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Abstract

We construct two new classes of topological dynamical systems;
one is a factor of a one-sided shift of finite type while the second is a
factor of the two-sided shift. The data is a finite graph which presents
the shift of finite type, a second finite directed graph and a pair of
embeddings of it into the first, satisfying certain conditions. The factor
is then obtained from a simple idea based on binary expansion of real
numbers. In both cases, we construct natural metrics on the factors
and, in the second case, this makes the system a Smale space, in the
sense of Ruelle. We compute various algebraic invariants for these
systems, including the homology for Smale space developed by the
author and the K-theory of various C*-algebras associated to them,
in terms of the pair of original graphs.

1 Introduction

In the subject of topological dynamical systems, a crucial part has been
played by systems which display some type of hyperbolicity; that is, sys-
tems which have some type of local expanding or contracting/expanding
behaviour. This began in the smooth category with the study of Anosov dif-
feomorphisms [15]. Smale’s seminal paper [32] showed that, even for smooth
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systems, the hyperbolic behaviour may be limited to the non-wandering set
which may be far from being a submanifold. Motivated by this, David Ruelle
gave a purely topological definition of hyperbolicity which he called a Smale
space [28]. This broader framework includes shifts of finite type, which are
highly combinatorial in nature (see section 2 for the definition). Restricted
to irreducible systems, these are precisely the Smale spaces whose underlying
space is totally disconnected.

One of the fundamental ideas for these systems is that they may be coded
by a Markov partition [15]. Ignoring some minor technical issues, the exis-
tence of a Markov is equivalent to the condition that there is an almost-one-
to-one factor map from a shift of finite type onto the given system. As noted
by Adler in [1], the simplest example of this is binary expansion of real num-
bers: the space of one-sided 0, 1-sequences maps onto the unit circle via the
familiar formula sending a sequence x,,n > 1, to exp(27mi ) x,27"). More-
over, this map intertwines the dynamics of the left shift map on the sequences
with the squaring map on the circle. ('Binary’ may be changed to ’decimal’
by replacing certain 2’s with 10’s.) One tends to regard decimal expansion
as a bijection, but the two spaces here are very different topologically.

Returning to the general situation, we recall the following seminal result.
In the form stated, it is due to Rufus Bowen [4], but it builds on the work
of many others, including Sinai [31], Adler and Weiss [2] and others. Let
(X,d) be a compact metric space and ¢ be a homeomorphism of X such
that (X, p,d) is a irreducible Smale space (see section 4 for the definition).
Alternately, let (X, ¢) be the restriction of an Axiom A system to a basic
set. Then there is a irreducible shift of finite type (3, 0) and a continuous
surjection 7 : ¥ — X such that rop =0 om.

There are several interesting invariants of a Smale space. First, one can
construct a number of different C*-algebras from a single Smale space. For
any Smale space, (X, d, ¢) and choice of a finite p-invariant set P C X, there
are C*-algebras S(X, ¢, P) and U(X, ¢, P) based on stable and unstable
equivalence, respectively. Each has a canonical isomorphism induced by ¢
and we let R*(X, ¢, P) = S(X, ¢, P)x,Z and R*(X, p, P) = U(X, ¢, P)x,Z
be the associated crossed product C*-algebras (see section 6).

This was done initially for shifts of finite type by Cuntz and Krieger [7]
and later by Ruelle [29] for general Smale spaces. The K-theory groups of
these C*-algebras have been investigated quite thoroughly and provide inter-
esting data. For shifts of finite type, these include Krieger’s dimension group
invariant as well as the Bowen-Franks groups [6]. There are, in fact, two
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dimension groups which are associated with right and left tail-equivalence,
respectively. These are described in section 5 but we note that for a shift of
finite type associated with a finite directed graph G, these have simple combi-
natorial descriptions in terms of G and we denote them by D*(G) and D*(G).
We let Ag denote the adjacency matrix associated with G. The matrices AL
and A induce automorphisms of D*(G) and D"(G), respectively.

In another direction, the author constructed a homology theory for Smale
spaces [24] which generalizes Krieger’s dimension group for shifts of finite
type. Indeed, the dimension group is a key part of the construction. The
existence of this theory, which provides a Lefschetz formula, was conjectured
by Bowen [5]. For any Smale space (X, d, ), there are groups H (X, p),
HY (X, ), N € Z, and each has a canonical automorphism induced by ¢.

It is worth noting that recent work of Proietti and Yamashita [20, 21]
shows that there are very close relations between the K-theory of the C*-
algebras and the Smale space homology, as well the cohomology of certain
groupoids.

The main goal of this paper is a kind of reverse-engineering of Bowen'’s
result, where the Smale space is the end product of the construction, rather
than the initial object of interest. We begin with a some combinatorial data:
a pair of shifts of finite type associated with finite directed graphs G and H
with a pair of embeddings of the latter into the former £ &' : H — G. We
let Ag and Ay denote the adjacency matrices for the two graphs. We defer
the details of the construction as well as certain hypotheses on our data to
section 3 and focus on the properties of the resulting systems. In particular,
the standing hypotheses are described in Definition 3.1.

As described in detail in section 2, we let (X2, o) and (X¢, o) denote the
one and two-sided shifts, respectively, associated with the graph G. Adding
a basic idea modeled on binary expansion, we construct topological dynam-
ical systems (X, 0¢) and (X¢, 0¢) along with factor maps m¢ : (X, 0) —
(X, 0¢) and 7 @ (Xg,0) — (X*,0¢). Both systems are continuous and
surjective and the second is actually a homeomorphism. We also construct
specific metrics d¢ on our two spaces having nice properties. Indeed, most of
the effort lies in producing the metrics.

Let us summarize the main results on these systems. The first is a local
expansiveness property for the first system.

Theorem 3.17. If z,y in X/ satisfy de(x,y) < 272, then

2de(z,y) < de(oe(), 0¢(y)) < 8de(, y).
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In fact, the map is actually a local homeomorphism.
Theorem 3.19. If x,y are in X/ with de(x, 0¢(y)) < 27", then there is z in
X with de(2,y) < 27 de(x, 0¢(y)) and o¢(2) = x. In particular, we have

X (oe(y), €) € oe(X (y,27 %)),
for any € < 271 and the map o¢ is open.

The actual geometric structure of Xgr is rather curious. We offer an
intriguing picture of a single example in section 7,but we also note the fol-
lowing.

Corollary 7.7. The connected subsets of X; are either points or circles and
both occur.

The property analogous to locally expanding for the second system is
that it possess local coordinates of contracting and expanding directions. In
short, it is a Smale space. (We review the definition in section 4.)

Theorem 4.2. (X¢,d¢, 0¢) is a Smale space.

We also note the following (abridged version). Here, X*(z) denotes the
global stable set of the point x in a Smale space X.

Theorem 4.3. The map ¢ : (Xg,0) = (X¢, 0¢) is s-bijective; that is, for
every T in Xa, me|X&(x) is a bijection from Xg(z) to X{(me(z)).

This means, in particular, that the local stable sets of X, are Cantor sets.
The following summarizes our computation of the homology theory.

Theorem 5.1. Under the standing hypotheses, we have

Hi(Xe,0¢) = D*(G), (0g)," = Ag,
Hi(Xe,0¢) = D*(H), (0¢),' = Aun,
§(Xe,00) = DUG), (0¢)e = AG,
H(Xe,0¢) = DU(H), (0¢) = Aj,
HE(X&(I&) g 07 k % 0717
H;:(Xg,a'g) = 0, k 7& 0,1

In the first two lines, we regard o¢ as an s-bijective factor map from (X, o¢)
to itself and our description of the induced map on homology is interpreted
via the isomorphism which precedes it. In the next two lines, we regard o¢ as
a u-bijective factor map.



The next two results summarize our computations for the K-theory of the
C*-algebras.

Theorem 6.1. Under the standing hypotheses, we have
1. Ko(S(Xg,0¢, P)) = D*(G) as ordered abelian groups and, under this

isomorphism, the automorphism induced by o¢ is Ag.

2. Kq1(S(Xe,0¢, Pe)) =2 D“(H) and, under this isomorphism, the auto-

morphism induced by o¢ is Al
3. Ko(R*(Xe, 06, Pe)) 2 28° )(I — AL)ZS @ ker(I — AL - ZH° — 7H°).
4. Ki(R*(Xe, 06, P)) =2 ZH° /(I — ADZ @ ker(I — AL - 26° — 7.9%).
Theorem 6.2. Under the standing hypotheses, we have
1. Ko(U(Xe,0¢, Pe)) = D*(G) as ordered abelian groups and, under this

isomorphism, the automorphism induced by o¢ is Aél.

2. Ki(U(X¢,0¢, Pe)) =2 D*(H) and, under this isomorphism, the auto-
morphism induced by o¢ is Ay

3. Ko(R*(Xe,0¢, Pe)) = 25" /(I — Ag)ZS° @ ker(I — Ay : Z° — 7).
4. Ki(RY(X¢,0¢, Pe)) = 2 /(I — Ap)ZH° @ ker(I — Ag - 29" — 75°).

A curious consequence of these computations and the Phillips-Kirchberg
classification theorem for C*-algebras is the following.

Theorem 6.5. Let (X, p,d) be a mizing Smale space and Q be a finite @-
wvariant subset of X. There exist finite directed graphs, G, H and embed-
dings £°,&Y : H — G satisfying the standing hypotheses such that

R¥(X¢, 06, Pe) = R°(X, p,Q), for any P, a finite o-invariant subset of X¢.

The second section contains basic background information on shifts of
finite type, or at least edge shifts for finite directed graphs. The third section
is the construction of our factor system. At this stage, we begin only with
one-sided shifts of finite type and construct factors which are continuous
topological dynamical systems, but not invertible. Much of the effort here is
focused on the construction of a specific metric with nice properties. In the
fourth section, we continue the construction to produce invertible systems.
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This is a standard technique by inverse limits, but again, we construct a
specific metric which makes the result a Smale space. We also review the
definitions of a Smale space. The fifth section is devoted to the computation
of the homology theory for our Smale spaces. The sixth deals with the various
C*-algebras associated with our examples, including computations of their
K-theories. In the seventh section, we return to the factors of the one-sided
shifts of finite type. Geometrically, shifts of finite type are not particularly
interesting; at least they are no more interesting the Cantor ternary set. This
not is true of our factors and we spend some time giving a description of their
geometry. In particular, we show that the spaces can be embedded in R3.
We also give a couple of simple examples, which can actually be embedded
in the plane.

It is a pleasure to thank Michael Barnsley for helpful conversations. I am
particularly indebted to Mitch Haslehurst for many interesting conversations
on these matters, but especially for initially drawing my attention to his
pictures for the example in section 7 (the ones I give are slightly different)
which piqued my curiosity.

2 Preliminaries

In this section, we set out some well-known preliminaries on shift spaces. An
excellent reference is the book of Lind and Marcus [17]. As discussed in the
introduction, we are considering shifts of finite type. However, we will deal
exclusively with edge shifts of finite directed graphs. These are dynamically
equivalent, as a consequence of Example 1.5.10 and Theorem 2.3.2 of [17].

By a finite directed graph, G, we mean two finite sets GY (the vertex set)
and G (the edge set) along with maps 4,¢ : G — G°. A path of length n in
G is a finite sequence p = (py,pa, ..., p,) in G such that t(p;) = i(p;y1), for
all 1 <i < n. We define i(p) = i(p1) and t(p) = t(pn)-

The adjacency matriz for the graph is denoted Ag and we regard it as
the function on G° x G° whose value at (v, w) is the number of edges e with
i(e) = w and t(e) = v. We also regard it an endomorphism of Z¢ by matrix
multiplication.

We say G is irreducible if, for every ordered pair of vertices v, w, there
is a path p with i(p) = v,t(p) = w. Equivalently, G is irreducible, if for
every (v,w), there is a positive integer k with A% (w,v) positive. We say G
is primitive if there is a positive integer k such that A% (w,v) is positive, for



all v, w.

We let X} be the one-sided infinite path space: an element is a sequence
(z1,79,...) in G* with t(z,) = i(z,41) for all n > 1. The bi-infinite path
space X is defined analogously with sequences indexed by the integers. We
let x& denote the obvious map from X¢ to X/, which simply restricts the
domain of the sequence.

The spaces XZ;“ and X both have canonical metrics. For z,y in ng, we
define

de(z,y) =inf{27" |n>0,2; = y;, 1 <i<n}.

and for z,y in X, we define
do(z,y) =inf{27" |n>0,2; = y;, 1 —n <i<n}.

Using the same notation should cause no confusion. Observe that x¢ is a
contraction.

The spaces X/, and X both carry dynamical systems. We define o by
o(x), = xp41. Here, either z is in X% and n > 1 or z is in X¢ and n is
an integer, making o a self-map of either space. Both are continuous and
surjective and the latter is a homeomorphism. We make the easy observation
that dg(o™(z),0"(y)) < 2"dg(z,y), for z,y in X}.

Let G, H be two finite directed graphs. By a graph homomorphism from
H to G we mean a function, £ : H°U H' — G° U G" | such that £(H?) C
GY £(HY) C G* and satisfying tg o &|go = € o ty|po,ig o &|go = & o iy|po.
It will usually not cause any confusion to drop the subscripts on 7,t. We
usually write such a function as £ : H — G. A graph embedding is a graph
homomorphism which is injective.

