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BRATTELI DIAGRAMS, TRANSLATION FLOWS AND THEIR
C*-ALGEBRAS

IAN F. PUTNAM AND RODRIGO TREVINO

ABSTRACT. In [LT16], Kathryn Lindsey and the second author constructed a translation
surface from a bi-infinite Bratteli diagram. We continue an investigation into these surfaces.
The construction given in [[JT16] was essentially combinatorial. Here, we provide explicit
links between the path space of the Bratteli diagram and the surface, including various
intermediate topological spaces. This allows us to relate the C*-algebras associated with left
and right tail equivalence on the Bratteli diagram and the vertical and horizontal foliations
of the surface, under some mild hypotheses. This also allows us to relate the K-theory of the
C*-algebras involved. We also treat the case of finite genus surfaces in some detail, where
the process of Rauzy-Veech induction (and its inverse) provide an explicit construction of
the Bratteli diagrams involved.
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There has been considerable interest over many years in the dynamics of foliations and
flows on translation surfaces or flat surfaces. We refer the reader to [Via06, Zor06, N 14]
for a broader discussion.

In [['T16], Kathryn Lindsey and the second author introduced a construction of translation
surfaces based on combinatorial data. The main point of the construction was that, while
giving an alternate view of the finite genus case, it also provided a very general method
of construction of surfaces of infinite genus. In addition, it was shown that the dynamical

behavior on these infinite genus surfaces was much broader than the finite genus case.
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The combinatorial data needed for the construction is a variation of a Bratteli diagram.
A Bratteli diagram is a locally finite, but infinite directed graph. They first appeared in Ola
Bratteli’s seminal work on inductive limits of finite dimensional C*-algebras, or AF-algebras
[ |. Bratteli used the diagrams to encode combinatorial data on maps between direct
sums of matrix algebras. Later, Renault | | showed that the diagrams could also be used
to construct topological groupoids (equivalence relations) and the C*-algebras constructed
from such examples coincided with those considered by Bratteli. More specifically, one
considers the topological space of infinite paths in the diagram along with the equivalence
relation known as tail equivalence: two paths are tail equivalent if they are equal beyond
some fixed point.

More recently, Bratteli diagrams also been used extensively in dynamical systems, initiated
by the work of Vershik | ) ] and subsequently, Herman, Putnam and Skau | ].
In particular, this involved introducing the notion of an ordered Bratteli diagram.

Bratteli diagrams were first used in the context of the dynamics of translation surfaces by
A. Bufetov | |. This was expanded upon by K. Lindsey and the second author | ].
Their innovation was to consider a bi-infinite Bratteli diagram, where the vertex and edge
sets are indexed by the integers, rather than the positive integers as is usually the case. They
also assume a pair of orders on the edge set the first compares edges having the same range
or terminus and the second compares edges having the same source or origin.

The construction of the surface was then given in | | in a combinatorial manner: finite
paths gave open rectangular components for the surface and the terminus, origin and order
data provides rules for attaching them. One also sees that the leaves of the horizontal and
vertical folitations correspond to right and left tail equivalence in the diagram. From a
dynamical standpoint that is quite satisfactory, but it leaves open the question: if we think
about the AF-algebra of the diagram and the foliation C*-algebra, how exactly are they
related? The main goal of this paper is to address this question.

On the one hand, we have a very satisfactory description of the AF-algebra as given by
Renault, by looking at the path space of the diagram, tail equivalence on it, and the standard
construction of a groupoid C*-algebra. What is missing on the other side is a description
of the surface itself in terms of the infinite path space of the diagram. At first glance, this
seems a tall order because the former is a locally Euclidean space while the latter is totally
disconnected. A good clue that these are not so far apart is provided by a very familiar, but
under-appreciated, notion: decimal expansion. This is already a familiar idea in dynamics
through the use of Markov partitions to code hyperbolic systems. Let us take some time to
describe this simple idea more clearly as it is essentially the basis for the remainder of the
paper.

Everyone is familiar with the fact that every real number has a decimal expansion which
is (almost) unique. A more mathematically precise view of decimal expansion is as a map
from []7°{0,1,2,...,9} to [0,1] (simply ignoring the integer part). It is surjective and each
point in the image has a unique pre-image, except a countable subset: rational numbers of
the form k/10', k € Z,1 > 1.

This becomes more interesting if the first space is given the product topology. The map is
then continuous, but the two spaces are remarkably different: the first is totally disconnected,
while the second is connected.



Another viewpoint is to realize that the first space can be endowed with lexicographic
order. The order topology coincides with the product topology and the map is order pre-
serving. In fact, more is true: if we note, for example, that .19999 - -- and .2000 - - - are both
decimal expansions of %, the latter is precisely the successor of the former in the lexicographic
order. In fact, two points are identified by the map if and only if one is the successor of the
other.

Bratteli diagrams offer a vast generalization of this idea. A Bratteli diagram, B, consists
of a sequence of finite non-empty vertex sets V,,,n > 0 (we assume #V = 1 for convenience)
and edge sets E,,n > 1: each edge e in E, has a source s(e) in V,,_; and a range r(e) in
V,,. We can then consider the space of infinite paths, denoted Xp. It has natural topology
making it compact and totally disconnected. We add two pieces of data: a state v (see
Definition 2.6 and a partial order on the edge sets where two edges, ¢, f, are comparable if
and only if s(e) = s(f). Such items always exist. The path space X then becomes linearly
ordered by lexicographic order. In addition, the state provides a measure on this space
in a natural way (3.7). We can then define explicitly a map from Xz to a closed interval
which is order-preserving and identifies two points if and only if one is the successor of the
other. We leave the details to Lemma 4.3. Usual decimal expansion can be seen in the case
#V, =1,#F, =10, for all n > 1.

This is appealing, though not terribly deep. The Lindsey-Trevinio starting point is to
consider a bi-infinite Bratteli diagram where the vertex and edge sets are indexed by the
integers rather than the natural numbers. We drop the condition that #V, = 1. In addition,
we require two orders on the edge sets, one based on s (as before) and the other on r and
two states, v, 1,.. Our path space Xg now consists of bi-infinite paths. Basically, our surface
is now obtained as a quotient of Xz by identifying successor/predecessors in both orders.
That is overly simplistic and we need to make some subtle alterations. But let us leave
that aside for the moment and describe this space, locally. If we fix a finite path p in the
diagram going from vertex v in V,,, to w in V,,, m < n, we can look at the set of all bi-infinite
paths which agree with p between m and n. This is a clopen set. But it is clear that such a
path consists of three parts, from —oo to s(p), then p, then from r(p) to co. The first and
third parts are clearly independent and lie in the path spaces of two subdiagrams (although
the first is oriented the wrong direction). Applying the map we described earlier using the
r-data to the first and the s-data to the third, we obtain a map to a closed rectangle in
the plane which descends to a local homeomorphism on our quotient space. These maps
can be used to define an atlas for the quotient space which satisfy the condition making it a
translation surface. Moreover, if two points are right-tail equivalent then they lie on the same
horizontal line, while two points that are left-tail equivalent lie on the same vertical line.
So our quotient map from Xpg to the surface maps right-tail equivalence to the horizontal
foliation and left-tail equivalence to the vertical foliation. This provides the links between
the AF-algebras and the foliation algebras which is our main goal.

In section 2, we describe basics of Bratteli diagrams. In particular, we have the classic
version, the bi-infinite version and ordered versions of both. This includes some basic con-
cepts such as a simple diagram (2.4) (some telescope has full edge connections) and finite
rank (2.5), which means that there is a uniform bound on the cardinality of the vertex sets.
The third section describes the path space of a Bratteli diagram, both classic and bi-infinite
versions. In the fourth section, we describe the consequences for the infinite path space
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of orders on a Bratteli diagram. This includes a complete description of the analogues of
decimal expansion as discussed above.

As we indicated above, our basic idea is to begin with a bi-infinite ordered Bratteli diagram,
B, and take a quotient of the path space of a bi-infinite Bratteli diagram, X;z. However, there
are some bad points in this space that need to be dealt with, just as flat surfaces in genus
greater than one necessarily have singularities. These fall into two types. The first are those
in which every path is maximal in the < -order or maximal in the <,-order or minimal in the
<s-order or minimal in the <,-order. We refer to these are extremal (5.1) and, if the diagram
is finite rank, it is a finite set. More subtly, there is a second type of point, which we call
singular. We have two (partially defined) operations: taking the successor in the <g-order
and taking the successor in the <,-order. There may be points where their compositions
are defined, in either order, but fail to yield the same result. This is our ordered Bratteli
diagram’s way of telling us the common point they represent in the quotient space will fail
to have a flat neighourhood. These points, which we denote by ¥z, must be removed (5.1).
The set is, at worst countable, and its union with the extremal points is closed. We now
restrict our attention to the open compliment of this, which we denote by Yz 6.1.

In section 6, we introduce our surface, Sg. This is done by identifying points of Yz
with their <,-successors and their <,-successors. Of course, this means that there are two
intermediary spaces where only one of the two identifications is done. The main work of
this section is to explicitly describe an atlas for the space Sz whose transition maps are
translations. That is, we show Sg is a flat surface. It is worth noting that Sz depends only
on the ordered Bratteli diagram, but the atlas also depends on the given state.

In section 7, we pass from the various spaces of the previous section, to groupoids as-
sociated with them. While we use the term groupoid, these are really simply equivalence
relations. For the bi-infinite path space Xp or its open subset Yz, we have right and left tail
equivalence. For the surface, Sz, we have horizontal and vertical foliations. The process of
constructing a C*-algebra from a groupoid is technical; in particular, the groupoid requires
its own topology. We describe all of these in quite concrete terms. Finally, our maps between
the various spaces of section 6 all induce maps at the level of equivalence relations and we
describe their properties. Indeed, one of the quotient maps from Yz does not respect tail
equivalence in general and we are forced to make a small modification of it in Definition 7.5.

We turn to the C*-algebras in section 8. We explicitly show how the C*-algebras of tail
equivalence can be written as inductive limits of a nested sequence of finite-dimensional
subalgebras. In the case of one of the intermediate subalgebras, we also have an inductive
system 8.9 and 8.10 of subalgebras which are 'subhomogeneous’. That is, they involve only
continuous functions from certain spaces into matrices. The same also holds for the foliation
algebra.

In section 9, we construct a very natural Fredholm module for our AF-algebra. The
notion of a Fredholm module for C*-algebras had its origins in the seminal work of Brown,
Douglas and Fillmore on extensions of C*-algebras but also from index theory through ideas
of Atiyah and Kasparov, among many others. There are many good references but we
mention the three books by Blackadar | ], Higson and Roe | | and Connes | -
The prototype here is the C*-algebra of continuous functions on a smooth manifold together
with an elliptic differential operator (or a bounded version of it). The algebra and operator
interact in a special way. In our situation, our Fredholm module provides a purely algebraic
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way of describing our quotient spaces (see Theorem 9.6). This description, in turn, is critical
to some K-theory computations of the next section.

We describe the K-theory of the various C*-algebras involved in section 10, beginning with
the AF-algebra. The computation of the K-theory of an AF-algebra from a Bratteli diagram
goes back to Elliott’s seminal paper | ], but we give a treatment in some detail for those
readers for whom this is new. We also compute the K-theory of one intermediate C*-algebra
in generality in Theorem 10.4. In many specific situations of interest, this C*-algebra has K,
equal to the integers, while its inclusion in the AF-algebra induces and order isomorphism
om Kj (see Theorem 10.5). We go on to compute the K-theory of the foliation algebra in
Theorems 10.7 and 10.9. One interesting conclusion of these computations is that, when the
Bratteli diagram has finite rank, the K group of the AF-algebra does also, in the sense of
group theory. However, if that group is not finitely-generated, then our surface has infinite
genus (Corollary 10.11).

We end the paper with two sections in which we apply the tools developed so far: in
section 11 we work out the K-theory of the horizontal foliation of Chamanara’s surface.
Chamanara’s surface is perhaps the best known flat surface of infinite genus and finite area.
In particular, we show how one can explicitly construct representatives of certain K classes
coming from the surface.

Section 12 deals with flat surfaces of finite genus. Starting with basic definitions of flat
surfaces, we review Veech’s construction of zippered rectangles and Rauzy-Veech (RV) in-
duction, which is a procedure used in the renormalization of the vertical foliation of a flat
surface. We follow this by developing an analogous induction procedure for the horizontal
foliation, which we call RH induction. This is formally the inverse of RV induction, but we
motivate it geometrically and develop it independently of RV induction. As far as we know
a lot of this has not been published before, although many items appear in the recent work
of Berk | ]. The reason we focus on the induction for the horizontal foliation is that
it turns out to give an ordered bi-infinite Bratteli diagram which is simpler to analyse. We
compute the K-theory of the foliation algebra of the horizontal foliation of the typical flat
surface of finite genus. We also show that the order structure on the Ky groups is defined
by the Schwartzman asymptotic cycle.

Acknowledgements: R.T. was partially supported by NSF grant 1665100 and Simons
Collaboration Grant 712227. L[F.P. was supported by a Discovery Grant from NSERC
(Canada).

2. BRATTELI DIAGRAMS: ORDERED AND BI-INFINITE

In this section, we discuss the notion of a Bratteli diagram. This is a fairly well-known
combinatorial object, but we will need to discuss a bi-infinite variation and also the notion
of orders on both types.

Definition 2.1. A Bratteli diagram is two sequences V,,,n > 0,E,,n > 1 of pairwise
disjoint, finite, nonempty sets along with surjective maps r : B, — V,, and s : E,, — V,_4
forn > 1. We also assume that Vi consists of a single element we write as vy. We write V
for the union of the V,, and E for the union of the E,. We also write B = (V, E,r,s).

Definition 2.2. A bi-infinite Bratteli diagram s two sequences V,, E,,n € Z of pairwise
disjoint, finite, nonempty sets (dropping the requirement that #Vy = 1) along with surjective
5



mapsr: E, >V, and s : E, — V,_1. We write V' for the union of the V,, and E for the
union of the E,. We also write B= (V,E,r,s).

A standard convention when drawing in drawing Bratteli diagrams is to draw them ver-
tically, with vy at the top of the diagram and level V,,;; drawn below V,,. Here, we prefer
to draw them horizontally. That is, V11 lies to the right of V,,, as shown below. For ordi-
nary Bratteli diagrams, this change is rather minor, but it seems helpful when considering
bi-infinite ones, not to have to imagine the diagram extending off the top of page.

Vo Vo Vi Va

Definition 2.3. If B is a bi-infinite Bratteli diagram, for every pair of integers m < n, we
let E,,, be the set of all paths from V,, to V,: that is, it consists of p = (Di)m<i<n With
pi in B, m <i<mn, and r(p;) = s(piy1), form < i < n. We definer : E,,,, — V, by
r(p) = r(pn) and s : En,, — Vi by s(p) = $(pm+1). We make the same definition if B is a
Bratteli diagram, restricting to 0 < m < n.

We note the fairly standard notion of simplicity of a Bratteli diagram and its obvious
extension to the bi-infinite case.

Definition 2.4. (1) A Bratteli diagram B is simple if and only if, for every m > 1,
there is n > m such that for every vertexr v in V,, and w in V,, there is a path p in
Ern with s(p) = v,r(p) = w.
(2) A bi-infinite Bratteli diagram B is B is simple if, for every integer m, there are
integers | < m < n such that there is a path from every vertex of V| to every vertex
of Vi, and there is a path from every vertex of V,, to every vertex of V,,.

We also introduce the following notion which will be convenient for much of what follows.

Definition 2.5. A Bratteli diagram (or bi-infinite Bratteli diagram) is finite rank if there
is a constant K such that #V,, < K, for alln >0 (or all n € Z, respectively).

We next discuss the notion of a state on a Bratteli diagram, and its analogue for the
bi-infinite case. We add as a small remark that it is usual to begin with a Bratteli diagram
and consider the set of all possible states on it. For our applications later, we will usually
think of a Bratteli diagram, together with a fixed state, as our data.

Definition 2.6. (1) Let B be a Bratteli diagram. A state on B is a function vs : V —
[0,00) satisfying

vs(v) = Z vs(r(e)),

s(e)=v
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for all v in V. We say that the state is normalized if vs(vg) = 1 and faithful if
vs(v) >0, for allv in V. We let S(B) be the set of all states on B and S1(B) denote
the set of normalized states.

(2) Let B be a bi-infinite Bratteli diagram. A state on B is a pair of functions v,,v; :
V — [0, 00) satisfying

ve(v) = Z vr(s(e)),

r(e)=v

) = Y nr(e),

s(e)=v

for all v in V. We say that the state is normalized if

and is faithful if v,.(v), vs(v) > 0, for all v in V. We let S(B) be the set of all states
on B and S1(B) denote the set of normalized states.

Lemma 2.7. If v,, v, is a state on bi-infinite Bratteli diagram, B, then
Z vr(v)vs(v) = Z v (v)vs(v)
vEV, veVy

for every integer n.

Proof. 1f n is any integer, we have

Sl = 3 ) 3 e

vEV, vEV, s(e)=v

= 33 v

vEVnR s(e)=v

— Z vr(s(e))vs(r(e))

e€E, 11

= Z Z vr(s(e))vs(v)

v€EVht1 r(e)=v

= Z vr(0)vs(v).

UGVnJrl

The conclusion follows. ([l

Let us remind the reader that the computation of the set of states for a one-sided Bratteli
diagram is a standard result, which can be easily adapted to the bi-infinite case. It is
convenient to assume that V,, = {n} x {1,2,...,d,}, for all integers n. Without causing
confusion, we can interpret F, as a d,, X d,,_; non-negative integer matrix whose j,i-entry
is the number of edges in F,, from (n — 1,4) in V,,_; to (n,j) in V,,. In the following, we let

R*™ denote vectors in R™,m > 1, whose entries are all non-negative.
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Proposition 2.8. Let B be a bi-infinite Bratteli diagram. If v,.,v, is a state on B, then for
all integers n, we have

Wa(n, i), € (| RY"EpEper - Enp, 1< < dy,

m>n

(l/r(n,i))?il € m R+de3;+1EZL+2 e ET:LF7 1<i<d,.
m<n

Conversely, letting AY~! denote the standard d — 1-simplex in R*?, the sets

(Y RY" EpEpsr - B N A%

m>0
dp T T T do—1
(\RYEL L EL,-EF 0 A®
m>0
are non-empty. Let x° be in the former and set v,(0,i) = 29,1 < i < dy, vs(n,i) =

(xET ET, .- - ED);, forn < 0,1 <i < d,. Finally, for each n > 0, inductively find z™ in
Rt with 2" = 2" 'E, and set vy(n,i) = 27,1 < i < d,. We may also define v, in an
analogous way and vy, v, is a state on B.

Proposition 2.9. Let B be a bi-infinite Bratteli diagram.
(1) S(B) is non-empty.
(2) If B is simple, then every state is faithful.

Proof. For the second part, the following are easy consequences of the definition:

(1) If there is a vertex v in V,, such that v,(v) > 0, then there exists a vertex w in V,,_4
such that v,.(v) > 0.

(2) If m < n is such that there is a path from every vertex in V,, to every vertex in V,,
and there is there is a vertex v in V;,, such that v,.(v) > 0, then for every vertex w in
anl, Vr(”) > 0.

Now let n be an integer. By Lemma 2.7, there is some v in V,, such that v,.(v) > 0.
Next, choose m < n such that E,,, has full connections. It follows from the first
point above that there exists w in V,, such that v,.(w) > 0. It then follows from the
second point above that v,.(v") > 0, for all v’ in V,. As n was arbitrary, this completes
the proof.

O

We will ultimately be interested in ordered bi-infinite Bratteli diagrams. We make the
definition now, although we will not make use of it until section 4.

Definition 2.10. A bi-infinite, ordered Bratteli diagram s a bi-infinite Bratteli diagram,
B = (V,E,r, s), along with partial orders <5, <, on E such that, for any e, f in E, they are
<s-comparable if and only if s(e) = s(f), and are <,.-comparable if and only if r(e) = r(f).
We write B = (V,E,r,s,<,, <s).

We adopt the following obvious notation: e <, f (respectively, e <, f) if and only if
e< f(e<,f)ande#f
The definition of the orders can also be extended to E,,, using the lexicographic order

carefully noting that <, works right-to-left while <, works left-to-right.
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If e is any edge in E, we let Ss(e) be its < -successor, provided it exists. Similar, Ps(e)
denotes its <,-predecessor. There are analogous definitions of S, and P,. These definitions
also extend to E,,,,m < n.

If B is a bi-infinite ordered Bratteli diagram, we say an edge or finite path e is r-maximal
if it is maximal in the <, order. Analogous definitions exist for r-minimal, s-maximal and
s-minimal.

3. THE PATH SPACE

In this section, we pass from combinatorics to topology: to each Bratteli diagram we
associate a topological space, the path space along with a topological equivalence relation,
tail equivalence. Of course, most of this is well-known for standard Bratteli diagrams, so we
focus here on the bi-infinite case.

Definition 3.1. (1) If B is a Bratteli diagram, we let Xg be the space of infinite paths
in B: that is, an element of Xp is a sequence, (x,)n>1, where x, is in E, and
r(z,) = s(xpy1), for every positive integer n.
(2) If B is a bi-infinite Bratteli diagram, we let Xg be the space of bi-infinite paths
in B: that is, an element of Xp is a sequence, (Tp)nez, where x, is in E, and
r(z,) = s(xpy1), for every integer n.

We introduce some notation which is not strictly necessary when dealing with one-sided
Bratteli diagrams, but helps when dealing with bi-infinite ones.

First, if v is any vertex in V,,,n € Z, we let X" be the set of all one-sided infinite paths
x = (Tpi1, Tpao,...) with z; in B, for all i > n, and s(z,,1) = v. There is a similar definition
for X, as one-sided infinite paths ending at v.

Secondly, if = is any point in Xz and m < n, we let @(,, ) OF Tpni1,,) denote (T, .., L)
which is in E,, ,. We also let (. 00) OF Tpnt1,00) denote (i1, Tmyo, . ..). Observe that if x
is in Xp, then z(, ) is in X&xn) while z(_ ) is in X;(rn).

Thirdly, if p is in Ej,, and ¢ is in E,,,, with r(p) = s(q), we let pg denote their concatena-
tion, which lies in £j,. In a similar way, if p is in E}, ,,,  is in Xj(p) and y is in X;(p), then
px is in X;(p), yp is in X;p) and ypz is in Xp.

Finally, we also use this concatenation notation for sets, rather than single elements. As

an example, pX;Ep) is the set of all pr with x in X:Ep)' Also, note that, for any vertex v in

Vi, X, X[ is the set of all x with r(x,) = s(x,41) = v.

Before going further, we want to look at the path spaces for simple diagrams. One of the
difficulties of the definition of simplicity is that it does not guarantee that the path space is
infinite. This must be allowed since the C*-algebra of n x n-matrices is a simple AF-algebra,
whose associated Bratteli diagram has a finite path space. On the other hand, it is often nice
to rule out this case as not being terribly interesting. This problem doubles for bi-infinite
Bratteli diagrams. For the moment, we make a small useful observation.

Lemma 3.2. Let B be a Bratteli diagram. It is simple and Xz is infinite if and only if, for
every m > 1, there is n > m such that for every vertex v in V,, and w in V,,, there are at
least two paths p,p" in Ep,, with s(p) = s(p’) =v,r(p) =r{p) = w.
In this case, if v is a state on B, then we have
lim max{v(v) |v € V,,} =0.
n—oo
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Proof. Let us first assume that B is simple and X is infinite. Fix m > 1. From simplicity,
we know there is m’ > m such that there is a path from every vertex in V,, to every vertex
in V,,,. If we consider all paths p in Ey,,, the sets pX,, form a finite cover of Xz. As we
assume this space is infinite, there must exist x # y which lie in the same element. That
is, there is m” > m’ such that z,,» # y,,». Using simplicity again, we find n > m” such
that there is a path from every vertex of V,,,» to V,,. It is now an easy matter to check that
there are at least two paths from every vertex of V,, to every vertex of V,,, one that follows
Tmials - - - Ty and one that follows ypi1, ..., Ymrr-

For the converse, the two-path condition obviously implies the diagram is simple. It also
implies that there are at least 2" paths in Ej, and so Xp is infinite.

For the last statement, it follows from the definition of a state that the sequence on the
right is decreasing. If we inductively define m,, such that there are at least two paths from
every vertex of V,,, to V,,. . It follows that for any v in V,, and w in V, we have

m Mn+417
v(v) > 2v(w). The desired conclusion follows easily. O

Let us also note the following result for the bi-infinite case, which is an easy consequence
of the last result.

Lemma 3.3. Let B be a bi-infinite Bratteli diagram. The following are equivalent
(1) B is simple and both X and X, are infinite for some v in V.
(2) B is simple and both X and X are infinite for all v in V.
(3) For everym > 1, there is | < m < n such that for every vertez v in V,,, u in V; and w
in V,,, there are at least two paths p,p’ in By, with s(p) = s(p') =u,r(p) =r(p) =v
and at least two paths q,q" in By, , with s(q) = s(¢") =v,r(q) =1r(¢) = w.
If any of these conditions hold, we say that B is strongly simple.
Next, we introduce the natural topology, for both infinite and bi-infinite cases.

Proposition 3.4. (1) Let B be a Bratteli diagram. We may regard X as a subset of
[[,2, En. Each E, is endowed with the discrete topology, [1.~, E, with the product
topology and Xp with the relative topology. In this, Xp 1s compact, metrizable and
totally disconnected. Moreover, if p is any path in Ey,,, then the set

pX, ={r € Xp|ai=p;, 1 <i<n}

1s clopen and, as p and n vary, these form a base for the topology of Xg.

(2) Let B be a bi-infinite Bratteli diagram., We may regard Xg as a subset of [[,,cz En.
Each E, is endowed with the discrete topology, |1,cp En with the product topology
and Xp with the relative topology. In this, Xg is compact, metrizable and totally
disconnected. Moreover, if p is any path in E,,,,,m <n, then the set

X;p)pX;Ep) ={reXg|x;=p,m<i<n}
1s clopen and, as m < n,p vary, these form a base for the topology of Xg.
We remark that the path space Xp is a metric space (even an ultrametric space) with the
formula, for z,y in Xg,
d(z,y) =inf{27" |n>0,2; =y;,1 <i<n}
in the one-sided case and

d(z,y) =inf{27" |n>0,z; =y;,1 —n <i<n}
10



for the bi-infinite case.
We also need the notion of tail equivalence. As paths in the bi-infinite case have two tails,
this becomes two equivalence relations.

Definition 3.5. (1) Let B be a Bratteli diagram. For each x in Xp, we let T*(x) be the
set of paths which are right-tail equivalent to x. More precisely, for N > 0, we define

Tn(x) = {pr(veo) | P € Eon,r(p) = r(zn)}
= {y € Xg|yn =2, foralln> N}
and TH(x) = Unez Ty ().
(2) Let B be a bi-infinite Bratteli diagram. For each x in Xg, we define T (x) (T~ (x) ) to

be the set of all paths which are right-tail equivalent (left-tail equivalent, respectively).
More precisely, for N in Z, we define

{y € X5 | yn = xn, for alln > N}

THx) = (JTH@),
Nez
and
T]; (I‘) = I‘(—OO,N]X;EZ‘N)

= {y € Xg|yo =, foralln < N}
T (x) = (JTy).

Nez
Each set Ty (x) is endowed with the relative topology from Xp, while TT(z) is given the
inductive limit topology. We use T (Xg) to denote the equivalence relation (or groupoid) on
Xp whose equivalence classes are the sets T (x). There is an analogous relation T~ (Xg),
but we will work mostly with T (Xg).

Let us recall that the inductive limit topology on T (x),x € Xp, is the finest topology
which makes each inclusion T (z) C T (x) continuous. One can check quite easily that, for
every N, Ty (x) is an open subset of Ty, (z). In consequence, a subset U C T (x) is open
in the inductive limit topology if and only if U N Ty () is open in Ty (), for every N. We
leave it as an instructive exercise for the reader to show that a sequence y,,n > 1 in T (z)
converges to y in T (z) in this topology if and only if it converges to y in Xz and there
exists some N such that y, y,,n > 1 are all contained in Ty (z).

In a standard Bratteli diagram, each tail equivalence class, T (x), is finite and each
T*(x) is countable. This is not usually the case for bi-infinite diagrams. Instead, we must
investigate the topology on the tail equivalence classes.

Proposition 3.6. Let B be a bi-infinite Bratteli diagram and let x be in Xg. For any path
p in E,, with r(p) = r(x,), the set

X pPTinoo) =y € Xg | yi = piym <i <m,y; = 33,4 > n}.
is a compact open subset of T™(x). Moreover, as m,n,p vary, these sets form a base for the
topology of Tt (x). There is an analogous statement for x(_oom]pX;Ep) in T (z), for p with
S(p) = S($m+l)'

11



We want to see how states on the Bratteli diagram give rise to measures on the path space.
There are some subtleties in the bi-infinite case, but the first case is well-known.

Proposition 3.7. Let B be a Bratteli diagram and v be a normalized state on B. There is
a unique probability measure, also denoted v, on Xp such that

v(pX,) = v(r(p),
for each p in Ey,,n > 1.
Let us first extend this definition to the bi-infinite case.

Lemma 3.8. Let B = (V, E,r,s) be a bi-infinite Bratteli diagram and suppose that v, v, :
V — [0,1] is a state. Then there is a unique measure, which we denote by v, X vy on Xp
such that

Vp X VS(X;p)pXjEp)) = v,(s(p))vs(r(p)),

for every p in E,,,,, with m < n. If the state is faithful, then this measure has full support.
If B is strongly simple, then this measure has no atoms.

Proof. This follows from the previous result and the fact that there is an obvious homeo-
morphism between the product space Xs’(p) X X:Ep) and XS’(p)pX;Ep). This also justifies our
notation as v, X v, is just a product measure. 0

Now the bi-infinite case has more structure, namely measures defined on tail equivalence
classes. In fact, this exists in the one-sided case, but the equivalence classes there are
countable and the measure is counting measure.

