';¢). It is a fairly easy result in topology
that there exists an open set V' containing s’ such that, for every ¢’
in V, 77 H{t'} C G(r {s'},€). The collection of sets G(s,€e/2),s €
71{s'} forms an open cover of 7~1{s'}. As 7 is proper, we extract a
finite subcover corresponding to points si,...,sx in 7 {s'}. As 7 is
assumed to be a homeomorphism when restricted to each G"9) each
of the sets m(G(sy,€/2) N G"F) is an open subset of (G')*. We define

U=Vn (N m(G(sk, €/2) NGTEH))

which is an open set in (G’)" containing s'. We claim that U is con-
tained in the dg/-ball of radius € around s’. Let ¢ bein U. AsU C V,
we have 7~ 1{t'} C G(n~*{s'},€). For the other inclusion, for any s in
7 {5}, we know that s is in G(s,€/2), for some k. We also know
that ¢ is in w(G sk, €/2) N G™¥)), so we may find ¢ in G(sy,€/2) with
7(t) = t'. From the triangle inequality, we have dg(t,s) < e.

Finally, to check that fourth property, we must verify that r : H" —
(H')? is open in dg:. Let 2/ be in H and ¢ > 0. As G’ is locally
compact, we may find an open set 2’ € Uy C G’ with compact clo-
sure. It follows that 7= *(Up) is also compact and contains m~*{z'}.
As r¢ is uniformly continuous on the compact set 7~ (U), we may
find ¢g > € > 0 such that for any y,z € 7~ 1(Up) with dg(y, 2) < €,
it follows that dg(rg(y),re(z)) < 37 'diama(m{re/(2')}). Now, we
may use our hypothesis of regularity to find an open set 2’ € U C U,
such that, for all ¥/ in U, we have either dg(7 {y'},7 ' {2'}) < e or
diamg(m~{y'}) < e. We use the fact that r¢/ is an open map to find
an open set re/ (') € VN (G)" C re(U). Finally, we choose 0 < 6 <
37 diamg(m{rg:/(2')}) such that G(r re(2)},0) € 7~ 1(V). We
claim that

H (o (),8) N (H')* C ro (H'(2',€)) € ren (H (2, o).

Let u' be in the leftmost set. From our choice of §, 77'{u'} is contained
in 771(V), so «’ is in V N (G')%, which, in turn, is contained in r¢/(U).
Hence, we know that v = re/(y'), with ¥/ in U. It follows from the
choice of U that either dg(n~{y'}, 7= {2'}) < € or diamg(r~Hy'}) <
¢. In the former case, it follows from the definition of dy. that 3/ is in
H'(2',€) and we are done. In the latter case, as y' is in U C Uy, we have

diamg(ra(m=Hy'})) < 37 'diame(m Hra(2)}). As rg(z Hy'}) =
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7 Hre (y')} = 7~ H{«'}, this contradicts the hypothesis that
dip (W, 1 () < 0 < 3 diame(n~Hra(2))}).

We turn to G and H. The first two conditions follow from Lemma 7.1
and Proposition 7.8. For the third part, let S denote the usual topology
on G’. Fix a unit u in H°. We know that the relative topology S|z and
the metric topology from dg: agree on (H')™™. On the other hand,
7 induces a homeomorphism between H“, with the metric topology
from dg and (H')™™ with the relative topology S|x. Together, these
imply that 7 is a homeomorphism between the metric spaces (H", dg)
and ((H')™™ dg:). It follows immediately that the metrics dg and
dy induce the same topology on H". At the same time, we see that
7 (HY dy) — ((H')™™ dy) is a homeomorphism.