If (X, d) is a metric space, « is in X and € is positive, then we let X (z, ¢)
denote the ball centred at « of radius e. If A is any subset of X, we let Cl(A)
denote its closure. If (X;,d;) and (Xs, dy) are metric spaces, we let

dy X da((x1,22), (y1,y2)) = di(x1, 1) + do(22, Y2),

for all x1,y; in X7 and 9, Yo in X5, which is a metric for the product space
X1 X XQ.

3 Construction

In this section, we describe our basic construction.
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Definition 3.1. For finite directed graphs, G, H, a pair of graph embeddings
0,61 H — G are said to satisfy

1. (HO) if €0 = €' |ro,

2. (H1) if °(HY) NEY(HY) is empty,

3. (H2) if, for every y in H', there is x in G* with t(z) = t(£°(y)),i(x) =
i(§(y)) and x ¢ (H') U EH(HY).

We say that G, H, & = (£°,&1) satisfies the standing hypotheses if G is prim-
itive and & satisfies (H0), (H1) and (H2).

The first two conditions will be essential for our construction. The third
is a convenience and is not always needed. It also seems likely that the
hypothesis that G is primitive can be weakened.

We observe a simple consequence of (HO) and (H1): if y is any edge in
H*', then £°(y) and &!(y) are distinct, but have the same initial and terminal
vertices in GY.

Definition 3.2. Let £, &' : H — G satisfy (HO) and (H1) of 3.1.
1. Welet E(HY) = (HY) UEH(HY).
2. For x in £(HY), we let e(x) = 0,1 be such that x is in & (HY).

3. We let G¢ be the graph with G = G° and Gy obtained by identifying
&(y) with & (y), for every y in H'. We also let 7¢ denote the obvious
quotient map from G' to G as well as the associated map from X§ to
Xér& and the map from Xq to Xg,.

Definition 3.3. Let £°,¢' : H — G satisfy (HO) and (H1) of 3.1.

1. Forz in X, let k(x) be the number of positive integers n such that x,
is not in E(H'), allowing the values 0 and oo.

2. For 0 <k < oo, let X;” =k {k}.

3. For x in X/, with k(z) > 0, we define n(x) to be the least positive
integer with ) not in {(H").

The following result is worth noting but its proof is trivial and we omit
it.



Proposition 3.4. 1. The sets X;7,0 < k < oo, are pairwise disjoint and,
for any 0 < k < oo, UF_ X" is closed in X

2. If x,y in X2 satisfy 7e(z) = 7¢(y), then k(z) = k(y) and n(z) = n(y)
if k(x) > 0.

8. If v is in X} with 0 < k(z) < oo, then k(o™@)(x)) = k(z) — 1.

The following is a summary of some convenient topological properties of
the sets X, k > 0. Essentially, these are consequences of our property (H2)
and G being primitive.

Proposition 3.5. Suppose that G, H, & satisfy the standing hypotheses.

1. Ifx is in X;’ and j < k < 0o, then there is a sequence z',1 > 1, in X
which converges to x in X,

2. The closure of X; in X is Us_ X F.

3. If v is in X/, then there is a sequence z',1 > 1, converging to x in X}
with 2 in X;", for all 1 > 1.

4. The closure of U2 X, in XJ is X/,

Proof. We first observe that it follows from hypothesis (H2) and G being
primitive that G — £(H') is connected.

For  in X7, there are only finitely many n with x,, not in {(H"). Choose
ng such that z, is in £(H?Y), for all n > ng. For [ > 1, we define 2! in
three segments, as follows. Define z!, Ty, for 1 < n < ng+ 1. Then
choose z!,,ng +1 < n < ng+1+k—j to be any path in G* — £(H') going
through the same vertices as x,,, by property (H2). Finally, set 2! = z,, for
n >ng+ 1+ k—j. It is clear that this sequence has the desired properties.
The first part shows that the closure of X" contains UY_,X7". The reverse
containment follows from the fact that the latter is closed, as we noted in
3.4.

As G is primitive, we may find [y > 1 such that, for any ordered pair of
vertices in G° and any [ > Iy, there is a path of length [ between these two
vertices. From property (H2), we may assume such a path lies in G* —&(H?).
For [ > ly, we again define 2! in three segments as follows. For the first
segment, we set 2!, = x,,, for 1 <n <1 —Iy. Let j be the number of integers,
n, between 1 and [ — Iy with z,, not in £(H'). Obviously, j <1 —ly. For the
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second segment, ! 1 —1ly < n < 2] —Iy—j, we choose any path in G —¢£(H?!)
from t(x;_;,) to any vertex of (Y(H) having length [ — j > [y. Finally, we
define the third segment 2! 21 — Iy — j < n < 0o, to be any path in £(H?).
The points 2,1 < [ < Iy, may be chosen arbitrarily from X;". Again, it
is clear that this sequence has the desired properties. The last statement
follows at once. O

We now give our two main definitions. The influence of binary expansion
should be clear in the first.

Definition 3.6. Let x be in X}.

1. If A A A
xr = (1'171‘27 e azn—lagl_z(yn)afz(ynﬁ-l)afz(yn—i-?)a .. ')7

for some n > 1, Yp, Yns1s-.. in H and i = 0,1, then we define
Z’l = (3717 Loy Tp-1, gl(yn)a fl_l(yn-i-l)a fl_i(yn+2)a .- )

2. 1If | |
T = (‘rl?x% e 7xn>§l(yn+1>7§l(yn+2)7 . ')7

for somen >1 and i = 0,1, Ypi1, Ynso,... in H', x, is not in E(HY),
and i = 0,1, then we define

'T, = (Ila X2, , Tn, gl_i(yn+1)7 gl_i(yn—i—Q)y gl_i(yn—i—?))y .. )

3. We define x ~¢ x', whenever x,z" are as above. Also, we define x ~¢ x,
for every x in XZ.

It is worth noting that the n in parts 1 and 2 is unique (if it exists). The
proofs of the following easy facts are left to the interested reader.

Proposition 3.7. 1. ~¢ is an equivalence relation and each equivalence
class has either one or two elements.

2. If v ~¢ @, then 1¢(x) = Te(2').

3. For each k > 0, the set X,  is ~¢-invariant. That is, if x is in X, and
x ~e 2, then o' is in X,

4. If x ~¢ &, then o(z) ~¢ o(2).
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5. Applying o to the ~¢-equivalence class of x yields the ~¢-equivalence
class of o(x).

We can now define our main item of interest.

Definition 3.8. Let G, H be finite directed graphs and £°,6* : H — G be
two graph embeddings satisfying (HO) and (H1) of Definition 3.1. We define
Xgr to be the quotient space of X/, by the equivalence relation ~¢, endowed
with the quotient topology. We let m¢ : X/ — X; be the quotient map.
It follows from part 2 of Proposition 3.7 that there is a function we denote
pe : X — Xa, satisfying pe o me = 7.

We also define o¢ : X — X by o¢(me(x)) = me(o(x)), for all x in X,
which is well-defined by Proposition 3.7. We let X;’k = me(X}), for each
k> 0.

As indicated above, the space X gr is given the quotient topology. It is not
hard to use general topological results to show that X §+ is metrizable. That
is not sufficient for our goals as we will need a metric with specific properties.
The construction is rather subtle.

We begin the construction of a pseudo-metric, d, on X/. We will show
that d(z,y) < 3dg(z,y), for all z,y in XZ£. In addition, we will prove
d(xz,y) = 0 if and only if z ~¢ y, for any z,y in XZ%. The immediate
consequence is that d induces a metric on the quotient space X", denoted by
d¢, whose topology is the the quotient topology. This means that an alter-
nate definition of our space X gr is as the metric space naturally induced by
the pseudo-metric d on XZ. The definition given in 3.6 and 3.8 seems more
intuitive.

For z in X}, if k(z) = 0, we define

0(z) = exp (2m’25(:€j)2j> :
j=1
If k(z) > 0, we define

n(x)—1

0(z) = exp | 2mi Z e(z;)277

J=1

Obviously, §(z) lies on the unit circle, T, in either case and is a 2"(*)~1-th
root of unity in the latter.
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For k > 0, we define \;, : X;7 x X;" — [0, 00) inductively as follows. First,
we set

Mo(z,y) = de(0(x),0(y)
= inf{|t| | t € R, e*™0(z) = O(y)},

for x,y in X .
For z,y in X, with k > 0, we define

Me(z,y) = [277) =270 4 dp(6(2), 0(y))
+0((n(), 0(x)), (n(y), 0(y)))2~*

where we use §(-, -) for the Kronecker delta function.

—n(z))\k_l(an(r) (@7 Un(y)<y))7

Lemma 3.9. For k > 0, we have

dr(0(x),0(y)) < da(z,y),

and
Me(z,y) < 2dg(z,y),

for all z,y in X

Proof. We proceed by induction on k. For k = 0, suppose dg(z,y) = 27,
for some m > 0, which implies z; = y; for 1 < j7 < m. We have

dr(0(x),0(y)) < Z e(w;) — ely;)[27

IN

> lelay) —ely)2™

j=m+1
9—m

For k = 0, the second statement follows from the first as
Aoz, y) = dr(0(2), 0(y)).

Now assume that & > 0 and again dg(x,y) =27, so x; =y, for
m. If either n(x) < m or n(y) < m, then n(x) = n(y ) and [27(*) —
0. In addition, we have 0(z) = 0(y) so dr(0(x),0(y)) = 0.

_m
I IA
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Otherwise, we have n(x),n(y) > m and

n(z n(y)
dr(B(x),0(y)) < | D e(z)27? = Y e(y)2”]
j=m+1 j=m+1
< Y 27
j=m+1
= dG('ray)

This establishes the first inequality. In addition, we note that
277 27w < 27 < dg(x, y).

Now, we consider A\i(x,y). If either n(z) # n(y) or 8(x) # 6(y), then we
have

Me(z,y) = ]2_"(”) — 2_”(3”)] +dr(0(x),0(y)) < dg(x,y) + de(z,y).

In the case n(z) = n(y) = n and 6(z) = 0(y), from the definition and the
induction hypothesis, we have

/\k(xa y)

27" N (0" (2), 0" (y))
277" 2dg(0" (), 0" (y))
2727 2. 2"%dg(x, y)
d(;(ZE,y).

AN VARRVAN

O

We can now begin our definition of our pseudo-metric on X Initially,
we treat the spaces X, separately.

Proposition 3.10. 1. For each k > 0,
e, y) = da, (re(), 7e(y) + Mz, ),
for x,y in X', is a pseudo-metric on X, .
2. For z,y in X;", we have

de (1e(), 7e(y)) < di(z,y) < 3dea(z,y).
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3. For z,y in X;", di(z,y) =0 if and only if x ~¢ y.

Proof. For the first part, the dg, term is clearly a pseudometric, so it suffices
to show that A; is also, which we do by induction on k. This is clear for
k = 0. For k > 0, a simple induction argument shows that \; is reflexive and
symmetric. Now suppose that x,y, 2z are in X,". We first consider the case

(n(x),0(x)) # (n(y),0(y)), where we have

Me(m,y) = 270 —27W)| 4 dp(0(2), 0(y))
< 27— 27@)) 4 dp(0(x), 0(z))
273 — 27 )| 4 dp(0(2), O(y)).

If the first two terms are both zero, then their sum is certainly less than or

equal to Ag(z,z). On the other hand, if either is non-zero, then their sum

equals \g(z, 2), by definition. The third and fourth terms are done similarly.
Now suppose that (n(z),0(z)) = (n(y),0(y)) . If

(n(2),60(2)) = (n(z),0(x)) then,

Melwyy) = 277N (0" (), 0" (y))
< 2—2—n(x))\k_l<o_n(:r;)( ) n(z( ))
272N (0" (2), 0"V (y))
= (2, 2) + (2, )
follows from the induction hypothesis.

We next consider the case n(z) # n(z) and so n(z) # n(y) also. For any
positive integers m # n, we have

|27 — 97| = g min{mnb|] _ g-lmonl| 5 g-minfmn}-l 5 g-n-l
and so
Mi(, 2) > [277@) — n=)| > g=n(@)+L,

A similar estimate holds for A\y(z,y).
On the other hand, we also have

272 n@ N, (6" (1), "W (3) 272 @2d (0™ (), "W (1))

2—1 n(:c)

IAINA



Together this yields

Mi(zy) = 272N (0" (@), 0" (y))

< 2—1—n(x)
_ 272771(1) + 2727n(y)

The final case to consider is n(x) = n(y) = n(z) and 0(z) # 6(z), so
0(z) # 0(y) also. Then, as 6(x),0(y), 0(z) are all 2"@~1_th roots of unity, we
have

dr(0(x),0(2)), dr(0(2),0(y)) > 27"
It follows that

Me(w,y) = 277N (0" (2), 0" (y))
< 271771(1)
— 972-n(x) | 9=2-n(y)
< dr(0(x),0(2)) + dr(0(2),0(y))

= Xi(z, 2) + (2, v).

The second part is immediate from the second statement of Lemma 3.9.

For the third part, we consider the ’if” direction first. We proceed by
induction on k, beginning with £ = 0. Suppose x ~¢ y, where z,y are in
X, From part 2 of Proposition 3.4, we know 7¢(z) = 7¢(y). In addition,
e(z;),7 > 1 and e(y;),j > 1 are two 0, 1-sequences and the definition of
~¢ implies that these sequences are dyadic representations of the same real
number, modulo the integers. This implies §(z) = 6(y) and so

do(z,y) = dr(0(z),0(y)) + do(7e(), 7e(y)) = 0+0 =0

Now assume the result is true for some k and let z ~¢ y be in X, ;- From
the Proposition 3.4, we have n(z) = n(y) and z; = y;, for all 1 < i < n(x).
It follows that 6(z) = 6(y) and

g1 (z,y) = 272" N (0" (2), 0% (y)) < 272" dy (0" (2), o* (y)).