Proposition 3.9. Let B be a bi-infinite Bratteli diagram and v,,vs be a state on B. For
each x in Xg, there is a measure v* on T (x) such that

xT

vy (Xs?p)px(n,w)) = v (8(Pm+1)),
for each p in E,, ,,m < n with r(p) = r(z,). There is also a measure v¥ on T~ (x) such that
VL?('I(—OO,m]pX;?p)) = vs(r(pn)),

for each p in E,,pn,m < n with s(p) = s(xy,). If the state is faithful, then this measure has
full support. If B is strongly simple, then this measure has no atoms.

We don’t really need the following definition, but it will probably help conceptually. The
point is rather easy to state in words: in a bi-infinite Bratteli diagram, for any fixed vertex
v in V, if we look at all vertices which can be reached from a path starting at v, and all
the edges of such paths, this forms a Bratteli diagram in the usual sense. There is some
re-indexing of vertex and edge sets. The same is true if we look at paths ending at v instead,
although the re-indexing is more complicated and we need to switch s and r maps.

Definition 3.10. Let B be a bi-infinite Bratteli diagram, (v.,vs) a state on B and v be any
vertex of V.

(1) Define Wy = {v} and then, inductively, for alln > 1, F, = s~ (W,_1), W,, = r(F,).
Then Bf = (W, F,r,s) is a Bratteli diagram, vy is a state on it. Moreover, there is

an obvious identification X = Xpg+.
12



(2) Define Wy = {v} and then, inductively, for alln > 1, F, = r~'(W,_1), W,, = s(F},).
Then B, = (W, F,s,r) is a Bratteli diagram, v, is a state on it. Moreover, there is
an obvious identification X7 = Xp-.

Given this interpretation, Proposition 3.9 is an immediate consequence of Proposition 3.7.

4. ORDERS ON THE PATH SPACE

We defined orders for a bi-infinite diagram in the second section. We now see what effect
these orders have on the infinite path space of the last section.

The first result is a fairly standard one, adapted to the bi-infinite setting. We will not
give a proof.

Proposition 4.1. Fvery bi-infinite ordered Bratteli diagram, B, contains an infinite path
such that every edge is s-maximal (s-minimal, r-maximal or r-minimal). We let Xg ™"
(X;{mm,Xg*m“”,Xgmm, respectively) denote the set of all such paths. We also let Xg"
denote their union. Each of these sets is closed in Xp.

If B is finite rank and K is a positive integer which bounds #V,,, for every n in Z, then
each of these sets has at most K elements.

We start with some fairly easy observations regarding ordinary (one-sided) Bratteli dia-
grams. To motivate this, it is probably worth consider the standard ternary Cantor set in
the real line.

We consider the usual order inherited from R which is, of course, linear. In any linearly
ordered set X, we say y is the successor of x if + < y and there is no z with x < z < y.
In this case, we also say that x is the predecessor of y. In the integers, every element has
a successor while in the real numbers, none does. In the Cantor ternary set, most points
have neither a successor nor predecessor. The points having a successor are exactly the left
endpoints of any open interval which is removed in the construction. The right endpoints of
these intervals are precisely the points with a predecessor.

In fact, these facts extend rather easily to the path space of an ordinary Bratteli diagram,
equipped with an order, <,. Let p be any finite path in an ordered Bratteli diagram from
vo to V,,_1,n > 1. Choose any edge e, with s(e,) = r(p) which is not maximal in the <
order. Let f, be its successor. Then, inductively for ¢ > n, let e; be the greatest edge in the
order <; with s(e;) = r(e;—1). Similarly, inductively for ¢ > n, let f; be the least edge in the
order <, with s(f;) = r(f;_1). Then the path pf, f,r1--- is the successor of pe,e,i1---. In
fact, all successor/predecessor pairs occur in this manner. We summarize the properties on
the order on the path space.

Lemma 4.2. Let B be a Bratteli diagram and assume that <, is an order on the edge set E
such that e, f are comparable in <, if and only if s(e) = s(f). (Caution: the usual definition
of an ordered Bratteli diagram uses r(e) = r(f).) We define the (lexicographic) order on Xz
as follows: for x,y in Xg, we have x <5y if there is a positive integer n such that x; = y;,
forall1 <i<n and x, <; y,.

(1) The relation <; on Xp is a linear order.

(2) For each v in V,,n > 1, there is a unique path, denoted by xS~™* in X such that
(xz=™me%), is maximal for every i > n. Moreover, pxs~ " is the greatest element of
pX,; . Similarly, there is a unique path, denoted by 5™ in X&' such that (z5~™™)
is minimal for every i > n. Moreover, pxS~™" is the least element of pX;.
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(3) For p in Ey,, we have pX;} = {x € Xg | pri—™" < x < pas~mer},

(4) An element x of Xp has a successor in the order <, if and only if there is n such
that x, is not maximal and x(, ) = xj(_x’:)“m Similarly, an element x of Xg has a
predecessor in the order <, if and only if there is n such that x,, is not minimal and
T(n,00) = Ty -

(5) The order topology from <, on Xp coincides with the usual topology given in Propo-

sition 3.4.

The proof is quite easy and we omit it except to remark that to see the order on the path
space is linear, we need the condition V| is a single vertex. This structure, as an ordered
space, has a nice interaction with states, as summarized below, at least in the case that the
diagram is simple and Xp is infinite.

Lemma 4.3. Let B be Bratteli diagram with an order <, as in 4.2 and faithful state v.
Assume that Xp is infinite and B is simple. Define ¢ : Xp — [0, v(vo)] by

o) =v{y e Xp |y <z},

for x in Xg, where v is the measure defined in 3.7. The following hold.

(1) ¢ preserves order in the sense that v <,y implies p(x) < o(y), for all z,y in Xg.

(2) ¢ is continuous.

(3) For xz # y in X, p(x) = ¢(y) if and only if x,y are predecessor/successors of each
other.

(4) @ is surjective.

(5) p(x)=>", > eca, V(r(€)), for all x in Xp.
(6) If X denotes Lebesgue measure on [0,v(vg)], then ¢.(v) = A.

Proof. The first property is clear. For the second, we observe that, for any x in Xz and
n > 1, we have

V(I(OVR]X;EQM)) =v(r(z,))

which tends to zero as n goes to infinity by Lemma 3.2. Tt follows that v({z}) = 0, so v has
no atoms. We also see that

s—min s—max)

(70(‘7:(07"]'1.7‘(1”) ) < 90(17) < SO(II;‘(O:”]‘/ET(zn)
and

s—min

= gD(x((]:”]'%r(zn) )
+v({y | plzemzily" < e(y) < eomzies})
= (p(x(07n]xi&7:)ln> + V<x(07n]X:Exn))

I OE A

— gp(:):(o,n]xj(;%in) + v(r(xy,).

The continuity of ¢ follows from these two estimates and the observation that v(r(z,)) tends

to zero as n tends to infinity.
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We next suppose that y is the successor of z and show ¢(z) = ¢(y). We know from the
first part that ¢(x) < ¢(y). It follows from the definitions that

ply) —plr) = v{iz|r <2<y}
= v({y})
=0

as v has no atoms. Now suppose that x <, y, but is not the successor. There is n > 1 such
that x; = y;,1 <i <n and x, < y,. From part 4 of Lemma 4.2, we know that there is some
m > n such that either x,, is not maximal or ¥, is not minimal. Let us assume the former
(the other case is similar). Let z, be any edge with s(z,,) = s(z,) and z,, <s T,. If we let
D =2T1...Tm_1%2m, it follows that

+
T < pXT(p) <s ¥
and so
o) — p() = VX)) = v(r(zn) > 0,

since v is faithful by Proposition 2.9.

For the fifth part, if y <, x, then there existsn > 1 and e in E,, such that y; = x;,1 <i<n
and y, = e <s x,. In fact, the n and e are clearly unique. Let Y (n,e) denote the set of all
such y. We have shown that {y | y <, x} is contained in the union of all such Y (n,e) and

these sets are pairwise disjoint. The reverse containment is clear and, since v has no atoms,
we have

yly<sz} = {yly<sz}

= UV(Y(n,e))
= Jrlr(e)

which is the desired conclusion.
For the last part, it is clear that, for any path p in Ej ,, we have

v(pX),)) = v(r(p))

= p(pz; ) — (i)

= A (Pfcs W) o)

= AMelpX[,))
so v and ¢*(\) agree on all sets of the form pX:Ep) and as these are a base for the topology,
they are equal. 0

Probably it is worth noting that in the standard Cantor ternary set (and the correct choice
of measure v), the function ¢ is the Devil’s staircase, or more precisely, its restriction to the
Cantor set.

We are going to extend this notion of order to the bi-infinite case, as follows.

Lemma 4.4. Let B be a bi-infinite ordered Bratteli diagram. We define orders <, <, on

Xp as follows.
15



(1)
(2)

for x,y in Xp, we have x <, y if there is an integer n such that x; = y;, for alli > n
and T, <, Yn.
for x,y in Xp, we have x < y if there is an integer n such that x; = y;, for alli <n
and T, <s Yn.

The following properties hold.

(1)
(2)
(3)

For x,y in Xg, they are comparable in <, if and only if T (x) = Tt (y). In particular,
<, is a linear order on each tail equivalence class T (x).
For z,y in Xg, they are comparable in <y if and only if T~ (x) = T~ (y). In particular,
<s is a linear order on each tail equivalence class T~ (x).
For each v in V,,,n > 1, there is a unique path, denoted by x5~ (and x5~™" ) in X
such that (x5~™%),; is mazimal (minimal, respectively) for every i > n. Moreover, if

z is in Xp and p is in E,,, with s(p) = s(x,,), then

x(foo,m)pX:Ep) = {y € XB ’ x(foo,m)pxi(_psnm’ <s Yy <s x(foo,m)pxi(_p) ax}.
For each v in V,,,n > 1, there is a unique path, denoted by x7~™% (and z7~™" ) in X
such that (x,~™%); is mazimal (minimal, respectively) for every i > n. Moreover, if

v

z is in Xp and p is in Ey,, with r(p) = r(z,), then
-

s(p)

r—max

PT(n,00) = {y € Xz | xg(_pr)mnpa:(n,oo) <ry <, xs(p) px(n,oo)}

An element x of Xp has a successor in the order < if and only if there is n such

S—max

that x, 1s not s-mazximal and T, ) = Loy - Similarly, an element x of Xp has a

predecessor in the order <, if and only if there is n such thal w,, is not s-minimal
and T (p,00) = xfg:)m
An element x of X has a successor in the order <, if and only if there is n such

that x,, 1s not r-mazximal and x(_s ny = x’;&%‘” Similarly, an element x of X has
a predecessor in the order <, if and only if there is n such that x, is not r-minimal

r—min

and T(—oon) = Ty -

We will not give a proof as it is quite easy and essentially the same as the proof of Lemma

4.2.

The last two parts of this result regarding successors and predecessors in the two orders
are important enough to warrant the following definition.

Definition 4.5. Let B be a bi-infinite ordered Bratteli diagram with X and X, both infinite,
for some v in V.

(1)

Let 0,Xp be the set of all points x which have either a successor or predecessor in
the order <,. Part 5 of Lemma /.J characterizes such points and obviously, the n
involved is unique and we denote it by n(x). For such an x, we denote by Ag(z)
either the <;-successor or <s-predecessor of x, noting that it cannot have both. We
regard Ay : 0sXp — 0sXp such that Ay o Ay is the identity.

Let 0, Xp be the set of all points x which have either a successor or predecessor in
the order <,. Part 5 of Lemma 4.4 characterizes such points and obviously, the m
involved is unique and we denote it by m(x). For such an x, we denote by A,.(z)
either the <,-successor or <,.-predecessor of x, noting that it cannot have both. We
regard A, : 0,Xp — 0,Xg such that A, o A, is the identity.

16



Notice that (X5 ™ UX; ™", Xp is necessarily empty, as is (X5 " UX; "")N0: X5.
The following result is rather trivial, but probably worth observing.

Lemma 4.6. Let B be a bi-infinite ordered Bratteli diagram, (v,,vs) a state on B and v be
any vertex of V.

On the Bratteli diagram B} ( or B, ) of Definition 3.10, <s ( <., respectively) is an order
satisfying the conditions of Lemma 4.2.

Lemma 4.3 considered a one-sided <;-ordered Bratteli diagram and showed how a state,
v provided a natural map from the path space to the real line. It had a number of good
features, but perhaps the nicest is part 3: it identifies two points if and only if they are
predecessor /successor in the other. Our next task is an analogue of this lemma for bi-infinite
ordered diagrams. In fact, there are two versions to consider. Each defines its own function:
they are closely related, but the domains are different, so it is important to distinguish them.

Definition 4.7. Let B be a bi-infinite ordered Bratteli diagram, (v,,vs) a state on B. For
any v in V,, we define ¢* : X;t — [0, vs(v)] by

pola) = vily € X |y < o,
for x in Xt We also define ¢ : X, — [0,v,(v)] by

pr(@) =v{ye X, |y <z},
forxz in X .

These two functions satisfy the conclusion of Lemma 4.3 with a few obvious adjustments.
The one which is worth noting is property 4 states that ¢¥(x) = ¢¥(y) if and only if x,y are
predecessor/successors in the <g order while p¥(x) = ¢! (y) if and only if x,y are predeces-
sor /successors in the <, order.

It will be very useful for us to compare these functions, for different vertices, in the
following sense. The proof is an easy computation from the definitions and we omit it.
Lemma 4.8. Let p be in E,, ,,m <n.

(1) For each x in X, we have
PiP () = @l (xp) = > 1e(s(q)),
q

where the sum is taken over q in E,,,, with ¢ <, p.
(2) For each x in X |, we have

r(p)’
Pt (2) = i (pz) = > vi(r(q)),

where the sum is taken over q in E,,,, with ¢ <, p.

Now we turn to the second, defining analogous maps to those of Lemma 4.3 on entire
tail-equivalence classes. We restrict our attention to right-tail-equivalence.

Lemma 4.9. Let B be a bi-infinite ordered Bratteli diagram and let v, v, be a state on B.

Assume that B is strongly simple.
17



For each x in Xp, we define ¢* : T*(x) = R, by

ac( )_ Vf{Z€T+(:L‘)|I§TZ§Ty}, r<,y
T ez e T @) [y < 2 <o), y<n

where v is defined in Proposition 3.9. There is an analogous definition of ¢* : T~ (x) - R
The following hold.
(1) For any y in TT(x), we have ¥ = ¢* — p*(y).
(2) @F preserves order.
(3) If Tt (z) is given the topology of Definition 3.5, then ¥ is continuous.
(4) Fory # z in TT(x), ¢*(y) = ©*(2) if and only if y, z are predecessor/successors of
each other in <,.
(5) If Tt (x) is given the topology of Definition 3.5, then @F is proper.
(6) Ezxactly one of three possibilities hold:
(a) TH(x) N X5 " =TH(x) N X5 ™" =0 and in this case ¢*(T*(z)) =
(b) T*H(z) N X5 ™ = {y}, T (z) N X5 ™" = 0 and in this case ¢*(T ( ) =
(—00. 22 ()], |
() TH(x) N Xz ™™ = 0, TH(x) N X5 ™" = {z} and in this case ¢*(TT(x)) =
[#7(2), 00)
(7) Suppose that y is in Ty (z) and xx <, yn, then we have

ory) = (Z vi(se) + Y w(S(@))) :

n<N Tn<re e<rYn

Similarly, if y is in Ty (x) and yy <, xx, then we have

=Y (z s+ 3 ur<s<e>>) |

n<N Yn<re e<rTn

(8) If A denotes Lebesgue measure on o*(T*(x)), then (¢F).(v7) = A.

Proof. We begin with two easy observations. The first is that 77 (x) is the union of the sets
Ty (x) = Xr_(xN)x( N,) and carries the inductive limit topology and the second is that the

restriction of ¢ to Ty (z) can be identified with the function ¢ associated with the Bratteli
diagram B ) in Lemma 4.3. Most of the conclusions follow at once from 4.3. In particular,

our hypotheses along with Lemma 3.3, imply that BT(I is simple and has an infinite path
space. This means our measure v, has no atoms. This ﬁrst property follows from this and
the definition.

The second, third, fourth and seventh parts follow immediately from 4.3. It follows from

the first part and the fourth part of 4.3 that
o7 (T (@) = [er (@] ey T (v.00)s O (@7 T (v,00)))]
which is an interval of length v,.(r(zy).
In part 5, the fact that 7 () is linearly ordered means that its intersection with X"
and X5z ™" can contain at most one point. It remains to eliminate the case when both are
non-empty. In this case, we would have an infinite path of r-maximal edges, y, which is right

tail-equivalent to an infinite path of all r-minimal edges, z. Suppose z is in Ty (y). This

means that, for n > N, the r-minimal path from r(yy) to r(y,) coincides with the r-maximal
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path. Hence, there is only one path between them. This contradicts our hypotheses and
Lemma 3.2.
If xx is not r-maximal, it is an easy exercise to check that

P (Tren)) = o7 (@ran ) 2 vr(r(zn)).

Similarly, if x,, is not r-minimal, then

Or (@r@n_1) = €7 (Tray)) < —vr(r(zy)).
Our hypotheses and a minor variant of Lemma 3.2 shows that

lim min{y,(v) |v € Vy} = 0.
N—o0

Conclusions five and six follow easily from these observations and results from 3.4. U

5. SINGULAR POINTS

We are now ready to begin the journey from the infinite path space of an ordered bi-infinite
Bratteli diagram, B, together with a state, vy, /., to the surface Sjp.

The basic idea is an extremely simple one: to make a quotient space from the path space
Xpg by identifying = with Ag(x), for all  in 0;Xp and y with A,(y), for all z in 0,Xpz.
We can already see in Lemma 4.7 that this works quite well, at least locally, and that
our functions ¢?, ¢’ provide an explicit homeomorphism between the quotient space and a
Euclidean one. But there are a number of subtleties to deal with. Ultimately, it is necessary
pass to a distinguished subset, Yz, of Xp. This can already be seen to be necessary since
Xp is compact, while our surface will not be. In fact, there two types of points which need
to be removed. The first, which might be called extremal with respect to the ordering are
fairly obvious and we have seen these already in Definition 4.1. The second type, which we
call singular, are more subtle. The main objective of this section is to identify these points
precisely and discuss some of their properties.

For this section, we assume that B is a strongly simple ordered bi-infinite Bratteli diagram
with state v, vs.

Recall the definitions of Xg™, X5z ™, X ls{mi”,X};’max, X Z;mm given in Proposition 4.1.
These will be removed from Xz simply because our maps Ay, A, are not defined on them
(in general).

Also recall that in Definition 4.5, the domains of Ag, A,, 0,Xz,0,Xp, respectively, are
defined to exclude Xg*.

As we are going to take a quotient by identifying points under both A, and A,, we need
some compatibility between these maps. In short, we require that they commute when both
are defined.

As we have seen above, Ay(x) will be left-tail equivalent to x and we have even given a
name to the least integer where they differ: n(z). Similarly, the greatest integer where z
and A, (z) differ is called m(z). If we are to compute A, o Ay(z) (assuming for the moment
it is defined), one of two rather distinct things happens. If m(x) < n(z), the computation
of Ag(x) changes no entry, x,, with n < n(z). It follows that n(As(z)) = n(x). Moreover,
the computation of A, (As(x)) is pretty much the same as that of A, (x).

The following picture should prove helpful:
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One can actually see four different paths here: =, Ay(z), A.(z) and A,(As(x)). The im-
portant conclusion one draws is that A, o Ay(z) = As 0 A, (z).

Of course, there is a second possibility when n(z) < m(z), summarized by the following
picture:

n(z) m(z)

which shows the paths x, A;(z) and A,(x). The issue now becomes whether or not A, o
Ag(x) = Ago A.(z). It is possible but there is no reason that it must occur. At this point,
the reader may wish to take a look at the example in section 11.

Let us take a moment to discuss why the equation A, o Ay(z) = Ay o A,(z) is impor-
tant. If one thinks back to the example of the Cantor ternary set and identifying succes-
sor /predecessor pairs produces a closed interval. One can think of the two points which are
identified as a ’left coordinate’ and a 'right coordinate’ of the point. Passing to a bi-infinite
diagram, we will realize our quotient space in R?: the left tail provides the z-coordinate and
the right, the y-coordinate. Some points will have two coordinates in both x and y directions.
What our formula is designed to capture is the notion that if we more horizontally first and
then vertically we should get the same as moving vertically first and then horizontally. If we
do not (as we suggest above), then this tells us that the space is not 'flat’ at such a point.

We now develop these ideas more precisely.

Definition 5.1. If B is a strongly simple bi-infinite ordered Bratteli diagram, we define
0Xp =0, XN 0o, Xg. We define

ngt — Xlsgfmax U Xlsgfmm U Xlrgfmam U Xlrgfmm
and

Yp={r€0Xp|Aso A (z) # A, o As(x)}.

Proposition 5.2. We have A (0Xp) = 0Xp, A (0Xp) = 0Xp and Ay(Xg) = X =
A (3p).

Proof. The first two equalities are already noted in in Definition 4.5. We prove the second

equality of the last statement. Assume z is not in 3z so that Ay 0 A,(z) = A, o Ay(z). We
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have
Ao A (Ap(z)) = AsolA,0A(x)
= Ay(z)
= A,o0A,0Ax)
= A,o0A;0A(x)
Ay o Ay(A(z))
implying that A, (x) is also not in Y. O
We now give a proper written proof of what was shown by our first diagram above.

Lemma 5.3. Let x be in 0Xp. If m(z) < n(z), then x is not in ¥p.

Proof. 1t is clear that A,.(x); = z;, whenever i > m(x). It follows that n(A,(z)) = n(x) and
that Ag o An(x); = Ag(z); for all ¢ > m(x). It also follows from the definition of A, that
Ago Ap(x); = Ay(x);, for all i < n(z).

The same argument shows that Ag(z); = x;, whenever i < n(x) and that A, o Ay(z); =

A, (x); for all i < n(x). It also follows from the definition of A, that A, o As(x); = As(x);,
for all i > m(x).
Combining the first fact with the fourth, if i > m(z), we have
AgoAy(x); = Ag(x); = Ay 0 Ag(z);.
Combining the second fact with the third, if i < n(z), we have
Ago Ay (x); = Ap(x); = Ay o Ag(z);.
As every i satisfies either i > m(z) or ¢ < n(x), we conclude that
Ago Ap(x) = Ay o Ag(x).
U

The set X5 plays an important part in what follows and it will be useful to establish some
simple facts about it.

Lemma 5.4. Define functions €,, €5 : 0Xg — E by

€r ('ZE) = Tm(z),
€(T) = Tne).
The function €, X €5 : 0Xp — E X E 1s finite-to-one. In particular, 0Xg is a countable subset

of X.
The restriction of €. to X is at most four-to-one. The only possible limit points of ¥

are in Xg.

Proof. By definition, for a given z in 0X5 = ;XN 0, Xz, there are exactly four possibilities.
One of them is that for all i < m(x), z; is <,-minimal and for all i > n(x), z; is <;-maximal.
The other three are obtained by replacing one, other or both 'maximal’ by 'minimal’. It
follows then by a simple induction argument that x,,() uniquely determines z; for all i <
m(x). Similarly, ,,) uniquely determines z; for all i > n(z). Finally, there are only finitely
many paths from 7(2,,)) to $(2nw)), when m(z) < n(z).
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If, in addition, x is in ¥p, then we know from Lemma 5.3 that m(xz) > n(x). Hence, z is
determined uniquely by ().

If 2% k > 1 is any sequence in Y3, let us assume each term satisfies the first of the four
possibilities above. If, in addition, the points are all distinct, then the values of m(x*) are
distinct, for £ > 1. We may then assume that they are converging to 4+oo. It is simple to
check that any limit point of this sequence is contained in Xg’mm. 0]

Lemma 5.5. Let B be a strongly simple bi-infinite ordered Bratteli diagram. For any x in
Xp, the set ¢ (XpNT*(z)) is countable and its only limit points are ¢ (X5 ™ UX5 ™")N

T+(2)).

Proof. The first statement follows from Lemma 5.4. The second follows from the first and
parts three, five and six of Lemma 4.9. U

6. THE SURFACE

Having identified extremal points and singular points in the last section, the goal of this
section is to pass from the infinite path space of a bi-infinite ordered Bratteli diagram, Xz,
to its associated surface, which we will denote by Sg. Moreover, if we are given a state on the
Bratteli diagram, we will construct an explicit system of charts for this space which shows
that it is a translation surface.

There are a number of intermediary steps. First, we must remove both extremal and
singular points from Xpz. Then, we must identify points = and A, (z) and also x and A4(x).
These two identifications commute precisely because we have removed the singular points.
However, if we simply do the first identifications, we obtain an intermediate space, which we
denote by Sj;. Doing the other identification first results in Sj.

Definition 6.1. Let B be a bi-infinite ordered Bratteli diagram, We define
Y= Xp— Xg" — 3.

For m < n, we define EY . to be those p in E,,, which are neither s-mazimal, s-minimal,

r-mazimal nor r-minimal and for which stp)pX:Ep) 15 contained in Yg.

If B is finite rank, then the set Xg" if finite and Xg™ U Xp is countable and closed, by
Lemma 5.4. Hence, Y5 is an open in Xg.

Further to this, let us observe if p is in EY,  and e is in E,, with r(e) = s(p) then ep is in
EY 4 if fisin B, with s(f) = r(p), then pf isin E) .. Let us also show that the sets
Xs’(p)pXj(p), pE Um<nE%7n form an open cover of Yz. If z is in Yj, then it must have edges
which are not s-maximal, not s-minimal, r-maximal and not r-minimal. Select m’ < n’ so

that the path p = x[,, ,/ contains one of each. In addition, as x is in ¥ which is open, we

may find m < m’ < n’ < n such that X;(xmﬁ(m,n}X:Exn) C Yp. It follows that x(, . is in
Y

There is one more property which we will require of Yj: it should be invariant under both
A, and A,.

This will follow from the assumptions that Xg"* N 9;Xp and X5 N 9,Xp are empty. In
fact, the set J;Xp is defined to be disjoint from X3 ™** and X g_mi”, but as the <, and <,
orders are essentially independent, there is no reason the same should be true of X; ™" and
X;—min'
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For the purposes of the remainder of the paper, we will find it convenient to make several
(mild) standing assumptions.

Definition 6.2. If B is a bi-infinite, ordered Bratteli diagram, we refer to the following three
conditions as our standing assumptions:

(1) B is finite rank (Definition 2.5).
(2) B is strongly simple (Lemma 3.3).
(3) Xg* is disjoint from 0, Xp and 0;Xp.

We are going to make various quotient spaces from Yz by making identifications of x
and A,(x) and y with A4(y), for appropriate x and y. Moreover, we will have specific
homeomorphisms between these spaces and some locally Euclidean ones.

Definition 6.3. Let B be an ordered bi-infinite Bratteli diagram.
(1) We define the quotient space

Sg = Yg/x ~ AT(x),x € 8TXB NYs.

We let " denote the quotient map from Yp to Sg.
(2) We define the quotient space

S =Yp/y ~ A(y),y € 0, XpN Y.

We let m° denote the quotient map from Yg to Sj.
(3) We define the quotient space

S = YB/y ~ As(y),$ ~ Ar(x),x €0, XgNYz,y € 0 XpNYg.

As this space is obviously a quotient of both Si and S§, we let p® be the map from
the former and p” be the map from the latter and

T=n"op =mn"op’

That is, we have a commutative diagram

Y5
SB S
AN
Si

Our next goal is to provide local descriptions of the spaces involved. Of course, this is
a crucial step if we are to show that Sz is a translation surface. The spaces Sg, Sj are
somewhat simpler to describe.

Definition 6.4. Let B be a bi-infinite ordered Bratteli diagram with faithful state v, v,. For
m < n, we let E . (Ey ) denote the set of pairs (p1,p2) in E), . such that p, = Ss(p1)
(p2 = S.(p1), respectively); that is py is the successor in the < order (<., respectively ). (Of
course, this implies s(p1) = s(pa) or r(p1) = r(p2), respectively).
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For (py,p2) in Ey, ., we define
Vilp) = X, m (X, — {z5ommD),
Vi(p) = X, p2(X,, — {25omY)

s(p2) (p2) (p2)
and V*(p) = Vi'(p) U V5 (p).
We also define yP° : V:(p) — R, by

p,s _J v n,00 ) —vs(r(p1)) x € VP (p),
4 <x> B { (@géx(n7w)) YIS VQS(p)

There are analogous definitions of Vi (p), V4 (p), V" (p),¥P", for p in EJ, ..

Lemma 6.5. Let m <n and p = (p1,p2) be in E}, . For all x in V*(p), we have

P (z) = sz(p1)(m(m7oo)) + Z vs(r(q)).

qEEm,n:
q<sp2

If m' <m < n is such that (p1)m m) = (D2)(m',m], then PP’ = P’ m T,

Ifm <n' <nis such that (1) ma) 7 (02)ma) then ((pl)(m,n']a (pQ)(m,n/]) is in By, 0 and
YT = pPenn om VT (p).

Proof. Let us first consider x in V{(p). It follows from the definition and part 1 of Lemma
4.8 applied to p; that

Pi(x) = Wg(pl)(x(n,OO))_VS(T(pl))
= Wz(pl)(x(m,w))"i‘ Z vs(r(q)) — vs(r(p1))

qum,ny
q<sp1

— §0§(p1)($(m,oo))+ Z ys(r(q)).

q€Em n,
q<sp1

For z in Vi (p), we have
Yro(z) = @;(pQ)(x(n,OO))
= wi(pz)(x(m,oo)) + Z V5<T(q))

q€Em n,
q<sp2

= O (@moe) + D> valr(q))

q€Em n,
q<sp1

using the fact that py is the s-successor of p;.