Finally, to check the last condition of Theorem 5.4, we must see
that » : H — H° is open. If this fails, then there is an z in G, an
¢ > 0 and a sequence uy, k > 1 in H® converging to r(z) in dg, while
u ¢ H(x,¢e),k > 1. By continuity, m(ug), k > 1 converges to 7(r(z))
in dg:. We know that re : H — (H')°, so we may find y},k > 1 in
H with r¢(y,,) = m(ug), k > 1 converging to m(x). From our standing
hypotheses and Lemma 7.3, for every k > 1, we may find y; in H with
(k) = Yy k > 1 and rg(yr) = ug, bk > 1. The sequence yi, k > 1
lies in 7~ H{y,, 7(z) | k > 1}, which is compact since 7 is proper (from
dy to dg/). By passing to a subsequence, we may assume y, k > 1
converging to some y. On one hand, we have

m(y) = limm(ye) = limyj, = m(x)
and on the other,
ra(y) = lilgn re(yr) = lilgn up = rg(x).

From our standing hypotheses, this implies that z = y. So for some
k sufficiently large, yx is in H(z,€) and ux = r¢(yx), a contradiction.
This completes the proof. U

Our next task is to find a sequence of approximants to G, which
we will use in constructing our subalgebra A within C.(G). For each
n > 1, we define an equivalence relation, ~,,, on GG as follows. For = in
G, we set

2], = {z}, diamg(r {r(2)}) >n~!
U= 7Y}, diameg(rH{nx(z)}) < nt
Observe that each ~,-equivalence class is compact. We let GG,, be the

quotient space G/ ~, which we equip with the quotient topology. We
let ¢, : G — @G, denote quotient map and since [z, D [z],+1, We
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let p, : G, — G,_1 be the obvious quotient map, for n > 2 and
¢, : G, — G’ be the map sending [z}, to m(x). All of these maps are
clearly continuous.

It will also be convenient for us to define

H) ={z € G | diamg(r {a}) >n"'} C H',
and
H,=n'H)CH

for all n > 1.
Lemma 7.11. (1) Each space G, is locally compact.

(2) Each space G,, is Hausdorff.

(3) The space G is the inverse limit of

GLEGE...

(4) Each set H,, is open in H.
(5) The closure of H, in G, is contained in H.
(6) Hy C Hy C --- and the union is H.

Proof. The first part follows easily from the following observation: if
U C G is open with compact closure, then by the continuity of ¢/,
(¢/,)~*(U") is open and is contained in g, (7~*(U’)), which is compact.

The second part follows quite easily from the following fact: if U C G
is an open set, then

U, = {[Z]n | [Z]n - U}

is open in G,,. To prove this, we need to show that

(¢2) "' (Un) = {2 € G| [e] C U}

is open in G.
Let z be in (¢,) ' (U,). As [z], is compact, we may find € > 0 such
that

G([ln, ) € U.

We consider two cases. First, suppose that [z]
appeal to Lemma 7.5 to find an open set 7(z)

c U
T (U) S G(n{m(2)}.e) CU.
Then z € 7= 1(U’) is open in G and, if z is in 7! (U’), then we have
o) € 7 {r(@)} € Glr (=)} 0) CU
so 7 H(U") € (ga) "' (Un)-

n = 1 Hr(2)}. We
U’ C G’ such that
U
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The second case is [z], = {z}. It follows from the definition of [z],
that diamg(m={n(2)}) > n~!. Now, we find an open set 7(z) € U’ C
G’ satisfying the regularity condition at 7(z) for

¢ <27 (diameg(r{r(2)}) —n"

)-
We also require that ¢ < 27'e. Then z € W*I(U’) N G(z,€), which is
open in G. We claim this set is contained in (g,)~'(U,). Suppose z
is in G(z,€) with 7(x) in U’. We need to show that [z], C U. The
case [z, = {x} is easy as x is in G(z,¢') C G(z,¢) C U. In the case
(2], = 7~ {m(x)}, we then know that diame(r~{m(2)}) < n~'. From
this, we see that

do(r~Hm(z)}, 7~ Hnm(2)}) > 27" (diamg(n~{n(2)})
—diamg(m 1{7r(a:)}))

!/

> €.

It follows from the regularity condition and the fact that 7(z) is in U’
that diamg(m={n(z)}) < €. Then we have

do(m Hm(2)}, 2) < diamg(mH{m(2)}) + da(z, 2) < 26 < e

The desired conclusion follows.