It follows from Proposition 3.4 o%(x) ~¢ 0" (y), so the conclusion follows from
the induction hypothesis.
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Now we consider the ’only if” direction. Suppose dy(z,y) = 0, where z,y
are in X, ". This means that x;,y; are in {(H"), for all i > 1. The hypothesis
obviously implies that de, (7¢(7), 7¢(y)) = 0 so 7¢(w;) = 7¢e(ys), for all i > 1.
In other words, there is a path z in X}; such that {z;,y;} C {€°(z:), & (z:)}
for all 7. The fact that \o(z,y) = 0 implies that (z) = 6(y) and this implies
that the sequences e(x;),e(y;),i > 1 are the binary expansions of the same
real number, modulo the integers. This implies x ~¢ y.

We now consider k£ > 0 and di(x,y) = 0, where x,y are in X;. The
first consequence is that 7¢(z) = 7¢(y). This implies that n(z) = (y) n
and since ;) and Yy, are not in *(H) U &Y (H), we have z,(,) = yn(y
addition, there is a path hy, ..., h,_; such that z;,y; are in {£°(h;
for all 1 < i < n. The fact that A\g(z,y) = 0 implies that 0(z) = :
The map which takes a 0,1 sequence &1, ...,&,_1 to exp(2m ZF_ €;277) is
injective and so we conclude that e(x;) = 5(yz) forall 1 < i < n. It
follows that x; = y;, for 1 < ¢ < n. The fact 7¢(x) = 7¢(y) implies that
7e(0™®(z)) = 7:(0™¥)(y)) also and so we have

di—1(0"(2),0"(y)) = M1 (0" (), 0" (y)) = 27" N(z,y) = 0.

\_/\_/
xS
A

. D‘V
\/
—

By our induction hypothesis, 0"(x) ~¢ 0™(y). Together with the fact that
x; = y; for 1 <14 < n implies x ~¢ y. ]

It will be useful to have a characterization of Cauchy sequences in our
pseudo-metric.

Proposition 3.11. 1. A sequence 2',1 > 1, in X is Cauchy in dy if and
only if 7e(a'),l > 1, is convergent in Xér& and 0(2'),1 > 1 is convergent
in C.

2. Fork >0, a sequence 2',1 > 1, in X, is Cauchy in dy, if and only only
Te(ah), 1 > 1, is convergent in Xér& and either
(a) lim;n(z') = oo and O(z'), | > 1, is convergent in C or
(b) the sequences n(x') and 6(x') are eventually constant and

o™ (), 1> 1, is Cauchy in dp_,.

Proof. The first part is clear from the definition of dy
For the second part we begin with the ’only if’ direction. If x!,1 > 1,
is Cauchy in di, then 7¢(z'),l > 1 is clearly Cauchy and hence convergent

16



in X¢,. In addition, both Sequences 277" and 0(z') are Cauchy. There
are clearly two cases: either n(z!),l > 1, tends to infinity or it is eventually
constant. In the first case, we have case (a). In the second case, if n(2!) = n
for all [ sufficiently large, then for such I, #(z!) lies in a finite set, so to
be Cauchy it must be eventually constant also, say with value #. Then for
sufficiently large values of [, m, we have

(2, 2™) = da(re(2"), 7e(2™)) + 272" N (0" (2), 0" (2™))
> 27"dg (1e(0™(2")), Te (" (2™)))
+2727 "Ny (0" (2h), o™ (™))

272"y _1 (o™ (2Y), o™ (z™)).

v

It follows that o"(z'),l > 1 is Cauchy in dj_;.
Conversely, if z',1 > 1 is any sequence in X7, then, for any I, m, di(z!, z™)
is either equal to either

m

Ao (re(a"), 7e(@™)) + 1270 = 27| 1 dy (6(a"), (™)),

or
da (e (x'), me(z™)) + 2727760 N (0@ (21, 6™ ().

It is then immediate that if 7¢(x!),] > 1 being convergent and either of the
two conditions imply the sequence is Cauchy in dj,. O

At this point, we have defined a pseudo-metric on X,", for each value of
k. Assuming condition (H2) and that G is primitive, we also know that X"
will have limit points in X ;r , for every 0 < j < k. We now need to show these
different pseudo-metrics are compatible, in an obvious sense. The following
concerns a special case (7 = 0) but will be used in the proof of the general
statement, as well.

Lemma 3.12. Let k > 1 and suppose that z',1 > 1, is a sequence in X
which converges to x in X/, and such that n( ) ten ds to infinity as [ tends
to infinity. Then x is in XSF and lim;_,., 0(z!) = 0(z).

Proof. For any n > 1, we have x, = lim;z! and 2! is in £&(H"), provided
n(x') > n. It follows that z,, is in £(H"), for every n, so z is in X, .

17



If we ﬁx m > 1, we may choose [ sufficiently large so that n(z!) > m
and z; = x forall 1 <i <m and [ > [y. For such [, we have

n(z!)—

0(z) — 0(z")| = |exp( 27TZZ&7 27)277) — exp(2mi Z

n(z )—1
= |exp(2mi Z e(z;)277) — exp(2mi Z e(ah)277)]
j=m+1 j=m+1
00 n(zh)—1
< om Y oe(x)27 = Y e(ah)2|
j=m+1 Jj=m+1
< 2m2™™.

As m was arbitrary, this completes the proof. m

The following summarizes the compatibility of the different
pseudo-metrics.

Proposition 3.13. Suppose 0 < j < k, the sequences z',1 > 1 and y',1 > 1
are in X;, x and y are in X;r, 2l 1 > 1, converges to x and y',1 > 1,
converges to y in X&“, then

dj(,y) = lim di (2", y").

Proof. We first consider the case n(z!),l > 1, tends to infinity. The fact that
#',1 > 1, converges in X}, along with part 2 of Proposition 3.10 shows that
2!l > 1, is Cauchy in dj. Proposition 3.11 shows that there are two cases
to consider. We begin by assuming that (a) holds so n(2!) tends to infinity
while 6(z!),1 > 1, converges.

Lemma 3.12 implies that z is in Xj. Hence, we have j = 0. We now claim
that the sequence n(y') must also tend to infinity. By the same argument
as above, y',1 > 1 is Cauchy in dy. If n(y'),l > 1 is eventually constant,
say n, then y, = lim; ¢!, is not in £(H') which means that y is not in X, a
contradiction.

Now, we consider the case 0(x) # 0(y). From Lemma 3.12, we see that
6(x') # 0(y') for | sufficiently large. In this case, we know that

di(@',y') = dag (re(@"), 7e(y)) + 127 = 27700 - dp(8(a), (1)),
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The first term converges to dg, (7¢(z), 7¢(y)), the second to zero and the third
to dr(6(x),0(y)). The desired equality follows from the definition of dy(z, y).
We next turn to the case 6(z) = 6(y). Here, we have either

di(a',y') = da (1e(a), 7e(y")) + 1276 — 270D 1 dp(0(2), 0(y))).

or else

di (', y") = da, (1e(2)), 7e(y")) + 2727 (0@ (21, 0" @) (y1)).

In either case, the limit is

da (1¢(2), 7e(y)) = da(1e(2), 7e(y)) + de(0(x), 0(y)) = do(,y).

We are left to consider the case that n(z!) is eventually constant. It follows
that 0(z') is also. Suppose these values are n and 6, respectively. It follows
that n(z) = n,0(x) = 0 and j > 0. If the sequence n(y') is unbounded, then,
arguing as before for n(x'), we have j = 0, which is a contradiction. Hence
the sequences n(y') and 0(y') are also eventually constant, say with values n’
and €', respectively.

As 2t (3!) converges to x; (s, respectively), for 1 <i < n (1 <i < n/,
respectively, we know then that n(x) =n, 6(x) =6, n(y) =n' and 0(y) = 6¢'.
Let us first assume that (n, ) # (n’,0’). In this case, we have, for [ sufficiently
large,

Al 9') = da (re(a), 7e(y)) + 277 — 27| + d2(0,0)

which clearly converges to
de (Te(x), 7e(y)) + 27" — 27| + dn(6,6) = d; (. y).

The second case to consider is (n,0) = (n/,0’). In this case, we have, for
[ sufficiently large,

(' y") = da,(1e(a"), e(y"))
+2727 N (0" (21), 0" (y))

= da(1e(a"), e(y"))
—972- ndgg(Tg(Un(
+2727 gy (0™ (2

")), 7e(0"(y)))
), " (y"))-
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It is clear that the o™(2!),0™(y'),l > 1 and points o"(x),0"(y) satisfy the
hypotheses for integer for 0 < 7 —1 < k — 1, so by the induction hypothesis,
the sequence above converges to

dae(Te(x), 7e(y))
—27% g, (1e(0"(2)), e(0" (y)))
+2727d (0™ (), 0™ (y))
= dj(z,y).

]

We are now ready to unify our metrics dj into a single pseudo-metric.

Let us take a moment to recall (one approach to) taking the completion
of a metric space (X, d) (see page 196 of Kelley [16]). A key step is showing
that, if 2',y',1 > 1 are two Cauchy sequences in X with respect to d, then
the sequence of real numbers, d(x!,y'),l > 1, is also Cauchy and hence con-
vergent. This proof only needs symmetry and the triangle inequality, and
works equally well if d is a pseudo-metric.

Let us describe how we will use this. For z,y in X", we have the in-
equality di(z,y) < 3dg(x,y). If we choose any sequences x',y', 1 > 1, in X,
converging to x,y in X/, respectively, then both are Cauchy in dg and hence
also in dj. The argument outlined above then implies that limy_, di(z!, ')
exists and it can be shown to be independent of the choice of sequences. If
z,y are actually in X", then this limit agrees with di(z,y). We refer to this
as an extension of d. We use this repeatedly in the following.

Theorem 3.14. Assume that G, H, & satisfies the standing hypotheses.
There exists a pseudo-metric, d, on X/, satisfying the following.

1.
da(1e(7), 7e(y)) < d(2,y) < 3da(z,y),

for all z,y in X,
2. d(z,y) =0 if and only if v ~¢ y, for all x,y in X/,
3. d(z,y) = di(z,y), for all x,y in X, .

Proof. For k > 0, the space X, carries two pseudo-metrics, dg and d;. The
former dominates the latter (part 2 of Proposition 3.10), at least up to a
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factor of 3. In addition, it is clear that dg, (7¢(z), 7e(y)) < di(z,y), for all
z,y in X;". We also recall from Proposition 3.5 that the closure of X, in
X¢ is CI(X,F) = UF_ X Tt follows that dj extends to a pseudo-metric on
CI(X,"), which we denote dy, as described above which is also dominated
by 3de and bounded below by dg, (m¢(+), m¢(+)). In addition, it follows from
Proposition 3.13 that the restriction of dj. to X;r x X f equals d;, for any
0 < j < k. It also follows that dj equals d; after extending the latter to
U_ Xt

We may then define a pseudo-metric, do, on U2 X j which is dj, on
U?ZOX ;“ . This is also bounded by 3ds and so extends continuously to a
pseudo-metric d on the closure of U2 X" which is X (Proposition 3.4) and
is bounded below by d¢(m¢(-), me(+)) and above by 3dg.

The first and third properties of d in the conclusion are immediate. For
the second, we first suppose that o ~¢ y. It follows from the definition of ~¢
that z, y lie in X/, for some 0 < k < oo and hence d(x,y) = di(z,y) = 0, by
Proposition 3.10.

Now assume that x,y are in X/ and d(z,y) = 0. It follows that 7¢(x) =
T¢(y) which, in turn implies that x(z) = x(y). If this is finite, say k, then z,y
are in X, and the conclusion follows from Proposition 3.10. We now assume
k(x) = oo and T¢(x) = T¢(y) also implies that n(z) = n(y). From Proposition
3.5, we may find sequences, !, 4’ in X;" converging to x, y, respectively. This
means that

0=d(z,y) = li}n d(z',y) = li}n di(2', ).

There exists [y > 1 such that, for all | > [y, x, = xfl,yn = y,ll, for 1 <
n < n(x). From this, it follows that n(z!) = n(x) = n(y) = n(y') and
O(x) = 0(z!),0(y) = 0(y'), for | > ly. If O(2') and O(y') are distinct for all [,
then

ae o) > da(0(ah), 0(y')) = 27

which is a contradiction. It follows that, for some I, we have 6(z) = 0(z!) =
0(y") = 0(y). Together with that the fact that 7¢(x,) = 7¢(yn,), this implies
that x, = y,, for 1 <n < n(z).
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We note that for [ > I, 0@ (z!), 0™®)(y!) are in X;', and we have

di1 (0" ('), 0" () = dG/f(U"(x)( "), 0" (")
+)\z— (0"('), " (y")))
= dG/s(JC y') + M (o™
< 2@ (2l ).

D(a'), a" ("))

After re-indexing the sequence, we can apply the same argument to

o™ @) (z), 0" (z), 0™@) (171, 0™ (=) which shows that z, = y,, for

1 < n < n(z) +n(c™®). Continuing in this way, we see that z = y, as
desired. O]

Corollary 3.15. The space topological X; has a metric, d¢, inducing the
topology such that

1. dg (1e(2), 7e(y)) < de(me(@), me(y)) < 3da(w,y), for all v,y in X,
2. de(me(x), me(y)) = di(z,y), for all z,y in X, .
Theorem 3.16. 1. The map p; : X7 — Xérg satisfies

da, (pe(x), pe(y)) < de(x,y),
for all x,y in Xgr.