For the second part, it is actually clear from the definition that ¢”*(z) actually only
depends in n and z(, ), S0 changing m to m’ has no effect.

For the last part, the first statement follows easily from the definition of the order on
paths. It also follows that (p;)(n ») are all s-maximal edges, while (p) () are all s-minimal.
Hence in Ey, , ¢ <, po if and only if qimn) <s (P2)m a0d gy ) is all s-minimal. O

Proposition 6.6. Let B be a bi-infinite ordered Bratteli diagram with faithful state v, v,.

Assume that B satisfies the conditions of Definition 6.2.
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1) For m <mn and p = (p1,p2) be in E! . the set V" (p) is an open subset of Yg.

m,n’

2) Form <n and p = (p1,pa) be in E!, ., V'(p) is A,-invariant.

m,n’

(1)
(2)
(3) Asm <mn,p€ £}, vary, the sets V' (p) cover Y.
(4) We have ¢P"(V{'(p)) = (= (s(p1)), 0] and P7(V5 (p)) = [0, 2 (s(p2))-

(5) The map which sends x € V' (p) — (YP"(2), T(n,00)) 15 continuous on V' (p), has range

(= (s(p1)), vr(s(p2))) X X:Ep)’ and identifies two points x,y if and only if A.(z) = y.

Proof. The first statement is obvious. For the second, suppose that x is in V" (p), for some
p = (p1,p2) in K, and z is in 0, Xp. It means that x is in Xs_(pi)piX:Epi), fori=1o0ri=2,
and both of these sets are contained in Yz. Suppose that z; is not r-maximal, for some
Jj < m, it follows that S,.(x)x = zy, for all k£ > j, so S,(x) is in the same Xs’(pi)piX;Epi) as
z. In addition, S, (z); is not r-minimal, while S, (x) is r-maximal, for all k < j, so so S,(x)
is in V" (p). Now suppose that x; is r-maximal, for all i < m. It follows that x must lie in
Vi (p) and S, (z) = xg(_zgmpgw(nm) which is in V3 (p).

For the third part, let x be any point in Yz. We first consider the case when x is not in
0,Xgp. As Yg is open, we may find m < 0 < n such that X&xm)x(mm]X;Emn) is contained in
Y. Find k < m such that ;. is not r-maximal, let y; be its r-successor. Let p; = xj ), p2 =
YT (kn)- From our choice of m,n, p = (p1,p2) is in E}_; , As z is not in 9, Xp, it is in Vi(p).

Next, we assume that x,, is not r-maximal while z; is r-maximal for all [ < k. As x
is in Yp, which is A,-invariant, we may choose n > k such that both x(foom]X;zxn) and

Ar(x)(,ooyn]X;Exn) are contained in Yz. We let p1 = %, and po = Ap(2)pn,,. Then
conclusion follows at once.
The last two parts are immediate consequences of Lemma 4.3. U

There is an obvious analogue of this for p in E}, .
The following follows quite easily from the technical results above.

Corollary 6.7. Let B be an ordered bi-infinite Bratteli diagram. Assume that B satisfies the
conditions of Definition 6.2.

(1) The space S§ is a locally compact Hausdorff space and 7° : Yz — S§ is a continuous,
proper surjection.

(2) The space Sg is a locally compact Hausdorff space and " : Y — Sg is a continuous,
proper surjection.

Lemma 6.8. Let B be a bi-infinite, ordered Bratteli diagram. Assume that B is simple and
X, and X are infinite, for some v in V.

Suppose 1 <m < n, p= (p1,p2) in E”,,,, and ¢ = (q1,q2) in E",,,. Suppose that there
ezists at least three paths in E_,, ., with range r(p1) = r(ps).

Ezactly one of the following holds:

(1) Vi'(q) € V' (p), V5 (q) € V5 (D), (@) mm) = (@2)mm) and OF7 = P |yr(q).
(2) VT(Q) - Vvlr(p)7 (QI)(—m,n] = (q2)(—m,n] and

VTP v = Y n(s(q),

where the sum is over ¢ in E_, _p, with ¢ >, (q1)(=n,—m]-
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(3) V"(q) € V5(p), (QI)(—m,n} = (%)(_m,n] and

where the sum is over ¢' in E_, _p, with ¢ <, (¢2)(—n,—m]-
(4) V(g nV7(p) =0 =V5(q) N V5 (p) and Y2 |vrp) — P [vr(g) = vp(s(p1))-
(5) V(@) N Vi (p) =0 =V5(q) NV"(p) and ") — P |vrig) = =14 (5(p2))-

In particular, if V] (p) N V5 (q) is non-empty, then V3 (p) N V" (q) is empty. Similarly, if
Vi (p) NV (q) is non-empty, then Vi (p) N V" (q) is empty.

Proof. We begin by showing the following: if V;"(p) NV, (¢) is non-empty, (for i = 1 or i = 2)
then we are in one of the first three cases. We assume ¢ = 1, without loss of generality.

We first note that V/"(p) NV (¢q) being non-empty implies that (q1)—mm) = p1. As ¢ is
the r-successor of qi, (¢2)(—mn) is either equal to (¢1)(—m,n, Or its successor. In the former
case, it is easy to see (after considering the set xz(_zgmplX;Epl) which is removed) that we are
in case (ii). If (¢2)(—m,n is the successor of (q1)(—mn), consider the path ps(q1)(mm)- As ps is
the successor of py, this path is the successor of (¢1)(—m,, and hence equals (g2)(—m,n. This
shows that we are in situation (i).

We now show that V" (p) N V5 (¢) and V3 (p) NV (q) cannot both be non-empty. Suppose
that they are. It follows that (g2)(—mm = P15 (¢1)(=mm] = P2- As g2 >, 1 and p; <, pa2, @1
and ¢, must differ in some entry i > m. As ¢, is the successor, it follows that (g2)(—m,m = 1
consists entirely of r-minimal edges, while (¢1)(—mm] = p2 consists entirely if r-maximal
edges, which contradicts the three-path hypothesis.

We can complete our classification as follows. As V" (p) N V"(q) is non-empty, then so
is V(p) N V] (q), for some 4,j. If i = j, we are in one of the first three cases. Otherwise,
V' (p) NV (q) is empty for both ¢ = 1,2 and exactly one of V" (p) N V5 (¢q) or V5 (p) N V] (q)
is empty, leaving us in situation four or five.

We now turn to the formulae for the functions ¥?" and ¥?". The conclusion that
PP yr(q) = ¥ holds in case (i) is an immediate consequence of the last part of Lemma 6.5.

Cases (iv) and (v) are immediate consequences of Lemma 4.8 and the definitions.
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We prove the formula for (ii); (iii) is similar. For any z in V{(q), the definitions and
Lemma 4.8 applied to the path (qi)(—n,—m imply that

Y(x) = @s(q1)<x(fooﬁn]) — v (s(q1))
= O @ orm) = Y w(s(q) = vls(@r))

4<r(q1)(=n,—m]
— gOs(pl)<-T(—oo,fm])_ VT(S(Q))
<r(q1)(—n,—m]
= ¢ @) - o)+ 2. wls()
4>r(q1) (=n,—m]
_ 805(P1)<x(_00’_m}) — v (r(p)) + vr(s(q))
(I2)( n,—m|

= Y(x) + VT(S(Q))-

qu(Q2)(—n,—m]

On the other hand, for any « in V3 '(¢), a similar computation applied to the path (g2)(—n,—m
yields

YT (z) = ¢8(qz)(z(7ooﬁn])
= (pr(pl)(x(,ooﬁm])— vr(s(q))

4<r(92) (—n,—m)

= ‘Pr(pl)(x(fooﬁm]) — v (s(p1)) + vr(s(q))

q2r(92) (=n,—m]

= PP(x) + v, (s(q))-

42r(q2) —n,—m]

For last statement,the hypothesis eliminates cases 1, 3 and 5. In case 2, we have V" (q) C
Vi (p) which is disjoint from V;"(p) and in case 4, the conclusion is clear. O

The surface Sp is more complicated. In particular, our nice open cover is rather more
technical than the previous ones, where a point in Sz has two pre-images under both p"
and p®, or four pre-images in Yz. While this takes a bit of effort, we are rewarded with an
immediate proof that Sz is a translation surface.

Definition 6.9. For integers m < n, we define Em/n to be the set of all quadruples p =
(P11, P12, P21, P22), each in EY such that

(1)

(a) p12 is the s-successor of p11 in En .,

(b) pai is the r-successor of p11 in Epp,

(¢) p2so is the s-successor of pay and the r-successor of pra in En, .
(2) For p be in Em/n,
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we define

Vialp) = (X_(pll - rprn}) p11< rpi1) szn:n}>
Var) = (X — L5t moa (X — (2g51)
Vip(p) = (X_(pw - rﬁ;”}) P12< r(p12) SpT?)
Vaolp) = (X = (G0} p2a (X, — Losgren))

and
V(p) = V11(p) U Vi2(p) U Vau(p) U Vara(p).
(3) We also define ¥* : V(p) — R? by

Qﬂp(%) = ((Pi(x)(x(—oo,m])aSoz(x)(x["’oo)))

(=vr(5(p11)), —vs(r(p11)) = € Via(p)

X (=vr(5(p1,1)),0)) r € Via(p)
(0, =vs(r(p11)) z € Va,1(p)

(0,0) z € Vaa(p)

for z in V(p).

Lemma 6.10. (1) If p isin E:n/jl,m < n, then V(p) is open in Yg.

(2) Ifp is in Eyl5.m <n, then V(p) is invariant under A, and As.
/s

—n,n’

3) The collection of sets V(p), as p varies over E”/)’ 0 < n covers Y.

(3)

(4) For p in Efn/i, m < n, YP is continuous.

(5) Forp in E:,L/Z, m <n, and z,y in V(p), YP(x) = YP(y) if and only if 7(x) = w(y) in
Sp.

(6)

PPVia(p) = (=u(s(pra)), 0] X (=vs(r(pra)), 0]
PP(Vaa(p)) = [0,0(s(p21))) X (=vs(r(p21)), 0]
PPVia(p)) = (=un(s(p12)), 0] x [0, vs(r(pr2))))
WP(Va2(p)) = [0,ve(s(p22))) ¥ [0, vs(r(p22)))

V() = (—v(s(pr1) vr(s(p22))) X (=vs(r(p11)), vs(r(p22)))
Lemma 6.11. Let B be a bi-infinite ordered Bratteli diagram. Let m < n and for every
vin U Vi, #r- o}, #s o} > 2. If p is in Epla,m < n and (P11) (] = (P2,2) e ]
(or (P1.2)pn' ] = (P2,1)fmr ) for some m < m! < n’ < n, then (P11) (@ w] = (D2.2) ] =
(P1.2) () = (D2,1) -

Proof. We consider the case (p11)(m'w) = (P2,2)im/n; the other can be done by simply
reversing one of the two orders.

In the computation of p; o = Ss(p11), let m < i < n be the index where the s-successor
is taken. That is, (p1,1)m,i) = (P1.2)(m.i)» Ss(P1,1)i = (P1,2)i> (P1,1) ) are all s-maximal while
(P1,2)(im)) are all s-minimal. Similarly, in the computation of ps; = Sy (p1,1), let m < j <n
be the index where the r-successor is taken. That is, (p1,1)n) = (P1,2)(n)> Ss(P1.1); = (P1,2)5)
(P1,1) (m.j) are all r-maximal while (p12)(m, ;) are all r-minimal.
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If ¢ > j, then the desired conclusion holds, exactly as in the proof of 5.3 (where m(x) =
J,n(x) =1). It remains for us to show that ¢ < j contradicts our hypotheses.

In the computation of pys = S,.(p12), let m < k < n be the index where the r-successor
is taken. As (p12)mi) = (P1,1)mi), (P1,1)(m,;) are all r-maximal and j > i, we see that
k > i. From the definition of k, (p2,2)(m,k) are all 7-minimal. On the other hand, (p22)kn) =
(P1,2) (k) and (p1,2)(iny are all s-minimal. As k > i, we know (p22) () are all s-minimal.

Exactly the same argument show that, if we let m < [ < n be the index where the s-
successor is taken in the computation of pas = Ss(p2,1), then (p22)um, are all r-minimal
while (p22) () are all s-minimal.

We now compare p;; with peo. We know that the former is r-maximal on the interval
(m, 7), while the latter is r-minimal on the interval (m, max{k,[}). Our hypothesis on the
number of edges means that no edge is both r-maximal and r-minimal, so we know that p;
and py o are unequal at every index in the range (m, min{j, max{k,[}}). A similar argument
using s-minimal and s-maximal edges shows that they are unequal at every index in the range
(max{é, min{k,[}},n]. Asi < jand ¢ <k, we know ¢ < min{j, max{k,[}}. Similarly, j >
max{i, min{k, [} } and from these we conclude that min{j, max{k,[}} > max{i, min{k,{}}.
The conclusion is that p; ; and ps 2 agree at no point, except possibly at k, when k& = [. This
contradicts the hypotheses that m’ < n/'. ([l

Lemma 6.12. Let B be a bi-infinite ordered Bratteli diagram satisfying the conditions of
Definition 6.2. If p is in B q is in B with1 <m <n and  is in V(p)NV(q), then

—m,m> —n,n

there is a constant ¢, , in R* such that

VP (x) = 9I(x) = Cpg,
for all x in V(p) NV (q).

Proof. We begin with the following observations: (pi,1,p21) isin E”,,  and Vi (p11,p21) =

Vii(p), V2T(pl,1ap2,1) = V5,1(p). Similarly, (P1,2,p2,2) 1s in Eim,?‘rm (p1,17p1,2) and (p2,1,p2,2) are
in B2, .

The proof is done by considering a number of cases: for which ¢, j,7, 5" is V; ;(p) N Vi j:(q)
non-empty? We will not consider all of them, since the arguments become repetitive.

Case 1 is that V; ;(p) NV (g¢) is non-empty for a unique 7, j. We assume for simplicity that
i=j=1.

Let us first assume that Vi1(p) N Vi1(q) is non-empty. Applying Lemma 6.8 to the
pair (p11,p21) and (gi1,¢21) the hypothesis eliminates conclusions 3, 4 and 5. Conclu-
sion 1 is eliminated by the assumption that only Vi ;(p) meets V(¢). We conclude that
V21(q), Via(q) € Via(p) and that (g1,1)—mn = (92,1)—mn-

Next, we apply Lemma 6.8 to the pair (p11,p12) and (¢i11,¢12). The exact same rea-
soning show that conclusion 2 holds so that V;1(q), Vi2(¢) € Vi,1(p) and that (q1,1)—nm =
<Q1,2)—n,m .

These gzonclusions allow two more applications, to the pairs (p11,p21) and (¢1.2,¢22) and
the pair (pi,1,p12) and (g21,¢e,2) and the conclusions are V25(q) € Vi1(p), (¢1.2)(=mm =
(q2,2>(—m,n] and <q2,1)—n,m] - (q2,2)—n,m]-

On each of the four regions V{; jy(¢), the difference between v and 7 is constant, but we
must compare the different constants, as given in conclusion 2 of 6.8. Our first application
describes the difference in the first coordinate of ¢? — ¢? on V; ;(q) U V21(q) as the sum of

Vr(s(q')> taken over all ¢' >, (q271)(,n7m]. The t;;ird application describes this same difference



on Vi 2(q) U Va2(q) as the sum of v, sy, taken over all ¢’ >, (g22)(—n,m)- On the other hand,
our fourth application showed that (g2,1)—pnm] = (¢2,2)—n,m)- A similar argument shows the
difference of the second coordinates of ¥? — 17 is also constant.

Next, we suppose that V4 1(p) NVi1(q) is empty, while Vi 1(p) N Vi 2(q) is not. Lemma 6.11
implies that Vj1(p) N V21(q) is also empty. Another application of Lemma 6.8 to the pair
(p1.1,p21) and (q1,2, ¢2.2) again shows that conclusion 2 holds so that Vi 2(¢)UVa2(q) € Vi1(p)
and (¢2,1)(—n,m] = (¢2,2)(—n,m and the difference in the first coordinate of ¢"?—"" is constant.
We apply 6.8 to the case (p11,p12) and (g11,¢q12). The fact that V(pi12) NV (q) is empty
eliminates conclusions 1, 3 and 5 while 2 is eliminated by the fact that V(p;1) NV (q11) is
empty. We conclude that on on V(p) N V41(q), the difference of the second coordinate of
Y™ — P is v, (s(py1). The same argument applies to the pair (p11,p12) and (go1,¢22) and
the conclusion is that on V' (p) N Va2(p), the difference of the first coordinate of ¢™¢ — "™ ig
vr(s(p1,1))-

Case 2 considers V(; ;(p) N V(q) non-empty exactly when (7,7) = (1,1) and (4,7) = (2,1).
First, suppose that Vi 1(p) N V21(q) is non-empty. Considering the pairs (p;1,p12) and
(g2.1,q2,2) in Lemma 6.8, we must be in cases 1 or 2, but 1 is eliminated by the fact that
Vi2(p) does not meet V(q). Hence, we see that V5;(q), Va2(q) € Vii(p). Then the last
statement of 6.8 implies Va1 (p) NV (¢) is empty. In a similar way, V} 1(p) NV22(g) non-empty
also leads to a contradiction.

Hence, we must have Vj1(p) N Vi1(q) or Vii(p) N Via(q) is non-empty. We consider
the former. The same argument as above for the pairs (p; 1, p12) and (gi1,1,¢1,2) show that
Via(g) U Via(g) € Via(p).

If we apply 6.8 to the pairs (p1.1, p2.1) and (g1, ¢2,1), we must be in case 1 or 2, but 2 implies
that Vi21)(¢) € Vi,1(¢) and then Lemma 6.11 implies that V(¢) C V1,1(p), contradicting our
hypothesis that V, meets V51 (p). Hence, we see that V21(q) C Vo 1(p). Similar arguments to
those above show that V25(q) C Va1(p) as well.

As we are in the first conclusion of 6.8, we know that (qi1)mmn = (¢2,1)(mm)- that the
first coordinates of 17 and ¥? are equal on Vi 1(q) U Va1(q). Also, applying 6.8 to the pair
(P1,1,p2,1) and (q1,2, g2,2) We are again in case 1 and (¢1.2)(mn] = (¢2,2)(m,n) and % and P are
equal on Vj2(q) U Va2(q) as well. As for the second coordinates, applying 6.8 to (p1.1,p1,2)
and (q1,1,¢1,2), we are in case 2 of the conclusion and the difference ¥? — ¢? is Y vs(r(q')),
where the sum is over ¢ >, (q1,1)(m,n o0 Vi1(p) N V(g). Applying 6.8 to (p2,1,p2,2) and
(g2.1, q2,2), we are in case 2 of the conclusion and the difference 9 — P is > v4(r(q')), where
the sum is over ¢’ > (¢2,1) (m.n 00 Va,1(p) NV (q). The fact that (¢1,1)mn = (¢2,1)(m,n) shows
the difference of the second coordinates is constant on all of V' (p) NV (q).

There remains only on more case to consider: Vi 1(p) NVi1(q) = Vai1(p) NVa1(q) is empty,
while V1 1(p) N Vi2(q) and Va1(p) NVa2(q) are not. Here, application of 6.8 to (p11,p21) and
(q1,2, g2,2) shows the difference in the first coordinate of 1)? —)? is zero, while applications to
(P11, p12) and (g11,¢1,2) and to (p21,p2,2) and (ga1, ¢2.2) are both in case 4 and the differences
in the second coordinate in both cases is v(r(p11)) = vs(r(p21))-

Repeating similar arguments to those above, one can show there is only one case remaining:
Vii(q) CVij(p), for all 1 <i,j < 2. In this case, we have )7 = ¢ on V(q) UV (p). O

Theorem 6.13. Let B be a bi-infinite ordered Bratteli diagram satisfying the conditions of
6. For eachn > 1 and p in E",, define Y (p) = n(V(p)) C Sg and let p? : Y (p) — R? be

the unique map satisfying nP = w,p om. Then each Y (p) is open and nP is a homeomorphism
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to its image. The space Sg is a surface and there exists an increasing sequence of positive
integers, {ny | k > 1}, such that collection of maps nP, where p ranges over UkzlEr/S 18

—MNg,NE 7’
an atlas for Sg making it a translation surface.

7. GROUPOIDS

Initially, we considered the bi-infinite path space of a Bratteli diagram B, which we denoted
Xp. In the last section, we introduced four new spaces, Yz, Sg, S; and Sp, the last being a
surface, along with certain maps between them. In addition, a state on the diagram gave us
an atlas for the surface.

The notions of right and left tail equivalence on Xg, T+ (X3) and T~ (Xg), were introduced
back in Definition 3.5. Our aim in this section is to transfer these equivalence relations to
the other spaces by means of the quotient maps available.

Of course, if f : A — B is a surjective map between two sets and R C A x A is an equiva-
lence relation. fx f(R) is not necessarily an equivalence relation on B, so we must verify this
holds in our cases. But more importantly, we need to provide our equivalence relations with
topologies and measures so that they become locally compact Hausdorff groupoids with Haar
systems. This is fairly standard for the relation of tail equivalence (although the diagram
being bi-infinite is a small variation), but we must check our new equivalence relations, when
endowed with the quotient topologies, are also of this type. We also describe the groupoid
for the horizontal foliation of our surface. Most of the work has been done already in the
last section. Moreover, the descriptions we obtain for the relation between these groupoids
will aid in K-theory computations later.

A groupoid, G, very roughly, is a group whose product is only defined on a subset G? C
G x G. One important class of examples are equivalence relations. These are also called
principal groupoids and are the only ones we consider here. We refer the reader to Renault
[ | and Williams] ] for a complete treatment.

Our ultimate aim will be to associate C*-algebras with these equivalence relation, via the
groupoid construction.

Let Y be a topological space and G CY x Y be an equivalence relation. It is a groupoid
with operations

(z,y)(2",y) = (z,y), if y =2

and

(z,y)"' = (y,x)

for all (z,y), (z',%) in G. The unit space of the groupoid, G, consists of all pairs (y,y),
y € Y and we find it convenient to identify this with Y in the obvious way. Doing this, our
range and source maps are r(x,y) = x, s(x,y) = y. Hence, for any unit y, we have

GY =r "y} = {y} x Yo,

which we identify with [y]g. Such groupoids are also called principal.

Our groupoids or equivalence relations must come with their own topologies. In the case
of an equivalence relation, this is almost never the relative topology from the product space
Y x Y. Let us remark that, in general, when we speak about the topology on equivalences
classes, we usually mean using the identification of the equivalence class with the set {y} x[y]¢

and the relative topology from the groupoid rather than the topology as a subset of Y.
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Recall that we have constructed a number of spaces from a bi-infinite ordered Bratteli
diagram B, starting from the totally disconnected space Xp, passing to a dense subset Yz
and then three different quotient spaces S3, S; and finally our surface Sg. We will have
equivalence relations on each (in some cases, more than one).

One common aim for each is to give an explicit, useful description for a base for the
topology, and also to exhibit a Haar system for each. Both will be used in the construction
and analysis of the C*-algebras in the next section.

The notion of a Haar system, as the name suggests, is a generalization of the notion of
Haar measure on a group appropriate to groupoids. For equivalence relations, this amounts
to having a collection of measures on the equivalence relation, v, indexed by the points of
the underlying space. The support of the measure v, is the equivalence class of y, or more
precisely {y} x [y|g. These measures are then used to turn the linear space of compactly-
supported continuous functions on R, denoted C.(R), into an algebra with the product of
two elements, f, g, given by the formula;

S = [ g2 ),
zE|x|R

for (x,y) in R. For the uninitiated reader, it is probably a good idea at this point to think of

the example where Y = {1,2,...,n} and R =Y x Y. The Haar system is counting measure

on each equivalence class and the product above is simply matrix multiplication. We can

also define an involution as follows: for f in C.(R),

[ (2, y) = [y, z),
for (x,y) in R. In the finite case above, this is simply the conjugate transpose of the matrix.
There are two important properties for a Haar system. The first is a left-invariance
condition which relates the measures v, and v, whenever (y, z) is in R. This ensures the
product is associative. The second is that, for any continuous compactly-supported function
f on R, the map sending y in Y to [ f(2)dv,(z) in continuous. This is needed simply to see
that the product f - g is again continuous and compactly-supported.

7.1. AF-equivalence relation. Our first result concerns the relations of right-tail equiva-
lence, T"(Xp), and left-tail equivalence, T~ (Xp). We will often focus on the former. Our
first result gives some basic information, including a nice basis for the topology defined in
Definition 3.5, which we repeat in the statement for convenience. The result is standard and
we omit the proof (see Renault | D).

Proposition 7.1. Let B be a bi-infinite Bratteli diagram with state vy, v,.. For each integer
N, we define

T (X5) = {(2,9) € X5 | 2(o0) = Y00) }
which 1s endowed with the relative topology from Xp x Xp. Let
TH(Xp) = | T¥(Xs)
NezZ

be endowed with the inductive limit topology and let v¥,x € Xp, be the measures defined in
3.9.

(1) T*(Xp) is a locally compact, Hausdorff groupoid.

(2) Identifying x with the unit (z,x), v*, x € Xg, is a Haar system for T (Xpg).
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(3) Form <n and p,q in Ey,,, with r(p) =r(q), the set

T (p,a) = {(2,9) | Tmn] = P Ymn) = @ T(n,o0) = Yin,o0) }
is a compact, open subset of T (Xg). The map sending (x,y) in T (p, q) t0 (T(—com]s Y(—ocom]s T(n,00))
is a homeomorphism from TT(p,q) to X X Xy ¥ X;Ep)‘ Moreover, as m,n,p,q
vary these sets form a base for the topology of T+ (Xp).

Of course, we need to restrict this equivalence relation to the subspace Yz C Xp.

Definition 7.2. Let B be a bi-infinite ordered Bratteli diagram satisfying the hypotheses of
6.2 with state v, v,.. We define

T+(YB) = T+(XB) n YB X YB

and
T_(YB) = T_(XB) N YB X YB-

We note that, with the assumptions of 6.2, Proposition 7.1 also holds for T (Yg), if we
replace B, ,, with E%,m in the last condition.

7.2. Intermediate equivalence relations. We next consider the quotient space Sj; ob-
tained by identifying points x with A, (z), x € 0,Xg N Y. As x and A,(x) are always
right-tail-equivalent, these identifications are taking place within 7 (Y3)-equivalence classes
and this makes the result quite easy. Again, we state it without proof.

Proposition 7.3. Let B be a strongly simple bi-infinite ordered Bratteli diagram with state
Vg, Uy.
(1) If x is in 0, X N Yg, then A.(z) is in T (z).
(2) We define
TH(SE) =n" x 7" (T*(Yg))
which is an equivalence relation on Si with equivalence classes
TH(n"(z)) = 7" (T (x)),z € Vg.

We endow it with the quotient topology from T (Yg).
(3) Form <n and p,q in EY, . with r(p) = r(q), the map sending

(7" (), 7" (y)) in 7" x 7 (TF(p,q)) to (LT (—c0m)s PEY(—oom))s Tnsoo)) i5 a homeo-
morphism to [0, v.(s(p))] x [0, v(s(q))] x X;Ep)' Moreover, the set of (7" (z), 7" (y))
mapping to (0,v,(s(p))) x (0,v,(s(q))) x Xj(p) is open. As m,n,p,q vary these sets
cover TT(Sg).

(4) The map ©" x «" : T*(Yg) — T (Sg) is continuous and proper.

(5) Identifying x with the unit (z,x), mur @ 2 € Yg is a Haar system for T*(SE).

Now we pass on to study the quotient space Sj. This is more complicated in that the
transition for the groupoid 7" (Yp) to a groupoid on S§ is a two-step process. The reason is
that, while Yz is As-invariant, the equivalence relation T (Y3) is not. We will first pass to
a subgroupoid, T#(Y3), which is A,-invariant and then to the quotient space.

This raises an interesting issue. A one-sided Bratteli diagrams with a <,-order is usually
called properly ordered if there is a unique infinite path of all maximal edges, and a unique

infinite minimal path of all minimal edges. The first condition is equivalent to the fact that
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any two infinite paths which are <,-maximal for all but finitely many edges, must be tail
equivalent. It turns out the the situation is rather different for bi-infinite diagrams.
Consider the following;:

S

This shows only the s-maximal edges in some bi-infinite ordered Bratteli diagram. Note that
there is a unique infinite path of s-maximal edges, while there are two infinite paths whose
edges are all s-maximal, for sufficiently large indices, but are not tail-equivalent.

On the other hand if we look at:

e ST

again only showing the s-maximal edges, there are two infinite paths of s-maximal edges,
but these are tail equivalent.

It turns out that the number of distinct tail-equivalence classes is the important thing
here, not the number of paths in X3 ™" and this leads to the following proposition.

Proposition 7.4. Let B be a bi-infinite ordered Bratteli diagram. The set 0,Xp is invariant
under the equivalence relation T*(Yg) and if B is finite rank, then it is the union of a finite
number of equivalence classes. More specifically, we may find x+, . .. Tk € Y such that, for

all i, (x;)n is s-mazximal, for all but finitely many n > 0, and Tlgptly - Tty gt € Ys such
that, for all j, (z;)n is s-minimal, for all but finitely many n > 0, and so that
Ig+J5
0.Xp= | TH(x)
i=1
and the sets on the right are pairwise disjoint. Replacing 0,Xg by 0,Xp and TT(Yg) by
T=(Yp) provides Ig- and Jg- and an analogous result.

Proof. Suppose that x1, ...,z are all eventually s-maximal and no two are right-tail equiv-
alent. Then we can find N, such that (x;), is s-maximal, for all 1 < ¢ < I, n > N. If
s((z;)n) = s((z;)n), for some 3,7, it follows from this fact that z; and z; are right-tail
equivalent and so 7 = j. It follows that I < #Vx_;. As B is finite rank, we see that I must
be bounded by the same constant that bounds the size of the sets V,. U

Our problem can now be summarized by noting that while
If IE+Jk
Ao JTH@) - | THey),
i=1 j=Tgr+1
is a bijection, it does not respect the decomposition in the unions. This is easily remedied
in the following way.

