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1. Introduction and Statement of the Main Results

Our interest in this paper is in Smale spaces and their associated C*-algebras. For
more detailed information, we refer the reader to [7,8,11]. We will also give explicit de-
scriptions of the basic ideas in the next section, but for the moment, a Smale space is a
homeomorphism, ¢, of a compact metric space, (X, d), having specific properties. Roughly,
these mean that X has local canonical coordinates of contracting and expanding directions
for ¢. We will also assume throughout that ¢ is mixing [7,8].

These systems include Anosov diffeomorphisms (the smooth case), shifts of finite type
(the zero dimensional case) and other interesting examples from the theory of self-similar
tilings [3].

We consider the notions of stable and unstable equivalence; x and y are stably (un-
stably) equivalent if d (¢™(x), 9" (y)) tends to zero as n tends to plus (minus, respectively)
infinity. We let G5 and G, denote these equivalence relations, i.e. principal groupoids.

They may be topologized and given Haar systems so we may consider their C*-algebras:
S =C*"(Gy), U=C"(Gy).

In the case of a shift of finite type, these are the AF-algebras considered by Krieger [4].
In general, ¢ induces automorphisms of G4 and G, and we may form groupoids

Gs > 7Z and G, > Z, whose C*-algebras are x-isomorphic to the crossed products
C*(Gs) > Z, C*(Gy) > Z.

These are denoted R and R, respectively and we refer to them as the Ruelle algebras.
Again for a shift of finite type, these are the (stabilized) Cuntz-Krieger algebras.
Here, we are interested in analyzing the structure of the C*-algebras: S, U, R, R,.

We state the main results as follows.

Theorem 1.1. The groupoids G5 and G, are amenable in the sense of Renault.

Hence, we have

5= C%(Gs) = Cleq(Gs),

— “red

U= C"(Gu) = Clyq(Gu),



and these are amenable C*-algebras.

Theorem 1.2. The groupoids Gy > Z and G, > Z are amenable in the sense of

Renault. Hence, we have
Ry =C"(Gy =<Z) = CL 1(Gs > Z)
R, =C"(Gy =<Z) = CL (G ><Z)
and these are amenable C*-algebras.
Theorem 1.3. The C*-algebras S and U are simple.
Theorem 1.4. The C*-algebras Rs and R, are simple.
Theorem 1.5. The C*-algebras Ry and R, are purely infinite.

The main technique is to use ideas and results of Muhly, Renault and Williams (build-
ing on earlier work of Rieffel) regarding equivalence of groupoids and strong Morita equiv-
alence of their C*-algebras. A common set-up is to have a groupoid G with an abstract
transversal T' C G° (the unit space of G). In our situation, in considering G, we show
how we can use any single unstable equivalence class as a transversal. The subtlety here
lies in the fact that such a set is dense in X and its relative topology is rather unwhole-
some. It does, however, possess a nice topology in a very natural way. We show how the
Muhly-Renault-Williams machine may be adapted to such a situation. Reducing G on
such a transversal yields an r-discrete groupoid, because of the transverse nature of the
local stable and unstable co-ordinates. It is then much simpler to analyze these groupoids

and translate the results back to the original algebras using the strong Morita equivalence.

2. Smale Spaces

Here, we give the basic definitions of a Smale space along with the constructions of
the groupoids associated with them. This is taken more or less directly from [10], but we

present it for completeness.



Let (X,d) be a compact metric space and let ¢ be a homeomorphism of X. We
will assume throughout (X, ¢) is topologically mixing [7]. (This is not part of the usual

definition of Smale space.) We assume that we have constants
€ >0, 0<X<1
and a continuous map
(z,9) € {(z,y) € X x X [d(z,y) < 2¢0} — [z,9y] € X

satisfying axioms as in [7,8,10,11].