2. The map 0 : X} — T is constant on ~¢-equivalence classes and so
there is a map (also) denoted by 0 : Xg“ — T which satisfies

dr(0(x),0(y)) < de(z,y),
for all x,y in Xgr.

Proof. 1t is a trivial consequence of the definition of d; that the inequality
holds with dj on the right hand side for z,y in X", for any k& > 1. The
conclusion holds since d¢ is the common extension of all dy.

For any k > 1 and z,y in X", we have

dr(0(x), 0(y)) < Ae(z,y) < di(z,y).

Again, as d¢ is the common extension of all dj, this also holds for d¢ on
Xe. ]
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As we mentioned earlier, it is an easy matter to see that X; is metriz-
able. We have gone to considerable trouble to actually produce a metric.
The reason is that it satisfies some nice properties and the following is the
most important. We remark that the same property holds for the map ¢ on
(X2, de).

Theorem 3.17. If x,y in X/ satisfy de(x,y) < 2772, then

2dg(z,y) < de(o¢(), 0¢(y)) < 8dg(x,y).

Proof. We will prove the analogous statement for dj,o and z,y in X, , for
some fixed k > 0.

We first consider k£ = 0 and note that o(Xy) = X. For z,y in X", we
have

do(w,y) = dg, (Te(x), 7e(y)) + dr(0(2),0(y)).
Our hypothesis implies both terms on the right are at most 272. This implies

that 7¢(z1) = 7¢(y1) and hence
dg(1e(a(2)), 7e(0(y))) = da (0 0 7e(x), 0 0 e (y)) = 2dg (1e(2), Te(y))
and dr(0(z),0(y)) < 272 and hence

dy(0(c(2)), 0(a(y)) = dr(0(x)*, 0(y)*) = 2dx(6(), 0(y))-

It follows that dy(o(z),0(y)) = 2do(x,y) and we are done.

Now assume k > 1. First, we note that di(z,y) < 272 implies that
dag (1e(2), 7e(y)) < 272 so Te(;) = 7e(yi), for i = 1,2. It follows that n(z) =
n(y) or both are at least 3.

Our first case is n(z) = 1 = n(y). It follows that o(z),o(y) are both in
X;" . We have n(z) =1 =n(y) and 6(x) = 0(y) = 1 so

de(z,y) = di(z,y)
= dg(1e(x), 7e(y)) + M(z,9)
= do(7e(2), 7e(y)) + 27 N1 (0(2), 0 (y))
= 27 g (1e(0(2)), e(0(y))) + 27 M1 (0 (), 0 (y))-

The right hand side is clearly bounded above by
27 g (1e(0(2)), 7e(0(y))) + 27 Nema(0(), 0(y)) = 27 i1 (0(2), 0 (y))
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and below by

8§ g, (1e(0(2)), 7e(0(y))) + 87 Nia(0(2), 0(y)) = 87 di1(0(2), 0 (y))-
Next, we consider n(z) = n(y) = 2. Also, 6(x),0(y) are both £1. If they
are distinct, we have

de(,y) = (. y) = dr(0(2), 0(y)) = 27,

)
which is a contradiction. Hence, we have 6(x) = 0(y).

So we have x, y are still
in é@i n(o(z)) = n(x) =1 =n(o(y)) and 6(c(x)) = 6(2)* = 0(y)* = 0(a(y))
d5<x7y) dk(xay)

da (1e(2), 7¢(y)) + (2, y)

2 g (re(0(2)), Te(0(y)) + 27" 2 N1 (0" (), 0"V ()
“ (da (re(0™) (), 7e (0™ (1))

+2_12_"(w) 1>\k 1(o(o(2)),0(a(y))))

= 27! (g (1c(0" (), (0" (y)))

+ 27 N (0 (2),0(y)))

= 27 k(o (2),0(y)).

Finally, we consider the case n(x),n(y) > 2. Here again, we have
o(x)) = n(z) — 1, n(a(y)) = n(y) — L, B(o(x)) = 6(x)* and 0(a(y)) =
)2. Let us first assume that (n(z),0(z)) # (n(y),0(y)). We claim that
o(z)),0(c(x))) # (n(a(y)),0(c(y))). If they are equal then n(z) — 1 =
) — 1 so n(x) = n(y). It follows that 6(z) # O(y), while 6(z)? =
)2 which implies 6(z) = —6(y). This in turn implies that dy(x,y)

>
0(z),0(y)) = 27! which is a contradiction. From the fact that 272 >
w(z,y) > dr(0(x),0(y)), we see that dr(0(x)?,0(y)?) = 2dr(0(x), 0(y)).
N

ow we have

dg(.’L‘,y) = dk(xay)

= dg(7¢(2), 7e(y)) + Me(z, y)

= dg (re(x), 7e(y)) + 277 = 27| 4 dr(6(x), 6(y))

= 27'dg (re(0()), Te(o(y))) + 2712 — 217 W)
12 1dn (0(x)2, 0()?)



The final case is (n(z),0(z)) = (n(y),0(y)). Here, we have
(n(o(x)),0(0()) = (n(x) = 1,0(x)*) = (n(o(y)),o(y)) and

de(z,y) = di(x,y)

[]

We finish this section with an alternate version of the local expanding
property which will be useful in the later sections.

Lemma 3.18. If z,y are in X} satisfy x1 = y1 and de¢(o(z),0(y)) < 271,
then de(z,y) < 27 de(o(x),0(y)).

Proof. By Lemma 3.5, we may find sequences ¥,k > 0, and y*, k > 0,
converging to z and y respectively, and z*,y* are in X;I. So it suffices to
prove the statement for x,y in X!, for k > 2.

We consider three cases separately. The first is when x; = y; is not in
E(HY). This implies that n(z) = n(y) = 1, 0(z) = 6(y) = 1 and n(o(z)) =
n(o(y)) = n(xz) — 1. It also means that o(z),o(y) are in X;" . It follows

de(o(z),0(y)) = dg.(1e(0(2)),7e(0(y))) + M—1(o(z),0(y))
= 2dg, (1e(x), 7e(y)) + 2° Me(2, 1)
> 2de(z,y).

The second case is £1 = y; is in {(H'), which implies that n(z), n(y) > 1,

and (n(z),0(z)) # (n(y),0(y)). We have n(o(z)) = n(x) — 1 and n(o(y)) =
n(y) — 1, 0(c(x)) = 0(x)?,0(c(y)) = O(y)?. It also means that o(x),o(y) are
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in X;". We have

lola). o) = dorlote). oty + Mlo(o). o)
= 2dg, (1e(x), 7e(y)) + 27 _ gnl)+
+dr(0(2)%,0(y)?)
- 2dG§(T£< z),Te(y)) + 2[2*”(9”) — an(y)‘
+dr(0(x)*,0(y)?).

The hypothesis that d¢(o(z), o(y)) < 27! implies that dp(0(z)?, 0(y)?) < 27
The fact that x; = y; implies e(x;) = (y1). Together these imply that
dr(0(x)?,0(y)?) = 2dr(6(x),0(y)). Putting this in the last line above yields

de(o(z),0(y)) = 2de(z, y).
The final case to consider is that z; = y; is in {(H'), which implies that

n(x),n(y) > 1, and (n(x),0(x)) = (n(y),0(y)). Again, we know o(z),o(y)
are in X, Here we have n(o(x)) = n(x) — 1 = n(o(y)) = n(y) — 1 and
0(o(x)) = 0(x)* = 0(c(y)) = 0(y)* We have
de(o(x),0(y)) = da(1e(0()), 7e(0 () + Mrlo(2), 0(y))
= 2dg,(re(w), 7e(y)) + 272 Y
M1 (06" o (@), o™ (o (y))
= 2 (da(1e(x), 7e(y)) + 272" (0" (), "V (y)))
= 2d¢(z,y).
0
Theorem 3.19. If z,y are in X/ with d¢(x, 0¢(y)) < 27", then there is z in
X with de(z,y) < 27 de(x, 0¢(y)) and o¢(2) = x. In particular, we have
X{ (04(2).) € o(X¢ (2,270)
and the map o¢ is open.
Proof. Write x = m¢(2’), for some 2’ in X/,. Let ¢/ be in X/, with m¢(y') = y.
As € < 27°, we know that dg,(7¢(2'), 7e(0(y))) < 272 also. This implies

that 7¢(2]) = 7¢(v5), which in turn implies that ] = y5. It follows that
2= (y),xy, ah,...) is in X}. Applying Lemma 3.17 to 2/, ¢/ gives

de(y, 2) = de(f,2') < 27 de(o(y), 0(') = 27 de(o(y), 2).
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4 Smale spaces

The results of section 3 showed a construction of a compact metric space
(X, de) along with a map o¢ : X — X which is continuous, surjective
and open. It also satisfies a local expansiveness condition Theorem 3.17.
Our goal in this section is to replace this system with another where the
dynamics is actually a homeomorphism. This is a standard construction via
inverse limits. Without giving the precise definition for the moment, this
introduces a new component to the space where the dynamics is contracting.
In short, we are going to build a Smale space. Two references for Smale
spaces are Ruelle [28] and Putnam [24].

Let us begin with recalling the definition of a Smale space. First of all,
(X, d) is a compact metric space and ¢ is a homeomorphism of X. We assume
that there are constants ex > 0,0 < A < 1 and a continuous map

[l A y) 2y € Xod(z,y) <ex) — X,
which satisfies the following:
Bl [z,z] =z,
B2 [z, [y, 2]] = [z, ],
B3 {[z,y], 2] = [, ],

B4 [p(z), o(y)] = ¢lx, y],

for all z,y, z in X, whenever both sides of an equation are defined, and finally

Cl if [z,y] = y, then d(p(z), ¢(y)) < Ad(z,y),
C2 if [z,y] = x, then d(o ' (z), o y)) < Nd(x,v),

for z,y with d(z,y) < ex.

We say that (X, d, ) is a Smale space. We note that it is not necessary
to specify the bracket map as part of the structure, only its existence: if it
exists, it is essentially unique.

We now consider our specific case of interest. We will usually work under
the standing hypotheses. It seems likely that it is sufficient for G to be
irreducible. That is only used in an essential way in Proposition 3.5, but
it seems possible that some other hypothesis on & may be needed for the
construction of the last section to work.
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Definition 4.1. Let G, H,§ satisfy the standing hypotheses. We define X¢
to be the inverse limit of the system

g¢ g¢

X+

+
3 X&

That 1s,
Xe={(a%a',..) | 2" € XF,a" = og(a™ 1), > O},

We also define o¢ : X¢ = X¢ by 0¢(2)” = 0¢(2™), forn >0 and z",n > 1 in
Xe. It is a simple matter to check that the inverse is given by

agl(a:)” =2" n >0,

for any x in Xe.
Finally, we define a metric, also denoted d¢, on X¢ by

de(z,y) = sup{2 "d¢ (2", y") | n > 0},

for x = (2")n>0,y = (Y")n>0 in Xe.

We remark that if we replace X, o¢ by X/, 0 the result is X¢, 0 in a
canonical way by identifying = in X with the sequence 2" = x5 (o7"(2)) =
(T1—pn, Ta_p,...), for n > 0. Pursuing this remark a little further, it is a fairly
simple matter to check that the map which sends x in X to the sequence
me(x&(o7"(x))),n > 0, in X¢ is well-defined. We denote the map by 7. It
is immediate that ¢ 0 0 = o¢ o 7.

The system (Xg,dg,0) is a Smale space with constants ex, = A = 27!
and bracket defined as [z,y] = (... y_1, 0, Z1,. . .), for dg(x,y) < 27!, which
ensures Ty = Yo, T1 = Y-

To see that (X¢,dg, 0¢) is a Smale space, we need to define the bracket
map. Let z = (2")u>0,y = (¥")n>0 be in X, and assume that d¢(z,y) <
21,

We inductively define 2", n =10,1,2,3,... in Xgr satisfying

Lode(zmy™) <2771

2. 05(2n+1> ="
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Begin with z° = 2°. Observe the first condition holds for n = 0 and
df(‘ro?yo) < dg(fL“,y) <27

To define 2", we have d¢ (2", o¢(y" 1)) = de(2™,y") < 27"~ By Lemma
3.18, we may find 2"*' in X with o¢(2"") = 2" and de(2"",y""") <
27 e (2™, y™) <2772 So 2 = (29,21, .. .) lies in X.

We use the constants ex, = A = 27'. Notice that de(z,y) < 27" implies
that de(2°,y?) < 271 which ensures that [z, y] is defined.

We will not verify the axioms B1-B4. As for C1, suppose that z = [z,y] =
y. It follows that 3° = 2° and so

d(og(z),0¢(y)) = sup{27"d¢(o¢(2"),0¢(y")) [ n = 0}
= sup{27"d¢(o¢(2"), 0¢(y")) [ n > 1}
= sup{27"de(z" ",y ) [ n > 1}
= 27 'sup{27"d¢ (2™, y™) | m > 0}
2*1d£(x,y).

We also verify C2: if z = [z, y] = x, then we have

d(og ' (2).05 ' (y)) = sup{27"de(a™"",y"*") [ n > 0}
= sup{27"27d¢(2",y") | n > 0}
= 27Yde(z,y).
Theorem 4.2. With constants ex, = A = 2= and bracket map as defined
above, (Xe,de, 0¢) is a Smale space.

Theorem 4.3. 1. The map m¢ : (Xg,dg,0) = (X¢,de,0¢) is a factor
map.