We now prove that H, is open in H. In fact, this follows if we
show that H] is open in H'. Let = be in H,. Choose € > 0 so that
diamg(m~{x}) > n' + 3e. If y is in H' with dp(z,y) < €, then
do(r ™z}, 7 H{y}) < € and it follows that

diamg(m~Hy}) > diamg(m{z}) — 2¢ > n~ 1.

Hence y is in H).

Now suppose that x in G is in the closure of H,. We will show that
m(x) is in H'. Every neighbourhood of m(x) contains a point 2’ with
diamg(m~'{2'}) > n~'. On the other hand, if 7(z) is not in H’, then
7 1{z} is a single point. In this case, Lemma 7.5 implies that there is
an open set U’ containing 7(x) such that diam(7~'(U")) is arbitrarily
small. This would be a contradiction.

The last statement is obvious. U

We now begin the task of establishing the conditions needed to ap-
ply Theorem 3.4. We will use B = C/(G) and A = C(H). We will
define a Hilbert space with representations of these C*-algebras and
a bounded x-derivation ¢ as in Theorem 3.2. We will show these sat-
isfy the hypotheses on Theorem 3.4 and that, under some conditions,
Cx(G)Nker(d) = C(G"),Cx(H)Nker(d) = C*(H'). The first part is to
find a Hilbert space with actions of both C¥(G) and C(H). We assume
throughout that 7 satisfies the standing hypothesis and is regular.
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We define
G xxG={(r,y) € GxG|nm(z) =7y},

the fibred product of G with itself over . This is actually a groupoid in
an obvious fashion. We will not need that fact, but it does influence our
notation. It receives the relative topology from the product. We denote
the map sending (z,y) in G X, G to m(z) = 7(y) in G’ by 7. For u,v in
GO with 7(u) = 7(v), we let (G x, G)®) = {(x,y) € G*x G" | n(x) =
m(y)}. There is an analogous definition for (G x; G) (). It follows
from the standing hypothesis that 7T|(G><WG)(u,v) is a homeomorphism to

(G")™ ). We let v(“?) be the measure v™™ pulled back by this map.
There is an analogous definition of v(,,). We represent C.(G) on the
Hilbert space L*((G Xx G)(uw), Yiuw)) DY

(68)(x, y) = / b(w)é(w e, 2 y)dy T (w, 2),
(r(w),r(2)=(r(z),r(y))

for b in C.(G), € in L*((G %, G)™), v} and (z,9) in (G Xx Q) uw)

It is obvious that this is unitarily equivalent to the left regular repre-

sentation of C.(G) on L*(G,,v,) and hence extends to all of C*(G).

Let us also remark at this point that if z,y, w, z are in G with r(w) =

r(z),r(y) = r(z), 7(w) = n(2),7(x) = 7(y), then
o(w,wlz) = o (r(w),m(w)r(x)) = o(z,27'y) as a consequence of
the last part of our standard hypothesis.

We define our Hilbert space
H= @(u,v)eGoxﬁGOLg«G X G)(u,v)a V(u,v))'

We also observe that all of the preceding discussion applies equally
well to the groupoid H, provided u, v are in H, which is implied by the
condition u # v. If u,v are not in H, we simply represent C.(H) on
L*((G X7 G)(uw)s V(u,)) as the zero representation.

Observe that the operator (F¢)(z,y) = &(y,x) is a unitary from
L*((G %2 G) (uw)s Viuw)) 10 L2((G X5 G) (wu)s Vww))- In the case u = v, it
is the identity. We denote its extension to ‘H by F' also. Observe that
F? =1, F = F*. We we define 6(a) = i[a, F] = i(aF — Fa), for all a
in C¥(G) + C}(H).

It is probably worth recording the following fact. Its proof is trivial
and we omit it.

Lemma 7.12. Let (u,v) be in G X G, & be in L*((G Xz G)wu), Vo))
and b be in either C.(G) or C.(H). We have

o(b)¢(x,y) Ii/(b(w) —0(2)) €(z"y, w ) (w, w ) dy DT (w, 2),
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for (z,y) in (G Xz G) ), where the integral is over (w,z) € (G X,
G,

Lemma 7.13. If b is in C.(G,) C C.(G), for somen > 1, then 6(b) €
0(Ce(H)).