Definition 7.5. Let B be a bi-infinite ordered Bratteli diagram satisfying the conditions of
6.2 and I}, J4, x4, . .. y Tk g be as in Proposition 7.4. We define

I wa Jf = {(ana;), 1 <i < If < j < I + JF | AT (2:)) N T (x;) # 0}
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We define T*(Yg) to be the subset of T*(Yg) consisting of all pairs (z,y) in T(Yg) sat-
isfying the additional condition that (As(x), As(y)) is in TT(Yg), if x,y are in 0sXp.

There is an analogous definition of Iz xa Jgz and T°(Yg) which is a subset of T~ (Yg),
which both use A, instead of Ay,

The groupoid T#(Y3) is an open subgroupoid of T (Y3). We remark that, even under our
standing hypotheses of 6.2, some equivalence classes may fail to be dense. The structure we
had for the latter in Proposition 7.1 will suffice here, but we state it for reference.

Proposition 7.6. Let B be a bi-infinite ordered Bratteli diagram satisfying the conditions
of 6.2.

(1) T*(Yp) is an open subgroupoid of T*(Yg) and the restriction of V¥, x € Xp, is a Haar
system for T*(Yp).
(2) The equivalences classes in T*(Yg) can be listed as Tt (x), where TH(x) N 0, Xp is
empty and T (z;) N As(TT(x5)), As(TT(z:)) NTH(x;), where (i,7) is in If xa J5 .
(3) If I = Ji = 1, then TH(Yg) = T+ (Yg).
More importantly, the groupoid is now invariant under A, and so we may pass it on to
S5
Proposition 7.7. (1) Defining
TH(S3) = 7 x w8 (T*(Y3))
is an equivalence relation on S§. We endow it with the quotient topology from T*(Yg).
(2) Identifying x with the unit (z,z), (Ws)*(ygs(x)), x € Yp is a Haar system for T*(Sg).
(3) Form <n and p,q in EZ, . with r(p) = r(q), if we define

m,n

T (p,q) = [(Vi(p1) x Vi(@)) N T (Y)] U [(Va(p2) x Va(ae)) VT (Yp)]
this set is open in T*(Yy). Moreover, we have
A(T*(p.q) N 0:Xp) = T"(p,q) N 0. X5.

As m,n,p,q vary these sets cover T*(Yg). The map sending (7°(z), m*(y)) in 7 x
(T (p,q)) t0 (% (oom]s Y(—oo,m]s VP (T(n00)) 1S @ homeomorphism to X)) X Xy X
(=vs(r(p1), vs(r(p2))-
(4) The map m x 7 : T*(Yg) — T#(Sg) is continuous and proper.
We now want to move the groupoid T%(Y3) to our surface, Sp.

Proposition 7.8. Assume that B is a bi-infinite ordered Bratteli diagram satisfying the
conditions of 6.2.

(1) We define
T*(Sp) = p" x p' (T*(Sp)) = 7 x 7(T*(Y5))
which 1s an equivalence relation on Sg with equivalence classes
TH(n(z)) = n(T*(x)),x € Yg.

We endow it with the quotient topology from T*(Yg).

(2) Identifying x with the unit (z,z), (wS)*yf(x), x € Yg is a Haar system for T*(Sp).
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(3) For m < n and p,q in E3 . with r(p) = r(q), the map sending (w(x),m(y)) in

% 7(T*(p,q)) to (2" (2 oom)s 2™ (Y—oom))s WP (Z(noc)) is a homeomorphism
to [0, v.(s(p1))] %[0, vr(s(q1))] X (—vs(r(p1), vs(r(p2)). Moreover, the set of (7w(x), w(y))
mapping to (0,v:(s(p))) x (0, vx(s(q))) X (=vs(r(p1), vs(r(p2)) is open.

(4) The map m x 7 : T*(Yg) — T*(Sp) is continuous and proper.

7.3. The foliation. At the moment, we now have an equivalence relation T%(Sz) on our
surface Sp. It is not the foliation groupoid or the groupoid for the horizontal flow on the
surface, however. The simple reason for this is that the equivalence classes are not necessarily
connected, as the leaves of a foliation must be. We will show that each is a countable union
of connected components, and each is homeomorphic (in the suitable topology) to the real
line.

Let us just recall the process which, for a point x in Yjp, takes us from the equivalence
class T*(x) C Xp to T*(n(x)) in Sp. Let @1,..., 27, ., beasin 7.6.

We keep in mind that 7" (x) is linearly ordered by <,. We first remove the set X', which
is finite and can only intersect finitely many equivalence classes. Next, we remove YXz. As
the points in ¥z must be r-maximal or 7-minimal, for large n, this can only effect the classes
TH(x;),1 <i < Ig+ + Jg+. Thirdly, we pass to the subequivalence relation T%(x). Next, we
must take the quotient under the map 7”. Finally, we need to take the quotient under 7.

We begin by recalling Lemma 4.9: we have a map ¢* : T7(x) — R. For the moment, let
us denote this map simply by ¢. It is continuous, order-preserving, identifies two points y
and z if and only if A,(y) = 2. Moreover, its range is [p(y), 00) if TT(z) N X™™™" = {y},
(—o0, @(y)] if TT(x) N X"~me = {y} and R otherwise. (Note that since T (z) is linearly
ordered by <,, the intersections above cannot contain more than a single point.)

It is worth recording the following, which we have now proved.

Lemma 7.9. Let x be in Yg. The map ¢* : TH(x) — X5 ™ — X;7™" — R is continuous,
order-preserving, identifies two points y and z if and only if A.(y) = z and has range which
s an infinite open interval.

Next, we consider what happens when removing the points of X3 ™" and X5 ™". We
summarize the situation nicely in the following.

Lemma 7.10. Let x be in Yg and suppose that
(T+(l‘> _ Xg—maa: _ Xg—min) N (Xg’—max U Xg—min)

is non-empty. Then the set above is finite, T (x) is disjoint from Xg and the map ©* :
Tt (z) — Xg" — R is continuous, order-preserving, identifies two point y and z if and only
if A(y) = z and has range which is a finite collection of open intervals.

Proof. The set is finite simply because X5 is finite. Suppose y is some element of the non-

empty set given and z is in TF(z) N Xp. As Xg is contained in 9,Xpg, 2 is in the latter and
both y, z are in T*(z). This implies that either y is in X ™ UX g—min’ which is prohibited
by our choice of y or it is also in 0, X, which is prohibited by condition 3 of Definition 6.2.
This is a contradiction.

It follows that

Pr(TH(x) — XE™) = @f (T () — X — X7 ™) — o8 (X5 U X,
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By Lemma 7.9, this is an open interval, with finitely many points removed and hence, a
finite collection of open intervals. 0

The next step involves a careful understanding of the set Y. At the same time, this will
give us a good picture of the equivalence classes on T#(Yz). We begin with a technical result.

Lemma 7.11. Let x be in Y and suppose T (x)N0, X is non-empty. Let x;,1 < i < IF+J7F
be as in Definition 7.5.

(1) Recall from part 4 of Lemma 4.4 that, for any edge e in E,
X0t = oy ery ™ vy eyl
where the interval is in the <,-order. If e is not s-maximal, then, letting f = Ss(e),
we have

Aot Xyeme = Xaplmp™

is a bijection which preserves <,. Moreover, for some 1 <i < I} < j < I} +J}, we
have X ex; 3" C T (), Xs’(f)fxfa@’)m'” C TH(xy).

(2) Suppose y is in T (x;) and Ag(y) is in TH(x;), for some 1 <i < I} <j<If+J;.
Let y <, z be in T"(x) and assume that the interval

y, 2l ={w e T"(2) |y <, w <, 2}

is disjoint from Xg. Then [y, z] is contained in T (x;) and Ay, z| is contained
in T (x;). In addition, the restriction of As to |y, z] preserves the order <,. In
particular, Agly, 2] = [As(y), As(2)]. Analogous results hold for z <, y and [z,y].

Proof. The first part follows quite easily from the definitions of A,: which, when applied to
some z With Zpu(y),00) = Ypm(y),00), SImply leaves z(_ ) unchanged and changes zjy,(y),00) to
As(Y)pm(y),0)- Any two points of this form agree in entries greater than or equal to m(y), so
a comparison <, between them must be done on the part which is unaltered by A,.

The last statement follows definition of z;,1 < i < Ig+ + Jg+ and the fact that the sets
are contained in a single T class.

For the second part, we define a function from [y, 2] to E sending w to wyy). (with n(w)
as in Definition 4.5). This is clearly continuous on [y, z] and, since the domain is compact,
the range is finite. We denote this range by Ej.

Suppose w is in [y, 2] with w,@w) = Yng). It follows that w lies in Xs_(yn(y))y"(y)xiéﬁzx)'
Similarly, if wy(w) = 2p(2). It follows that w lies in XsIzn(z))Z"(Z)mi(_zZZT)' Now suppose that w
is in [y, 2] and Wyw) # Yn(y)s Zn(z)- As w lies in T (y), for some N. If this is true for some N <
n(w), it would imply that wy,w) = Yn(y), & contradiction. So the comparison in <, between y
and w must happen at some N > n(w). From this it follows that y <, stwn(w))wn(w)wj(_wtﬁj)).
A similar argument then shows that w € XS_(wn(w))wn(w)a:f,(_wm”) C [y, z]. We conclude that

n(w)
e € U Xooewrd ™
ecFEy
Moreover, the sets on the right are clearly pairwise disjoint. As each is an interval, they are
linearly order by <,. Let us transfer this linear order Ej in the obvious way: Ey = {e; =

yn(y)a €9,...,6K = Zn(z)}.
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Let 1 < k < K be in Ey and consider wy, = 2 "\*exz; ", which is clearly in [y, 2).
Hence, its r-successor, A, (w) is also in [y, z] and hence lies in X e e Trn ", for some k',
As there are no points strictly between w and A, (w), we must have k' = k + 1.

Let fr = Ss(ex),1 < k < K. From part 1, we know that, for each £,

AS(X— )ekmS( 773041') _ fk fkajs mzn.

s(eg

and its m-maximal element is Ag(wy). As [y, 2] is disjoint from g, for 1 < k < K, we have

A1) = AlA(10)) € A(X,, ernail ) = Xy fenaig,

S—max

In particular, this means that the sets AS(XS_( VERT 1)) ) are all comparable in <, and

€k

hence in the same T -class. It also follows that there are no points between X () kas min

Ix)
and X ka:cs( fmm So the union J, X ) kaj ’:)m is also an interval and the map A,

preserves § on [y, z|. O

Theorem 7.12. Let B be a bi-infinite ordered Bratteli diagram satisfying the standard hy-
potheses. For any y in Yg, the space p¥(T*(y) NYg) consists of a countable number of open
intervals, each is contained in a single equivalence class of T*(Sg). Moreover, the number of
such intervals is

(1) 1+ # (TH(y) N X N X5 — X5 ™ — X5™"), if this is greater than 1.
(2) 1+ 27 4#TT(y) N g, if this is greater than 1.
(3) 1.
The three cases are mutually exclusive.
If X5 is infinite, then this number is infinite, for some y in Yg.

Corollary 7.13. Let B be a bi-infinite ordered Bratteli diagram satisfying the standard hy-
potheses and let y be in Ys. T*(n(y)) has a connected component which is closed in Sg if
and only if

(1) T*(y) N (X5 ™ U X5 ™") is non-empty and the number of connected components

of Y(TT(y) NYg) is at least 2 or

(2) TH(y) N (Xz ™ U X5 ™) is empty and the number of connected components of
©¥(TH(y)NYp) is at least 3.

In all other cases, each connected component of T*(m(y)) is dense in Sg.

Definition 7.14. Let B be a bi-infinite ordered Bratteli diagram satisfying the hypotheses of
6.2. We define Fj} to be the open subgroupoid of T*(Sp) consisting of those pairs which lie
in the same connected component of their equivalence class. For any x in S, we denote its
equivalence class in Fg by Fa(z).

Although we will not need the following result immediately, it will be useful to record it
NOw.

Proposition 7.15. Let B be a bi-infinite ordered Bratteli diagram satisfying the hypotheses
of 6.2 and let m < n.

(1) If p is any path in E};n and x 1s any element of X;Ep) which does not consist of all

s-mazimal edges or s-minimal edges, then w(X_ px) is contained in Fi(m(x)).
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(2) If p= (p1,p2) is any element of E;, ., then
W(X’plxi(_pzn)ax) = W(X’pﬂf(_pgm) is contained in a single element of Ig, which we

denote by I(p).
(3) If = (p1,p2) and g = (qu,q2) are any elements in E, . with r(p) = r(q), then

_ s—max — s—max +
X <Xs(p1)p1xr(p X Xs(ql)qlxr(ql) ) C Fi

1)
if and only if I(p) = I(q).

Proof. For the first part, the hypothesis that p is in E};n ensures that X;(p)pa: is contained

in Yz. Moreover, by part 4 of Lemma 4.4, it is a compact interval in the order <, on T (x).
It follows from Lemma 4.9 that its image under 7 is also a compact interval in a set which
is homeomorphic to R and hence is connected.

The second part is done in the same way. The third part follows from the definitions of
I(p),I(q) given in part 2 and Fg. O

The following is a fairly easy consequence of the information we have about the connected
components of T%(Sg). While the hypotheses seem somewhat restrictive, we will see that
they hold in the case of the typical finite genus surfaces and the Bratteli diagrams given by
Rauzy-Veech induction.

Theorem 7.16. Let B be a bi-infinite Bratteli diagram satisfying our standard hypotheses.
If X57m™m U X C X U X ™" and g is empty, then T*(Sg) = Fii.

Theorem 7.17. Let B be a bi-infinite Bratteli diagram satisfying our standard hypotheses.
The foliation Fj} is minimal if and only if

(1) For each x in X ™ U X5 ™", T+(x) N3 is empty and

(2) For each x with T (x) N X5 ™ U X5 ™" empty, we have

HTH(x) N (X5 U X5 Usg) < 1.

In particular, if g is infinite, then FZ is not minimal.

8. C*-ALGEBRAS

We now begin our investigations into the various C*-algebras associated with the groupoids
of the last section.

The most obviously important ones are that associated with right (left) tail equivalence
on the Bratteli diagram (which are both an AF-algebra) and the C*-algebra associated with
the horizontal (vertical, respectively) foliation of the surface. Our goals are, first, to show
that the latter is a C*-subalgebra of the former and, second, to relate their K-theories. For
the second, our key technical ingredient is the results of | ].

On the other hand, it is clear from the last section that we actually have a number of other
groupoids of interest and each has its own C*-algebra. In fact, there is a natural, though
rather long, passage from the AF-algebra to the foliation algebra, each step producing a
C*-algebra from a groupoid of the previous section.

It will probably be helpful to start with a brief outline of the individual steps. Let us begin
with a bi-infinite ordered Bratteli diagram, B, satisfying some conditions which we do not

specify for the moment. The details of each step will be given in the following subsections.
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(1)

(2)

(6)

The AF-algebra which we denote by Aj is the groupoid C*-algebra associated with
tail equivalence on the space Xp, T+ (Xp). We provide a canonical inductive system
of finite-dimensional subalgebras.

Our first step is to simply restrict the equivalence relation T7(Xg) to the open set
Y5 C Xp, which we are denoting by 7% (Yg), and we let A" be its C*-algebra.
It is naturally a full, hereditary subalgebra of Af. It is also an AF-algebra and
the inclusion induces an isomorphism on K-theory. Again, we provide a canonical
inductive system of finite-dimensional subalgebras. In short, the passage from Af to
A? is rather minor.

The next step is to pass to the space Sy with its equivalence relation T%(S5) and we
will denote its C*-algebra by Bj.

From part 2 of Definition 6.3, we see that the S3 is a quotient of Y3. The quotient
map does not respect the groupoids T (Ys) and T#(Sg), but from Definition 7.5,
T+(Yp) contains the open subgroupoid T#(Yz) and the inclusion induces an inclusion
of C*-algebras, C*(T*(Ys)) C C*(T*(Y3)).

The factor map 7° then does induce an inclusion
B = C'(TH(S3)) € C*(TH(Yg)) C C*(T*(Ve)) = A%+

While Ag* is an AF-algebra and we have given an explicit sequence of finite-
dimensional approximating subalgebras, the C*-subalgebra B} has trivial intersec-
tion with these finite-dimensional subalgebras. However, we give another inductive
system for AEJF and, although the elements are not finite dimensional, their intersec-
tions with B} provide a natural inductive system for the latter.

In the other direction, we may pass to the space S; with its equivalence relation
T*(Sg).

From part of Definition 6.3, we see that the Sj is also a quotient of Y. Unlike
the last case, the quotient map only acts non-trivially within the equivalence classes
and, while it is topologically non-trivial, at the level of measure theory it induces an
isomorphism. We make all of that precise and prove as a consequence that the map
on groupoids induces an isomorphism between C*(T+(Sg)) and C*(T*(Y3)).

The next step is to consider Sp and the equivalence relation T%(Sg). Again from part
2 of Definition 6.3, we see that this is a quotient of T%(Sg). However, here the only
change is within individual equivalence classes. Moreover, within each equivalence
class, the quotient map induces an isomorphism of measure spaces and the conse-
quence is that C*(T#(Sg)) = C*(T*(Sg)). In other words, this step has no real effect
at all.

The final step is to go from the C*-algebra Bj = C*(T*(Sg)) to the foliation C*-
algebra, C*(F}). Here again, we will exhibit a similar inductive limit structure for
the latter.

8.1. AF-algebras.

Definition 8.1. Let B be a bi-infinite Bratteli diagram. The C*-algebra Af is defined to be
the groupoid C*-algebra of TT(Xp) with Haar system v¥, x € Xg.

It is probably worth noting that this does not need an ordered Bratteli diagram. Also, it
uses a state, but it is independent of the choice.
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Proposition 8.2. Let m < n be integers and let p,q be in Ep,,, with r(p) =r(q). For (x,y)
in TT(Xg), define

apq(,y) = vp(s(p) v (s(q))
if (Tmt1s -y Tn) = Dy Ymsts - Yn) = q and x; = y;, for all i > n. Define a,q(x,y) = 0
otherwise. Then a,, is a continuous, compactly supported function om T+ (Yg). Moreover,
we have

(1) If ', ¢ is another pair in E,,,, with r(p') =r(q¢'), then

_ ap,q’ qu = pla
Ay Aoy o — .
P,q%p’q { 0 if ¢ # P

In particular, if r(p) # r(p') then this product is zero.
(2) a3, = agp.
(3 Ap,g = Zs(e):r(p) (pe,ges
(4) apq = S ve(s(e)) V20 (s(F)) V20 (r (€)Y 20 (r(f) Y 2aep. 14, where the sum is over
all e, f in B, with r(e) = s(p),r(f) = s(q).
Proposition 8.3. For integers m < n, let A:{w denote the span of all elements a, ,, where

p,q are in By, with v(p) = r(q). If v is a vertex in V,, let A} denote the span of all
elements a, ,, where p,q are in E,, , with r(p) =r(q) = v.

(1) Af . is isomorphic to M;(C), where j is the number of paths p in E,, , withr(p) = v.

(2) A,Tnn = Guvev, At 0, In particular, each A, . is a finite dimensional C*-subalgebra
of Af.

(3) For all m,n, Ko(A},) = Z#".

(4) For all m,n we have Af,_,  CAf  C AL ..

(5) With the identifications above, the inclusion A;—l,n C Ay, is the identity map on
Ko and the inclusion A:;m C A;nﬂ is the map on Ky given by the edge matriz for
Eni1.

(6) The union of A, over all m,n is dense in Af.

m,n

It will be useful for us to identify another sequence of approximating subalgebras, although
these are not finite-dimensional.

Proposition 8.4. For each m < n and vertex v in V,, define ACY, , , to be the closure on
the span of all ayy 4y, where p,q are in E,,,, with r(p) = r(q) = v, and p' is in E,, with
n <n' and s(p') = v.

The map which sends apy g 10 apq @ X,y Xt extends to an isomorphism from AC} .  to

Ainp © C(X).
We also let ACY, . be the span of all AC . ,v €V, and we have AC}, , = ®,AC} =
@TLA;L,n,v ® C’(X;r)

There are a couple of different notations we may use for the elements of AC} . The first
option is (f,)vev,, where f, : X;t — At is continuous. Alternately, we let f denote the

m,n,v

union of the functions f,,v € V;, which we regard as a function from U,ey, X7 to A7 | such
that f(z)isin Af = if x isin X .

m,n,v

Finally, for any p, ¢ in E,, ,,m < n, with r(p) = r(q), we let a,, be a continuous function

from X;Ep) to the one-dimensional subspace of A} , Ca,,. Every element of ACY , is a
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finite sum of such functions, over possible values of p,q. Given such a finite sum, let us just
record that we regard it as a function on 7% (Xpg) by

<Z ELPvQ) (I7 y) = ELz(m,n])y(m,n] (x(n7oo))

p.q

if Z(n,00) = Y(n,00) and is zero otherwise, for (z,y) in 7" (Xp).
It will be useful to note explicitly the inclusion of AC) | in AC}

m,n’

for n’ > n, as follows.
If a,, : X:Ep) — C is continuous, then we may write it as an element of AC, v as >_, fy,

where the sum is over all p’ in E, ,, with s(p’) = r(p) and f, is defined on X:Ep’) by
[ (@) = ap 4 (p'2)apy g, for ' in X:Ep’)'

8.2. Intermediate C'*-algebras. In this section, we want to describe various C*-algebras
associated with some of the groupoids introduced earlier. Generally speaking, we will show
that these all sit as subalgebras of our AF-algebra, Af;, and all contain our foliation algebra,
C*(F2).

While the C*-algebra A} is defined for any bi-infinite Bratteli diagram, the constructions
of this section need an ordered bi-infinite Bratteli diagram.

Our first step is to consider the restriction of the equivalence relation 7" (Xg) to the set
Y5, which we denote by T (Yg).

Recall that under standing hypotheses that, Xg* is finite, X3 is countable and Yz =
Xp — Xg" — X3, we have removed only set of measure zero in any measure in our Haar
system and so the collection of measures V¥, z € Yj, is also a Haar system for the groupoid
T (Yp).

Definition 8.5. Let B be a bi-infinite ordered Bratteli diagram. The C*-algebra Ag* 18
defined to be the groupoid C*-algebra of T+ (Yg).

Proposition 8.6. Under our standing hypotheses, A?F 15 a full hereditary C*-subalgebra of
A%, In particular, the inclusion map induces an isomorphism on K -theory.

The following is an immediate consequence of the definitions. We omit the proof.

Proposition 8.7. For m < n, if p,q are in EY, . with r(p) = 1(q), then a,, is in AgT. We

define A};J; to be the span of all such elements. Assume that for every v in 'V, and w in V,,
there is a path p in EY,  with s(p) = v,r(p) = f.

(1) The inclusion of AX* in A} induces an order isomorphism on K -theory.

m,n m,n

(2) All conditions of 8.3 hold replacing A}, with AY* and Af with A;*.

m,n m,n

It will also be convenient for us to adopt the notation AC) ¥, to be the elements of AC;! ,
of the form > ey, Upa; that is, functions taking values in Aj™".

Our next aim is to analyze the C*-algebra of the equivalence relation T%(S5) on the space
Sg.

Recall from 6.3 that Sj is a quotient of Y. Moreover, we know from Proposition 7.7 that
the quotient map respects the equivalence relations T#(Yz) and T#(Sg).
Recall that Ej, ,,m < n consists of pairs p = (p1,p2) such that py, py are in E%n and

po is the s-successor of p;. For p = (p1,pe2) in EZ, ., we define r(p) = (r(p1),r(p2)), s(p) =

m,n’
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(s(p1), s(p2)). We also define
Cnn {0, 0) [ P € By o r(p) = 7(@)},

which is a finite equivalence relation and hence also a groupoid. For i = 1,2, we define
a; : Gpp — E%n X E}fm by a;((p1,p2), (q1,62)) = (pi,q:). It should cause no confusion if
we also define a; : C*(Gppn) = AY,, by ai(g) = > (1.0)eCrmn 9Py @)ay(p,g), for any function
g : Gppn — C. It is a simple matter to verify that oy, s are *-homomorphisms.

Proposition 8.8. Let B be an ordered bi-infinite Bratteli diagram satisfying the conditions
of 6.2. For each m < n, suppose that, for (z,y) in T™(Xg), a =3, cp  Gpq with a4 :

X:Ep) — Caypq in ACYY. Then a is in B if and only if the following hold:

(1) for any p,q in E};n with r(p) = 1(q), Gpq = l;pyq o gos( , where bpq [0,vs(r(p))] — C

is continuous and s ®) s as in 4.7,
(2) for every (p,q) in EZ, ,, with r(p) = r(q), we have

m,n

s—max s—min

aPMZl (‘rr(]n) ): ELPQ"H(IT’(pz) )

(3) Zf (p, Q) 18 not in CYl(G ) then &pq(xs(—pgnaz) _ O,

(4) Zf (p, Q) 18 not in OéQ(G ) then apq(xs(p'r;%m) _ 07

We define By, ,, to be the set of all elements, a, satisfying these conditions.

Proof. We will first show that any element satisfying the conditions lies in Bj. Let us just
recall from the last subsection that, for (z,y) in T%(Xg), a(2,y) = Guy, .y (Tnoe) if
T(n,00) = Y(n,o0) and is zero otherwise.

It suffices to show that, for any (z,y) in T(Yg), a(x,y) is zero if (x,%) is not in T%(Y3)
and that a(x,y) = a(As (x), A,(y)), if 7,y are in 9°Xp. It is clear that T*(Ys) and T%(Y3)
agree except on 0°Xp and so for both conditions we need only consider the cases when x,y
are in 0°Xp. Without loss of generality, assume that z,, is s-maximal, for all n sufficiently
large. Hence, ¥, is also.

We first observe that if a(x,y) is non-zero, then both #(y ) and ygm s are in EY,
implies they are both in Y. In addition, we must have (z,y) in 7,7 (X35).

We first consider the case when either n(x) < m or n(y) < m. It follows that x(y,,
O Y(mm are not in EY . The second case is when n(z) > n. As (x,y) is in T,}(Xp),
n(y) = n(z) and both lie in XJE .y Moreover, in this case, it is clear that (A,(z), As(y))
r(p)

which

also lies in T+ (Xp). The first condition ensures @ = b o ¢}
4.3, a(Ag(z), As(y)) = a(z,y), as desired.

The case which remains is m < n(x),n(y) < n. If either Ss(2 () O Ss(Ym,n)) is not in
EY. , then a(z,y) = 0 by the third condition. It is also clear that a(A,(z), Ay(y)) = 0 in this
case.

Next, we suppose that Ss(2 () and Ss(Yam,.) are in EY

and hence by part 3 of Lemma

s DUb
7(Ss(T(mm))) 7 7(Ss(Ymm))). Again by the third condition a(:c y) = 0 while a(Ag(z), As(y)) =
0 since (As(x), Ag(y)) is not in T.7(Y3).
We are left with the case that Sy(@(mn,) and Ss(Yam,) are in E};n and 7(Ss(T(mn))) =

T(Ss(y(m n])). Here, the second condition, using p; = p,p2 = Ss(p), @1 = ¢, ¢2 = Ss(q) clearly

implies a(As(2), As(y)) = a(z, y).
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The converse direction is relatively simple and we omit the details. 0

Theorem 8.9. (1) For allm < n, B, is a C*-subalgebra of Bj.

m,n

(2) For allm <n, B, C B, 1,1

m,n —

(3) U2, BY,,,, is dense in By.

—n,n

(4) For all m < n, we have
By = {((f)w9) € (Suev, Ay, ® C0, 1], C(Gn)) |
DS =anlg), Y ™) = as(g)}-

While our C*-algebras B:,rm are not unital, the reader should compare the result in part
4 with the definition of recursive subhomogeneous C*-algebras given in [ ].

Corollary 8.10. For m < n, we have a short exact sequence

0 — Duev, A0 @ Co(0,v5(v)) B, C*(Gpn) — 0.

Our next step addresses comparisons between Ay™ = C*(T*(Yg)) and C*(T*+(Sg)). In
addition, we will relate B = C*(T(S3)) and C*(T*(Sg)).

Theorem 8.11. (1) Pre-composition of continuous functions of compact support with
7" x 7" T (Yg) = TH(SE),

which is a continuous proper surjection, is a x-homomorphism from C.(T(Sg)) to
Ce(T*(Y5)) and extends to an isomorphism between C*(TT(Sy)) and C*(T*(Yr)).
(2) Pre-composition of continuous functions of compact support with

prx p": THSE) — TF(Sk)

which is a continuous proper surjection, is a *-homomorphism from C.(T*(Sg)) to
C.(T*(Sg)) and extends to an isomorphism between C(T*(Sp)) and C;(T*(SE)).

Proof. We outline a proof of the first part. The fact that the map is continuous and proper
follows from Proposition 7.3. It is also an easy computation, using the fact that each equiv-
alence class is mapped to an equivalence class preserving the Haar system, that it is a
x-homomorphism. In addition, the map preserves the reduced norm and so extends contin-
uously to an isometry.

It remains to show that it is surjective, at the level of the C*-algebras. Let (x,y) be in
T*(Yg). Choose n sufficiently large so that (z,y) is in 7% (Yz) and let m < n. Let p = &, )
and g = Yjm,n) and consider

. A, / - + / - + / o
W ={(="y) | 2" € UpypX 4 ¥ € UspPXg) Tinoo) = Yimoo)

This is clearly an open set in T7(Y3) containing (x,y). Moreover, as n, m vary these form
a neighbourhood base at (x,y). As (z,y) vary these sets form a base for the topology of
T*(Yg). In consequence, every continuous function of compact support in 7% (Yz) can be
written as a finite sum of functions supported in sets as above.