2. For each x,y in X¢g such that dg(x,y) < 273, both
[z, y] and [m¢(z), me(y)] are defined and e[z, y] = [me(x), me(y)]-

3. Points x,y in X satisfy me(x) = me(y) if and only if exactly one of the
following hold:

(a) z =y,
(b) there exists i = 0,1 and z in Xg such that £ (z,) = 1,7 (2,) =
Yn, for all integers n,
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(c) there is an integer m, i = 0,1 and z in Xy such that

1. Ty = Yn, for alln < m,
B Ty = Ym 18 not in E(H) or E7(2m) = Tm, E(2m) = Ym and

iii. £(2n) = T, £ (20) = yn, for all integers n > m.

4. The map m¢ is s-bijective; that is, for every x in Xq, me|X&(x) is a
bijection from X¢(x) to X¢(me(x)).

Proof. The first part is easy, as we have already noted.

For the second part, if dg(x,y) < 273, then [z, y] is defined. In addition,
by 3.15, de(me(z), me(y)) < 3-273 < 271 so [me(x), me(y)] is also defined.

We define, for n > 0, 2" = me(y—p, -+ ,y-1, %0, T1,...) in X . It is clear
that 2 = me(xt(z)) and o¢(2") = 2", for all n > 1. We claim that
de(2",y™) < 271 which we show by induction. The case n = 0 is simply
the fact that dg(me(x), me(y)) < 271, which we have already established. For
any n > 1, Lemma 3.18 and the induction hypothesis show that

dg(Zn, yn) S 271d5(zn71’ ynfl) S anfl'

It follows from the definition of the bracket on X, that z = [m¢(x), me(y)].
On the other hand, we have

(mela, )" = me([, 9]") = me(xG (o[, 9])) = 27,

by definition.

For the third part, it is clear that if x,y satisfy conditions (b) or (c),
then x&(o7™(z)) ~¢ x&(o(y)), for all integers n and it follows that me(z)™ =
me(y)", for all integers n.

Conversely, if m¢(x) = me(y), then x5(c7"(z)) ~¢ x&(07(y)), for all
integers n. It follows that there is an integer n such that, there is a path 2"
in X} and 4, = 0,1 such that

XG(o! (@) = € (xG (M=) xé (e () = €7 (G (")

If n satisfies this condition, then so does n+1 and 4,41 = i,, x& (0" (2" ™) =
x& (017" (2™). There are then two cases to consider. In the first, the condition
is satisfied by all integers n. In this case, (b) holds with z = lim,,_,_, 2" (and
possibly) reversing = and y if i,,, = 1. Otherwise, let m be the greatest integer
not satisfying the condition. It is a simple matter to check that (c) holds in
this case.
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For the last part, if m¢(x) = m¢(y), then by part 3, x and y are not stably
equivalent (i.e. right tail-equivalent) unless x = y. This shows that m¢| X (2)
is injective. The surjectivity follows from the fact that G' primitive implies
(X¢, o) is non-wandering, (Proposition 2.2.14 of [17]), and Theorem 2.5.8 of
24]. O

5 Homology

In [24], a homology theory for (non-wandering) Smale spaces is described.
Specifically, given a non-wandering Smale space (X, d, ¢) and integer n, there
are two countable abelian groups, H:(X,¢) and H*(X,¢). The former
invariant is covariant for s-bijective factor maps and contravariant for u-
bijective factor maps while the latter is covariant for u-bijective factor maps
and contravariant for s-bijective factor maps. As such the map ¢ induces a
pair of automorphisms of each. The aim of this section is to compute these
invariants for the systems (X¢, de, 0¢) we have constructed.

Let us begin with some preliminary notions. If G is any finite directed
graph, we may consider the free abelian group on the vertex set G°, denoted
ZGP. This comes with two canonical endomorphisms

i(e)=v t(e)=v

for any v in GY. This is needed at various places in the theory and in our
proofs below. However, for the statements of the results, we can use the
more familiar group Z%, which is isomorphic to ZG® in an obvious way.
Under this isomorphism, the map ¢ becomes multiplication by the matrix
A while 4¢ is multiplication by its transpose. Then we define D*(G) as the
inductive limit of the sequence

70" A 76° Ag 76° g

Similarly, the invariant D*(G) is computed in a similar way, but with the
transpose, AL, replacing Ag.

With this notation, we can summarize our results with the following the-
orem.
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Theorem 5.1. Let G, H, £ satisfy the standing hypotheses. We have

H3(Xe,0¢) = D*(G), (0¢)! = Ag,
H}(Xe,0¢) = D3(H), (0¢)7! = Ap,
Hg(XEaOE) = DU<G)? (JE)* = Agv
H(Xe,0¢) = DU(H), (0¢) = Aj,
H/i(X&af) = 07 k # 0717
HI?(XE’OE) = 0, k 7é 0,1

In the first two lines, we regard o¢ as an s-bijective factor map from (Xe, o¢)
to itself and our description of the induced map on homology is interpreted
via the description which precedes it. In the next two lines, we regard o¢ as
a u-bijective factor map

In fact, we will prove only the first, second and fifth parts as the other
three are quite similar.

The starting point for computation of the homology theory for a general
Smale space, (X,¢) is to find an s/u-bijective pair: Smale spaces (Y, )
and (Z, () such that Y"(y) and Z°(z) are totally disconnected, for all y in
Y and z in Z, along with an s-bijective factor map ms : (Y,¥) — (X, )
and a wu-bijective factor map m, : (Z,() — (X,¢). Usually, the collection
(Y, ¢, ms, Z,(,m,) is written as .

Given such an s/u-bijective pair, one proceeds to define dynamical sys-
tems as fibred products: for L, M > 0,

Seam(m) = {7 ...,y 20 . M) e YEF x ZMH!
| mo(y') = mu(2™), all [,m}.

Each of these systems is a shift of finite type and ¥, p/(7) carries an obvious
action of the group Spi1 X Shri1-

Theorem 5.2. Let G, H, ¢ satisfy the standing hypotheses. Then
(X, 0,me, X, 0¢,idx,) is an s/u-bijective pair for (X¢, 0¢), which we denote
by me. Moreover, we have Y o(me) = Xg and Cg 4(7me)oo = D*(G).

The next step is to find a graph which gives a symbolic presentation for
Y0,0(me). This requires that, for any =,y in X, satisfying ¢(xo) = t(yo), then
melx,y] = [me(2), me(y)], meaning that both sides are defined. Unfortunately,
G will not suffice but this is not a major obstacle.
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We review the standard notion of the higher block coding of G (see section
2.3 [17]). We let G¥ be the set of all paths of length K in G, for any K > 2,
and define 4,t : GX — GX~! by

i(xy, ..., ox) = (21,...,Tx_1), i(xy,...,2x) = (29,...,2K),
for (z1,...,2x) in GX. In this way, we interpret GX, G5~ i t as a graph.
For any 1 < k < K, the map sending (z1,...,2x) in G¥ to z; induces a

homeomorphism between Xs;x and X which intertwines the shift maps. It
will not be necessary for us to write this map explicitly: we simply regard
Xerx and X as equal, in an obvious way.

We use K = 7 and k£ = 4. The point is that, if z,y are in Xs and
t(wo) = t(yo), then regarding them as elements in X7, means xj_9 35 = Y23,
which implies d(z,y) < 272 and so part 2 of Theorem 4.3 applies and G”
satisfies the conditions of Definition 2.6.8 of [24].

We remark that the map t : G® — G° induces an isomorphism between
D*(G") and D*(G).

Our two maps are my = m¢ and 7, being the identity on X.. Due
to part 3 of Theorem 4.3, we see that #m,{z} < 2 = Ly and obviously
#id 'z} < 1 = My, for all x in X¢, so by Theorem 5.1.10 of [24], our
complex consists of only two non-zero groups, C§ 4(7¢)o,o0 and C§ 4(7¢)10,
and a single homomorphism from the latter to the former. So what are these
groups, how do we compute them and what is the homomorphism between
them? The first is given already in 5.2.

We now come to the second group, Cg 4(¢)1,0, where it will be necessary
to use our higher block presentation. The system X )(7¢) of [24] consists
of pairs

Sao)(me) = {(2"2") | 2", 2! € Xg, me(a") = me(2")}-

Fortunately, Theorem 4.3 gives a nice description of these. The fact that our
map is regular means that this is the shift of finite type associated with an
obvious subgraph of GT C G x G7, whose vertex set is G¢ C G® x G® with
obvious maps 7,t. (This suppresses the fact that an infinite sequence of pairs
can also be seen as a pair of infinite sequences.) This graph is obtained by
simply taking pairs in ¥ o)(7¢) and finding all words of length 6 and 7.

We may partition our vertex set G$ = Vo UV, U---U Vg as follows. First,
Vi consists of all pairs (z,z), where x is in G°. Also, Vg consists of all pairs
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(%), (), (€X(y), E%(y)), where y is in H®. For 1 < k < 6, we let V}, be all
pairs of the following types

(2€°(y), 2€" (), (2€' (y), 2" (),

where, z is in G, y is in H* and t(g) = £°(i(y)), along with

@& () (y2), - k1)), 2 W)€ (W), - E (Yrr))),
@€ ()& (y2), - & (), 2 (W)€ (wa), - 2 (Ynr1)),

where x is in G"*1 ¢ is in H*! and t(g) = £°(i(y)).

There is an analogous partition G7 = EyU- - -UE7. Notice that i(Ey) C V4,
iW(EB;) CVig, if 1 <i <7, 8(E;) CV;if 0 <i <6, and t(E7) C Vi. That is,
Vo and Vj are two components of G and the remaining edges move from Vj
to V.

Observe that the permutation group on 2-symbols acts in an obvious
manner on all these objects.

We consider the free abelian group on G with an inductive limit given by
G7. Before doing so, we must take a quotient, moding out by the subgroup
generated by vertices v with v = v-a and all elements of the form v—wv-(1,2),
where « interchanges entries 0 and 1. The first means that we are removing
Vo from consideration. Among the remaining vertices, only the ones in Vg are
the terminus of a path of any length greater than 6 and it follows that the
inductive limit only using that part. On the other hand, when we quotient
by v — v - o, the result is clearly isomorphic to the free abelian group on H°,
with generating set (£°(y),&'(y)), y in H®. We conclude that C§ 4(m¢)1 is
isomorphic to to the inductive limit of this group under the map induced by
H'. We have proved the following.

Lemma 5.3. We have C3 4(m¢)10 = D*(H).

We are now left to consider the boundary map between the two groups
and a key technical point in its computation is the following. Our notation
is slightly different from [24], so we give a self-contained statement here.

Lemma 5.4. For the reqular s-bijective factor map m¢ = (Xq,0) — (Xe, 0¢),
the constant K¢ = 0 satisfies the conditions of Lemma 2.7.2 of [24]. That is,
if 2t 2? yt y? are all in Xg with me(2h) = me(2?), me(yh) = me(y?), z} = vy,
for k > ko, and 22, y? stably equivalent, then xi =y}, for k > ko also.
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Proof. The statement is trivial if either ' = 2% or y! = y2. It remains to

consider when both pairs are distinct. This situation is described explicitly
in Theorem 4.3. The rest of the proof is done by checking the different cases,
which we leave to the reader. O

Lemma 5.5. The boundary map
dg : O 4(me)10 = Cd a(me)oo
1$ the zero map.

Proof. Via the isomorphism of Lemma 5.3, this group is generated by classes
of the form (£°(y),&'(y)), y in H®. Using the formula given in Definition
4.2.1, we have

dp (&), €' (y) = (y) — £ (),

for each y in H®, where the term on the right is interpreted as an element of
ZG®. We know that the map ¢ induces an isomorphism between D*(G7) and
D?(G) and we have

t(E(y) — & (y)) = t(E(y)) — (&' (y) = 0,
by condition (HO). O

The computations of the homology groups, H?(X¢, 0¢), as summarized in
Theorem 5.1, follow from Theorem 5.2 and Lemmas 5.3 and 5.5.

Let us mention an alternate proof of these results. This is based on two
sets of results. The first are those of Proietti and Yamashita [20] and [21], who
show that the Smale space homology here agrees with the groupoid homology
as studied by Matui. Further, Matui has recently the adapted results which
are used in the next section for the K-theory of the C*-algebras to the case
of groupoid homology: see [18]. These require the unit space to be totally
disconnected and so only apply to parts 1, 2 and 5 of Theorem 5.1.

6 Groupoids, C*-algebras and K-theory
The goal of this section is to describe the stable and unstable equivalence

relations (or groupoids) of our Smale space, (X¢, d¢, 0¢), their associated C*-
algebras and their K-theory.
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We begin with a short review of what is involved for general Smale space.
For any Smale space, (X, d, ), two points z,y in X are stably equivalent if

Jim d("(x), ¢"(y)) = 0.

Unstable equivalence is defined by simply replacing both occurrences of ¢ by
o~ 1. We define

G(X,p) = {lz.y) € X x X[ lim d(p"(z),¢"(y)) = O},
GU(X p) = {lzy) € X x X | lim d(p™"(2),¢™"(y)) = O}

Each is an equivalence relation and has a natural topology. It will not
be necessary to describe this here in detail, but we refer the reader to [22].
In addition, if (X, ¢) is non-wandering, then, as groupoids, each has a Haar
system. Again, we do not need a detailed description. For any x in X, we
let X*(x) and X*(x) be the equivalence classes of x in the two equivalence
relations. Each carries a natural topology which is finer than the relative
topology of X but makes each locally compact Hausdorff.