Proof. We regard b as a function on G, constant on the ~,,-equivalence
classes. Let K be a compact set in GG such that b is zero off K and
define

X ={rxc Hnr ' (n(K)) | diamgr {r(2x)} >n"'}.

First, we claim that X is compact in H. If z,, k > 1 is any sequence
in X, then, as K is compact and also 7! (7(K)), it has a subsequence
which converges to some z in K in the metric dg. It also follows that
diamgmH{m(zx)} > n~t, for every k and so diamgm {m(x)} > n71,
as well. This implies that x is in H. It also follows from the fact that =
is regular that 7= {7 (z;)} converges to 7~ *{n(z)} and hence x;, k > 1
converges to x in dg.

Let U’ be an open set in G’, which contains 7w(X) and its closure is
compact. We may find e : H' — [0,1] in C.(H) such that e(z’) = 1,
for ' € w(X) and e(2’) = 0, for 2/ ¢ U’. Then for any x in H, we
define a(x) = b(z)e(w(x)). This function clearly has compact support.
To see it is continuous, it suffices to observe that it is non-zero only on
7~ 1(U"), which is compact in H and as the inclusion map is continuous,
it is also compact in G and the two relative topologies agree there.

It remains to prove 0(b) = d(a). From the formula provided by
Lemma 7.12, it suffices for us to prove that b(z) — b(w) = a(z) — a(w),
for all (w,z) in G X, G (where we interpret b to be zero off of H). If
w, z are not in H, then w = z and the conclusion holds. Next, let us
suppose that diamem™{m(w)} < n~t. Asbisin C.(G,), it follows that
b(w) = b(z) and then a(w) = b(w)e(m(w)) = b(z)e(n(2)) = a(z) and
the conclusion holds. Now, let us assume that diamem = {m(w)} > n~'.
If w is not in 7 (7 (K)), then w is not in K so b(w) = 0. But this also
means that z is not in 7! (7(K)), so b(z) = 0, as well. Again, we have
a(w) = a(z) = 0. Finally, we are left with the case that w and z are
both in X. It follows that

a(z) —a(w) = b(z)e(m(2)) = b(w)e(r(w))
b(z)-1—b(w)-1
b(z) = b(w),

as e(z') =1, for 2’ in m(X). O
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The hypothesis of the next result is not particularly strong. We
know that the space H' has been given a topology in which the fibres
of the map 7 vary continuously. This hypothesis ensures the existence
on measures on these fibres, also varying continuous.

Proposition 7.14. We say that 7 is measure regular if there is a
continuous function p : (H')? — M(H°), the set of Borel probability
measures on H® with the weak-* topology such that
(1) for any u' in (H')°, the support of u(u') is contained in 7= {u'},
(2) for any x’ in H' and Borel subset ¢ of 7~ *{x'},

p(ra (@) (ru (@) = p(sm (2')(su(9)),

In this case, the x-algebra C.(H) satisfies condition C1 of Theorem 3.4.
Moreover, we have §(C}(G,0)) C 6(Cr(H,0)).

Proof. For simplicity, we will ignore the cocycle. Let a be any element
of C.(H) and define

a(x) = a(z)du(rg (z")(x),
W= [ @)@

for any 2’ in H'.

It is clearly in C.(H'). Fix a pair of units in H°, (u,v) with 7(u) =
m(v). Let W, denote the canonical unitary between L?(G,,v,) and
L*((G X7 G)(uw), V(u,v) induced by the projection onto the first factor.

It follows from Lemma 7.12 that

/W;(a — FaFYW,du(u)(v) = a—d.

The conclusion then follows from the fact that u(u) is a probability
measure and

la = FaFl|l, = [5(a)],-

For the last statement, we know that 6(C.(G)) is contained in
d(Ce(H)). As 0 is continuous, 6(C¥(G,0)) is contained in the closure
of 6(C.(H)) which is 6(C*(H,0)) as a consequence of C1. O

Proposition 7.15. If 7 is reqular and there is a continuous morphism
of groupoids y - H — H such that wo p = idys, then 7 is measure
reqular.