For 0 < € < ¢p, we define
V() ={y € X |d(z,y) <e, [z,y] =y}

Vi(z,e) ={y € X [ d(z,y) <€, [y,2] =y}

so we have (as an axiom)

d(qb(y), ¢(Z)) < Ao d(yv Z)a Y,z € Vs(l',G)

d(67'(y), 671 (2)) < Xod(y,2), y,z € V¥(w,e).
That is, ¢ contracts on V*(z, €) while ¢! contracts on V%(z, €). The axioms imply that the
map sending (y, z) in V¥ (z,€) x V*(z, €) to [y, z] is a homeomorphism onto a neighbourhood
of z. Such a neighbourhood is called a rectangle.
Next, we define, for any = in X,

Vi) = o7 (V2 (9" (2).€))

n>0

V() = U " (V¥ (¢7"(2),€)),
n>0
both being independent of € > 0. Each set ¢~ (V* (¢™(x), €)) is given the relative topology
of X, while V*(z) is given the inductive limit topology. In this topology it is a locally
compact, non-compact Hausdorff space. On the other hand, if we assume that (X, ¢) is

mixing, then V*(z) is dense in X [10]. We treat V*(z) in an analogous way.
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We recall from [7,8],

Gy ={(z,y) e X x X |y € V3w, e0)}
Gy ={(z,y) e X x X |y € V*(z,€)}
Gl =(px¢) " (G)), n>2

Gr=(px9)" " (G,), n>2

G.=J G

n>1

G.= ] Gy
n>1
Then G4 and G, are equivalence relations on X, called stable and unstable equivalence.
Each G7, G} are given the relative topologies of X x X and G, G,, are given the inductive
limit topologies. Notice that the Gs-equivalence class of = in X is simply V*(x). Finally,

we let
G,=G;NG,, n>1

G.=J Gy

n>1

Again, each G7 is given the relative topology of X while GG, is given the inductive limit
topology. G, is also an equivalence relation on X. For each x in X, we denote its G-

equivalence class by V%(x); it is countable and dense in X if (X, ¢) is mixing [10].

We regard G, G, G, as principal groupoids. With their topologies they are locally
compact and Hausdorff. Moreover, GG, is r-discrete and counting measure is a Haar system.

Haar systems

{ps |z e X}, {u;|zeX}

for G5 and G, respectively, are described in [7,8]. We let S(X, ¢), U(X, ¢) and A(X, ¢)
denote the C*-algebras of G, G, and G, respectively.

The map ¢ x ¢ acts as automorphisms of G, G, and G, (scaling the Haar systems

5



in the first two). We form the semi-direct products as follows:
Gs <7 = {(xanay) | n € 7, (¢n(x)7y) < Gs}
Gu>=Z={(x,n,y) | ncZ, (¢"(2),y) € Gu}

Ga > 1 = {(x,n,y) | nec Z? (¢n(x)7y) € Ga}

with groupoid operations
(x,n,y) - (@', n',y)=(x,n+n',y)ify =2

(x7n7y)_1 = (y7 -n, CL')

Observe that Gs C Gy < Z, G, C G, < Z, G, C G, > Z by identifying (x,y) in Gy
with (z,0,y) in G5 > Z, for example.

Notice that G¢ = (Gs > Z)°, G% = (G, > Z)°, G% = (G, > Z)°, with the
identifications above.

Finally, the map, 7, sending (z,y,n) in G5 X Z to (x, n, ¢"(y)) in G5 > Z is bijective,
and we transfer the product topology from G4 x Z over via this map.

For any x in X, (x,0,x) is in the unit space (G5 > Z)° and

r 1 H(z,0,2)} = {(z,n,y) € Gy =<7}

= n({(z,y) € Gs} x {n}).

nez

Using this decomposition, we define a Haar system AY on G5 > Z by setting
Xo @) ly e V@) < {n} = pgon™".

We treat G, >1Z and G, >< Z similarly.

The C*-algebras C* (G5 > Z), C*(G, > Z) and C*(G, > Z) are denoted R, R,
and R, and are called the Ruelle algebras.

Another description of these algebras is to consider the automorphisms ay, «, and

ag of S, U and A, respectively, which are induced by the automorphisms ¢ x ¢ of G, G,
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and G, and take the C*-crossed products by Z. That is,

R, =285 ><17
R, 2U=7Z

R, =2 A>Z.

3. Generalized Transversals

In this section, we present a general result on groupoids. The idea is to show how the
techniques of Muhly, Renault and Williams [6] on equivalence of groupoids may be applied
to certain situations involving “generalized transversals”. Let us begin by giving a simple
example to motivate our result.