Generally speaking, étale groupoids [27] are much easier to deal with and,
thanks to the work of Muhly, Renault and Williams [19], our groupoids are
equivalent to étale groupoids by reducing to an abstract transversal. With
the slightly stronger hypothesis that (X, ¢) is irreducible, we select a finite
set P with the property that ¢(P) = P (i.e. consisting of periodic points),
we let

X*(P) = UpepX*“(p), X*(P) = UperX*(p)
and these function as natural transversals to G*(X, ¢), G*(X, ), respec-
tively. Note that these spaces are given locally compact topologies which
are finer than the relative topology of X. We refer the reader to [23]. We
denote the reduction to these transversals by

G*(X, 0, P) = G(X,9)N(X"(P) x X*(P)),
G'(X,p,P) = G"(X, )N (X*(P) x X°(P))
Each is an étale equivalence relation. Different choices of P yield equivalent
groupoids. In [23], it is shown that these groupoids are amenable, so we do
not need to make a distinction between the full and reduced C*-algebras. We
define
S(X.p.P) = CH(G(X.p.P)).
U(X790’ P) = C*(GU(X, ‘107P))'
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The map which sends a continuous function of compact support, f, on
either of the two groupoids, to f o (p x )~! extends to an automorphism
of the respective C*-algebra, which is denoted by . The Ruelle C*-algebras
are defined as the associated crossed-products:

RY(X,p,P) = S(X,p,P)x,Z,
RYX,p,P) = U(X,p,P)x,Z.

Let us review some basic properties of these C*-algebras. If (X, ¢) is
mixing then S(X, ¢, P) and U(X, ¢, P) are separable, simple, finite, stable,
satisfy the Universal Coefficient Theorem (UCT) [23] and have finite nuclear
dimension [9]. If (X, ¢) is irreducible, then R*(X, ¢, P) and R*(X,p, P)
are separable, simple, purely infinite, stable, satisfy the Universal Coefficient
Theorem (UCT) [23] and have finite nuclear dimension [9]. All of these C*-
algebras come under the Elliott classification scheme. ( We include a small
remark: the results of [9] need the hypothesis that the C*-algebras contain a
projection. This was later shown to hold in general [10], but, in our case, we
will explicitly provide clopen subsets of the unit spaces of both G*(X¢, o¢, P)
and G*(X¢, o¢, Pr) which shows this holds.)

In our particular case for (X, dg, o¢), we can actually go a little further
and the first step is to make a particular choice for P, as we describe.

Under the standing hypotheses, we select a periodic point as follows. We
have already observed that G' — £(H?!) is also primitive. We select a cycle
C! C G' — £(H"') of minimal length. This implies that ¢|c1 is injective. We
let C° = t(C'). We let P C X be the finite set of infinite paths which
simply repeat the cycle C'. We note that an element p of P is uniquely
determined in P by i(p;) in C°. Also notice that ¢ is a bijection from P to
Py = m¢(P) from part 3 of Theorem 4.3.

The s-bijective map m¢ : X — X, induces maps at the level of groupoids
and also C*-algebras

(71'5)* : S(Xg,O'g,Pg) — S(Xg,O', P),
(7T€) : U(Xg,O', P) — U(X&,O’g,Pg).

The C*-algebras S(X¢, 0, P) and U(Xg, 0, P) are both AF-algebras, their
K-zero groups are D*(G) and D*(G), respectively, while their K-one groups
are trivial.

We now state the two main results of this section. Of course, they could
easily be assembled into a single result, but we separate them as the proofs

*
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are rather long and also rather different and they will be divided into two
subsections.

Theorem 6.1. If G, H, & satisfy the standing hypotheses, we have

1. Ko(S(Xe, 0¢, Pe)) = D“(G) as ordered abelian groups and, under this
isomorphism, the automorphism induced by o¢ is Ag.

2. K1(S(Xe,0¢, Pe)) = D“(H) and, under this isomorphism, the auto-
morphism induced by o¢ is Al

3. Ko(R*(Xe,0¢, Pe)) = 78° )(I — AL)ZS" @ ker(I — AL - 721" — 71°).
&Y ¢ G H
4. Ki(R¥(Xe, 06, P2)) = 27° (I — ADZT° @ ker(I — AL - 26" — 76°).
Theorem 6.2. If G, H, & satisfy the standing hypotheses, we have
Y g ny

1. Ko(U(Xg, 0¢, Pe)) = D*(G) as ordered abelian groups and, under this
isomorphism, the automorphism induced by o¢ is Aal.

2. Ki(U(X¢,0¢, Pe)) =2 D*(H) and, under this isomorphism, the auto-
morphism induced by o¢ is Ay

3. Ko(R*(Xe,0¢, Pe)) = 25" /(I — Ag)ZE° @ ker(I — Ay : 2 — 7).
4. Ki(R*(Xe, 06, Pe)) 2 Z7° /(I — Ag)Z™" @ ker(I — Ag : 25" — 7.5°).

Remark 6.3. Both results are undoubtedly true if the hypothesis that G is
primitive is weakened to (Xq, 0g) being non-wandering. However, our proofs
rely heavily on results of two papers [25] and [12] which require the respective
equivalence relations G*(Xq, 0, P) and G*(Xg, 0, P) to have all equivalence
classes dense and this is equivalent to G being primitive. It would not be
difficult to adjust these results to the more general situation, but it would
complicate matters.

Remark 6.4. The alert reader may be somewhat perplezed by the switching
of s’ and 'u’, between the two sides of the first two parts of both results.
This is due to an historical anomaly: the superscript on G° was chosen for
'stable’ equivalence and it seems logical to use S for its C*-algebra. However,
the elements of the Ky-group of this C*-algebra are realized by characteristic
functions of clopen subsets of its unit space, which is X*(P). So the notation
for D*(G) was chosen to coincide with this interpretation.
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Let us mention one other groupoid, without going into great detail. It fol-
lows from Theorems 3.17 and 3.19 that the map o, of X Z is locally expanding
and also a local homeomorphism. We can associate to it its Deaconu-Renault
groupoid, as follows. For each z,y in X §+ and positive integers m, n satisfying
of'(z) = o (y), we consider the triple (x,m—n,y). The set of all such triples
is a groupoid with the product (z,k,y) - (z/, k', ') defined when y = z’ and
result (z,k + k',y’). It can be given a topology it which it is étale [8]. The
associated groupoid C*-algebra has the nice feature of being unital, and it is
also equivalent to R*(X¢, o¢, P).

The result of our K-theory computations has an interesting consequence
that our construction exhausts all possible Ruelle algebras from mixing Smale
spaces, as we describe below.

We begin with some simple observations. Let (X, ¢, d) be a mixing Smale
space and @ be a finite p-invariant subset of X. The C*-algebras R*(X, ¢, Q)
and R"(X,, Q) are Spanier-Whitehead duals of each other (see Definition
4.1 and Theorem 1.1 of [14]). As noted in section 4 of [14], this implies that
their K-groups are finitely generated. Proietti and Yamashita have recently
shown that K,(S(X,¢)) and K, (U(X,)) are finite rank (Theorem 5.1 of
[21]) and, as explained in section 4 of [14], this implies that Ky(R*(X, ¢, Q))
and K (R*(X,p,Q)) have the same rank. Putting all of this together, we
conclude that there is an integer £ > 0 and finite abelian groups Gy and G,
such that

1%

Ko(R*(X,9,Q)) Z* & G,
Ki(R(X,0,Q)) = Z'aG.

We add that another consequence of Theorem 5.1 of [21], as described in
section 4 of [14] is that

R(X,0,Q) = R'(X,9,Q).

Corollary 6.5. Let (X, p,d) be a mixing Smale space and Q be a finite -
wnwvariant subset of X. There exist finite directed primitive graphs, G, H and
embeddings £°, &'« H — G satisfying (H0), (H1) and (H2) such that
R*(X¢,0¢, Pr) =2 R*(X, ¢,Q), for any P, a finite o-invariant subset of X¢.

We begin the proof with a simple algebraic result.
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Lemma 6.6. Let G be a finitely generated abelian group and dy, My be pos-
itive integers. There exist d > dy and a d X d integer matriz A such that

74 (1-A)Z7' =G
and each entry of A is greater than or equal to M.

Proof. From the classification theorem for finitely generated abelian groups
(Theorem 2.2, page 76 of Hungerford [13]), we know that there are integers
k>0,71,...,50 > 2,1 >0 such that

GZ7Z'& (Z/HZ&® - SL/JZ).

Let D be the diagonal matrix whose diagonal entries are 0, k times, ji, ...,
and then a collection of 1’s so that there is at least one and dy — [ — k, so the
the size of D, which we call d, is at least d.

It is immediate that Z¢/DZ¢ = G. Observe that this isomorphism still
holds if we multiply D on either side by an integer matrix of determinant
one. In particular, it remains true if we add a multiple of a row or column
to another. Using column operations, the 1 in the d, d-entry of D can then
be used to ensure row d has all positive integer entries. Then using row
operations, we can ensure every row, other than row d has entries at least
My. Finally, we add row 1 to row d and the resulting matrix matrix B has
all entries at least My. Then A = B + [ satisfies the desired conclusion. [

Corollary 6.5. We apply Lemma 6.6 to the group G = K;(R*(X, ¢, Q)) with
dy = My = 1 to obtain a d x d matrix A. We apply Lemma 6.6 a second time
to the group Tor(Ko(R*(X, ¢, Q))), with dy = d and My = max{2A(i, j)+1 |
1 <i,j7 < d} to obtain a d’ x d’ matrix B.

We let H be the directed graph with d vertices and adjacency matrix AT
and G be the directed graph with d’ vertices and adjacency matrix BY. As
d' > d, we may find an embedding of H° in G° and from the choice of B we
can find embeddings £°, ¢! of H' in G' which satisfy (H0), (H1) and (H2).

We note that as

Zd// (I - B) Zdl = TOT(KO(RS(Xa ©; Q)))7
which is finite, ker (I — B) is free abelian and rank zero, so is trivial. If we

let & be the rank of K;(R*(X, ¢, Q)), then ker (I — A) also has rank &k and is
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free abelian. We conclude from Theorem 6.1 that

Ko(R* (X, ¢,Q)) & Z'& Tor(Ko(R(X, ¢,Q))) & Ko(R* (X, 0¢, )
K (R (X, 0,Q)) = Ky (R (X, 0¢, Pe))

As noted in [14] these C*-algebras fall under the Kirchberg-Phillips classifi-
cation Theorem, so R*(X, ¢, Q) = R*(X¢, o¢, P). m

6.1 Stable equivalence

In this subsection, we focus on the C*-algebras S(X¢, o¢, P) and
R (X, 0¢, Fe).

Lemma 6.7. 1. The set
YH(P) ={y € X&(P) | yn = pn,n <0, somep € P}

is a compact open subset of X&(P). Its relative topology from XE(P)
agrees with the relative topology from Xqg. If x 1s any point of Xg,
then x is stably equivalent to some y in YH(P). Finally, we have
o (YE(P)) S Y4(P).

2. The set Y{'(P) = me(Y§(P)) is a compact open subset of X¢(P). Its
relative topology from Xg(P) agrees with the relative topology from Xe.
If x is any point of Xg(P), then x is stably equivalent to some y in
Y{(P). Finally, we have ng(Yg‘(P)) CYMP).

Proof. For the first part, the statements about the topology are standard.
As @ is primitive, we may [ > 0 such that there is a path of length [ between
any two vertices of G. If z in in X, let p be any point of P. Define y by
Yn = Pn,n < 0, y1,...,y is any path from ¢(pg) to t(z;), and y, = x,,n > [.
So y is stably equivalent to = and lies in Y4 (P).

For the second part, Y{*(P) is compact since Y{¥(P) is. Moreover, Y¢(P)
is clearly invariant under ~¢ and m¢ is continuous, so Y (P) = m; 1(Yg‘(P))
which implies that Y¢*(P) is open also. The remaining statements are clear.

O

The following is an immediate consequence.
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Proposition 6.8. Let us denote by G*(§, P) the reduction of the groupoid
G*(Xg,0¢) to Y{(P). It is étale, equivalent to G*(X¢, o¢) and also

G*(X¢, 0¢, P), in the sense of Muhly, Renault and Williams [19]. In partic-
ular, we have containments and a commutative diagram

C*(G*(&, P)) C C*(G*(Xg, 0¢, %))

—1 -1

CHE(EP) NG (Xeoe P

The proof of Theorem 6.1 involves an application of the results of [12].
Let us provide a brief discussion of the set-up there. It will be fairly similar
to the one we consider here, but there are a couple of differences which we
need to address.

We begin with two Bratteli diagrams, (V, E), (W, F) and two embeddings
of the latter into the former satisfying conditions analogous to (HO) and
(H1). Section 3 of [12] describes the construction of a quotient of the path
space of the Bratteli diagram Xp, denoted X,. The equivalence relation of
tail equivalence on Xg, denoted, Rg then descends to an étale equivalence
relation, denoted Re. It is then shown (Theorem 1.1) that the Ky(C*(R))
is isomorphic to the dimension group of the Bratteli diagram (V, E), while
K;(C*(R)) is isomorphic to that of (W, F).

The first point to note is that in our current situation will we be us-
ing (V, E) and (F, W) stationary diagrams given by the matrices G and H,
respectively. That is, at least approximately, V, = G°,E, = GL,W,, =
H° F, = H, for all n.