Proof. We define a function, also denoted by y, from (H')° to M (H?) by
setting u(u’) to be point mass at p(u'), for v’ in (H')°. The hypotheses
of Proposition 7.14 are obviously satisfied. 0
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A main case of interest is when these fibres are actually finite. One
should consider the hypotheses in this case to be analogous to those of
the the condition of finite index 6.11 in the subgroupoid case.

Proposition 7.16. If 7 : G — G’ is regular and there is a positive
integer N > 2 such that, for each z' in H', #n {2’} = N, then w is
measure reqular.

Proof. We define a function, also denoted by p, from (H')® to M(H")

by setting
plu) =N,

uer—H{u'}
where p1,, denotes point mass at u, for «’ in (H')?. The hypotheses of
Proposition 7.14 are obviously satisfied. 0

Lemma 7.17. Suppose that m : G — G’ is reqular. The *-algebra
C.(H) satisfies condition C2 of Theorem 3.4.

Proof. Let ay,...,ar be in C.(H). We may find a compact set K C H
such that all are zero off of K. By the last two parts of Lemma 7.11
that there is some n with K C H,,. We may apply the Tietze extension
Theorem to each function, a;, restricted to the closure of H,, in G to find
b; in C.(G,,) such that b;|g, = a;|nm,. We also regard these functions as
being in C.(G) as well.

As H, is open, r(H,) U s(H,) is open in H° and contains r(K) U
s(K) so we may find e, a function in C.(H°), which is identically 1 on
r(K) U s(K). and zero outside r(H,) U s(H,). It is now routine to
check these satisfy the properties in C2. 0

Corollary 7.18. If 7w : G — G’ is a factor map satisfying the standing
hypotheses and is reqular and measure reqular, then

K. (kex(8) 0 C (G, 0); € (G 0)) = Ko (C(H', 0); C(H, ).
We would now like to replace ker(6) N C*(G, o) with C (G, o).

Theorem 7.19. Assume that w is both reqular and measure reqular.
If the closure of the sets H, C H,n > 1 in G, denoted Cl(H,), satisfy
the C-extension property, for some C' > 1, then we have

Cr(G,0) Nker(d) = CHG, o).

Proof. The containment D is clear from Lemma 7.12 and the fact that
J is continuous. For the converse, if b is in C}(G, o) and §(b) = 0, then
we may find a sequence b,,n > 1 in C.(G) converging to b. In view
of part 3 of Lemma 7.11 (and after doing some re-indexing), we may
assume that b, is in G,,, for all n. it follows from Lemma 7.13 that
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there exist a,,n > 1 in C.(H) with §(b,) = (a,). By Proposition
7.14, we know that condition C1 of Theorem 3.4 holds. By adding an
element of C.(H'), we may assume that

HanHT < K||5(an)||r = KH(S(bN)”T

First, the condition that 6(b,) = d(a,) implies that b, |y = a,. Let
K,, be a compact subset of H containing the support of a,. The sets
Hyp,k > 1, are an open cover of H, so we may find k, > n such that
Hy, contains K, U s(K,,). In addition, the function sending x in H
to diamg(m~'{m(x)}) is continuous and positive, hence it is bounded
below on any compact set. It follows then that we may also choose k,
so that diamg(7~H{xw(x)}) > k!, for all z in K, Us(K,).

We use the extension property for Cl(Hjy, ) to find ¢ in C.(G) such
that c,|m, = anlr, and ||, ||, < Cllay]|,

As b, — ¢, is in C.(G — Gy,), we may find a compact set L, C
H — Hy, such that the support of (b, — ¢,) is in L,. We claim
that m(s(Ly)) is disjoint from m(s(K,)). Recall that k, was chosen
so that diamg(r—{n(z)}) > k!, for all z in s(K,). If z is in L,,
then diamg(m{n(x)}) < I;' < k;'. The fact that s is a contraction
implies that the same conclusion holds for s(x). This establishes the
claim.