We also observe that there is an obvious homeomorphism between W and Us_(p) X Us_(q) X

+
Xp)
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By the using the results of 6.6, the same is also true if we replace W by the set 7" (W) in
T*(Sg) which is homeomorphic to (0, v,.(s(p))) x (0,v,(s(q))) % X;E - Under these identifi-
cations, the map 7" can be identified with ¢? x @2 x id. The key point in this is that, due
to part 5 4.3, ¢? and the fact that the map is injective on a set of full measure, it induces
an isomorphism between the measure space (U, v7) and (0, v,(s(p)), A). O

8.3. Foliation algebra. In this subsection, we turn our attention to the C*-algebra of the
horizontal foliation, C*(Fz)". When it is convenient, we will also denote C*(FZ) by C%.

The first result is an immediate consequence of the fact that 7} is an open subgroupoid
of Tﬁ(S B)~

Theorem 8.12. C*(F) is a C*-subalgebra of C*(T*(Sg)).

We next want to show that C*(F4) has an inductive limit structure analogous to that of
C*(T*(S3)) appearing in Theorem 8.9 and Corollary 8.10. Recalling the definition of G, .,
from subsection 8.2, we begin by defining, for each m < n,

Hypn ={(p,q) € Gomn | 1(p) = 1(q)}

This is a subgroupoid of G, .

We remark that an analogue of Proposition 8.8 holds: we simply change B/ to Cf and
replace G, ,, in conditions 3 and 4 by H,, . This is an immediate consequence of Proposition
8.8 and part 3 of Proposition 7.15. We let C} , be the set of all elements satisfying these
conditions; that is, C;;, , = ACYt N C.

We then obtain analogues of Theorem 8.9 and Corollary 8.10 which we state precisely for
the record.

Theorem 8.13. (1) For allm <n, C}, |
(2) Forallm <n, C, CCx_ 4.
(3) Up—, Cpn is dense in Cj .

(4) For all m < n, we have
Con = A{((fo)o,h) € (Buevi Ay @ Cl0, 1], C* (Hinn)) |
DSy = an(h), Y flay™™) = as(h)).

is a C*-subalgebra of C} .

Corollary 8.14. For m < n, we have a short exact sequence

0— P A0 © Co(0,4(v) — Cof, —— C*(Hyn) — 0.

’UEVn

9. A FREDHOLM MODULE

The aim of this section is to produce a Fredholm module for our C*-algebras. This will
be crucial in the K-theory computations of the next section.

The books by Blackadar [ ], Higson and Roe | | and Connes | ] are all good
references for Fredholm modules. We remind readers that, for any C*-algebra A, a Fredholm
module for A consists of a Hilbert space H, a representation m of A on H and a bounded
operator F' on H such that (F? — 1)x(a), (F — F*)m(a) and [r(a), F] = 7(a)F — Fr(a) are
all compact operators, for each a in A. In our case, we will give the Hilbert space and
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representation of the AF-algebra, Af. The operator F will actually satisfy F? =1, F = F*,
but the crucial condition that [m(a), F] is compact, for each a, holds if we consider a in
the C*-subalgebra AY. In fact, our Hilbert space comes with a natural Z,-grading, the
representation 7 is by even operators, while F' is odd. In other words, we will have an even
Fredholm module.

The last discussion will probably not be very helpful to non-operator theorists. Let us give
a simple example where these properties will be clear. At the same time, what is happening
in the example is really exactly what is going on in our situation to follow and so this should
provide some intuition.

Let X C [0,1] be the standard Cantor ternary set. Let us list the open intervals in its
complement (in [0,1]) as (z,,y,n),n > 1 (the order is not important here). Let H be a
Hilbert space with a canonical basis indexed by the endpoints, d,,,d,,. (One view is to
put an infinite measure on X with point mass at each z, and y, and consider the space
of square-integrable functions. The C*-algebra of continuous functions on X, C'(X) ¢ an
be represented as operators on this Hilbert space by simple evaluation of the functions: we
supress the representation and simply write fd,, = f(2n)dz,, fOy,)=f(yn0y., for all n > 1.

Define an operator I on this space Hilbert space by specifying F'd,, = 9,,, F'0,, = 0, , for
all n > 1. It is trivial to see F? = I, F* = F. It is a simple matter to check, if f is locally
constant, then f(z,) = f(y,), for all but finitely many n and the operator [F, f] = Ff — fF
is finite rank. Only slightly more subtle is that, for any f in C(X), [F, f] is compact. Finally,
if 7: X — [0,1] denotes the devil’s staircase, then f in C'(X) has the form f = gon, for
some ¢ in C|0, 1] if and only if [F, f] = 0.

The construction of the Hilbert space and representation is a standard one from the
regular representation of the groupoids. Let us recall this to establish some notation. Let B
be a bi-infinite Bratteli diagram, Xz be its path space, T (Xg) be right-tail equivalence and
v? x € Xp be its Haar system. For each z in Xp, we consider the Hilbert space L*(T"(z), v?)
and the representation denoted A* of C*(T*(Xp)) satisfying

NO@ = [ s,

for any f in C.(T*(Xg)),& € L*(T*(z),v*) and y in T*(x). We refer the reader to Renault
[ ] of Williams [ ] for further details.

Definition 9.1. Let B be a bi-infinite ordered Bratteli diagram. Let I}, J} and x;,1 <i <
LY+ Jk, be asin 7.4. For 1 <i < It + Jt, we define H; = L*(T*(x;), v%)),

Hyw = D #Hi Hg = P A

1§i§15+ IB+ <7;SIB++JB+

and Hp = HF & HEF™. We define np = @ AT
1<i<Igy +J gt
Finally, we define Fg : Hg — Hp to be the operator (Fg&)(x) = £(As(x)), for any & in
Hp and x in |J, T (x;).

We make several observations. It would probably be more accurate to replace TT(x;) by
T+ (z;) NYp, but as the difference is a set of measure zero, it has no effect on the L?-space.

Secondly, notice that Hz comes with a natural Z,-grading. The associated grading operator
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is the identity on H%** and minus the identity on H}}*. Finally, it is a consequence of 7.11
that

JANEE U T (z;) — U T+ (x;)

1<i<I} IF<i<ri+Jg
. + +
IE<G<If+J% 1<i<If

are measure preserving bijections and hence induce unitary operators on the associated L>2-
spaces. In addition, A, o A, is the identity so Fp is odd, Fg =1 and F = F}.
We need to set out some notation. If p is any element of E,, ,,, we define

& = ve(s(0) T X e
grin - = ur(s(p))’l/zxxs—(mmfmm.

Each is a unit vector in HE** and HE™, respectively. Observe that if e is the s-maximal
(s-minimal) edge with s(e) = r(p), then £'* = £ne* (£ = £ respectively). It is an
easy exercise to check that the linear span of all such vectors is dense in Hp.

If £, n are any vectors in a Hilbert space H, we define £ ® n* to be the rank one operator
defined by (£ @ n*)¢ = ((,n)&, for ¢ in H. If T is any other operator, we have T(§ @ n*) =
(T€) @n* and (E@n")T = (§) @ (T™n)".

It is worth noting that it is a straightforward computation from the definitions that, for
any m <n <n',p,qin B, ¢ in By, 0, if we let 7% be as above and a,, 4 be as in 8.2, then
m5(apg)Eq = 01f (@) mn) 7 ¢ and ms(ay,o )5 = p" i (¢')mn) = g, where p’ = p(q') ). An
analogous statement holds for S;C”" In particular, the representation respects the grading
on Hg. In addition, it will be useful to have the following which is slightly less routine.

Lemma 9.2. Let m <n, p,q in E,,,, with r(p) =r(q) =v be in'V,, and a,4: X, — Ca,,
be continuous. For any n' >n and ¢’ in E,, ./, we have

WB(&pvq)gg’mx = C~Lp,q(CI,"Bi(_(;'T)uM) Z(L%(n,n']

if (¢')(mm) = q and is zero otherwise, while

WB(dpﬂ)fg’lm = dp,q<q/xf~(7;)lm) ;r(L;T’l)(nm,]

if (¢')(mm) = q and is zero otherwise.

Proof. We prove the first statement only. Let us consider all paths p” in E,, ,» with s(p") =
7(p). We regard apyr gpr = @pgX,nx+ s a continuous function from X1 to Ca,,. Without
r(p'")

loss of generality, we may assume that n” > n’/. Each continuous function may be approxi-

mated by sums of such functions and so it suffices for us to prove the result for these functions.

We have 7(apy g )€™ is zero unless ¢ = (¢') mn) P = (@) () and pf,s 0 18 s-maximal. In

this case the result is 5;?3,”5"(71 o In either case, this agrees with x, Xt (;pia;?;ax) ;r(z;z/z)(n e U

Proposition 9.3. Let m < n and assume that p,q are in Eﬁn with r(p) = r(q) = v.
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(1) We have
[m(apa) Fs] = —(Fp&™) ® () + & @ (Fsg™)"
—(Fisgy™) @ ()" + &7 @ (Fag™)’
(€5 ® (€7°")", Fy] + 6" ® (€"™)", Fy]
-1

2) Consider the function a,.(z) = v,(v) " 0¥ (x)ay,, for x in X, which is in ACY*.
P,q P,q v m,n
We have

[m8(apg), F] = —(FB&™) @ (6)" + & @ (Fp&g™™)”
— [ggzaz ® (ér;nax)*’FB}.
(3) If f is any continuous C-valued function on [0, v,.(v)] and a,,(z) = f(¢¥(x))a,, then

[m5(apq), Fs] = FO)[&"™ @ (&™), Fy]
+f (e (0)) 6, @ (6*)", Fig]

Proof. We consider the first part. Let H,, denote the closed linear span of all vectors
gmar et where p is in By, and n’ > m. It is clear that this space is invariant under Fjp
and a direct computation shows that m(a,4)|x,, = 0. It follows that [w(a,,), FB|x,, = 0.
Next, let us consider n’ > n and ¢’ in E,, ,» such that (¢’ )(n,n’] is not s-maximal. It follows
that (Ss(q'))(mn] = (¢')(mn and in consequence
75 (ap,q) FBER™ = Wg(apq)égi” I g # (Ss(d)mmn) = (¢')mm, this is zero. If ¢ =
(Ss(q")mm = (@')(mmn), this equals &' where p' = p(Si(q')mm). On the other hand,
Fpmp(ayq)&e” is also zero if ¢ # (q )mn], and if ¢ = (¢')(m.n); 1t equals Fp& it = zi(’;,,),
where p” = p(¢')(nn- As (¢')n,n is not s-maximal, we have S (") = pSs((¢) n,n’]) . We
conclude that [75(a,q), F5]€*" = 0. A similar argument for £7'%* shows the same conclusion.

As we noted above if ¢’ is in Ey, v, n' > n and (¢') 0 is s-maximal, then §7/%* = f(";ﬁ‘gf ,

and so it remains to consider the case ¢’ is in E,, ,. We need to consider [rg(a, ), F] on the
two types of vectors, {7/ and 5"”” Using the fact that p, ¢ are in Em n, WE Iay summarize
the only situations Where the result is non-zero as follows:

WB(ap,q)FBfg?@ = gmm Ss(q') =q
T5(apq) Féy™ = 57”‘“”, Ps(Q') =q
FBWB(ap,q)gg’m'x = 52”(’;‘, ¢ =q
F878<ap,q)§g}m = 52%2); q =q.
Hence, we have
[m5(apq), Fs] = —(€&70) © (&) + & @ (%)

—(ERT) © () + 67 ® (5"

and recalling that Flgf;”i” = &) and Fp{"*" = g’":’(?)) completes the proof of the first
equality. The second follows immediately.
The proof for the second part is almost the same. In view of Lemma 9.2, the operators

m(a,,) and 7g(a,,) are equal except that

WB(&p,q)f;mx = 5;””7 7TB<ap,q)§;nm =0.

We omit the remaining details.
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For the last part, the property is clearly linear in the function f and we know it is satisfied
by constant functions from part 1 and f(¢) = t by part 2. We then show it holds for
f(t) = t* k > 1, by induction on k by noting that

[ﬂ'B(SOg(x)kHap,q)aFB] = [WB(Wg(x)kap,q)WB(@Z(x)aq,q)aFB]
= [ms(ps(2) apg), Felms(ps(a)ag,)
+m5(ps (2 )kapq)[WB(‘Pg( )aq.q), Fi]
= v (0§ @7, Felms(ps(2)ag,)
+m5(p5 (2 ) ap.q)Vr(V )[S]mx ®€2nmaFB]
= ()G © &) B9 () ag,)
—v, () (€8 © €57 ) (94 () ag,q)
+s(py (2)" ap,q)’/r( )€ ® €55 )
—75(03 (1)  ap g )1 (v) (€510 © €°°)
= 0= 1/7-</U)k+1( mm ® gmax)
+ur(v )kﬂ(fm‘”” ®€mm )—0
= vy e @ gmen Fg]

It follows that the result holds for all polynomial functions f, and hence for all continuous
functions by continuity. 0

Corollary 9.4. The triple (Hg, 75, Fg) is an even Fredholm module for A?r.

Lemma 9.5. Let m < n and for each p,q in EZM with r(p) = r(q), let a4 be a complex
number. We have

Z ap}qg;nax ® f;na:c* + Z Op1,q1 — Opy,go élr)nax ® f;mm*

2
P:9)¢a1(Gm,n) (P,9)€EGm,n

IA
DO o

Z apﬂf;rza:c ® égna,x*’ FB

r(p)="(q)

and

Z @p,qumn ® gzlnzn* + Z Opy.gr — Upy,q ér;mn ® S;nzn*

2
(p,q)¢a2(Gm,n) (p7q)€Gm,n

<

[\CR V]

Z apgg;’bin ® fgun*’ Fy
r(p)=r(q)

Proof. We will prove the first statement only. Let 7™ = span{{]"** @ ()" | p, ¢, € Emn}
which is a finite dimensional C'*-algebra.
For each v in V;,, let P, = » " @ (§'*")*, where the sum is taken over all p in Eg/m
with r(p) = v. Then the map ¢ : F™* — F™ defined by e(a) = > ., P,aP, is a
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conditional expectation from F™** onto span{{*** @£ | r(p) = r(q)}. In particular, ¢ is
a contraction. Furthermore, for each v = (vi,v2) in r(E}, ), we let Q, = > {197 @ (§7%%%)*,
where the sum is over all (py,p2) in E2 = with r(p;,p2) = v. Then the map g Fmer

m,n

Fmat defined by €'(a) = >, (ps ) @vaQy is a conditional expectation from F™* onto

span{ & @ 7 | (p,q) € Gm,y}. In particular, € is a contraction.
A dlrect computation using Proposition 9.3 shows that

a = FB[ Z O-/p,qumx ® S;nax*’ FB]
r(p)=r(q)

= > g [—5’”‘” ® (f"“”“) R © (€8
where the sum is over p, ¢ in E), , with r(p) = r(¢). Next, we compute £™**(a’). The effect
on the last two terms in the sum is to make them zero, as the vectors do not lie in F™%*.
The first term is unchanged and the second becomes zero if r(P*(p)) # r(P*(q)) and is

unchanged if (p, q) = aa((P*(p)), P*(q)), (p,q)). Hence, by simply re-indexing the terms, we
have

)= D TR Y (g — )& @

P:9)¢a1(Gm,n) (P,9)EGm,n

Applying &’ simply removes the first term, so we can write

Z Oépgg;%a:v ® é-;na.t* + Z Op1,q1 — Opy,go é-gba:v ® é-;naz*

2
(P.9)¢a1(Gm,n) (P,9)€EGm,n
= e(d) =27 (e(d)).
The conclusion follows from the facts that ¢, &’ are contractions. O

Theorem 9.6. An element a in A" is in By if and only if [r5(a), Fg] = 0.

Proof. Let us begin by proving that if a is in By, then [r5(a), Fz] = 0. To do so, it suffices
to assume that a =3 a,,is in Bt ., for some m < n: the general case then follows from

m,n?

part 3 of Theorem 8.9 and continuity. B
From the first part of Proposition 8.8 that, for every p,q, a,,(z) = b,,(¢"(x)), where
bp.q : [0, v.(v)] = C is continuous. It follows that part 3 of Proposition 9.3 applies. Then the

expression for [m5(a), F] involves a sum of terms and each has a coefficient of a,4(z; ")

or a, q(xs(p’)”m)

We observe from Lemma 8.8 that a, ,(z7 "*"

7(p)
in £, and, in this case, p’ = S,(p), ¢’ = Ss(q) are unique. Similarly, a,, q(xs(p’;“") is non-zero

only if there exists (p',p), (¢, q) in E;, ,, and, in this case, p' = P*(p), ¢’ = P*(q) are unique.
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We conclude from this that

ms(a), Fsl = > g (5,0 6™ @ (65:°)", F]
p.a€Ey,
Flipy o (T2 )T @ (E3™)", Fi]

_ dpl,q1 (xi(—prln)ax) ;rlzax ® ( ;Zm)

_&Plﬂl (xi(;rln)ax)fgm ® (fgrlmm)*

+dp2,q2 (xi(—pr:)m)ggzn ® (g;r]rlmr)*
dpz,qz (mi&;n)m) g}aa: ® ( ;7217,71)*

= 0

by the last condition of Proposition 8.8.

For the converse direction, from the facts that the union of the A", are dense in AgT and
the function sending a in A;™ to ||[75(a), FB] || is continuous, it suffices for us to prove that,
for any m < n and a in AmJ;, there is b in AC)t with a—bin B}, and ||b]| < 2||[xz(a), Fg]|.

Let a =3 o405, bein AYH where the sum is over p,q in E}:m with r(p) = r(q). For

each v in V,,, define ¢ : X7 — Al by

m,n,v

b(x) = ve(v) " 'o)(x) Z Qp,qlp,q

7”(1)) :T(q)7(pvQ)¢a1 (Gm,n)

(0 —
1,91 2,92
+ E , Upy,q1
(,9)€EGm,n

+(1 = ve(v) " rep () Z Qp,qlp,g

r(p)=7(q),(p,q)E2(Gm,n)

(07 —
2,92 P1,91
+ E , (py,q2
(p q)EGm n

for z in X;f. We regard c as an element of AC) ™.

It is a simple computation, using the results of Propositions 9.3 and 8.8 to verify that a —b
is in B,y ,. It remains for us to prove that ||b]] < 2||[7s(a), F3]]|.

The map, which we denote by 1™**, sending a,,, to £ ® ("), for p,q in E%n with
r(p) = r(q), extends linearly to an injective x-homomorphism from AY* to F™** which
is necessarily isometric. The desired inequality follows from this and two applications of
Lemma 9.5. 0]

10. K-THEORY

The purpose of this section is to compute the K-theory of the C*-algebras considered in
the section 8. It is probably more accurate to say that we shall investigate the relations

between the K-theory of the C*-algebras.
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We will continue to assume the standing hypotheses of 6.2.

Given a bi-infinite Bratteli diagram B, the K-theory of the AF-algebra Aj is readily
computable from the data given and the results of Proposition 8.3. It is worth noting at this
point that it does not depend on the order structure, nor the half of the diagram indexed by
the negative integers.

Theorem 10.1. Let B be a bi-infinite Bratteli diagram. For each integer n, we consider E,
to be the #V,, x #V,,_1 positive integer matrix which describes the edge set E,. We have

Ko(A) = lim z#% B z#vi B ...

n——+0o0o
and K1(Af) = 0.

Theorem 10.2. Let B be an ordered bi-infinite Bratteli diagram. Then the inclusion A?’ C
Af induces an order isomorphism Ko(Ag') = Ko(A}). and K,(A5T) = 0.

We now turn to the C*-algebra Bg.

Proposition 10.3. Let m < n, v be any vertex in V,, p be in EY  with r(p) = v and
fo + [0,v.(v)] = [0,1] be any continuous function with f,(0) = 0, f(v.(v)) = 1. Then
K1(Bf) 2 Z and is generated by the unitary u = exp(27if,0p?(x))a,,+(1—a,,) considered
as an element of B*,,,, C BTg.

Proof. We use the fact that By is the closure of the union of the B}, m < n, so

m,n’

We will first compute K (B, ,,) and then the inductive limit.

—n,n

We use with the short exact sequence found in Corollary 8.10

0 — @vev, A0 @ Co(0, v(v)) B . C*(Gmn) — 0.

For simplicity, we denote Al & Cy(0,v5(v)) by Z,. We have the associated six-term

m,n,v

exact sequence for K-groups

Ko(Dvev, L) — Ko(B}, ) — Ko(C*(Gnn))

| |

K (C* (Gm,n>> ~— K (Br—:;,n) D Kl(@veVnIv)

Let us start with K.(©,Z,) = @, K.(Z,). As A}, is a full matrix algebra, we have
Ko(Z,) = Ko(Co(0,1,(r))) = K1(C) = 0 while K1(Z,) = K1(Co(0,1,(r))) = Ko(C) = Z.
Moreover, if p, f, are as above, then u, = exp(2mif o p!(x))a,, + (1 — ay,,) is a generator of
this group.

We now turn to K,(C*(G_,.)). The groupoid G_, , is finite and its C*-algebra is finite-
dimensional. Hence its Kj-group is trivial. On the other hand, it is a direct sum a full

matrix algebras, indexed by the elements of r(p),p € E*,, . It follows that K, (C*(G_,,)) =
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@D, (x: ) Z, with generators X))o, where p is chosen to be any path in £, as r(p) takes

—n,n’

all possible values.
Our six-term exact sequence now looks like

O_>K0( —nn @ Z

—nn

j exp

OhKl( —n,n b@z

vEV),

It is a fairly standard argument to check that the exponential map takes [x(pp)lo in
Ko(C*(G_pn,n)), where p is any path in E*, . to [up,]1 — [up,] in @, K1(Z,).

From this we can see that the exponentlal map is not surjective; indeed for any fixed v,
the elements m[u,]; are all distinct in K;(B7,,,,).

To compute the inductive limit, it suffices to show that, for v in V,, and v' in V,,, with
n' > n, we have [u,] = [uy]1, as elements of Ky(B,, ,,), provided that there is at least one
path p’ from v to v’. Let p be any element of E,, ,, with r(p) = v and let f,, be any function
as above. Then define f, as follows

0 T(n,n] <s p,
fv(z) = fv’(x(n’,oo)) T(nn] = p/
1 Z(n,n] <s p,

It is easy to see that f, satisfies the desired conditions and that, with these choices, u, =
Uy . O

To describe the K-zero group, we need to establish some notation.
For any finite set A, let ZA denote the free abelian group on A. Recalling the definition
of If xa Jj from Definition 7.5, we define

O): Z(LE xa J) — Z{xl,...,xlg},
9 (I+*A ‘]B) — Z{x1g+1,...,l‘Jg},
+ + +
0 : Z(I *nJg) — Z{xl,...,xlg+JB}
U:Z{xl,...,x1g+J§-} — 7

by 01(xi, x;) = x;,02(xi,x5) = xj, O(x;,x5) = x; +x; and o(x;) = 1,1 < i < [, o(x;) =
—1,If < j < It + Jt. Observe that 0 o6 = 0, so o also defines a homomorphism from
coker(0) to Z.

Theorem 10.4. There is a short exact sequence
0 — ker(0) — Ko(Bf) —— Ko(Af;) — coker(0) =— 7. —= 0
where i : B — Af is the inclusion map. In particular, Ko(Bg) is finite rank and is finitely

generated zf and only if Ko(Ag) is. If either If =1 or J§ = 1 then iy is an isomorphism.
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Proof. We make use of the notion of the relative K-theory for C*-algebras along with an
excision result of the second author | ]. Relative K-theory was introduced by Karoubi
[ ], but we also refer the reader to [ | or Haslehurst | | for a more extensive
treatment. To any C*-algebra, A, and C*-subalgebra, A" C A, there are relative K-groups,
K;(A’; A),i = 0,1 which fit into a six-term exact sequence

i

Ko(A'; A) — Ky(A') —— Ko(A)

| |

Kl(A) <T Kl(A/) I Kl(A/,A)

where i : A — A denote the inclusion map.

In Theorems 3.2 and 3.4 of | |, the situation is described of C*-algebras A, B, F
along with a bounded *-derivation § : A+ B — FE such that there is a natural isomorphism
K (ker(d)NA;A) = K, (ker(é) N B; B). Referring back to notation established in Definition

9.1, we use A = EBZI N T KC(H;), where KC denotes the C*-algebra of compact operators,
B = Ay or more accurately, B = 7ms(Ay"). As we noted earlier, the representation is
faithful under our hypotheses, so this amounts to a notational difference only. We use
E = B(Hp), the algebra of bounded linear operators on Hg and d(x) = i[x, F|, for any
operator z. (The use of B for the bounded linear operators and for the Bratteli diagram, is
unfortunate, but should not cause any confusion.)

We need to verify the hypotheses of | | hold. The first is that AB C A and this
follows from the facts that, for all ¢, H; is invariant for the representation 7z and that A
consists entirely of compact operators on this space.

The hypotheses of Theorem 3.4 of | ] involve the choice of a dense -subalgebra,
A C A. For this, we use the linear span of all rank one operators of the form £ @ (£7'*)*
and 5;’””3" ® (S;”m)*, where p, g vary over E}fm with r(p) = r(q¢) and m < n vary over all
integers.

We now verify property C1 from Theorem 3.4 of | ]: let

a = Z amaa} mazx fmaa:) + amzn min (gmzn)

where the sum is over p, ¢ in E), , with r(p) = r(g), be in A. Let

mam mzn

CL — Z Pl q1 P2 g2 ( max ®( ma:v) + mzn®( mm)*)

p1 q2

where the sum is over all ((p, ql), (p2,q2)) in Gy, It is an easy calculation that §(a’) =
ila’, Fg] = 0 and |ja — || < 2]|0(a)]| follows immediately from the first part of Proposition
9.3 and Lemma 9.5.

Using the dense #-subalgebra (J, A} of AS", and Lemma 4.2 of | ], we see that
d(B) CH(A).

It remains to see that condition C2 of Theorem 3.4 of | ] holds. For that, we can
assume that the ay, ..., a; all lie in some span{&"** @ (§7%7)*, 5;“” ® (SZIm”)*}, as p, q range
over E,fm, for some m,n. We let e be the unit of this algebra,

Z gmax max) + émzn (glr)mn)*

PEEY
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and for
Z am(ll’ max fmaa;) + ag};ngmln (é'mln)
we use b; in AC}* defined by

bi(x) =Y (e (r(p)) P (@)aps” + (1= v (r(p) '] P(2))aps") apg

for x in |J, X, . The desired properties follow from Proposition 9.3; we omit the details. We
have verified the conditions of Theorem 3.4 of | |. In addition, Theorem 9.6 shows that
B} = ker(d) N A% ". We conclude that conclude that K, (ker(§) N A; A) = K, (BE, AY+)

We now turn to the computation of K, (ker(d) N A; A). Recall that A = @I e K(H,;).

For (i,7) in I *a J, we define

Hij=H:N FH; = L*(T"(2;) N A(T (z5)))
and observe that FzH; ; = L*(A(T*(x;)) N T (x;)). It is a simple matter to check that the
map sending (ki ;)i t0 D ;) kij+ Fski;Fp is an isomorphism between @y, 7K (H;,;) and
ker(0) N A.

For any Hilbert space H, there is a canonical isomorphism from Ky(}C(H)) to Z induced
by the trace. In addition, we have K;(IC(H)) = 0 (see of []). Hence, we have K;(A) =
Ki(ker(6)NA) 20, Ko(A) 2 Z{x1,...,21} ®Z{x141,...,2;} and Ko(ker(6) NA) = ZI}
J& . Moreover, the map induced by the inclusion ker(§) N A C A is simply §. In summary,
the six-term exact sequence for the relative groups of the inclusion becomes

Ko(ker(6) N A; A) — ZI xa Jff —2 Z{x1, . .. )

l

0 0 Ki(ker(0) N A; A)

and so Ky(ker(d) N A; A) = ker(6) and K (ker(d) N A; A) = coker(6). Combining this with
the computation of the relative groups already done above and the results of Theorem 10.2
and Proposition 10.3 completes the proof.

The remaining statements are straightforward. In particular, it is a simple matter to check
that if 17 = 1, then I} %o J& = {1} x {1,...,J4} and 0(1,j) = 21 + x;, for 1 < j < Jf,
which is clearly injective and has coker(6) = Z. O

A crucial part of K-theory (at least Kj) for a C*-algebra is its natural order structure.
As a simple example, if «, § are any two irrational numbers, then the subgroups of the real
numbers Z + aZ and Z + 7 are isomorphic as abstract groups, but with the relative orders
from the real numbers, they are not isomorphic in general as ordered groups. One of the
difficulties in operator algebra K-theory is that many computational tools do not respect the
order structure. As an example here, while we may easily check in some specific situation
that the map i, of Theorem 10.4 is an isomorphism, it does not follow at once that it is an
isomorphism of ordered groups. Part of that is easily dealt with: the fact that it is induced
by a *-homomorphism of B} in A} means that it is a positive homomorphism in the sense
it maps the positive cone in the former into the positive cone in the latter.
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Theorem 10.5. Let B be an ordered Bratteli diagram satisfying the standard hypotheses. If
the following sequence is exact

0—= LI xa J§ ——=Z{z1,... .0y, i} =L —=0

and the equivalence classes of the relation T*(Yg) are all dense, then

is an isomorphism of ordered abelian groups. In particular, if I} or J is equal to one, then
the same conclusion holds.