There is a second minor problem with the convention of [25] that the
Bratteli diagram begins with Vj as a single vertex. This is also solved easily:
we let V be a single vertex, Vi = t(C'), our selected minimal cycle, and E;
to have one edge from Vj to each vertex, v, of V; which is simply the unique
edge e of C' with t(e) = v. Then, for n > 2, we inductively E,, = i~*(V,,_;)
and V,, = t(F,). As we assume that G is primitive, there will be some ny > 1
such that V,, = G° and E,, = G*, for all n > ng. With these definitions, it is
immediate that the path space Xp of [12] coincides with Y% (P), the space X
of [12] coincides with Y*(P), the groupoid Rg coincides with the reduction
of G*(Xg, 0, P) to Y4(P) and the groupoid R coincides with G*(¢, P).

There is a somewhat different solution to this problem for (W, F'). We
simply drop the assumption on the start and say W, is only defined for
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n > ng, the two embeddings £°, ¢! are the given ones. The results of [12] still
hold verbatim.
For the third and fourth parts of Theorem 6.1, we use the Pimsner-

Voiculescu exact sequence [30]. For notational purposes, we use S instead of
S(X&O'g, Pf) and R* =S Ngg 7

id—(0¢)«
Ko(8) — Ko (S) — Ko(R")

! |

K1<RS) < Kl(S)zm*Kl(S)

This immediately yields two short exact sequences
0 — K.(5)/ (id — (0¢)s) K(S) = K.(R*) = ker (id — (0¢).) — 0.

We know that Ky(S) = D*(G), which is an inductive limit of groups Z¢°.
This means that there is a natural map we denote 7, : Z¢" — D*(@G) as the
first group in the inductive limit. This intertwines multiplication by AL with
the automorphism AL and it is an easy exercise in algebra to show that this
induces isomorphisms

ker (I AT 7 ZG°> > Ler (id — (o¢).)
Z%) (1 — ALY 2% = D*(G)/ (id — AL) DY(G).

The quotients in the two exact sequences above are now seen to be sub-
groups of Z% and hence are finitely generated and free. It follows that the
two sequences both split. This completes the proof of Theorem 6.1.

6.2 Unstable equivalence

In this subsection, we focus on the C*-algebras U(X¢, o¢, P¢) and
R*( X, 0¢, Pe).

Lemma 6.9. 1. The set
YS(P) ={y € X&(P) | yo = pn,n > —1, somep € P}

is a compact open subset of X&(P). Its relative topology from X&(P)
agrees with the relative topology from Xqg. If x is any point of Xg,
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then x is unstably equivalent to some y in Y5(P). Finally, we have
o(Y&(P)) € Y5(P).

2. The set Y¢(P) = me(Ya(P)) is a compact open subset of X¢(FP). Its
relative topology from X¢ (Pe) agrees with the relative topology from Xe.
If x is any point of Xg(Pg), then x is unstably equivalent to some y in
YZ(P). Finally, we have o¢(YZ(P)) C Y (P).

Proof. The first part is all easy topological facts while the second follows as
7 is a homeomorphism when restricted to X&(P). O

The next result follows immediately from the last.

Proposition 6.10. Let us denote by G* (&, P) the reduction of the groupoid
G (X¢,0¢) to YZ(P). It is étale equivalent to G*(X¢, 0¢) and also to
G"(Xe, 0¢, Pe), in the sense of Muhly, Renault and Williams [19]. In partic-
ular, we have containments and a commutative diagram

C*(Guj(ga P)) C C*(Gu<)(f? O¢, P&))
C*(G"(&, P)) c C*(G"(Xe, 0¢, Fe)).-

We begin our analysis with a technical result on the structure of G*(¢, P).

Lemma 6.11. Let z,y be in YS(P) and assume that me(z) and me(y) are
unstably equivalent in (X¢, o¢). Then either

1. there exists N < 0 such that x, = y,, for alln < N, or

2. there exists N < 0,5 = 0,1 and z in Xy such that x, = £ (z,), yn =
&1 (zy), for alln < N.

Proof. We recall that in a general Smale space (X, ¢, d), if points z,y are
unstably equivalent, then there exists nyg < 0 such that ¢"(z) and ¢"(y)
are in the same local unstable set, meaning that d(¢™(z), "™ (y)) < €ex
and [¢" (), ™ (y)] = ¢™(z) (see Proposition 2.1.11 of [24]). It follows by
induction that for all n < ng, we have d(¢™(x),¢"(y)) < exA™ ™. In our
case, this means that

de(0¢ (me()), o (me(y))) < 2757,
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for all n < ny. From the definition of the metric d¢ on the inverse limit space
X¢, we have dg(og (me())°, o¢ (me(y)?) < 273770, Recalling the definition
of m¢ on X¢, we have dg(me(x&(0™(2))), me(xE (0™ (y)))) < 273tn—mo,

It follows from Theorem 3.9 that we have

Ao (e OG0 (), e (07 () < 270 0
a0 @)IOG(" (W) < 2770, @)

for n < ng. The first of these inequalities immediately implies that 7¢(x,) =
Te(yn), for all n < ng. If 2, is not in E(H'), it follows that z,, = y,.

Any z in Y3(P) is right-tail equivalent to a point in P so, for any integer
n, there is a least m > n such that z,, is not in £(H'). We note then that

+
G
+
G

6(x& (0" (2))) = exp (m S e(xn+j>2—j) .

=1

As a consequence of the sum being finite, if the quantity above equals one,
then e(x) =0, for n+ 1 < k <m.
For 0 <t < 1, we let exp(2rit)'/? = exp(mit). Observe that

O(xG(0" 1 (2))) = exp(e(za)mi)f(xG(0" (2)))"?
= (~1)70(x¢ (0" (@),

Suppose for some n < ng—1, we have z,,1 = y,+1. We will show z,, =y,
also. There are several cases to consider. First, suppose that x,11 = y,41 is
not in £(H1'). If z,, is also not in £(H1'), then z,, = y,,. If z, is in £(H?'), then
0(x& (0" (2))) = exp(2mie(x,)) and O(xG(0" " (y))) = exp(2mic(y,)). The
second inequality above then implies that e(x,) = £(y,) and hence x,, = y,
also.

Now, suppose Tni1 = Yni1 is in E(HY). If e(x,y1) = 0, then both
x&(0™(z)) and x&(o™(y)) lie in {exp(2mit) | 0 < ¢t < 271} If e(zppq1) = 1,
then both x5(o™(z)) and x&(0™(y)) lie in {exp(2mit) | 27! <t < 1}. In
either case, we have

dr(0(x& (0" ()2, 00 (0" ())'?) = 27 de (O (xE (0™ (), 0 (0" (1))
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and hence

275 > dr(0(x (0" (@), 0 (0" ()
)2 (=17 00 (" () 2 (= 1)7)
) )

)Y :
)2(~ )5(“”) O(xg (0" (2)))* (=1)7))
)

I
QU
=
A/i‘i/—\
=
Q+ Q+ Q+
R)
3

> dr(0(x; (0" (z)
—dp(0(x¢ (0" (2))) (=17 6 (x (0" ()2 (= 1))
= dy( 1)5(%) a(yn))

-2 dp(0(x &,
> dp((—1)),

(
(=1)
(0"(x))), 0(x& (0" ())))
(=1)

1 s(yn)) 92~ 4— no+n

From which it follows that e(x,) = (y,) and so z,, = y,.

We have shown that if x,,; = y,11, for some n < ng — 1, then z,, =y,
also. It follows by induction that we are in case 1.

It remains to consider the case x, # y,, which implies z,, is in £(H"') and
e(xy) # €(yn), for all n < ng. Without loss of generality, assume e(x,,) =
0,e(yn) = 1, for some n < ny. We will show that if e(z,—1) = 1,e(y,—1) =0,
then x,_o = y,_o contradicting our hypothesis. The only remaining possi-
bility is case 2, so this will complete the proof.

Under the conditions e(x,) = 0,e(y,) = 1,e(zp-1) = 1,e(yn—1) = 0,
we have O(x5(0™" %(x)) lies in {exp(2mit) | 27! < t < 1 — 272} while
O(x& (0™ %(y)) lies in {exp(2mit) | 272 <t < 271}, Tt follows that

dr(0(x& (0" ()72, 00 (0" (W))'?) = 27 de (0 (x (0" (), 00 (0" (1))

and the same calculation as before shows that e(z,_2) = £(yn_2) and hence
Tp—2 = Yn—2- O

The proof of Theorem 6.2 involves an application of the results of [25].
Let us provide a brief discussion of the set-up there. It will be fairly similar
to the one we consider here, but there are a couple of differences which we
need to address.

We begin with two Bratteli diagrams, (V, E), (W, F) and two embeddings
of the latter into the former satisfying conditions analogous to (HO) and
(H1). Section 2 of [25] describes the construction of an étale equivalence
relation, R, on the path space of the diagram (V, E), X, which contains tail
equivalence, Rg, as an open subequivalence relation. It is then shown that
the Ko(C*(R)) is isomorphic to the dimension group of the Bratteli diagram
(V, E), while K;(C*(R)) is isomorphic to that of (W, F').
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The first point to note is that in our current situation will we be us-
ing (V, E) and (W, F) stationary diagrams given by the matrices G and H,
respectively. That is, at least approximately, V,, = G°,E, = GL,W,, =
H° F, = H!, for all n.

The first minor annoyance is that, because we are studying unstable or
left-tail equivalence, our graph G is going in the wrong direction. (As we were
also looking at right-tail equivalence in the last subsection, this was kind of
inevitable.) This can be repaired easily by simply looking at the opposite
graphs of G and H; that is, simply reverse the maps ¢,t. This means that
the dimension groups of (V, E) and (W, F) will be isomorphic to D*(G) and
D?(H), respectively.

There is a second minor problem with the convention of [25] that the
Bratteli diagram begins with V[, and W, as a single vertex. This is also
solved easily exactly as we did for the stable case.

The directional reversal does pose some notational problems. The sim-
plest solution is the following. We observe the following: if y is any path
in Y5(P), then letting g, = y_,, for n > 1, defines an infinite path in Xpg.
In fact, this association is a homeomorphism between Y5(P) and X which
induces an isomorphism between G*(X¢, 0, Y5(P)) and Rg. Furthermore,
bearing in mind that 7 is an homeomorphism between Y (P) and its im-
age in X¢, Lemma 6.11 shows that 7, induces a bijection between R, as
described in [25], and G¥(§, P). We will suppress this map and simply write
our sequences as indexed by n < 1.

One technical issue remains: as a consequence of Lemma 6.11, we know
that, under this identification, G*(£, P) and R agree as sets, but the former
is given a topology based on the Smale space structure, while the latter was
given a rather ad-hoc topology in [25]. We must check these coincide. This
is the content of the following.

Lemma 6.12. Let (z,y) be in R, as above. There exists a positive integer n
and a compact, open neighbourhood U of (x,y) in R such that

me X me(U) = {(z,0"[0""(y), 0 "(2)]) | 2 € me(r(U))}

is a compact, open subset of G*(&, P) and m¢(r(U)) is a compact, open subset
of YZ(P).

Proof. We first consider the case that (x,y) is in Rg, meaning that x,y are
themselves unstably equivalent in X. We can then choose n > 3 such that
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x; = y;, for all i < —n 4+ 3. We define U to be the set of all pairs (z,2)
such that z;, = 2}, for i < —n, 2; = x;,2; = y;, for all © > —n. Notice that
da(c™(y),07(2)) < 273 and [0 "(y),0 "(2)] = o7 "(%), for all such z, 2.
The first desired property of U follow at once. The last statements follow
from the fact that 7 is a homeomorphism on Y&(P).

The second case, is that (z,y) is not in Rg. By Lemma 6.11, we may find
n > 1,7 = 0,1 and a path w in Xy such that such that z; = & (w;),y; =
&9 (wy), for all i < —n + 3. As before, let U be the collection of all pairs
z,2" such that z; = x;, 2} = y;, foralli > —n. Ifwelet p=2_,,11,..., 20, =
Y—n+tts-- - Yo, then the set 67177 as defined following Lemma 2.4 in [25],
is precisely U and hence is a compact, open subset of R. If z,2' is in U,
let 2" be the unique element of X with 2" # z,2"” = 2. It follows that
da(oc™(y),07"(z)) < 273 and we have

melo " (y), 0 (")) = [meo " (y), meo " (2")]

= [07"me(y), 07" me(2")]

= [o7"me(y), 0 "me(2)].

The first part of the conclusion follows. The last properties are as before. [

The computation of the groups K, (U (X, o¢, %)) as stated in Theorem
6.2 is an immediate consequence of Theorem 1.1 of [25] and the construction
given there of R.

We next turn to the claim of the maps on these groups induced by oe.
First, because of the commutative diagram of Proposition 6.10, it suffices to
compute the map induced by o¢, which is an endomorphism of C*(G*(¢, P)).
For the K, group, the results of [25] actually show that the inclusion of
C*(Rg) in C*(R) induces an isomorphism on Kjy. The former is an AF-
algebra with stationary Bratteli diagram, so the induced map is given by the
matrix (AL)™!, as claimed.

For Ki, let  be an element of Y5(P) such that, for some n < —1, i(x,)
is in £9(HY). Letting p = (z,,...7o), Remark 3.6 of [25] gives an explicit
description of a partial isometry, v,, in C*(R) so that v, + (1 — vv,) is
a unitary. This gives an explicit group isomorphism between D*(G) and
Ky (C*(R)).