We let h, : (G")° — [0,1] be continuous, compactly supported
function which is identically one on 7(s(K,)) and identically zero on
7(s(Ly)). We next claim that b, —c,hy, is in C.(G"). It suffices to check
that

0= 0(by, — cnhn) = 0(bn) — d(cn)hn,
as hy, is in C.((G")°). The function on the right is clearly supported in
K,UL,. As h, =1 on n(s(K,)), we have

(6(bn) — 6(cn)hn) |k, = 0(bn)|k, — 0(cn)|K, = 6(bn — cn)|x, =0

as K,, C Hy, where b, and c, agree. On the other hand, we also know
that h, is zero on 7(s(L,)) so

(6(bn) — 6(cn)hn) £, = 0(by)|z, —0=0
since L,, C H;, — Hy,.
Finally, we have

[cnhinllr < lenllr < Cllanll, < CK||5(by)]|

which tends to zero. Hence b, — ¢, h,, is in C.(G") and also converges
to b. O

We will finish by giving some special examples of factor maps where
all of our hypotheses are satisfied.
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We assume that X is a locally compact metric space with an ac-
tion by the locally compact metric group I' by homeomorphisms. We
suppose that Y is a I'-semi-invariant set (in the sense of 5.8) and that
['y\I' is discrete. Let us also suppose that, for any € > 0, the set

{Tyy € I'y\I' | diamx(Y~y) > €}.

is finite.

We define the space X’ as the quotient of X which identifies each
set Yv,7 € T to a single point. We let m denote the quotient map,
7 : X — X'. From the hypotheses on the set Y and on I'y, X’ is
locally compact and Hausdorff. There is an obvious action of I' on X’

by homeomorphisms and we have a factor map, which we also denote
by 7 from G =X xT['to G' = X' xT.

Theorem 7.20. Let X,I',Y be as above and satisfy the hypotheses
there. Let H, H' be the groupoids of of 7.6. The following hold.

(1) We have
Cr(H') = Co(T'y\I') %, T
and hence is Morita equivalent to C}(T'y) while
C2(H) = ColUnyserytY7) %, T

and hence is Morita equivalent to Co(Y') %, 'y .

(2) The factor map 7 is reqular 7.7.

(3) If the action of I'y on'Y admits an invariant probability mea-
sure, then m is measure reqular.

(4) If there is a short exact sequence

0-)00(X—Y) ><|TFY—>C()(X) Nrry%CO(Y) NTFY—>0

then each of the closed sets Cl(H,) € H has the C-extension
property, for any C > 1.

Proof. The descriptions of H' 2 I'y\I'xI"and H = Cy(Y xI'y\I') x T’
are immediate from the definitions. The other parts of the first part
follow from example 2.4 of [16].

To prove the factor map is regular, we use the sum metric

dG((‘T?’Y)J (x/77/)) = dX('ra JI/> + dl"(’%r)/)

where dy,dr are metrics on X and I', respectively. Let us verify reg-
ularity. Let € > 0 and (7(Y71),72) in H' be given. There are only
finite many sets of the form Y~ with diameter less than €, so we may
choose (Y1) C U, an open set in X’ which is disjoint from the im-
ages of these other than 7(Y~;), which is a finite set in X’. Letting
U’ = U x'y~ys, there is only point in U’ with diameter of the pre-image
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greater than e, which is the single point 7(Y ;) x 'y, and the desired
conclusion is trivial.
Let p be a I'y-invariant measure on Y. It is a simple matter to check
that
uYY)(E) = p(Ey™),
for y € T, E C Y, is a well-defined function from (H')" to M(H°)
satisfying he conditions of Proposition 7.14, so 7 is measure regular.

The proof of the last statement is very similar to that of Theorem
6.18 and we omit the details. 0

Corollary 7.21. Let X,I'|Y be as above and satisfy the hypotheses
there. Assume that the action of I'y on Y admits an invariant proba-
bility measure and that there is a short exact sequence

0—>Co<X—Y) NTFY —>00(X> Nrry —>00(Y) Nrry,—>0
then
K*(C()(X/) A, F, CQ(X) X P) = K*(C:<Fy), Co(Y) A Fy)
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