Let 6 be a fixed irrational number between 0 and 1. Let G be the groupoid of the

Kronecker flow on the two-torus, T2, determined by #. That is,
G=T?xR

(’lUl,’(UQ,S) ’ <Z1,22,t) - (wlvaa S +t)

278

ifzy=e w; and 29 = 2™ .

An example of an “abstract transversal” in this situation is
T =T x {1} x {0} C G°.
The reduction of G on T is:
Gr={9€G|rlg), s(g) €T}
and can, in this case, be identified with
T x7Z

(w, k) - (2,0) = (w, k+0) if z= >y,
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in a straightforward way.
Our point is that there is another, less obvious, choice. Pick any irrational a;, between

0 and 1 and unequal to 6. Let
T = {(627rit, 627riozt’ 0) c GO | te R}

which is a line, winding densely in T? = G° and transverse to each G-orbit. This T can
also be used as a transversal to G; of course, its relative topology in G is rather horrid.

Instead we want to use its natural topology as a line. In this case
GL2RXxZxZ
(x,k,0) - (y,m,n) = (x, k+m, £L+n)
if y=ax+k-+10.

The difficulty lies in showing that this “re-topologizing” of the transversal can be
incorporated into the equivalence of Muhly, et al.

JFrom now on, we assume that G is a second countable locally compact, Hausdorff
groupoid with Haar system. Let T" be a locally compact, second countable, Hausdorff space
and let f: T — G° be a continuous, injective map.

We say that open sets U C G and V" C T satisfy (Ar) if, for all = in U, there is a
unique y in U with s(z) = s(y) and r(y) € f(V7").

We note that if (U, V") satisfy (Ar) then so does the pair (U, f~*r(U)NV"). We
will say that open sets U C G, V* C T satisfy (As) if (U™, V*) satisfies (Ar).

Finally, we say that open sets U C G, V", V5 C T satisfy (A) if

(i) for all t in V", there is a unique y in U with r(y) = f(¢) and s(y) in f(V*)
and
(ii) for all ¢ in V'*, there is a unique y in U with s(y) = f(¢) and r(y) in f(V7).
On the groupoid G, space T and continuous injective map f : T — G, we consider

the following conditions.
T1. For any z in G with r(z) in f(7T'), and open sets
relUyCG, flr(x)eVyCT,
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we may find open sets U C G, V C T such that z € U C Uy, f~1r(x) € V C V, and
(U, V) satisty (Ar).

T1'. For any z in G with s(x) in f(T), and open sets
rcUyCG, fls(x)eVyCT,

we may find open sets U C G, V C T such that x € U C Uy, f~1s(z) € V C V, and
(U, V) satisty (As).

T2. For any z in G with r(z) and s(x) in f(T") and open sets

relUy CG
frlr@)eVg T

f_ls(:l:) eVy CT,

there are open sets
xelU CU

[y evr vy

fls(@)eveC vy
such that (U, V", V*) satisfy (A).
T3. For any z in G, there is y in G with r(y) = r(x), s(y) € f(T).
We let
Gr={ze€G|s(x) e f(T)}
Gt ={zeG|rx),s(x) e f(T)}.

(Note that these are Gs(ry and G;g;, in the notation of [6].)

Lemma 3.1. Suppose G, T, f satisfy T1. Then
(i) G, T, f satisfy T1'.
(ii) G, T, f satisfy T2.
(iii) the collection of sets

Uns v nert f(V7),



where U C G, V*, V" C T are open, forms a base for a topology on GZ.
(iv) the collection of sets

Uns ' f(V?®),
where U C G, V* C T are open, forms a base for a topology on Gr.