Proof. We know already from the last theorem and the hypothesis on the exact sequence
that 7, is an isomorphism and since it is induced by a s-homomorphism at the level of C*-
algebras, it maps positive elements to positive elements. It remains for us to show that
every positive element of Ky(A}) is the image of a positive element of Ko(Bj). In view of
Theorems 10.1 and 10.2, it suffices to consider a projection in A} of the form a,,, where p
is in E), ., for some m < n, and show it is Murray-von Neumann equivalent to one in Bj.
Consider two points z,y in X, satisfying the following: = <, y, Xip? € T*(x;) and
X,y © T (x;), for some 1 <4 < If < j < If + Jg. Tt follows that a,, ® X[z, is in

Ayt ® C(X,) = ACy Y and so it determines a class in Ko(Af).
Observe that as p is not s-maximal or s-minimal, AS(XS_(p)px)(m,oo) is a single path, as
is AS(XS_(p)py)(mvoo). In particular, AS(XS_(p)px) is contained in T (x; ), for some j’, while
As(X ) py) is contained in TH(zy), for some 7.
We first consider the special case that j° = j. (The case ' = i can be done in a similar
way.) This means we can find N > n such that A,(X], pT)(ve) = Y. Let p =

AS<X§p)pSL’)(m’N}.
We define
@ -1 r
w o= Z Ay + COS <§yr(r(yN)) 1g0r(yN)(z)> T
p/
in (X —1,r(yw)

in (T lw)) () g0

where the sum is over all p’ in E,, xy with pr <, p’ <, py and the variable z lies in X:EyN). It

is a simple matter to check that w*w = a,, ® X[z, While ww* lies in AC’nfj\,. We conclude
that the class of a,, ® X[z, lies in the image of i,.

We now consider the general case, dropping the hypothesis that j = 7. It is clear that
xy — xj lies in the kernel of . It follows that we may find a finite sequence (4;,7;),1 <1 < L
in If xa JF such that j1 = j/,jiq1 = 4,1 <1 < L and i, = 7. By the minimality of

T (zi) N As(T*(25,)), we may find y; in X;Ep) with © < y1 <s y with

XRp)yl - T+<xi1) N AS(T+(xj1>)'

By application of the special case above, the class of a,, ® Xz, lies in the image of i,.

Continuing in this way, we may construct r <, y; <s; y2 <s - -+ <s Y <s y such that y; is in

T (x;,) N AT (x;,)) and the class of a,, ® x| ; and also a,, ® X[y, 4 lie in the image
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of 7,. We conclude that the class of

L1
app @ Xzy) = App @ Xfzyi] T Z App O Xyyisa] T App @ Xz
=1
also lies in the image of i,. Finally, we note that if we choose © = :cf,(’p’)"m and y = :ch(;’;wx,

then a,, = app @ X2y

We finish by considering the case I} =1 ( with J§ = 1 being similar). For any 1+ I} <
Jj < If + Jf, we know that As(T"(z;)) must be contained in T (z1), so If xa J§ =
{1} x {1+ 1I},...,I; + Jt} and it is a simple matter to verify the given sequence is exact.
Next, we also have
Ag(T*(z1))NTH(z;) = T*(z;) which is dense by our hypotheses on B. It follows that every
equivalence class in T%(Y3) is dense. O

We finally turn to the K-theory of the foliation algebra of (Sg, Fj).

Remark 10.6. As the foliation FJ arises from an action of R on the space Sg, Connes’
analogue of the Thom isomorphism Theorem (see 10.2.2 of | |) asserts that

K(CH(Fg)) = K7(Sg).

On the other hand, this is not terribly useful at the moment, since we don’t know the K -theory
(or cohomology) of the space Sg, nor does it seem particularly likely that it can be computed
directly, given our construction. In any event, Connes’ result does not reveal anything about
the order structure on the Ko group of the foliation algebra. Instead, we will compute its
K -theory as it relates to our AF-algebra. Having done this, we can then use Connes’ result
to compute the K-theory of our surface.

We begin by recalling some notation. We let Zz be the collection of connected subsets
of the union of 7(T*(x;) N Ay(T*(z;))) over all (i,7) in I} *a J4. We also recall that
each such subset is homeomorphic to R. Now, for each I in Zg, we define «(I) = (i, 7), if
I Cr(TH(z;) NAS(TH(z5))). Tt is clearly surjective. We also let ¢ be the map induced from
ZIB to Z(Ig *A Jg—)

We are going to construct a sequence of groupoids and C*-algebras interpolating between
Fi and T%(Sg). Let us begin by selecting Zy C Zs which contains exactly one interval
from each set m(T"(z;) N Ag(TH(x;)). That is, ¢ : Ty — I *a Jj is a bijection. We then
enumerate the remaining intervals of Zg — Zy as Iy, I5,.... Although this may be finite, we
will ignore that in our notation. Observe that, for each [ > 1, there is a unique I; in Z; such
that «(I;) = ¢(I]) and the collection I; — I/, | > 1 is a set of generators for ker(:) having no
relations.

We define a sequence of groupoids, beginning with 7 = F}. Then for [ > 1, set F;" to
be the union of F," | with all sets [; x I and I x I, where I is in F;", and satisfies ¢(I) = ¢(]}).
That is, on the set U;<,I;, F;" agrees with T*%(Sg), while on Ujsidj, it agrees with Fp. We
leave it as a simple exercise to check that F;" is an open subgroupoid of 7' “(Sg), F;tis an
open subgroupoid of F,7; and the union over all [ is T%(Sg).

We let j; to denote the inclusion of C*(F;") in C*(T%(Sg)) and i, to denote the inclusion
of C*(FF) in C*(F'), for k <.
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Theorem 10.7. Let | > 0 and let j denotes the inclusion of C*(F;") in C:(T*(Sg)), then
() = KA(CH(F)) = EK(CH(T(Sp))) = Z
18 an isomorphism.

Proof. For m < n, we define the groupoid Hj, ,, to be all (p, q) in G, ,, such that I(p) = I(q)
if either equals I}, for some j > [. Recall the short exact sequence of Proposition 8.10:

0— P A/, @ Col0,14(v)) B, , —— C*(Gyp) — 0.
vEV,
where we have used ¢ to denote the quotient map. As H,,, , is a subgroupoid of G,, ,,, there
is a natural inclusion of their C*-algebras, which we also denote j;. We define a subalgebra

Cimn of B:{w N C*(F") as the pull-back of these two maps, ¢,j;. The inclusion coincides
with our definition of j;. That is, we have short exact sequences

q

00— @ Amnv ® OO 0 VS( )) Br—;,n C*(Gm,n) —0

’UGVn
T Ji Ji

0— P Ao @ Co(0,v4(v) — Cif o~ C* (Hy ) — 0

l,m,n
’UGVn

It is easy to check that such that C*(F,") is the closure of the union of the C)_,,, over
n > 1. While the terms involving C*(H;,, ) and C*(G,,,) are different, these C*-algebras
are both finite dimensional and have trivial K;-groups and this is sufficient to conclude the
inclusion of Cj, , in B,, ,, induces an isomorphism on K. The conclusion follows as C* (]—T)
and C*(T%(Sg)) are inductive limits of these sequences. O

Let us continue to develop the ideas of this last proof. It is clear from the definitions
that for fixed m,n,l, H,,» is a subgroupoid of Hj . It is also a simple matter to check
that (p,q) is in Hjiqmn, but not in Hy,,, if and only if I(p) = [141,1(q) = Iy,I" <l or
vice verse. If I(p) = [+ 1, its equivalence class in H; 1, , consists of ¢ with (p,q) in Gy,
and I(q) = Iy,l' <1+ 1 and in H,,, this becomes two equivalence classes, those ¢ with
I(q) = I;1 and those ¢ with I(q) = Iy,l’ < I. Provided that such a pair (p,q) exists,
the map from Ko(C*(Hymn)) to Ko(C*(Hi41,mn) is surjective and has kernel generated
by [6pmlo — [0g9lo. If we consider the exact sequences on K-groups associated with the
commutative diagram

0 @AJr’ , ®CO(07 VS(U)) ﬁcﬁlan’C*(Hl#&,m,n) —0

UGVn
=] iz+1,z‘ i1,

0_>@Amnv®00 0 VS( ))—>CT C*(Hl,m,n)—>0

lm,n

’Ue‘/n

the [6(pp]o — [0(g,9)]0 is also in the kernel of the index map and hence lifts to a non-zero class

we denote by «; in Ko(Cfm ,). As the inductive limit over m, n of Cy,,,, is C*(F"), a; also
58



represents a non-zero class in Ko(C*(F;")) which freely generates the kernel of the map to
Ko(C*(F1,)) induces by the inclusion.

As for the existence of the pair (p, q), we know that i(;41) = i({y), for some " € Z,. We
may find (i, ) in I} xa J5 and @,y in TF(x;) N A(T*(x;) with 7(z) in [;;; and 7(y) in
Iir. The fact that (z,y) is in T, there exists n > 1 such that 2, o0) = Y(n,00), As I; and Iy
are open, we may find m < 0 such that W(X;zm)x(mm)) C I;;1 while W(XS_(ym)a:(m,oo)) C Ip.
Letting p = [z, z,] and ¢ = [ym, yn], this pair satisfies the hypotheses for this particular
m,n. The same argument works for all lesser m and greater n. We have proved the following.

Lemma 10.8. For each | > 1, with «; as above, there is a short exact sequence

0 = Zay — Ko(CH(FH) " Ko(C(F

1)) = 0.

Theorem 10.9. There is a short exact sequence
0 —— ker(v) 2. KO(C'*(.F+)) = Ko(C*(T*(Sg))) —=0

where j denotes the inclusion of C*(F4) in C:(T*(Sg)).

Proof. As we noted above, we can list a free set of generators for ker(¢) as follows. For each
[ >1,let (i,7) = ¢(L;). There is a unique I} in Zy with ¢(I;) = «({]) and I, — I}, as an element
of ZZp and in ker(r). As [ > 1 varies, these form a free set of generators.

We define the inclusion 3 of ker(:) in Ko(C*(F)) as follows. Since each map (441 l) is
surjective, so are their compositions. So for each [ > 1, we may find ; in Ko(C*(F")) =
Ko(C*(F4)) such that (i10)«(3) = ay, as in Lemma 10.8. For any integers k;, 1 < l < L,

define
L L
g (Z k(L — Izl)> => kB
=1 =1

Let us first observe that, if m > [, then

(im,0)«(B1) = (imyg1)s © (Gr1,0)5 © (31,0)«(B1) = (Gmyag1)« © (G151,)4(07) = 0.

The fact that the image of 3 is precisely the kernel of j, can be seen as follows. As the
union of the C*(F;*),1 > 0, is dense in C*(T%, Sg), Ko(C*(T4, Sg)) the inductive limit of

Ko(CH(F3)) = Ko(CH(FH) ™8 Ko(Cn(FH)) 28 ..

First, as each (i;;1,). is surjective, so is j,. It also follows that a in Ko(C*(F3)) is in the

kernel of j, if and only if (im).(a) = 0, for some m > 1. If a = 3 (zl k(I 1/)), then

this holds for any m > L from the definition of 5 and our observation above.

Conversely, suppose 0 = (4,0)«(a), for some m. This means that (i,,—10).(a) is in the
kernel of (i,,,—1)« and hence there is an integer k,,_; such that (i,,—10)s(a) = kmn—1Qm_1.
It then follows that

(Z‘mfl,me)* o (Z'm7270)*<(l - kmflﬁmfl) = (imfl,O)*<a - kmflﬂmfl) = 07

so we may find k,,_o such that (i,,-20)«(@¢ —kmn—18m-1) = km—20,—2. Continuing in this way

ends by seeing that a = Zl";l ki3, as desired.
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F1GURE 1. Two presentations of the Chamanara surface: the interiors of the
edges with the same label are identified by a translation. The point at the
boundary of such edges are not part of the surface and the surface has infinite
genus. The presentation on the left is the standard presentation.
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Let us finally show that (3 is injective. Suppose that (3 (Zle ki (I, — [{)) = 0. It follows

that . 5
(42.,0)+ (5 (Z Fa (I — Q’))) = Z Fi(iro)«(681) = krar,

using again the observation above that (i,0).(6;) = 0 if L > [. As «y has infinite order, it
follows that k;, = 0. Continuing in this way shows that k; =0, for all 1 <[ < L. L]

As we indicated earlier, knowing the K-theory of the foliation algebra allows the compu-
tation of the K-theory of the surface S as an immediate consequence of Connes’ analogue
of the Thom isomorpism Theorem: 10.2.2 of | ].

Theorem 10.10. We have K™ (Sg) & K;(C*(F4)).

Corollary 10.11. Let B be a bi-infinite ordered Bratteli diagram satisfying the conditions
of 6.2. If Ko(Af) is not finitely generated then the surface Sg has infinite genus.

11. CHAMANARA’S SURFACE

There is a family of surfaces of infinite genus introduced by Chamanara | | which
kicked off the study of flat geometry and dynamics of surfaces of infinite genus. The simplest
of them has become known as the Chamanara surface (see Figure 1). Later, in | ], the

connection was made between this surface, the Bratteli diagram of the 2°° UHF C*-algebra,
and the diadic odometer. In this section we apply our machinery to study the different
algebras and their K-theory.

The bi-infinite, ordered Bratteli diagram which is relevant here has the properties

Vo = A},

E, = {0,,1,},
0, <, 1y,

0, <s 1y
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for all n in Z. This diagram has a state which is unique, up to scaling:
vp(vn) = 2", v5(v,) = 27", n € Z.

It is easy to see that
ngt:{(... 111 ---),(---000---)}.

It is also clear that in Proposition 7.4 that we have Iz = Jz and we can use x; = 1*° =
(++-111---)and 29 = 0% = (--- 000 ---). It is also easy to see that 0°Xp consists of
sequences that have a last 0, or a last 1, while 0" Xz consists of sequences that have a first
0, or a first 1. Among these, for each integer n, we define four special points:

w™: has a 1 in entry n and 0’s elsewhere,
2™ has 0 in all entries < n and 1’s elsewhere,
y™: has 1 in all entries < n and 0’s elsewhere,
z™: has a 0 in entry n and 1’s elsewhere.

It is easy to check that

As(wn) — :L,n’ Ar<wn) ynfl
As(zn) — yn’ Ar(zn) n—1

I
8

It follows that
Ao Ay(w™) = 2" £ 2 = Ao A (w")
and
{w", 2", y", 2" |n € Z} C ¥p.
The reverse containment is quite easy.
It is fairly easy to check that the functions p!™ %™ can be written quite explicitly as

o (@) = =) 2"(1 ),

307900<y) = Zzn?/m

neZ
for any « in 77 (1%°) and y in T (0>), respectively. The ranges are
P (THI®) 1Y) = Upen(—27, —21),
pp (TT(0%)NY5) = Unez(2",2").

The quotient map then identifies each interval of the former with the corresponding interval
in the latter having the same length.

Moving on to K-theory, we have Ko(Af}) = Z[1/2], as ordered abelian groups, with the
latter having the usual order from the real numbers. In fact, the map sends the class of a
projection a,,,p € Ey,,, to 27" = vg(r(p)).

Theorem 10.5 then tells us that Ko(Bg) = Ko(A}) = Z[1/2], as ordered abelian groups.
The collection of connected subsets of 7%(1°°) is indexed by the integers: interval n having
length 2".That is, we have a canonical identification of Zg = {I,, | n € Z}, where I,, has
length 2". The map ¢ of Theorem 10.9 is induced by sending each generator I,, to the same
thing, so ker(¢) is the free abelian group with generators I,, — I,,_;.

We claim that Ky(C*(Fg)) is the free abelian group on a countably infinite set, which we

will index by the integers. We will now explicitly write a set of generators.
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FIGURE 2. The functions wy (in black) and w; (in red) on the two presenta-
tions of Chamanara’s surface from Figure 1. For wy, white is 0, black is 1, and
grey is in between, whereas for w; white is 0, red is 1, and the other shades of
red are in between.
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Fix an integer m and consider p,, = 01011 and ¢,,, = 01010 in E}fl_im. (The presence of
two 0’s and two 1’s guarantees that we avoid ¥.) Define

s . ™
(1) Wy, = COS (52”"90;”"(2)) A,y prn SN <§2 mgogm(z)) Qg o

for z in X | which lies in AC,,_5,,. A simple computation shows wy,wy, = ap,, p, while
wpwy, equals ap, o, when evaluated at z = z; ™" and equals a,,, 4, When evaluated at

Um

z = x5, (This is the same w,, appearing in the proof of Theorem 10.5.) Just as in
Theorem 10.5, this shows that w,,w, lies in B and is Murray-von Neumann equivalent to
pyy p 10 AT, In particular, identifying Ko(Af) =2 Z[1/2], j.([wnw?,]) = 27™,

There is a geometric way to visualize the functions wy, in (1). First, since |V,,| = 1 for all
m, we have that X X = Xg for all m. What the different presentations of X as X, X,

s—maz/min

highlight are the special types of paths, e.g. a3, . This type of different presentation
is analogous to the different presentations of Chamanara’s, e.g. the two presentations in
Figure 1.

Let 7w : Yz — Sp be the map from the (nonsingular) path space to the surface. The paths
P> Gm € E};_&m define cylinder sets [p], [¢gm] C Y5 and the image of these cylinder sets
under 7 is denoted by U, V,, C Sg. The functions w,, in (1) are in fact the pullback of
functions w,, on S which are supported on U,, U V,,: w,, = 7*w,,, see Figure 2.

It follows then that [w,,w},] — 2[wy41w}, ] is in ker(j,). Finally, one can show that under
the identification of ker(j,) with ker(¢) given in Theorem 10.9, this element corresponds to
I, — I,,+1. This computation is rather long and involves a lot of technical details from the
main results of | | that we do not provide. However, given this, it is a fairly simple
matter to show that the collection |[w,w},|,m € Z, generates all of Ko(C*(Fg)) and has
no relations, completing the proof of our claim above that the group is free abelian with a

generating set indexed by the integers.
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12. TRANSLATION SURFACES OF FINITE GENUS

The general goal of this section is to relate our constructions to the well-established study
of translation surfaces in the finite genus case. More specifically, we aim to show that all
finite genus translation surfaces whose vertical and horizontal foliations are minimal arise
via our construction or, to be more precise, to see how standard techniques may be used to
produce ordered Bratteli diagrams for finite genus surfaces.

There are several equivalent ways to define a compact translation surface. Here we give
two and refer the reader to | : : | for thorough introductions to flat surfaces.

Let S be a compact Riemann surface of genus g > 1 and « a 1-form on S which is
holomorphic with respect to the complex structure on S. The pair (S,«) defines a flat
surface and a pair of transverse foliations, the horizontal and vertical foliations, F*. These
are the foliations defined by the integrable distributions of the real and imaginary parts of
a:

Ft = (ker Sa) and F~ = (ker Ra).

The unit-time parametrization of these foliations are respectively the horizontal and vertical
flows ¢ and ¢; .

By the Poincaré-Hopf index theorems, since g > 1, these foliations (and the corresponding
flows) are singular; the singular points are the zeros of « and these are called the singularities
of a, which are denoted by ¥. The 1-form « gives S a flat metric on S \ ¥ as follows. Let

p € S\ X and p’ in a neighborhood of p. The map p’ — fpp "o € C defines a chart around

p such that the pullback of dz is a. This gives S\ ¥ a flat geometry, and the reader can
verify that maps which are change of coordinates between these types of charts are of the
form z — z + ¢, justifying the use of the name translation surface. A saddle connection is a
geodesic v C S with respect to the flat metric which starts and ends in . More specifically,
it satisfies the property that 0y C X.

The geometry fails to be flat at the singular points in 3. At these points the local
op+1
p+1
At a point z € 3 of degree p, the conical angle around z is 2w(p + 1). If ¥ = {21,..., 2},
and the degree at z; is k;, then by the Gauss-Bonnet theorem we have that Zle K =29 —2.
Since the holomorphic 1-form « determines the geometry of the flat surface (S, «), it defines
its area by Area(S) = % [(a A a.

Another way to define a flat surface is as follows: start with a 2n-gon P C C with
the property that edges come in parallel pairs of the same length. That is, P has edges
Gy GG, ¢, where ¢ and ¢ are parallel and of the same length. Let S = P/ ~
be the object obtained by the identifying pairs of edges which are parallel and of the same
length: ;" ~ ¢;. The holomorphic 1-form on S is the unique one which pulls back as dz on
C, although it may be singular at points where different edges meet. The points on S where
this happens is the singularity set >. The horizontal and vertical foliations on S are now
seen as the horizontal and vertical lines in P. That this definition is equivalent to the one
given above is left as an exercise for the reader who has not seen this before.

Translation surfaces come in families: all translation surfaces of genus ¢ are elements of the
moduli space M, of translation surfaces of genus g. The space M, is finite dimensional and it
is stratified into strata H (), where & describes how many and which types of singularities the

surfaces in H(%) are allowed to have. The stratum (%) is locally modeled by H'(S,¥; C).
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FIGURE 3. The flat surface defined by the vectors ¢; = (A, 7) € R4 x TiF.

By the remarks above, H(k1,...,kq) € M, if and only if & satisfies ) | k; = 29 — 2. The
Teichmiiller flow is the l-parameter family of homeomorphisms of M,, taking (S5, a) —
(S, ) = ¢:(S, @), where Ry, = e *Ra and Sy, = €'Sar.

In the rest of this section, we establish a way of defining an ordered, bi-infinite Bratteli
diagram B(S, «) for a typical choice of compact flat surface (5, «).

12.1. Veech’s zippered rectangles. Veech | ] introduced a way of presenting flat
surfaces as the union of rectangles which are “zippered” on their sides. Here we review the
construction. We will follow the conventions of Viana | ]-

Let A be an alphabet of size d > 4, whose elements are usually written as «, and mg, 1 :
A — {1,...,d} two bijections. We will consider examples with A = {A, B,C, D}. We will
use a to denote the inverses of these functions, but instead of writing . (i) = 7= (z), for
e=0,1,1 <7 <d, we write o;. These bijections may be written conveniently as

( & o) - al )

™= 1 .1 1>

al 0{2 .« .. ad

the top and bottom rows being ordered lists of the elements of A. It will always be assumed
here that 7 defines an irreducible permutation, in the sense that there is no £ < d such that
momy H1,.. .k} ={1,... k}.

We will now define vectors, (A, 7,) in the plane, indexed by « in A. Each A\, will be
required to be positive while 7 satisfies

(2) ZTQ>Oand ZTQ<O,

mo(a)<k m1(a)<k
for all k < d. We let R to denote positive vectors and 7, denote the set of all 7 in R4

satisfying inequalities (2). Given ¢ = (A\,7) inR4 x TiF, let I' = I'(7, A, 7) € R? be the curve
bounded by the concatenation of the vectors defined by (:

1 1 1
Coz?ugaga e 7Ca27_<-a57_§a1 : J_Co&'
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The constraints which define Tt imply that about half of the vertices of T' are on the
upper half plane, and the other rough half on the lower half plane. Assuming I' has no
self-intersections', the vector ¢ defines a flat surface by first defining ¢;* and ¢, to be the
corresponding edges in the concatenation above in the upper and lower half of the plane,
respectively, and then considering the interior of I' and making the identifications ¢;" ~ ¢
on the boundary edges (see Figure 3).

Given the data (7, A\, 7) as above, we now define the vector h in R* by

ha:— Z Tg—i- Z 78-

m(8)<m1 () mo(B)<mo(c)
This is more concretely expressed as h = —€(7), where Q0 : RA — R4 is the matrix defined
by
+1 if Wl(a) > 7T1(6> and Wo(a) < 7To(6>,
Qap = —1 if m () < m(B) and mo(a) > mo(5),
0 otherwise.

Note that, the assumption that 7 is in 7. implies that h, > 0 for all & in A. We define the
image of the positive cone T, under —Q); by H = —Q, (T.F).
We now define rectangles R, of width A, and height h, by

R = S X Y As| x [0,k

mo(8)<mo(a) mo(B)<mo(e)

R: = ST X D As | x[=ha,0].

w1 (B)<mi(a) w1 (B)<mi(e)

along with the “zippers”

70 = Z Ag p X |0, Z T3
mo(B)<mo(e) | mo(8)<mo ()

Zo=9 D dapx| D 70
m(8) <71 () _71'1(B)S7T1(06)

which are vertical segments ending at the points of concatenation of the curve I'. As such,
the flat surface S(m, A\, 7) can be presented as the quotient of the closure of the union of
the rectangles {R2},cra and zippers under a relation defined on the edges of the rectan-
gles. The genus g of this surface satisfies 2g = dim Q,(R“4). The area of the surface is
Area(S(m, A\, 7)) = A - h. Moreover, the horizontal and vertical foliations are the obvious
choices. See Figure 4.

1f there are self-intersections, there is a quick fix for it.
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F1GURE 4. The zippered rectangles for the surface in Figure 3.

12.2. Rauzy-Veech Induction. Given a triple (m, A, 7), where m# = {m,m} is an irre-
ducible permutation, A in R“fr‘ and 7 in T, we will define an operation which produces a
new triple (7/, X', 7’) with the same properties. This procedure is known as Rauzy-Veech
induction, or RV induction.

First, let us describe what this procedure is meant to do geometrically, and then we will
give the details as to how it is done. Recall that from the triple (7, A, 7) the flat surface it
defines can be presented in zippered recangles form. The map R(w, A\, 7) = (7', N, 7') gives
new data from which the same surface can be presented in zippered rectangle form, except
that the base one of the rectangles will be shorter and the height of one of the rectangles will
be longer. This is done by cutting one of the rectangles R, into two and stacking one of the
subrectangles above or below another one of the rectangles. The choices of the rectangles
picked for this operation are determined by (7, \).

Remark 12.1. It will be important to keep in mind one of the benefits of using Rauzy-Veech
induction: it allows us to understand the behavior of the leaf of the wvertical foliation on
S(m, \,7) which emanates from the point on this surface coming from the origin in R?. An
analogous procedure for the horizontal foliation will be described in §12.5.

First, we define 7’ and X. Let a(e) = 7-!(d) = 5. That is, a(0) and «(1) are the last
entries in the top and bottom rows of 7.

Definition 12.2. We say that (7, \) has

type 0 Zf )\a(O) > /\a(l) or type 1 Zf )\a(g) < )\a(l)-
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If (m, \) is of type € € {0,1} then the winner is the symbol a(e) and the loser is a(1 — ¢).

This makes sense as long as Ay ) 7# Aa(1), 50 we will make the following assumption, to
which we will return later.

Hypothesis 12.3. The pair (7, \) satisfies Aoy 7 Aa(1)-
If (7, \) has type 0, then 7’ is defined by

’ P oy )
a; - a4 a0) ofl) Qpyq o Qgyq )]

that is,
! if i < m(a(0))
o =af and o =< a(l) ifi=m(a(0)+1 .
Looifi>m(a0) +1
The vector A is now defined by
(5) )\/a = )\a if 7& Oz(O) and )\;(0) = )\a(o) — )\a(1)>

whereas 7' is defined by

(6) 7! = T4 if @ # a(0) and 7'(;(0) = Ta(0) — Ta(1)-
If (7, A) has type 1, then 7’ is defined by
(7) 7_‘_l _ < Oé(%) T Oé%—l Oé(}) 061(0) 062+1 T Oé?l—l >
ap oy gy e ceeoa(l) )7
that is,

Q

0 if i < mo(a(l))
o) =ajp and ol = (0) ifi=m(a(1))+1 .
Foifi > m(a(l) +1

2 0O

The vector X is now defined by
(8) )\,a = )\a if « 7£ Oé(l) and )\:1(1) = )\a(l) — /\a(0)7

whereas 7’ is defined by

(9) 7! =71, a# a(l) and Tha) = Ta(l) = Ta(0)-
Let © = O, : RA — R4 be the matrix defined, when (7, A) has type 0,as
1 ifa=vy
Ouy =4 1 ifa=a(l)and v = a(0)

0 otherwise

whose inverse is

) 1 ifa=r
Do 0 : :)ft}?erw(ils(eQ =l
When (7, A) has type 1,
1 ifa=vy
Ouy =4 1 ifa=a(0)and v=al)

0 otherwise
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FIGURE 5. Geometric illustration of Rauzy-Veech induction. Since Ay >
Aa(0), this corresponds to type 1.

whose inverse is
1 ifa=r
0, =4 —1 ifa=a(0)andy=a(l)
0 otherwise.

This matrix satisfies [Via00, Lemma 10.2] the relation
(10) 00,0" = Q..
As such, the relations between A and A and between 7 and 7/, are expressed by
N=0""\ o IX=6")\, and =071,
and so Rauzy-Veech induction is the map
R:(m, A7) (7,067 \ 6717,

In terms of zippered rectangles, RV induction has an explicit expression in terms of the
height vector h = —Q,(7) in H. Indeed, we have that ©Q, = Q,07* and so denoting
h' = —Qu(7") the corresponding height vector for 7/, we have that A’ = ©h. It is straight
forward to verify that if 7 in 7.7 then 7’ in T,. As such, the surface S(7/, \',7’) has area

Arvea(S(7 N, 7)) = N - (=Qu (7)) = =07 "X 0Q,0*(7) = —O7 7\ - 0Q,(7)
=0\ Oh =\ h=Area(S(m, A, 7))

Geometrically, Rauzy-Veech induction makes a vertical cut through the widest rectangle
at the end, takes the right subrectangle, and stacks it above or below the rectangle according
to the rules described above. Figure 5 illustrates an example of what Rauzy-Veech induction

does to the zippered rectangles and the surface it represents from Figure 4.
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Note that in the definition of RV induction, whenever it was defined (Hypothesis 12.3), we
may have that 7’ % w. Thus we can consider all possible permutations that can be obtained
from 7 under RV induction.

Definition 12.4. The Rauzy graph G, of permutations on d elements is the directed graph
which has as vertices equivalence classes of permutations m = {mg, 1}, where m ~ 7’ when-
ever momy ' = omny Y, and there is an edge from [x] to [x'] if there are representatives w, 7'
and vector \ in Rf such that ' is the permutation obtained from (m, \) through Rauzy-Veech
induction. A Rauzy class is by connected components of the Rauzy graph.

There are two outgoing edges from each class 7], one for each type, as well as two incoming
edges. See Figures 9 and 10 for examples in genus 2.