Moreover, it is an easy exercise to check that if we let ¢ = (z,,—1,...,2_1),
then v, = o¢(v,) and it follows that the isomorphism intertwines the auto-
morphism (A%)™ and (o¢)..
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The proofs of the last two parts of Theorem 6.2 are completely analogous
to those of Theorem 6.1 and we omit the details.

7 Realizations

Our goal in this section is to provide a more concrete description of the space
X gL . More specifically, we give an explicit embedding of it into R3. We also
examine a couple of simple examples more closely.

Definition 7.1. For k > 0, define {;. : X;” — C inductively by setting (o = 0
on Xy and

Ce(z) = (1 — 21’”(“”3)) 0(z) +2737@ ¢ (0™ (2)),
for x in X;7 and k > 1.

A remark is probably in order on the factor 1 —2'="®): this is normalized
so that, if n(z) = 1, then the first term is zero. Ultimately, when we extend
the definition of (; to a map ¢ on all of Xgr , this will have the effect that
¢(z) = 0 exactly when z,, is not in {(H'), for any n > 1.

Lemma 7.2. 1. Forz in X; k>0, we have |(x(x)] < 1.
2. For any z,y in X7,k >0, we have |(x(z) — ()| < 8dk(z,y),
3. There is a unique continuous map (¢ : X& — C such that
(a) for x in X, k >0, Ce(2) = G(x),
(b) for xz,y in X[,
Ce(2) = Ce()| < Bdle(w,y).
(¢) for x in X7, |Ce(x)] < 1.

Proof. We prove the first statement by induction. It obviously holds for
k = 0. Let kK > 1, assume the statement is true for k — 1 and x be in X,j.
We have

1— 21—n(z) + 2—3—n(x) |<k—1 (O_n(w) (ZL’))|
1— 21711(:1:) + 273771(:1:)
1.

|G ()]

AN VAR VAN
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We prove the second part by induction on k. For k£ = 0, we have

2rdy(z,y) = 2ndr(0(z),0(y)) > |0(z) — 0(y)| = |Co(x) — Co(y)],

for all z,y in X .

We now assume the result holds for k£ — 1, with k£ > 1. For z,y in X,", we
consider two cases separately. The first is that (n(z),0(x)) # (n(y),0(y)). In
this case, we have have

di(x,y) = de(te(x), 7e(y)) + |27 — 270 4+ dr(8(2), (y)).

We claim that this is bounded below by 277", where n = min{n(z), n(y)}.
Without loss of generality, we assume n(x) < n(y). First consider the case
n(x) < n(y), where we have

dk(x,y) > |2—n(x) _ 2—n(y)| > 9=n _ 2_n_1 _ 2_1_n.
We are left to consider n(z) = n(y) and 6(x) # 0(y). Here, we have
di(,y) = dr(6(),0(y)) = 27",

since 0(x) and (y) are distinct 2"7'-th roots of unity.
On the other hand, we have

[Ge(2) = G(y)] < (1 =2"7")b(a) — (1= 217" W)e(y))|
_|_|2 2— nz)c ( nz)) 2~ 2—n(z Ckfl(o—n(y))‘-
For the first term, we use the triangle inequality as follows
(1= 2"7)0(x) — (1= 217"0)0(y)]
< (1 =27)0(x) - (121 "(y))ﬁ(ﬂf)!
(1 =21 0(a) — (1 -2 @)o(y)]

< |217n(m _ 21771( )|

+(1 = 217"W)0(x) — 0(y)|
< 2027 =270+ 10(x) — 6(y))|
< 227@) — 27| 4 27dy(0(x), O(y))
< 2ndg(z,y).

For the second term, as (;_1 is in the unit disc, this is bounded by

2—2—n(x) + 2—2—n(y) S 2—1—n S dk($,y)
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from our claim above. The conclusion follows as 27 + 1 < 8.
It remains for us to consider the case (n(z),0(z)) = (n(y),0(y)). Here,
we make use of the induction hypothesis in estimating

[G(@) = Gely)] = 12727 (0™ (a)
2727 Gy (0" ($) C (0" ()]

273" 8dy_1 (0" (2)), 0"V (y)))
27" [dg (0" (2)), 0" (y))

+ A1 (079 (), 0"V (y))]

= 2 (0" (), 0" (y) + 2l )

de (z,y) + 22Nz, y)

8dk(z,y).

—n(y) Crt (Un(y) ()]

) =
) —
)

IN

<
<

The third part is an immediate consequence of the first two and the
definition of dg. O

Lemma 7.3. Let z,y be in X} with k(z) > 0.
1. We have (1 — 2'"@)0(z) — ((x) = 27370 (0™ (2)).

2. If Ce(x) = Ce(y) and 1e(xp) = Te(ym), for all 1 < m < n(x), then
T = Ym, for all 1 <m < n(x).

Proof. Choose sequences !,y in X;7, | > 1 converging to = and y re-
spectively. For [ sufficiently large, we have 2! = z,,,1 < m < n(z) and
n(z) = n(z), 0(z') = 0(z), e™*)(2!) is in X;", and converges to o™ (z). It
follows that

E(o" (@) = Jim Ga(o"™(a)))
= Jim 270 (1= 2 E)g(at) — G (ah))

l—00

= 2% (1 - 27 @)0(2) — (e ()

which proves the first part.

For the second part, the second hypothesis implies that n(y) = n(z) = n.
Moreover, if n = 1, then 1, y; are not in £(H') and we are done. It remains
to consider the case n > 1.
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We will first show that sin(727") — 272" > 0 for n > 1, by induction.
For n = 1, we have

sin(727") =277 " =1-27%> 0.

Now assume this is positive for some n > 1. Making use of the formula
sin(t) = 2sin(t/2) cos(t/2), we have
sin(72~ (") — 272 tD - — gipn(ganol) — 273
— 27! (cos(m27" 1)) " sin(w27") — 273"
> 27 (sin(727") —27777)
> 0

by the induction hypothesis.
We may choose [y sufficiently large so that, for [ > [y, we have

|Ce(z) — (xl)| < 27! (sin(7r2_”) - 2_2_") ,
Ce(y) — Gy < 27 (sin(m27") —2727")
z! Toms
yfn = Ym,

for all 1 < m < n. It follows that, for such [,

(1=2"")0(z) — 0(y)l (1—2"7)0(") — 0y

< @) = ah+272"
< G(a") = Ge(@)]

+Hee(y) — Gy +27"
< sin(m27").

So we have
0(z) — 0(y)| < (1 —2""")sin(727") < 2sin(m27").

Both 6(z) and (y) are among the 2"~!-th roots of unity and it is an elemen-
tary exercise that the minimum distance between any two is 2sin(727").
Hence, we see 0(x) = 6(y), which implies that e(z,,) = £(yn), for all
1 < m < n. Together with the fact that 7¢(2,,) = 7¢(ym), for 1 < m < n
implies x,, = Y, for 1 < m < n, as claimed. ]
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Theorem 7.4. Under the standing hypotheses, the map from X; to Xa“g x C
sending m¢(z),x € XZ, to the pair (1¢(x), (e(x)) is well-defined, continuous
and injective.

Proof. The facts that the map is well-defined and continuous follows imme-
diately from Theorem 3.7 and part 2 of Lemma 7.2. It remains for us to
prove that it is injective. It suffices to show that, for any z,y in X/, if
Te(x) = Te(y) and (e(x) = (e(y), then x ~¢ y. The first hypothesis implies
that k(z) = k(y).

If k(z) = k(y) = 0, then x,y are in X, so by definition, (¢(z) =
0(x), Ce(y) = 0(y) and hence do(z,y) = 0 s0 z ~¢ y.

We now assume r(z) = k(y) > 0. It is an immediate consequence of
part 2 of Lemma 7.3 that z,, = ym,1 < m < n(z) = n(y). It is then
obvious that 7:(6™®) (7)) = o™ (7¢(x)) = o™ (1e(y)) = 7e(™@(y)). We
also note that x(0™®(z)) = k(z) — 1 = k(y) — 1 = k("W (y)). In addition,
Tm = Ym, 1 < m < n(x) = n(y) implies that #(x) = 6(y) and hence, from
part 1 of Lemma 7.3 that (¢(0™® () = (e (0™ (y)). If k(z) is finite, we may
repeat this argument to find a finite n such that z,,, = y,, for 1 < m <n and
k(o"™(z)) = k(c™(y)) = 0. It follows that x ~¢ y. If x(x) is infinite, we may
repeat this argument to show that that z,, =y, forall1 < m,sox =y. [O

Under our hypotheses, X¢, is homeomorphic to the Cantor ternary set,
so we conclude the following.

Corollary 7.5. Under the standing hypotheses, the space X£+ can be embed-
ded in R x C.

We also observe the following, which already appeared in [12]. We provide
a different proof here which employs our metric.

Corollary 7.6. Recall that we have factor maps
m P
(ng ey S (X§+7 UE) S (X(Za UGg)

and pe © T¢ = Te.
Under the standing hypotheses, for each x in Xf, pgl{Tg(x)} is

1. a finite collection of pairwise disjoint circles if k(x) is finite,

2. 2™ points if m = #{n | x, € E(H)} is finite,
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3. totally disconnected if k(x) is infinite.

Proof. If we apply the map of Theorem 7.4 from Xgr to Xg, x C and
restrict it to pgl{Tg(ZL‘)}, it is a homeomorphism to its image, which is
{Te(2)} x Cg(T{l{’Q(Q?)}). Hence, it suffices for us to prove Cf(Tgl{Tg(Qf)})
is as described, in each case.

For x in X/, define I(x) to be the set of positive integers such that z,, is
not in £(H?') while (z,,) is in £°(H?). For any n in I(z), we define P(x,n)
to be the set of all paths p = (p1,...,p,) in G such that 7¢(pn,) = Te(Tm),
for all 1 < m < n, which is obviously a finite set. For such a path p, let
C(p,z) denote the set of y in X7, such that y,, = pp, for 1 < m < n and
Te(Ym) = Te(2,), for m > n.

If k(x) = 0, then it is a simple matter to check that

Go(re ' ({me(a)}) =T

If 0 < k(x) < oo, then I(z) is finite. Let n be its maximum element. It is
clear that 7'{1{7'5(:6)} = Upep(an)C(p, ). Again, an easy computation shows
that, for each p, (¢(C(p)) is a circle (of radius 2737™) and several applications
of part 2 of Lemma 7.3 proves that they are pairwise disjoint, for different
values of p. This proves the first statement.

In the second case, we have 7, H7e(2)} is finite, so its image under (¢ is
also.

For the third, it suffices to consider the case when z,, is in £(H'), for
infinitely many n and not in £(H*') for infinitely many n. In this case, ()
is infinite.

Suppose T¢(y) = Te(2) = Te(x) and (e(y) # (e(z). This implies that
y # z. It follows that we may find n in I(z) and 1 < m < n such that y,, #
Zm. As before, the collection (¢(C(p,x)),p € P(x,n), is a finite number of
pairwise disjoint circles. Moreover, from part 1 of Lemma 7.3, (¢(7 Hre(2)})
is contained in these circles together with their interior discs. These form a
partition of C¢(7 7¢(z)}) into pairwise disjoint closed, and hence also open,
sets. Moreover, from our choice on n, (¢(y) and (¢(z) lie in distinct elements.
This completes the proof. n

Corollary 7.7. Under the standing hypotheses, the connected subsets of Xgr
are either points or circles and both occur.

Proof. If C'is a connected subset of X then p¢(C') is a connected subset of

Xg, and hence is a single point, say z. So C' is a subset of pgl{x} and the
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conclusion follows from Corollary 7.6. The fact that both circles and single

points occur follows from the fact easy fact that both cases 1 and 2 occur in
7.6. ]

We finish this section by looking at a couple of specific examples. The
first is instructive even if it does not satisfy hypothesis (H2).

Example 7.8. Suppose G° = H° contains a single vertex, H' contains a
single edge and G contains exactly two edges. There is essentially only one
choice for &. The space XJ; may be identified with {0, 1} in an obvious way.
Then X¢ is the unit circle and m¢ is binary expansion.

Rather more generally (as noted in [12]), if G° = H® and G* = H'x{0,1}
with £ being the identity map on HY and £(x) = (x,1), for x in H', then Xgr
is homeomorphic to X;; x T. This can be seen from the first part of Theorem
8.5 and the fact that Xt is empty, for k > 1.

Example 7.9. Suppose G° = H° contains a single vertex, H' contains a
single edge and G* contains exactly three edges. There is essentially only one
choice for €. The space X/, may be identified with {0,1,2}" in an obvious
way. Consider the set A= {x € X{" | n(x) < 4}. The following is a picture
of G(XT) UGi(A):
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Figure 1

Hopefully, the reader can see how to sketch all of (;(X{). To get an idea
of (X)), we suggest the reader verifies the following easy result:

k
e =] c+reXsux,
§=0
where the union is over all ¢ in C and positive real numbers r such that
c+rT CUMC(XS). That is, for every k, the space U_o(e(X[F) is a union
of circles. To get the next one, one replaces each circle, c+1rT in the current
one, by c+ (XS UX).

Finally, Qg(X;) is the closure of the union of (¢(X;"), over all k > 0.

We leave it as an exercise to check that, in this case, (¢ alone is injective
50 X; can be embedded in the plane.

It appears that this set is an example of a fractal with condensation set
(see pages 91-94 of [3]). Probably a caution is in order: the embedding to
the plane we have given depends on several parameters which were chosen
rather arbitrarily. The underlying iterated function system would be affected
by these choices and perhaps in a rather bad way.

Question 7.10. In which cases can X; be embedded in the plane?
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