Proof. The proof of (i) is straightforward and we omit it. As for (ii), consider z, U,
Vy', Vi as in condition T2. We apply T1 and T1’ to obtain open sets Uy, Us C Uy with
x € Uy, x € Uy, and open sets V", V¥ in T with f~r(z) € Vi C V7, f~1s(z) € V C V{5,
such that (Uy, V7) satisfy (Ar) while (Us, V{®) satisfy (As). Writing z = r(z) x, we may
find open sets Us and Uy in G, r(z) € Us, x € Uy and UsUy C Uy N Uz. We once again
apply T1 and T1' to r(z) € Us, f~lr(z) € V] and z € Uy, f's(x) € V¥ to obtain
open sets Us, Ug in G with r(x) € Us C Us, x € Ug C Uy, and open sets V5, V5 in
T with f~'r(z) € V§ C VI, f~ls(z) € V& C V{, such that (Us, Vy') satisfy (Ar) and
(Us, Vi) satisfy (As). We let U = UsUs, V" = f~1r(U)NVJ and V* = f~1s(U) N V3.
Let us prove (i) holds in (A). Suppose t is in V". Then f(t) = r(yz), for some y in Us,
z in Ug. By (As), there is 2z’ in Ug with r(2’) = r(z) and s(z’) in f(V5’). Then yz’ is
in U, r(yz') = f(t) and s(yz’) = s(z’) € f(V*®). As for the uniqueness, suppose z; and
z9 are both in U with r(z1) = r(22) = f(t) and s(z1), s(z2) are both in f(V*®). Then
21,29 € U = UsUg C UsUy C Uy NUy C Uy, 7(21) = r(22), and s(z1), s(z2) are in
f(V#) C f(V?). By the uniqueness part of condition (As), we have z; = zo. The proof of
(ii) of (A) is similar. We omit the details.

Parts (iii) and (iv) are routine and we omit the details. ||

Definition 3.2. We let H and ) denote GL. and G, respectively, with the topologies
given in the Lemma.
It is immediate that H and Q are second countable. Also observe that, a sequence

{z,} converges to = in H if and only if
limz, =2 in G
lim f~'r(z,) = f'r(x)
and lim f~'s(x,) = f~'s(x), in T.
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Similarly, {z,} converges to z in € if and only if
lim x,, = x in G

lim f~ts(z,) = f's(z) in T.

The following is an immediate consequence of the definitions.

Lemma 3.3. Suppose G, T, [ satisfy T1. The collection of sets
Unr ' f(V)ns  f(V?)

where U, V", V* are open and satisfy (A) forms a base for the topology of H.
The collection of sets

Uns ! f(V*)
where U C G, V¥ C T are open and satisfy (As), forms a base for the topology of .

Our aim is to show that conditions T1 and T3 imply that H is a locally compact,
Hausdorff r-discrete groupoid with counting measure as a Haar system and that ) is a
G-H equivalence bimodule in the sense of [6].

The following is an immediate consequence of the definitions and we omit the proof.

Lemma 3.4. Suppose (U, V", V*) are open and satisfy (A) Let
N=UnrtfV")ns Lf(V?).

Then
r: N — f(V")

s: N — f(V?)
are bijective.
Lemma 3.5. Let t be in T and x = f(t). Suppose (U, V", V*) are open, satisfy (A)
and x € U, f~lr(z) = f~ls(x) =t € V"N V*. Then there isV C V"NV, teV and V

open such that
Unr tf(V)ns Lf(V) C GO
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Proof. By definition, U N G° is open in G°. As f is continuous, we may find V, t € V C
VTN Ve with f(V) C UNG° Now suppose y is in UNr=tf(V)Ns~Lf(V). So s(y) is in
f(V)and f(V) C U, so s(y) is also in U. We have:

yeU ry) e fF(V) S f(V")

s(y) € f(V) € f(V?)
s(y) €U, r(s(y)) = s(y) € fF(V) S f(V")
s(s(y)) = s(y) € fF(V) € f(V?)
and s(y) = s (s(y)) -
Hence by (A) (i), ¥ = s(y) by uniqueness. This implies y is in GO. ||

Theorem 3.6. H is a second countable, locally compact, Hausdorff, r-discrete

groupoid, with counting measure as Haar system.

Proof. That H = G¥, is a groupoid, in the purely algebraic sense, is immediate. It is also
immediate from the lemma and the facts that both T" and G are second countable, that H
is also. It is straightforward to check that the groupoid operations on H are continuous
and we omit the details.

Lemma 3.5 shows that H? is open in H. The map f : T — HY is clearly bijective
and it is easy to check that it is a homeomorphism.