Let (m, A\, 7) in C x R4 x T satisfying Hypothesis 12.3. Then the map R is well defined,
and we obtain (', N, 7') = R(m, A, 7) in C x R* x T'+. We would like to once again apply R
to this new data, but we do not know a-priori whether (7', ', 7’) satisfies Hypothesis 12.3.

To establish conditions for which all iterates of RV induction are defined, we first need to
define the interval exchange transformation (IET) defined by (7, A). For « in A, let

L= > X > A

mo(v)<mo(a)  mo(y)<mo(a)
and with |I| = ||Al|1, the IET f:[0,|I|) — [0,|I]) defined by (m, A) is
f(z) =24+ Qr(N), for x € 1,.

The reader is encouraged now to verify that the zippered rectangle surfaces in §12.1 are
suspensions over the IET f with roof functions given by the height vector h. Denote by 01,
the left endpoint of the interval I,,.

Definition 12.5. A pair (7, \) satisfies the Keane condition if f™(01,) # 01, for all m in
N and o,y € A with mo(y) # 1.

Remark 12.6. (1) This condition guarantees that the orbits of the left endpoints of the
intervals are as disjoint as possible. This surely guarantees Hypothesis 12.5. Below
we will see that this characterizes the good data for which RV induction is defined for
all iterates.

(2) It is known that the Keane condition implies the minimality of the interval exchange
transformation f, that is, that every orbit is dense. This in turn implies that the
vertical foliation on S(w,\,T) has no closed leaves and every leaf is dense in the
surface.

Theorem 12.7. The following are equivalent:

(1) (m, \) satisfies the Keane condition.
(2) All iterates R"™(m, X) of Rauzy-Veech induction are defined for n > 0.
(3) For each o in A, there is a subsequence ny — oo such that « is the winner for
R (m,\) for every i.
(4) For each o in A, there is a subsequence n% — oo such that a is the loser for R (7, \)
for every i.
Moreover, these equivalent conditions are satisfied on a full measure subset of the space of

parameters.
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FIGURE 6. The case ha(l) > hﬁ(o) and ha(O) < hﬁ(]).

For a proof, see [Via06, §5]. Thus, it is better to replace Hypothesis 12.3 with the Keane
condition.

12.3. RH Induction. The previous section reviewed a procedure which, starting with some
data (7, A\, 7) and depending only on 7 and A, produced a new triple R(7’, X', 7). Moreover,
there is a precise condition that characterizes all data for which all iterates of this procedure
are defined. Denoting by (7, A" 7)) = R*(r, A, 7), the surfaces S(7™ A™ 7(M) are
different presentations of S(m, A\, 7) which allow us to keep track of longer and longer segments
of the vertical leaf emanating from the origin.

In this section, we define a different procedure, P : (7w, A\, 7) — (7', N, 7'), with the aim of
doing the same for the trajectory of the horizontal foliation emanating from the origin, that is,
we will get presentations S (7™, A (™) of S(7, A, 7) through (7™, A 7)) = P(7 X 7)
which will allow us to capture longer and longer segments of the horizontal leaf emanating
from the origin. We will then relate this procedure to RV induction. This exposition is our
own, but the recent work [Ber21] captures most of the aspects presented here.

Let us first describe and illustrate how this procedure is meant to work and then we will
give the details. Let (7, A\, 7) in C x R“fr‘ x T+ and consider the zippered rectangles presentation
of it in (3). Our goal is to extend [0, |I|) to [0, |I|), where |I'| = || N||;. Given m = (mg,m1),
define

(11) Be) = - (7 (a(1 —€)) + 1),

for e = {0,1}. In words, 3(¢) is the symbol immediately to the right of a; ¢ on ..

Suppose for the moment that hq) > hge) and ha@) < hgay (see Figure 6). In order to
extend the horizontal leaf starting at the origin, it must come out of the bottom edge of the
rectangle Ri(o) cut through Ré(l), subdividing it into two subrectangles. The top rectangle
will be absorbed into a larger rectangle R}x/(o) = Ré(o), while the bottom rectangle will be
moved to the right and become R}X,(l). Thus, we extend [0,[/]) by Ag) and rearrange the
rectangles as in Figure 7.

If hag1y < hgy and hq) > hg(i) then an analogous procedure is defined by cutting through
the rectangle Rg(o) and moving the top rectangle to the right-most place on the top set of

rectangles.
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It may be unclear how to proceed if hoa) < hge) and ha) < hgay, as in Figure 4.
What really determines which rectangle to cut has to do with the 7 € T.F which defines
h = —Q.(7). Indeed, in the case ho1y > hg) and ha) < hga) as in Figure 6 the zipper
between Rg(l) and Rg(o) is somewhere in the interior of the right edge of Rg(l), meaning
that it is on the right edge of Rclx(l), meaning that > 7, < 0. Likewise, hoa) < hg) and
ha() > hp@y imply that > 7, > 0.

Let us remark that the case ho1) > hg) and hq) > hg() is impossible. Indeed, consider
the zipper between Rg(l) and Rg(o)' There is a singularity of the flat surface somewhere

between these two rectangles. But this singularity is to the right of Rg(l), which means that
there is a singularity on the right edge of Ri(w which has to have height > 7, < 0. The
same argument for the rectangles Ré(o) and R}éu) implies that Y 7, > 0. Since 7 € T}F,
it satisfies one of the two conditions of (2), so it is impossible to have hya) > hge) and
ha(o) > hp()-

Hypothesis 12.8. The pair (7, 7) with 7 in T} satisfies Y, 7o # 0.

Motivated by this discussion and following the terminology [ , §12], we have the
following definition.

Definition 12.9. If the pair (7, T) satisfies Hypothesis 12.8, it will be called
Type 0 ZfZTa >0 or Type 1 ZfZTa < 0.

If (m,7) is of type € € {0,1} then the T-winner is the symbol a(1 — ).

Thus if (7, 7) is type 0, then the rectangle Rg(o) will be subdivided into two rectangles,
the bottom part will be absorbed into Rg(l) while the top part will be moved to the right
to become RY. If (7, 7) is type 1, the rectangle Réu) will be subdivided into two rectangles,
the top part will be absorbed into R;(O) while the top part will be moved to the right to
become R}, as depicted in Figure 7.

These operations are formally defined as follows. Let 7 in T be of type 0. Starting with

(m, A\, 7) and based on the description in the previous paragraph, the new data (7/, X', h') =
P(m, A\, h) = P(m, A\, —Q:(7)) is defined, first, by letting

B I )
ap oy g oy o e a(l)
that is,
af if 1 < mo(a(1))
(o)} = ol and (@) =¢ o, ifma(l))<i<d .
p(0) ifi=d
The vector )\ is now defined by
(13) N, =X ifa#a(l) and Aa(y = Aa(1) + As(0)
whereas h' is defined by
(14) h/a = ha if « 7£ 5(0) and hlﬁ(o) = hﬁ(o) — ha(l)-

The definition of 7/ will follow from Proposition 12.9.
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F1GURE 7. Starting from Figure 6, the procedure producing a new zippered
rectangles presentation implies that o/(0) = «(0) and o/(1) = 3(1). Compare
with Figure 5.

Let 7 in T be of type 1. Starting from (m, A, 7) we now define (7', N, 1) by

(15) ,R-’ _ < a(:{) P a%_l ag a%—l—l P P OZ(O) )
ap ooy a0) agy, - oa(l) BQ) )7
that is,
a} if i < i (a(0))
oy =af and of = ol ifm(a(0) <i<d .
p(1) ifi=d
The vector X is now defined by
(16) Ao =Aaifa#a(0) and N, o = Aa@) + As0);
whereas h' is defined by
(17) h; = ha if « 7& 5(1) and hlﬁ(l) = hﬁ(l) — ha(o).

The definition of 7/ will follow from Proposition 12.9.
Let U = U, ), : R* — R4 be the matrix defined, when (7, h) has type 0, as

1 fa=xy
(18) Uy, =< 1 ifa=a(l) and v = 5(0)
0 otherwise

whose inverse is
1 if o =7
U =4¢ -1 ifa=a(l)andy=p5(0)
0 otherwise.
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When (m, h) has type 1, as

—_

ifa=r
if @ = a(0) and v = 5(1)
0 otherwise

(19) Yoy =

—_

whose inverse is

1 if o =7
111;71 =< —1 ifa=a«a(0)and v=5(1)
0 otherwise.

Thus, the map P acts on data as P : (m, A\, h) — (7, U\, U1*D).
Here we want to pick out a condition, analogous to the Keane condition in Theorem 12.7,
which characterizes the data for which P™(m, A, t) is defined for all n > 0. First observe that

if we restrict ourselves to all h with rationally independent entries, that is, to h € H so
that

(20) Znaha #£ 0 for all n € Z*4,

then P™(m, A\, h) is defined for all n > 0. Moreover, the collection of all such vectors has full
measure in H.

Definition 12.10. The triple (7, X\, ) is RH-complete if for every a in A there is a subse-
quence n® — oo such that « is the T-winner of P (7, \,7) for all i.

There is an analogous way to characterize when P" is defined for all n > 0 recently proved
by Berk (see | ]). Compare the following with Theorem 12.7.

Theorem 12.11 (| ). The following are equivalent:

(1) All iterates P"(m, A\, 7) of RH-induction are defined.

(2) (m, A\, 7) is RH-complete.

(3) The horizontal leaf emanating from the singularity associated to the origin has infinite
length.

12.4. Relations between RV and RH inductions. Here, we prove that RH induction is
the inverse of RV induction.

Proposition 12.12. Let (m, A\, h) = (7, A\, —Qx(7)) with 7 in TF. If X in R satisfies
Hypothesis 12.3, then P o R =1d. If 7 in T satisfies Hypothesis 12.8, then R o P = Id.
Proof. Let (7', N',h/) = P(m, \, h). Now suppose 7 in T.t is of type 0. Then by (13):
Ny = As0) < As(0) T Aat) = Nova);

which means that (7', \') is of type 1. Comparing (8) and (13), we get that R(N), = A, = A\s
whenever a # /(1) = a(1) and

RN a1y = Xor(a) = Aoy = (Ra) + A50) = Aa(0) = Aa:
Finally, comparing (7) and (12), we get that RoP(m,\) = (7,0 *W¥)\) = (1, )), so ¥ = ©*.
If o/(e) are the last symbols of the permutation 72, then o/(0) = £(0). So R(h)s = hy if
a # a/(0) = 5(0), and

R(W)ar(0) = Piyoy + Por1y = o) + Moy = (hs) = haq)) + haqry = hs) = har(o),
73



so RoP(m, A\ h) = (m, 0" *U\, OU~1*h) = (1, \,h). So RoP(m,\,h) = (7, \, h).
Suppose now 7 in 7. is of type 1. Then by (16):

Aw(1) = A1) < As) + Aao) = Ar(o)

0%

which means that (7', \') is of type 0. Comparing (5) and (16), we get that R(N), = A, = A\s
whenever a # o/(0) and

R(X)a/(o) = /\/04’(0) — Xa(l) = ()\a(o) + )\5(1)) — )\5(1) = >\a(0)

Finally, comparing (4) and (15), we get that RoP(w,\) = (7,0 ¥ ¥\) = (7, \), so ¥ = ©*
in this case too.

Note that if o/(e) are the last symbols of the permutation 7', then o/(1) = g(1). So
R(F)o = ho if a # /(1) = 5(1), and

R(W) a1y = Py + heoy = Paay + Py = (hs) — Pa(0) + Pago) = hs) = harq)

so RoP(m, A\ h) = (m, 0" *U\ OU~1*nh) = (7r, A\ h).
Let (7', N, 7") = R(m, A\, 7) and (m, A) is of type 0. Then by (6) we have that

ZT = Z Ta <0
a#a(l)

and so by (2) we have that (7', 7') is of type 1 (as in Figure 7). Let N = ©7*)\, where ©
is the type 0 matrix. Comparing (4) and (15) it also follows that (1) = a(1). In addition,
comparing (8) and (16), we get that P(X), = A, = A, whenever a # o/(0) = «(0) and

PN = M) T A1) = Aago) T Aoy = (Ra) = Aan) T Aat) = Aa(o);

so P oR acts as the 1dent1ty on A.
It follows from (17) that P(h')q = hl, = hs if a # /(1) = a(1) and

P(R) sy = Ryay — haro) = (Pa©) + ha1) = ha) = haray = haqy = P(h)aq)

So it follows that PoR(w, A\, h) = (7, VO~ ™\ U~*Oh) = (7, A\, h). The last case is similarly
proved. 0]

It follows that the map P changes the 7 coordinate by 7 +— Wr.
Proposition 12.13. The map P preserves the cones T .
Proof. Suppose (m,7) is of type 0 with 7 in T, and let P(m,7) = (7', ¥7). Then
> 1a>0 ifk<mo(a(l)) = mh(a(1))
)<k
w{)(Z«):Sk () = (Z 7o >0 if mo(a(l)) = mp(a(l)) < k < d,
7o () <k+1

where the case for k = d — 1 follows because (7, 7) is of type 0. We also have for any k < d

Z (), = Z To <0,
m(a)<k

() <k
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and so it follows that W7 € T7,. Likewise if (7, 7) is of type 1 then

Z Ta <0 if k < m(a(0)) = 7} ((0))

Z (\IIT)Q = m1(a)<k
! (a)<k Z 7o <0 if m(a(0)) = 71 («(0)) < k < d,

m1(a)<k+1

where the case for k = d — 1 follows because (7, 7) is of type 1. We also have for any k < d

Z (), = Z To > 0,

) (a)<k mo(a)<k
and so the defining conditions of the cones (2) are preserved. U

Thus the map P is the inverse of the Rauzy-Veech induction map R and it is sometimes
called “backwards Rauzy-Veech induction”. As such, the action on data triples is of the
form P : (m, A\, 7) — (7', WA, UT).

12.5. Dynamics on the space of zippered rectangles. Since a flat surface can be con-
structed from data (m, A, 7) in C x R x TiF, it is natural to ask how the set of all zippered
rectangles relates to the set of all flat surfaces. This was described by Veech | ]-

Definition 12.14. The space of zippered rectangles corresponding to a Rauzy class C is the
set

DC:{(W,)\7T)Z7T€C,>\ERA,TGT:}.

There is a natural volume measure me in Ve locally given by me = dr d\dr, where dr
is the counting measure, while d\,dr are restrictions of Lebesgue measure on RA. The
Teichmiiller flow on V, is the one-parameter group of diffeomorphisms of Ve defined by
O, (m, A\, 7) = (m, e tA e'T). We emphasize here that our convention for Teichmiiller flow
here is backwards Teichmiiller flow in the general literature. The reason for this is that our
focus here is on the horizontal flow, which is renormalized by the Teichmiiller flow as we
have defined it.

The Teichmiiller flow preserves the measure m¢. Note that
Area(S(®¢(m, A, 7))) = Area(S(m, A\, 7)) for any ¢ in R. Any a > 0 defines two independent
global cross-sections T/Ci“, defined by

21) Vit ={(m, A7) € Ve : |Q(7)|1 = |1 = a},
Voo ={(m A\ 7)€ Ve: |\ = al.
The renormalization times of (7, A, 7) are defined by

ha —& /\a e
(22) t;%(m A7) = —log (1 - M) and tr(m, A\, 7) = —log (1 _ Zollzey) A)) )

where ¢, is the x-type of the triple, for x € {\, 7}, and it is immediate to check that the
composition

(23) ﬁi - Pil © (I)ti : <7T, )‘7 T) = Pil (777 €¥t§>\7 eit§7—>
R
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maps each cross section 173[“ to itself (assuming P*! is defined on the triple). In fact, the

transformation P* : VI — V% is an almost everywhere invertible Markov map (see | ,
Corollary 20.1]). Let IT* be the maps defined by

It (m, A\, 7) = (7, h) = (7, — (7)) and I (m, A\, 7) = (m,\)

for all (7, \,7) in Ve, and let mZ = II¥me be the pushforward of the volume measure and
mi be their restriction to the simplices

Ve =T"(V;) = {(ﬂ,h) e L {m} x B |l = 1},

el

Ve=1I"(V;') = {(n, N e | [{m} xRE: A = 1} :
mel
There are unique maps P* : VZ — V7 satisfying P* o [T+ = I+ o PE, for all triples (7, A, 7)
where P*! is defined, which we respectively call the RH/RV renormalization maps.

Proposition 12.15. The measure on V} defined by
I 7atdn
acA

is invariant under the RH renormalization map PT.

This measure is a counterpart to the Gauss measures m; on V, of Veech | |. Veech
proved that mj has an invariant density which is a homogeneous rational function of A
of degree —|A| bounded away from zero (see | , §821]). The measure above is also a
homogeneous rational function of degree —|.A|. That a measure of this form was invariant
was claimed in | , 84].

Proof. Recall that every (m, k) in V} has two preimages (7, k), that is, P* (7%, h¢) = (7, h),
where € in {0, 1} is the 7-type. Let m be represented as

().

In terms of h, the two preimages h® are given by

ha . hagey + ha—e)
24 = f € =
(24) he, TR if  a#ale) and hee) T
from which we get
(1 + hoz(l—e))éa,ﬁ - haéﬁ,a(l—e) if a 7& a(e)
Ohe, (1+ ha(1-e))* '
SO (14 hapi—o)™ ita=p=a()
+ Nae :
m if « =a(e) and = a(l —¢).

We denote by F. the map satisfying F.(h) = h® and by J. its Jacobian. Note that the only
nonzero entries of J. are along the diagonal, which are mostly (1 + ha1—¢)) " except in the

o1 —¢) entry, in which case it is (14 hq(1—¢)) 2, and in the column for index a(1 —¢), where
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the entry for index a # a(e) is —ha/(1+ ha(1—c)) 2. Thus, we can compute the determinant
of J. by expanding along the row with index a(1 — ¢), and we get that

Tl = (1 + haqe)) M.
Let D(h) =[], ha' We would like to verify that D o F.|J.| + D o Fi_.|Ji-c| = D. First:

(26) Do F.(h) = H(hs )= (1 + haq-o) _ (1+ ha(l—g))|A|h/o¢(E)D(h).
o ’ (ha(s) + ha(lfg)) H ha hoc(a) + hoz(l—s)
aFa(e)
Now putting everything together:
ha(e)P(h ha(1-eD(h
Do F|T| + Do Fi_o|Ti_e| = () (h) (1—e) (h) — D(h).

hoc(s) + ha(l—s) ha(l—a) + ha(e) B
0

Let Vo C Ve be the space of data (m,\,7) which satisfies the Keane condition and is
RH-complete. It is invariant under both P and ®,. Define the spaces Vi = V¢/ ~., where
~4 is the relation

(27) P (A7) ~ By (A7),

called the pre-strata of the Rauzy class C. The Teichmiiller flow ®, descends to flows ®i
on Vci, and the image of Vci 1N Ve are Poincaré sections for the flows. These now serve as
combinatorial models for the Teichmiiller flow in the moduli space of flat surfaces.

The Teichmiiller flows on Vg[ further project to suspension flows over P* : Vci — Vci with
roof functions tﬁ. More precisely, let

Vi ={(h,s) e VI xR:se|0,t})},

(28) Vo ={(\s) eVy xR:s€0,t5)}

be the set of coordinates for the suspension flows: (h,s) — e*h and (A, s) — €®A.

Theorem 12.16 (] ). The RV renormalization map P~ : Vo — V, is ergodic with
respect to my , and thus so is the Teichmaller flow on Vg with respect to m, = esAldmy ds.
Moreover, given a Rauzy class C, there exists a vector k and a finite-to-one, measurable map
e : Vo, — H(R), where H(R) is stratum of flat surfaces such that Ilc o ®; = g, o Il¢, and
this flow is ergodic when restricted to the subset of surfaces of area 1.

Using the coordinates (28), define the measure on V;
mg =Y eMID(h)dihds,
mel
where D(h) =[], h,' and d7h is the Lebesgue volume in the simplex AT C H of vectors
h with |h|, = 1.

Proposition 12.17. The measure mp is ®;-invariant.
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Proof. Using the coordinates (h,s) as above, we pick a small flowbox of the form B =
Bs x [0, €], where Bs C AT is a small ball for some 7 € C, where € < maxpep, tg(m, h). For
any t small enough,

S\A\
h(®4(B)) / / e*MID(e*h) ds dF = / / dsd™h
t B, €S|A|H h 1
2 o o514 }
(29) — ¢ B(SD )dTh //esw dsdlh

:/ /e‘g'AD(eSh)dsd”—mg(B)
Bs Jo

This, combined with Proposition 12.15 shows the ®;-invariance of 7} ([l

12.6. Bratteli diagrams for finite genus. Given (7, A\, 7) in Vc(l), we want to produce a
bi-infinite ordered Bratteli diagram, B, ) -, so that the resulting surface S(B; » -) is S(m, A, 7).

We make a couple of remarks. The first is that, as we noted earlier, while the space Sg
depends only on the bi-infinite ordered Bratteli diagram, the atlas for it also depends on the
given state v,, v,. In fact, the state here will be given in a rather simple fashion from A\ and
T.

The second comment is that we will only construct the Bratteli diagram for (7, A, 7) which
are RH-complete and satisfy the Keane condition. This isn’t unreasonable as our foliations
]-"g? tend to be minimal under rather mild restrictions.

Let (m, A, 7) in V. In order to define a bi-infinite ordered Bratteli diagram By » ,, it suffices
to describe the vertex set V,, and the edge set E,, for all integers n, along with the partial
orders <,, <, at every vertex. For all n € Z, we define V,, = A. This presents a minor
notational problem: if we write r~!(a) C E,, we are considering a as an element of V,,,
but this does not appear explicitly in the notation. To solve this, we use r, : F, — A and
Sp : B, — A for the range and source maps. Note that the set A is that of symbols and not
of their positions zippered rectangles. As such, in order to describe E,,, it suffices to provide
a A x A matrix M,, which describes the connections between V,,_; and V,,.

For n > 0, let

(30) M. — { (18) if P"L(m A\, 7) is of 7-type 0

(19) if P"Y(m, A\, 7) is of T-type 1,

and let E, be the edge set defined by M,,. In other words, there is an edge e, in E, with
snp(eq) = ainV,_y and r,(e,) = ain 'V}, for each a in A. We refer to such edges as horizontal.
In addition, there is an edge e, in E, with s,(e,) = B,_1(¢) and r,(e,) = a,(1 — ¢), if
P (m, A, 7) is of type € in {0, 1}, where a,,(¢) and f3,(¢) are the corresponding symbols in the
permutation in P™(m, A\, 7). Note that /3,,(¢) = a,11(e) depending on the type of P"(m, A, 7).
We now move to define the orders <,, <, on B. These will also depend on the 7-type of
Pr=(m, A\, 7). Since |r; (a)| =1 for all @ # a,(1 —¢) and n > 0, it suffices to define the
order <, on {e,, €n,1-5)} = 1, (an(1 — €)), depending of the type of P*~!(m, 7). We let

(31) Cay,(1—¢) <r €n

at each r;'(a, (1 — ¢)), depending on the type. Since |s;'(a)| = 1 for all a # 3, 1(¢) =
an(g) and n > 0 (here ¢ is the type of P" (7w, A\, 7)), it suffices to define the order <, on
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Bn1(c)8Z

Br1(c)e2

FIGURE 8. The edge set E, in the case that P~ 1(m, A\, 7) is of 7-type € in {0,1}. The — and +
symbols indicate the orders at the vertices where there are more than one incoming or outgoing edges.
When P~ 1(m,\,7) is of T-type 0, the three dots in the rectangles Rg(l) and Rg,(o) used to define the
orders <,,<s. Indeed, the two dots sharing a y-coordinate sit on the same leaf of the horizontal leaf,
making them right-tail-equivalent in B. That e, (1) <r €n in this case is dictated from the order on the
leaf of the foliation containing those two points. This same order on the horizontal foliation happens in the
case of T-type 0. The choice for the <s order comes from comparing two points on the same vertical leaf,

and these take different forms depending on the type. This is evident from the two figures.

{en.es, 1)} = 52 (Bn-1(€)), depending of the type of P"(m, A, 7). We define the orders

(32) en <s €an(l) = €g, ,(0) if P"1(m, A, 7) is of T-type 0,
Can(0) = €8, 1(1) <s €n if P"=(7w, A\, 7) is of T-type 1,

at s, (Bn-1(€)). These choices define the positive half of B; ) ,, see Figure 8 for a geometric
justification for these choices.

The definition for the negative part will essentially be the same form as (30), if we use
Proposition 12.9. Recall from the proof of Proposition 12.9 that if (7, A\, 7) = P(x’, X', 7') is
of A-type ¢, then (7', N, 7") = R(mw, A\, 7) is of 7-type 1 — e. Thus, going by (30) for n = 0
we can define My as (19) if (m, A, 7) is of A type 0, and as (18) if (m, A, 7) is of A type 1.
Extending for higher powers of R = P!, we get, for n < 0:

_f (19) if R™(m, A\, 7) is of A-type 0
(33) My = { (18) if R7(m, A, 7) is of Atype 1.
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The orders are now similarly defined for the negative half: we extend the definitions using
(31) and (32) depending on the 7-type of P"~!(m, A\, 7), that is, depending on the A-type of
R™(mw, A\, T).

Remark 12.18. (1) Note that there are 2(|A| — 1) possible matrices that can appear as
U in (30) and (33), all of which are invertible and of determinant 1. As such, we
have for the AF algebras Azjs:,r . that the diagrams define,

(34) Ko(Af ) =ZM = H(S(r,\ 1), % Z),

which had already been proved in | |. This does not, however, address the subtler
1ssue of the natural order structure.

(2) Given the definition of the Bratteli diagram B = B, above, it is easy to identify
some extreme elements at once: for any o in A the path p, = (..., p" L pl,pit . .))
in Xg with s,(p?) = o and r,(p2) = v is in Xz ™" and so Xj; ™" has ezactly | A
elements, the horizontal paths in Figure 8.

Our next task is to define a state on the Bratteli diagram which we have just constructed.
In fact, this is fairly simple: we let (m,, Ay, 7,) be (7, A\, 7) for n = 0, P*(w, A\, 7) for n > 0
and R™"(m, A\, 7) for n < 0. We again let h,, = Q. (7,,), which lies in R*. For a in A =V,
we define v,.(a) = (A\,)o and vg(a) = (hy)q-. It is a trivial matter to see that this is a state
on B.

It is a simple matter to see that these definitions mean that, for any n > 0, a symbol «
in A is the 7-winner in RH induction, P", if and only if the non-horizontal edge of F,, has
range equal to «. Similarly, a symbol « is the A-winner in Rauzy-Veech induction, R", if
and only if the non-horizontal edge of E_,, has range equal to a. This proves the following.

Proposition 12.19. The Bratteli diagram By » . satisfies the Keane condition if, for every
ain A, |r;H{a}| > 1 for infinitely many negative integers n, and is RH-complete if and only
if [r-Ha}| > 1 for infinitely many positive integers n.

The next fact follows from | , §1.2.4] (see also | , Corollary 10]).

Proposition 12.20. If (7, A, 7) satisfies the Keane condition and is RH-complete, then By »
1s strongly simple.

The Keane condition allows us to describe the elements of X gﬁi _and even more, paths
which are tail equivalent to these. To do so, we introduce some notation. Consider compatible
representatives of the vertices of the Rauzy graph of m. That is, pick a representative
m = (mo,m) of a vertex and consider the representatives of other classes which can be
reached under finitely many steps of induction. Let A. = m.(1), the first symbol of =,
and note that they are the first symbols in each representative in the Rauzy graph, that is,
they are preserved under induction. Recall that there is an edge e defined by the 7-type of
(7, A, 7), which satisfies s(e) = (¢) and r(e) = a(1 — &) whenever the 7-type is £ (Figure 8).
Proposition 12.21. Suppose that (7w, \,T) satisfies the Keane condition, is RH-complete
and that x is an infinite path in By y .

(1) Suppose there is ng such that x, is r-minimal, for all n < ng. Then x,, is horizontal,
for all n < ng. In particular, Xg;i”i" consists of the |A| infinite horizontal paths.
(2) If x is in Xg::f‘”, then x, is not horizontal, for infinitely many n > 0.
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FIGURE 9. The Rauzy graph for surfaces in the hyperelliptic component of #(2). The arrows represent
a step of RH induction depending on the 7-type in {0, 1}. Next to every arrow is the edge set associated to
the Bratteli diagram: if (m, A, 7) is RH-complete, then it defines an infinite walk on this graph, and the edge
set E, is defined by the edge set corresponding to the arrow above in the nt” step. If (m, A\, 7) satisfies the
Keane condition, then it defines an infinite backwards walk on this graph and the edge sets of the Bratteli

diagram B . are defined accordingly.

(3) Suppose that there is an integer ng such that x, is s-maximal for all n > ng. Then
there exists mg > ng such that r(x,) = s(z,) = Ao, for all n > my.

(4) Suppose that there is an integer ng such that x, is s-minimal for all n > ng. Then
there exists mg > ng such that r(z,) = s(x,) = Ay, for all n > my.

Proof. The first part follows easily (even without the Keane condition) from the fact that if
Zp is r-minimal, then it is horizontal, by the definition of <,.

For the second part, suppose that z,, is horizontal for all n > 0. From the BK condition,
there n > 1 with |r~!(r(z,)| > 1. The definition of <, implies that x,, is not r-maximal.

The last two parts are more subtle.

Observe that A. # [(e), since by definition £(g) is the symbol to the right of another
symbol, and A, is never to the right of another symbol. Thus there is no non-horizontal edge
e defined by the graph with the property that s(e) = A. when the data is of type . This
means that whenever there is a non-horizontal edge e with s(e) = Ay, then this corresponds
to type 1, and so it is s-max, and likewise if there is a non-horizontal edge e with s(e) = Ay,
then this corresponds to type 0, and so it is s-min. It follows that the constant path {Aq}

is s-min while the constant path {A4;} is s-max, and both of these paths are also r-min.
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For a set V C V,,, we define
Q(V) ={s(e) | e € E, is s-minimal and r(e) € V}.