We will now prove that » : H — HY is a local homeomorphism; the remaining
conclusions follow from this.

First, by 3.3, we have a base for the topology of H consisting of sets
N=Unrtfv")ns1f(V¥)

where U, V", V* are open and satisfy (A). For such a set r(N) = f(V"), which is open
in H°, as f is a homeomorphism from T to H°. Therefore, » : H — H° is open. By
3.4, r is bijective, and is continuous because the groupoid operations are. Therefore, r is

a homeomorphism from N to f(V"). This completes the proof. |
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Let us now bring in 2 = G, with the topology as given earlier.

Theorem 3.7. Suppose G, T, f satisfy T1 and T3. Then 2 is a G-H equivalence

bimodule in the sense of [6].

Proof. We must show:

(i) Q is a left principal G-space: i.e. the left action of G is free and the map sending
(z,y) in G *Q to (zy, y) in Q x Q is proper.

(ii) Q is a right principal H-space.

)
(iii) the G and H-actions commute.
(iv) r: Q/H — G° is a homeomorphism.
)

(v) s:G\Q — HY is a homeomorphism.

Notice that condition (iii) and the freeness conditions of (i) and (ii) do not involve
any topology. Their proofs are exactly as in [6].

We will make use of the following characterization of proper maps, which is a relative
exercise in topology. Let X and Y be second countable Hausdorff spacesandlet 7: X — Y
be a continuous map. Then 7 is proper if and only if, for every sequence {x, }3° in X such
that {m(z,)}52, is convergent in Y, {z,}3° has a convergent subsequence in X.

Suppose then that {(z,,y,)}7° is a sequence in G * Q (i.e. s(x,) = r(y,), for all n)
such that {(zn,yn,yn)}5° has limit (z,y) in Q x Q. Thus,

lim z,y, = 2, in G,
limy, =y, inG

and
lim f~s(znyn) = [ s(2)
lim f ™" s(yn) = f's(y)
in T. Also s(z,yn) = s(yn) and hence s(z) = s(y). Immediately, {y, } converges to y in

and
lim z, =lim z,yn v, !



We conclude that
lim<xnayn) = (Zy_la y)
in G x Q.

We move on to the map

(x,y) € Qx H — (x, xy) € Q2 x Q.
Suppose {(Zn,yn)}>° isin Qx H (i.e. s(zy,) =r(yn) € f(T), s(yn) € f(T)) and (xn, TnYn)
converges to (z,z) in  x Q. This means that

lim z,, = z in G,
lim z,y, = z in G,
lim f~ts(x,) = f's(x) in T,

lim f's(z,yn) = f's(2) in T.

Then we have
lim y,, = lim x;l Tnln

=z '2in G

and
lm f s(yn) = lim f~'s(znyn)

=f7"s(2)

= fls(z7'2)in T,
lim f_lr(yn) = lim f_ls(xn)

= f"'s(x)

= flr(z7t2)in T
Hence y,, converges to 71z in H and (x,,y,) converges to (z, z712) in Q* H. Thus, the
map is proper.
To verify (iv) and (v), it suffices to show that r : Q@ — GY and s : Q@ — HO are

continuous and open. In fact, since f : T — H? is a homeomorphism, we will discuss
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f~los:Q — T, rather than s. Suppose {,}{° is a sequence converging to x in 2. Then,

we have
limz, =2 in G

lim f's(z,) = f's(x) in T.
It follows at once that f~!s is continuous and r is continuous on G and so from € to G°.
As for openness, it suffices to consider a set UNs~t f(V*), U C G open, V* C T open and
(U, V*) satisfy (As). It follows from (As) that » (UNs™* f(V*)) = r(U), which is open

since r : G — GV is open [9]. Also, we have
s(UNs™ (V%) =sU)N f(V?)

and

fls(Uns (V) =fts(U)nVe®

which is open in T since s : G — G is open and f : T'— G is continuous. This completes

the proof. ||

4. Reduction of Stable and Unstable Equivalence

The aim of this section is to show that the results of Section 3 may be applied to the
groupoids of Section 2. Specifically, we consider G = G5 and G = G5 > Z as in Section 2
and, for any z( in X, the transversal T' = V"(xo). The map f is just the inclusion of T" in

X, regarded as the unit space of G. More accurately, in the case G = G
f(z) = (z,x), x € V¥ (xg)
and in the case G = G4 <1 Z,
f(x) = (z,0,2), x € V¥ (xq).

Let us also note here that the results immediately apply to G = G, G = G,, > Z and
T = V*(xq), by simply considering the Smale space (X,d, ') and noting, for example,
Gs(X,07") = Gu(X, ¢).
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It is worth stressing that the topology on V*(zg) is that given in Section 2 and not
the relative topology of X.

Lemma 4.1.

(a) Let zg be in X. Define f : V¥(xo) — G° by f(x) = (z,2), v € V¥(xq). Then f is
continuous and injective.

(b) Let x be in X, V C V¥ (x,e0) Wi, Wy C V3(x,€9) open in the relative topologies of
V¥ (x) and V*(z), respectively, and x in W1. Let

U=A{@"y) I al =y, 2] €V, [z,2"] € Wy, [,y'] € Wa}.

Then U is an open subset of G5 and (U, V') satisfy (Ar).

Proof. The proof of (a) is clear. For (b), it is easy to check that U is in G4 and is open.
We must check (Ar). Suppose (z,3’) is in U. Then it is easy to verify that ([2/,z], v/)
isin U, r([2',z], ') = f([«',z]) is in f(V) and s([2',z], ¢') = s(2’,¢') = (¢',y'). As for
uniqueness, suppose (z”,y"”) is in U, r(z”,y"”) is in f(V) and s(z”,y”) = s(a’,y’). Then

we see at once that ¥y’ =1¢'. As (”’,y”) isin U, and 2" € V,

"= a) = ' a] = o] = [ .

This completes the proof. |

Theorem 4.2. Let (X,d,¢) be a mizing Smale space and let xog be in X. Then
G=Gs, T=V"(xg) and f as above satisfy T1 and T3.

Proof. Let us first suppose that (z,%) is in G, with z in V%(x(). Suppose also that we
have open sets (z,y) € Uy C Gs, x € Vj C V¥(xg). First, we may find an open set x €
Vi C V¥ (z,€p) with V3 C Vj. Next, since the rectangles in X form a base for its topology,
we may find open sets ©z € Vo C V¥(x,¢e0), v € Wo C V¥(x,¢), z € V3 C V¥(x,€p),
y € W3 C V*(z,€p) such that [V, Ws| x [V3, W3] contains (z,y) and is contained in Uj.
Let V =V, NVoN V3 and

U={"y) |z, 2] =[y,z] €V, [z,2']€ W, I[z,y]€Ws}.
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Then (z,y) € U C Uy, x € V C Vy and (U, V) satisfies (Ar) by 4.1.

For a general (z,y) in Gy, we have (z,y) is in G7, for some n. We may apply the
above arguments to (¢"(x), ¢"(y)), (¢ x ¢)"(Uy) and ¢™(Vp) to obtain the result. We omit
the details.

It remains to verify T3. Let x be any point in X. As V%(z) is dense in X, we may
find y in V®(z) with d(zo,y) < €. Then (z, [y,xo]) is in G, r (2, [y,z0]) = (x,z) and
s(z, [y, zo] = [y, o)) is in V*(xp). Condition T3 follows. |

Theorem 4.3. Let (X,d, ) be a mixing Smale space and let xo be any point of X.
Then G =Gs ><Z, T =V"(xg), [ as before satisfy the conditions T1 and T3.

Proof. Property T3 follows easily from the fact that it holds for G5 and G; C Gs > Z
with GY = G5 > Z°.
As for T1, suppose (z,n,y) is in G5 > Z and Up, V are as in T1. Without loss of

generality we may assume that

Uo € {(z",n,1) | (¢"("), ) € G}

We may apply T1 for G from 4.2 to (¢"(z), y) € Gs,

Vo = ¢"(Vb)

to obtain U, V satisfying (Ar). Now let
U={@.ny) | (¢" ), y) U}
V=0¢""(V).