For V' C V,, we will denote Q™ (V) C V,,_,, the image of the composition of () m times. We
first observe that if « is in Q™ ({Ap}) C V,,—y,, then there is an s-min path in E,,_,,,, with
s(p) = a and r(p) = A,.

Lemma 12.22. For any 1 < i < d, if V = {af,...,a?}, then Q(V) equals one of
{(@)},.... ()} or {(),.... (&)1} Moreover, if (m,\,7) is T-type 0 and a(1) is in V,
then the latter holds.

Proof. The first case to consider is when (7, A, 7) is 7-type 1. In this case, every s-minimal
edge in E, is horizontal and so Q(V) = V, for any set V. On the other hand, (/)" = °
and so the conclusion holds, with the first of the two cases.

We now assume (7, A, 7) is 7-type 0. Suppose a(1) = af, for some 1 < k < d. There are
two cases to consider. The first is that o(1) is not in V. In other words, a(1) = o, for some
J > 1. In this case, the horizontal edge to each element of V' is also s-minimal so Q(V) = V.
Moreover, the change in 3° from o only occurs in entries greater than k. In other words,
we have {(o/)},..., ()7} ={al,...,a)} =V and Q(V) = V.

Now, we suppose that a(1) is in V. In other words, a(1) = af, for some j < i. In this
case, we have the non-horizontal s-min edge goes from «(0) to a(1). Observe that because
i < d, a(0) is not in V. Tt follows that Q(V) = V U {«(0)}. On the other hand, (/)° is
obtained from a° by inserting a(0) to the right of a(1) and moving the entries to the right
one more space to the right. In other words, we have {(¢/),...,(¢/)} 1} =V U {a(0)} and
we are done. O

O

Proposition 12.23. If (m, A\, 7) is such that, |r,;*{Ag}| > 1 for infinitely many n > 0, then
any x in Xg_, - such that there is some ng such x, is s-minimal, for all n > ng, there is nq
such that x,, is the horizontal edge from Aq to itself, for alln > ny. In particular, Igﬂ =1
with x1 being the infinite horizontal path through Ag. Similarly, if (7, \,T) is such that,
ir, ' {A1} > 1 for infinitely many n > 0, then any x in Xp_, = such that there is some ng
such x, is s-mazimal, for all n > ng, there is nq such that x,, is the horizontal edge from A;
to itself, for all n > ny. In particular, JZ;:, . = L with x3 being the infinite horizontal path
through Ay. .

Proof. We prove the first statement only. Choose n; > ng so that |r,;'{Ag}| > 1, for at least
|A| values of n between ng and n;. If we then consider Ay as a vertex in V,,,, and apply @
successively to V' = {Ap}, there will be at least |.A| times when Q™ (V') is strictly larger then
V. For some some ng < n < ny, we have Q™ "(V) = V,,. It follows that every s-minimal
starting in V,, will have range equal to Ag. Also, any s-minimal path starting at Ay will be
horizontal. As n > ng, x satisfies both properties and the conclusion follows. O

Theorem 12.24. If (w, A\, 7) in V¢ satisfies the Keane condition and is RH-complete, then
B+ satisfies the standard conditions of Definition 6.2.

Proof. We have already seen that By - is strongly simple in Proposition 12.20. It is clearly

finite rank since #V,, = #.A, for all integers n.
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FiGure 10. Rauzy graph for surfaces in the non-hyperelliptic component of
H(2) along with corresponding edge sets for the Bratteli diagrams.

We finally verify the third condition, starting with considering (X5 ™" U X5 ™) N9, Xp.
We know from Proposition 12.23 that (X3 ™" and X} "*") consist of z; and x5, the horizon-
tal paths through Ay and A;, respectively, and hence are both in X};’mm which is excluded
from 0, Xpg, by definition.

We now consider (Xl’;_mm UXE ™) N0, Xp. Again Proposition 12.23 implies that 0,Xp is
contained in T+ (z;) and T+ (z5). The only paths which also lie in Xj; ™" are the horizontal
paths z; and xy, which are excluded from 0, Xp, by definition. If = is in 7% (x;) and Xz ™,
then x,, is the horizontal edge from Aq to itself for all n > ny. By RH-completeness, there
is some n > ng with |r, '{A4¢}| > 1, which means that x, is not r-maximal, a contradiction.
The same argument shows 7" (z5) N X5 ™ is empty. O
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12.7. Flatness of B .. In this section, we will prove the following flatness property of

Bﬂ',)\,T‘

Theorem 12.25. If (7, \,7) in V¢ satisfies the Keane condition and is RH-complete, then
Y5 =a.

TN, T

Denote by z. = {A.} the corresponding s-min/max paths from Proposition 12.21. Then
T (x.) is linearly ordered by <, and Ag: T (x.) \ {z.} = T (1) \ {z1_c} is a bijection.

Lemma 12.26. If A preserves <,., then X5 = &.

Proof. Let o € 0Xp and suppose A, (z) is the r-successor of z. Then A; o A, (z) is the
r-successor of Ag(x), that is A, o Ag(x) = Ago A (z). O

For every n, F, has an edge which is not s-max, call it y, and an edge z, which is not
s-min. These are the edges {yn, z,} = s7'(vs,_,()). Define

. Y, ={zr € X |z, =y, and x; is s-max for all i > n}
(39) Zn={x € Xp | x, = 2z, and z; is s-min for all i > n}.

Note that A, : Y,, — Z, is a bijection for every n. Moreover, by definition, we also have that

TH(x0) \ {zo} = |_|Yn and TH(z) \{z1} = U Zn

soif Y, <, Y,y and Z, <, Z,.1, for all n, then Ay : T (x.) \ {z.} = T (x1-2) \ {x1-<}
preserves <,.

Proposition 12.27. Y, <, Y,

Let = {e;} be in Y, and 2’ = {e}} be in Y, ;1. Let £ > n be the smallest integer where
r(e;) = r(e;). We will show that e, <, e,. We first treat two simple cases.

Lemma 12.28. If E,, E, 1 are respectively of T-type 0,0 or 1,0, then { = n+1 and e, 1 <,
€ni1-
Proof. If they are of type 0,0, it is immediate to check that (e,,e,11) is the concatenation
of the s-min path from 3(0) to a(0) followed by the horizontal edge ey, whereas e, is
the s-min path from some vertex to v4(o), meaning that r(e,1) = r(e;,, ;). Since horizontal
paths are always 7-min, it follows that e, <, €/, ;.

If they are of type 1,0, then it is immediate to check that (e, e,41) is the horizontal path
associated with symbol §(1), whereas €], is the s-min path from some vertex to 5(1) =

r(en+t1). Again, since horizontal paths are always 7-min, it follows that e, <, €], ;. 0

Thus we are left to inspect the cases where E,, E,, 1 are respectively of types 0,1 or 1,1.

Lemma 12.29. Suppose E,,, E, 1 are respectively of types 0,1 or 1,1. Forn+1 <1 </{—1,
if r(e;) =~ and r(e;) = ~', then the symbol v is immediately to the left of ' on the bottom
row of the permutation defined by P(m, X\, T).

Before proving this lemma, let us prove the proposition assuming the lemma.
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Proof of Proposition 12.27 assuming Lemma 12.29. First note that if r(e;) = r(e}), then

PY(w, \,7) is of T-type 1, as this is the only way that we can have a non-horizontal s-max
edge in Ey. If r(es—1) = v and r(e;,_;) = 7' and 7 is immediately to the left of of 4/, then
by the definition ( 30) of M,, the non-horizontal edge goes from ~" in V;_; to v in V4, and so
er <, €, showing that Y,, <, Y, 41. O

We now move to prove Lemma 12.29. To get us started, we have the following.

Lemma 12.30. If E,, E, 1 are respectively of T-type 0,1 or 1,1, then { > n + 1 and the
permutation associated to P (m, X\, 7) is of the form

% cee
(36) ()
for some v, in A, then r(enq1) =y and r(e), ;) =7

Proof. Suppose they are respectively of type 0,1. Then the sequence of permutations are of
the form

-a(1)B(0) - a(0) -a(1) - a(0)5(0) ~-a(1) - a(0)5(0)
(mwwm~mn)H(mmwﬂwum)ﬁ<mmwwmwm)’

assuming £(0) # a(0) and (1) # «(1). Now, by definition, (e, €,11) is the concatenation
of the edge from [(0) to the vertex (1) followed by the horizontal edge associated to the
symbol (1), and so v = (1), whereas €/, is the horizontal edge associated to the symbol
A'(1) and o' = §'(1).

Note that it cannot be the case that both 5(0) = «(0) and S'(1) = «(1) as this would
make the permutation irreducible. Now, if 3(0) = «(0) and 5'(1) # «(1), then the sequence
of permutations is of the form

< - a(1)a(0) ) N ( - a(1)a(0) ) = < ......... a(1)a(0) >

- a(0)5(1) - (1) - a(0)B(1) - - (1) e a(0) - a(1)B(1) )
Here, (e, €,+1) is the concatenation of the edge from a(0) to a(1) followed by the horizontal
edge associated to the symbol (1), and so v = «(1), whereas €], is the horizontal edge

associated to the symbol (1) and ' = §(1), and the result also holds here.
If 3(0) # «(0) and (1) = (1), then the sequence of permutations is of the form

.- a(1)B(0) - - a(0) -a(1) -+ a(0)5(0) —a(1) - a(0)8(0)
<mwwm~mw)H( ~wmmn)H< .wmmw»

Here, (en,en41) is the concatenation of the edge from £(0) to «(1) followed by the (non-
horizontal) path from £'(1) = (1) to 3(0), whereas €], is the horizontal edge associated
to the symbol (1), and so (v,7") = (8(0),a(1)) and the case of types 0,1 is proved.

Now suppose they are respectively of type 1,1. Then the sequence of permutations are of
the form

- a(1)B(0) - - (0) CBABO) - a0) e a(0)
(mwwmwam)ﬁ(~a@mm~wwm)H(maw~wwmmn)
assuming (1) # «a(1) (note that §'(1) # F(1) as equality would imply that «(0) = a(1)

making the original permutation reducible). Now, by definition, €/, is the horizontal edge
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associated to the symbol (1) # 5(1), whereas (e,, e,11) is the concatenation of the hori-
zontal edge associated to the symbol (1) followed by the horizontal edge associated to the
same symbol, 5(1), and so v = 3(1) and " = f'(1).

If a(1) = (1), then the starting permutation is fixed under P and P? (under 7-type 1)

and it is of the form
- a(1)5(0) - - - (0)
- a0)a(l) )7
In this case, (e,, e,t1) is the concatenation of the horizontal edge with symbol 5(1) = a(1)
/

followed by the (non-horizontal) edge from (1) to a(0), whereas e}, is the horizontal edge
with symbol 5(1) = a(1). So (v,7') = («(0), (1)) in this case and the lemma is proved. [

Proof of Lemma 12.29. Given Lemma 12.30, we only need to prove that this property does
not change when applying P. Now, if E,,,, is of 7-type 0 then e, 2, €], , are both horizontal
edges and the condition in the permutation in Lemma 12.30 does not change. In general,
going through an edge set of 7-type 0 does not change anything: if e;, e, are horizontal edges
and have symbols 7, ~/, respectively, and ~ sits to the left of 4/ in the bottom row, and E; is
of 7-type 0, then the new permutation will have 4 and 4" in the same relative positions in
the bottom row. Thus it is only when we get to an edge set E; of 7-type 1 that things may
change.
Let e;, €; € E; have r(e;) = v, and 7(€;) = v, and such that the permutation of P*(m, A, 7)

is of 7-type 1 and has v immediately to the left of 4" on the bottom row. Then either

(1) P*(x, A, 7) has v, in the same positions on the bottom row,

(2) P*(w, A, 7) has 7,7 shifted on spot to the left on the bottom row,

(3) P*(mw, A, 7) has 7 at the end of the bottom row, or

(4) P (m, X\, 7) has +' at the end of the bottom row.

We now treat each case. In case (i), then the bottom row of the permutation in P! (7, \, 7)
differs from the bottom row of that of Pi(r, A, 7) on some symbols to the right of 4/. This
means that r(e;41) = v, and r(e;+1) = v, and so the condition is preserved. If case (ii)
holds, then that means that a symbol to the left of v got sent to the end of the bottom
row when going from P'(m, A, 7) to Pt (w, A, 7). This again implies that r(e;11) = v, and
r(e;+1) = vy and so the condition is also preserved.

Now suppose that case (iii) holds. Then the non-horizontal edge e, € FE;;; goes from
Bi(1) = v to a;(0) # «'. This edge is s-max and so since s(e,) = r(e;) we have that
ex = €;11. Since v got moved to the end of the row, we have that +' sits immediately to the
right of a;(0). Since r(e;41) = a;(0), the condition is preserved.

Finally, in case (iv), since 7' gets moved to the end of the bottom row this means that
the non-horizontal edge in F;;; goes from 7 to v and so r(e;+1) = 7(€j,,). This can only
happen if i + 1 = ¢ by the definition of ¢, but we are assuming ¢ < ¢ — 1, so this cannot
happen. We have proved that the condition is preserved under every case. O

We now move to prove that Z, <, Z,.,. It is done through the same arguments used to
show that Y,, <, Y,,;1 (Proposition 12.21).

Proposition 12.31. 7, <, Z,.1

Let x = {e;} be in Z, and 2’ = {€,} be in Z, ;. Let £ > n be the smallest integer where
r(e;) = r(e;). We will show that e, <, ej.
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Lemma 12.32. If E,,, E,,+1 are respectively of T-type 0,1 or 1,1, then { =n+1 and e,y <,
€nit-
Proof. 1f they are of type 0,1, it is immediate to check that (e,,e,+1) is the concatenation
of the s-max path from 3(0) to 8(0) followed by the horizontal edge eg(), whereas e} ; is
the (non-horizontal) s-max path from some vertex to 3(0), meaning that r(e,11) = (€}, ).
Since horizontal paths are always r-min, it follows that e, <, €, ;.

If they are of type 1,1, then it is immediate to check that (e,, e, 1) is the non-horizontal
horizontal path from (1) to a(0) followed by the horizontal path associated to the symbol
a(0), whereas e],, is the s-max path from some vertex to va) = 7(€p41). Again, since

horizontal paths are always r-min, it follows that e, <, €/, ;. O

We now inspect the cases where E,, E, 1 are respectively of types 0,0 or 1,0.

Lemma 12.33. Suppose E,,, E, 1 are respectively of types 0,0 or 1,0. Forn+1 <1< /{—1,
if r(e;) = vy, and r(e;) =7/, then the symbol v is immediately to the left of ' on the top row
of the permutation defined by P*(m, \,T).

Before proving this lemma, let us prove the proposition assuming the lemma.

Proof of Proposition 12.31 assuming Lemma 12.33. First note that if r(e;) = r(e)) then
PY(w,\,7) is of T-type 0, as this is the only way that we can have a non-horizontal s-
min edge in Ey. If r(e;—1) = v and r(ej,_;) = 7" and ~ is immediately to the left of of +/,
then by the definition (30) of M, the non-horizontal edge goes from " in V,_; to 7 in V},
and so e; <, e, showing that Z,, <, Z,. O

To prove Lemma 12.33, we begin by proving the analog of Lemma 12.30.

Lemma 12.34. If E,, E,, .1 are respectively of T-type 0,0 or 1,0, then { > n + 1 and the
permutation associated to P" L (mw, X\, 7) is of the form

o) ().

for some v, in A, then r(e,q1) = and r(e), 1) ="

Proof. Suppose they are respectively of type 0,0. Then the sequence of permutations are of
the form
( - a(1)B(0) - - - a(0) ) . ( - a(1)(0) - - - a(0)5(0) ) . ( ---a(l)---a(0)5(0)5'(0) )
o a(0)B(1) -+ a(l) al0)B)a(l) )T a(l) )
assuming [(0) # «(0) (note that 5'(0) # B(0) as equality would imply that «(0) = «(1)
making the original permutation reducible). Now, by definition, €], is the horizontal edge
associated to the symbol f'(0) # 5(0), whereas (en, e,41) is the concatenation of the hori-
zontal edge associated to the symbol 5(0) followed by the horizontal edge associated to the
same symbol, 3(0), and so v = (0) and v = 5'(0).
If a(0) = B(0), then the starting permutation is fixed under P and P? (under 7-type 0)

and it is of the form
( - a(1)e(0) )
ca(0)B(1) (1) )7

In this case (en,ent1) is the concatenation of horizontal edge with symbol 3(0) = «a(0)
/

followed by the (non-horizontal) edge from ((0) to (1), whereas e}, is the horizontal edge
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with symbol 5(0) = a(0). So (v,7') = (a(1),a(0)) in this case and the lemma is proved for
type 0,0.
If we have type 1,0, then the sequence of permutations are of the form

- a(1)5(0) - - a(0) - B(1)B(0) - -- a(0) - B(1)---a(0)8/(0)
(~wwmmmn)H<mww~wwm)H<~mmmwwm>’

assuming (1) # a(1) and 5'(0) # «(0). Now, by definition, (e,,e,+1) is the concatenation
of the edge from £(1) to the vertex a(0) followed by the horizontal edge associataed to the
symbol «(0), and so v = «(0), whereas €/, is the horizontal edge associated to the symbol
(0) and o/ = F/(0).

Note that it cannot be the case that both S(1) = «(1) and £'(0) = «(0) as this would
make the permutation irreducible. Now, if 5(1) = a(1) and 8'(0) # «(0), then the sequence
of permutations is of the form

(08 ) () ()

Here ,(e,, e,11) is the concatenation of the edge from «(1) to a(0) followed by the horizontal
edge associated to the symbol a(0), and so v = «(0), whereas e/, ,, is the horizontal edge
associated to the symbol 3(0) and " = 3(0), and the result also holds here.

Finally, if 5(1) # «a(1) and '(0) = «(0), then the sequence of permutations is of the form

+-a(1)B()---a(0) - A(1)a(0) - B(1)a(0)
<mwwm~mn)H(mww~mwm)H<mmw~mwm>’
Here (e,,ent1) is the concatenation of the edge from B(1) to «(0) followed by the (non-

horizontal) path from 5'(0) = «(0) to (1), whereas e;, ., is the horizontal edge associated
to the symbol «(0), and so (v,7') = (5(0),«(1)) and the case of types 0,1 is proved. O

Proof of Lemma 12.33. The proof of this Lemma follows the same argument as the proof of
Lemma 12.29 except 7-type € has to be replaced with type 1 — ¢ and bottom rows with top
rows due to Lemma 12.34. We leave the details to the reader. 0

Proof of Theorem 12.25. By Propositions 12.27 and 12.31, A, preserves the <, order. The
result then follows from Lemma 12.26. O

Now that the bi-infinite ordered Bratteli diagram has been defined for a typical (7, A, 7),
we move on to define the states. Define the negative and positive cones of B,  r as
MmEn RA and

n)x A
ﬂ'AT ﬂ'AT ﬂ'AT (ﬁ]‘A{nA7‘ ER

n>0 n>0

Recalling Proposition 2.8, we have the following.

Lemma 12.35. The set of states for By » . is parametrized by C_, _ X C;L’A’T

AT

It follows from Veech’s theorem on the ergodicity of the Teichmiiller flow (Theorem 12.16
above) that the set of normalized states of a typical triple (m, A, 7) is in a sense unique.

Theorem 12.36. For almost every (m,\,7), there exists a normalized state v = (vy, vs)
for Br - which is unique in the sense that any other normalized state v/ = (v,,V.) Brs

s
satisfies (V., VL) = (e7tv,, e'vy), for some t in R.
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12.8. Dynamics of Bratteli diagrams. Since we have determined how to build a Bratteli
diagram B ), from the triple (7, A, 7) € V¢, we point out that there is an obvious relationship
between the diagram for (7, A, 7) and that of P(m, \, 7).

Definition 12.37. Let B be a bi-infinite ordered Bratteli diagram. The shift of B is the bi-
infinite ordered Bratteli diagram B', <! . such that E), = E, 1, V! = V11 with the property

—nr,8

that v’ =r, s = s, <.=<,, <g=<,. We also denote the shift by B’ = o(B).

In short, o(B) shifts all the indices of B while preserving the structure. It follows from
the construction in the previous section that we have

BP”(W,)\,T) - O-n(Bﬂ',)\,T)'

We now make some remarks about how these ideas carry over to the algebras constructed.

First, it is straight-forward that the AF algebras defined by Brx, and Bprizar) =
0™(Br ) are the same for every n. That is, they are independent of where one chooses
the “origin” on By, to be. This is true for any bi-infinite Bratteli diagram and not just
for those B ) . being built from zippered rectangles data.

Second, if v = (v, v;) form a state for B, then v, = (e v, e'vy) is a one-parameter
family of states for B, ,, (deforming states like this also does not depend on B, being
built from zippered rectangles data). While the AF algebras defined by B;  » do not depend
on the state v, the various algebras associated to our foliated spaces do depend on a choice
of state. Thus 1, gives several one-parameter families of algebras.

In addition, given the definition of a pre-stratum in (27) it is tempting to make the
identification of the form

4 +
(Bﬂ',/\,‘m € tRVra etRVs) ~ (BP(F,)\,T)7 OV, U*Vs) = (U(Bﬁ,)\,f)a OxVp, U*Vs)-

Thus the Teichmiiller flow g; (or ®;) is manifested as a continuous deformation of the algebras
by deforming the states v — v; up to some time before shifting the Bratteli diagram.

12.9. The K-theory. We are at a point where we can compute the K-theory of the foliation
algebras of the typical flat surface in any stratum #H(&). Let us summarize how we got
here: through Veech’s construction of zippered-rectangles, we can represent almost every flat
surface (S, ) € H(R) by a triple (7, A\, 7) € Ve in the space of zippered rectangles Ve. In fact,
the subset V¢ is made up exclusively of triples which satisfy the Keane condition and is RH-
complete, meaning that we can assign to them a strongly simple bi-infinite Bratteli diagram
B ). We saw in Propositions 12.21 and 12.23 that these diagrams have the property that
| Xsmmaz| = | Xs=min| = 1 and X$~™mer y Xs—min C XM Moreover, in Theorem 12.25 we
saw that they also satisfy ¥5_, = &. This sets the stage to compute their K-theory.

Theorem 12.38. For m; -almost every (7w, A\, 7), we have
Ko(CH(Fg, ) = Ko(Af, ) =24 and K\(C*(Ff ) 2 Z.

TN T
Proof. The third and fourth parts of Proposition 12.21 imply that [gﬂ ATJZJS; ., = 1,80 by
Proposition 10.3 and Theorem 10.4, we have that

Ko(Bs, ,.) = Ko(A7 )

and K1(Bg, , ) = Z. Turning to Theorem 10.9, ker(¢) is trivial, and so by exactness we
obtain that Ko(C*(Fz  _ )= Ko(Bg O

7r,/\,7'>

7r,>\,7')'
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12.10. Ordered K-theory and asymptotic cycles. In this subsection we connect the
structure of the topological invariants of the surface with that of the algebras constructed.

First we recall the Schwartzman asymptotic cycle | ]. Let ¢ be the horizontal flow
on a flat surface S of finite genus, which we assume for the moment to be minimal and
uniquely ergodic, and p € S a point with an infinite trajectory. For any T let ~vr(p) C S
be a closed curve which contains the orbit segment {¢; (p)}._, and is closed by a segment
v5(p) of diameter at most diam (S). Define cr(p) = [yr(p)] € H1(S,%;Z) to be its integer
homology class. This class is not uniquely defined, but the error is bounded independently
of T' as the closing segments +}.(p) have bounded length. The (Schwartzman) asymptotic
cycle is defined as

(38) c= lim CTT(p) € H,(S,3;R).

T—o0

That this limit does not depend on p is a consequence of unique ergodicity.

Recall the map P+ in (23) and consider its induced action P} : Hy(S, 2;R) — H(S, 2; R).
There is a natural choice of basis of H;(S,%;R), indexed by A, such that 75:“ is given in
coordinates by ©~1. This is the (backwards) Rauzy- Veech cocycle over the space of zippered
rectangles Ve. We denote by P = 75j " the linear map on homology obtained from the
composition of this cocycle n times. This cocycle is not integrable with respect to the measure
my . However, Zorich [ ] found an acceleration of this cocycle, called the Zorich cocycle,
which is integrable and thuse yields an Oseledets splitting of the homology space. More

specifically, there exist real numbers vy > vy > --- > 1, _ (the Lyapunov spectrum) such
m1

that for my-almost every (m, A, 7), there exists cycles ¢1,...,cx = € Hy(S(m, A\, 7),5;R)
(called Zorich cycles) and a P}-invariant splitting of Hy(S(m,\,7),%; R)

k _
(39) Hy(S(m, A7), 5:R) = (P E;
=1

with E; = span {¢;}, such that for any non-zero ¢ € E;

i 10g||75£n)c|| _
im ——— =

n—oo n

7.

The Zorich cocycle preserves a symplectic form, and therefore the Lyapunov spectrum is sym-
metric around zero, that is, if v; is in the Lyapunov spectrum, then so is —v;. Forni | ]
proved that there are exactly g positive and g negative exponents, and Avila-Viana showed
[ | that each Oseledets subspace corresponding to a non-zero exponent has dimension
1, that is, the Lyapunov spectrum is of the form vy > v, > -+ > vy > 0> vy = —vy >
-+ > —11 = v,. The top Zorich cycle, ¢; coincides the the Schwartzman asymptotic cycle for
the horizontal flow. There is a dual cocycle to the Rauzy-Veech cocycle acting on cohomol-
ogy, called the Kontsevich-Zorich cocycle, and dual cocycles ¢f, ..., ¢35, € H'(S(m, A, 7), E; R)
called Forni cocycles with the same properties. In addition, ¢ = [iyw] € H'(S(7, A\, 7), 3; R),
where w is the area form on S(m, A\, 7) and Y is the vector field generating the vertical folia-
tion.

To make the connection between the cocycles above with their Oseledets decomposition

and the invariants of our algebras, we need to define the trace space of an AF algebra.
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Definition 12.39. A trace on a x-algebra A is a linear functional 7 : A — C satisfying
T(ab) = 7(ba), for all a,b in A. A trace T is called positive if T7(a*a) > 0, for all a in A.
We let Tr(A) denote the set of all traces on A, which is a complex vector space.

Remark 12.40. Some remarks:

(1) It is a fairly easy exercise to see that, for any n > 1, the x-algebra of n X n-matrices,
M, (C), has a trace which simply sums the diagonal entries and this is unique, up to
a scaling factor. It follows that the set of traces on any finite-dimensional C*-algebra,
Br, M, (C), is in bijection with RX.
If we consider an inductive system of such x-algebras as we have in Proposition
8.3,

Am,m g Am,m—i—l g T

with inclusions described by matrices E, i1, Emio, ..., then the set of traces on the
union can be identified with

lim RV ot RVmes G0

—
It is important to note that these traces are defined only on the union of the finite-
dimensional algebras; most do not extend to the AF-algebra which is the completion.
On the other hand, it is well-known that the inclusion of the locally finite-dimensional
algebra which is the union in the AF-algebra which is its completion induces an order
1somorphism on K -theory.

In our situation, where we construct these algebras from groupoids, the traces cor-
respond to finitely additive measures defined on clopen transversals to the equivalence
relation TT(Yg). This idea first appeared in the work of Bowen and Franks | ].
This relates some of our point of view with that of Bufetov’s | , ].

(2) The trace space Tr(A) serves as a dual to Ko(A): if p and q are projections in A
which determine the same K-theory class, and if T is any trace, then 7(p) = 7(q) is
a consequence of the trace property. Hence, there is pairing Tr(A) x Ky(A) — C.

Note that by Remark 12.18 (i), we obtain isomorphisms

(40)
Lo KO(AZW”) — Hi(S(m, A\, 7),%;Z) and i, : HY(S(m,\7),%;C) — Tr(AZQMT).

AT

Through these identifications, and through the identifications of Ko(Aj ) with

Ko(C*(Fg_, <, .)) from Theorem 12.38, the map P+ also induces isomorphisms which we
also denote as

Pl Ko(Af ) — Ko(Afs | ) and
Pl Ko(C(Fp, <)) = KolC* (P, <)

TN, T

(41)

and a maps at the level of traces. Moreover, the maps are order-preserving.

Theorem 12.41. For mg -almost every (m,\,7), the order structure on KO(AEMT) and
Ko(C*(Fg_, <, .)) are determined by the first Zorich cocycle, that is, the Schwartzman

asymptotic cycle, and the maps (41) are order-preserving.
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Proof. Let (m,\,7) be an Oseledets-regular point for the Zorich cocycle, that is a triple so
that an Oseledets decomposition of the form (39) holds. We define the order structure on
Ko(Af,, )i the structure Ko(C*(F5 . ) is obtained from the order-preserving isomor-
phism in Theorem 10.5.

Define the positive cone

K (AL, ) = {Ip) € Ko(A,, ) it cillp)) = cilinas((p]) > 0}

where cj is the dual of the Schwartzman cycle. By the invariance of the Oseledets decom-
position, P is an order-preserving isomorphism. 0

We can now argue that there is some appeal to our approach to translation flows on flat
surfaces. It goes like this: the Schwartzman asymptotic cycle is defined for flows on compact
manifolds or those whose homology spaces are finite dimensional. If we were to pick at
random, the random bi-infinite Bratteli B diagram (of finite rank, supposing for a moment
that there is a unique normalized state on B in the sense of Theorem 12.36) and random
order <, , with a choice of normalized state v will yield a flat surface of infinite genus Sz <, . .
If we were to try to define the asymptotic cycle using (38) as a definition, then it is not
necessarily clear it is well-defined as the topology of H;(S;R) is not automatically defined.
However, what Theorem 12.41 suggests is that what is relevant to capture the asymptotic
topological information is the order structure of Ko(C*(Fg, <,..)) especially when its inclusion

into Ko(Af) yields an order isomorphism, and when the shift induces an order isomorphism
K()(Ag) — KO(AZIF(B))
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