It is easy to check (U, V) satisfies (Ar). |

Definition 4.4. For zy in X, we let G4(z() denote the groupoid H of 4.2 in the case
G =G5, T=V"(xp). Welet G4(z9) > Z denote the groupoid H in the case

G=Gs =<7, T:V“(xo).
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Similarly, we define G,,(x) is H in the case G = G, and T' = V*(x) and G, (xg) >< Z
is H in the case G = G, >1Z and T = V*(xy).

It is worth noting that all of these groupoids are r-discrete; Gs(xg), Gy (o) are also
principal. We may identify unit spaces: G4(z0)°, Gs(wo) > Z° with V¥(xq). Note that
the G(z¢)-equivalence class of x in V¥(z¢) is V*(z).

The notation Gs(xo) > Z may be somewhat misleading: this is the semi-direct prod-

uct groupoid only in the case V*(xy) contains a fixed-point of ¢ and hence is ¢-invariant.

5. Proofs of the Main Results

We begin with Theorems 1.1 and 1.2.

Proof of Theorem 1.1. We show that (G4 is amenable in the sense of Renault. The case for
G, is analogous.

We construct a sequence { f,} in C.(Gs) such that f,f} converges to 1 uniformly on
compact subsets of Gs. (Note that the other condition of I1.3.6 of [9] follows since the unit
space of G is compact.) Let A denote the unit space of G5. Let g in C.(G5) be chosen so

that g is non-negative and strictly positive on A. Then

6" wa) = [ gl )l duz(o)
yeVs(x)
>0, forall zin X.

Let

_1
2

f(z,y) = 99" (z,2)" 7% g(z,y), (z,y) € Gs.

Then f is in C.(Gs) and
ffi(x,z) =1, forall xin X.

Define .
fan=A"7 fo(px )"



(with log(A) equal to the entropy of ¢). Then
fafi =A% al"(F) A% a"(f)
= A" o (f 1)

=ffTo(px9)".

Now for any compact set K C G4 and € > 0, there is a § > 0 so that ||ff* — 1|]| < € on the

set

As ={(z,y) € Gs | d(x,y) <},

because ff* is continuous and ff* | A = 1. Choose N sufficiently large so that
(¢ x )" (K) C Ay, for all n > N.

Then n > N implies ||f,, f — 1]| < e on K. We have now shown the existence of {f,} as
desired.

The remainder of the proof follows from [2,9]. |

Proof of 1.2. The amenability of G4 > Z results from 1.1 and the amenability of Z as
follows. Define

c: Gy <1l — 7

by c¢(xz,n,y) =n, (z,n,y) € G5 > Z. The kernel of ¢ is G5 and this situation satisfies the
hypotheses of Theorem 5.2.13 [2]. It follows that G > Z is amenable. Again, the rest
follows from [2,9]. |

Before beginning the proof of 1.3, we need a dynamical result and a result regarding

equivalence of amenable groupoids.

Lemma 5.1. Let z¢ be in X and x be in V¥(xg). Then V¢ (x) is dense in V*(xy),

in the new topology introduced in Section 2.

Proof. 1t suffices to show that V(z) N V*(xzg, €o) is dense in V*(xg, €p). Let U be an open
set in V¥(xzg,€9). Then [U, V*(xg,¢€)] is open in X. Since V?(x) is dense, we may find

y in V(z) in this set. Let z = [y, x|, which is in U. Also y and z are stably equivalent,
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so z is stably equivalent to z. Also, z and = are both in V*(xg), hence they are unstably

equivalent. Thus z is in V%(x), as desired. |1

Proof of 1.3. First of all G is amenable. Let xg be in X. By [6], Gs(x0) is equivalent to
Gs. Hence G(xp) is also amenable by Theorem 2.2.13 of [2].
Therefore the C'*-algebras

C*(Gs) = Creq(Gs)

C* (Gs(20)) = Cleq (Gs(20))

have the same ideal structure. Now G;(z¢) is an r-discrete groupoid and so its ideals are
described completely by 11.4.6 of [9]. In particular, in view of the last lemma, Cled (Gs(z0))

is simple. The conclusion follows. ||

Proof of 1.4. The argument begins in the same way as 1.3. We use the fact that G5 > Z
is equivalent to Gs(zg) >< Z, which is an r-discrete groupoid. To apply 11.4.6 of [9] to
show C7_; (Gs(xo) > Z) is simple, we must again see two things: G(z¢) > Z is minimal
and essentially principal. Minimality is the same as for G4(zo). In both cases, the unit
space is V*%(xo) and, for a given x in V*%(xg), its Gs(xg) > Z-equivalence class contains
its Gs(xo)-equivalence class which is V(x), which is already dense in V*(xg). It remains

to show that G4(zg) > Z is essentially principal; that is, the isotropy
r 1 {(2,0,2)} s H{(2,0,2)} = {(z,n, ) € Gs(xg) < Z | n € Z}

is trivial (equals {(z,0,x)}) for a dense set of z in V*(xg). We will, in fact, show that the
set of x for which this is non-trivial is countable. As V*(xg) is locally compact and has

no isolated points, the conclusion follows.
This will be divided into three Lemmas.

Lemma 5.2. In a mixing Smale space (X, @), the set of periodic points of period n,

Per, = {z | ¢"(2) = x}

18 finite, for any positive integer n.
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Proof. As noted in [8,10,11], ¢ is expansive. That is, there is an €; > 0 so that for any
z,y in X, if d (¢*(x),¢"(y)) < €1, for all k in Z, then z = y. We may then choose ¢,
sufficiently small so that d(z,y) < €, implies d (d)i(x), gbi(y)) < €1, for 0 <7 < n. Then it
is easy to check that ¢" is also expansive, with constant €,,. From this, it follows that the
distance between any two fixed-points of ¢™ is at least €,,. The result follows since X is

compact. ||

Lemma 5.3. Suppose ¢ (x) is in V°(x), for some x in X, n > 1. Then

: nk

exists and is in Per,,.

Proof. Suppose z is a limit point of {¢™*(z) | k > 1}. Then
¢"(2) = ¢" (lim 6" (2))
=lim ¢"* (¢"(x))
=lim ¢"* (2)

=z

since x and ¢"(z) are stably equivalent.

Thus, the limit points of {¢"*(z) |k > 1} — which exist as X is compact — are
contained in Per,,. We must show there is at most one such point.

Let Per,, = {x1,- -,z } (by 5.2) and choose open neighbourhoods U; of z; such that
™ (U;) NU; = (0 for i # j. If there are infinitely k£ > 1 such that ¢"*(z) is not in the union
of the U;, then this sequence has a limit point in X —U; — Uy — - - - — U,,,, by compactness.
This limit point is in Per,,, but Per,, is contained in Uy UU; U --- U U,,, a contradiction.

Thus, for some ko > 0, ¢"*(z) is in U1 U- - -UUy,, for all k > ko. But as ¢™(U;)NU; = 0,
for all i # j, "*(x) must all be in the same U, for k > kq. It follows then that

li’rln o (x) = x;

as x; is the only point of Per,, in U;. This completes the proof. ||
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Lemma 5.4. The set of x in V¥(xo) such that ¢"(x) is in V*(x), for some n # 0, is

countable.

Proof. 1t is clearly sufficient to prove this for a fixed n # 0.
Suppose z is such that ¢"(z) is in V*(x), x in V¥(xg). Then by Lemma 5.3,

. nk _
Jm " (z) =y,

for some y in Per,. It is then easy to see that x is in V*(y). So the set of z under

consideration is contained in
U V*(y) N V*(2o).
yePer,,

Now, Per,, is finite and we noted earlier that for any xq, y
Ve(y) N V*(2o)

is countable. This completes the proof. ||

We can now complete the proof of 1.4 outlined earlier. The groupoid G4(z) > Z is
minimal as described above. For a fixed unit (x,0,z) with non-trivial isotropy, (x,n,z)
is in G4(zp) > Z for some n # 0. This means ¢"(x) is in V*¥(z). The set of such z is
countable. Hence the points of non-trivial isotropy are countable and their compliment is

dense. That is, Gs(xg) > Z is essentially principal. The conclusion follows. |
Toward the proof of 1.5, we begin with the following.

Proposition 5.5. Let A and B be simple separable C*-algebras which are strongly
Morita equivalent. If A is purely infinite then so is B.

Proof. Let K denote the C*-algebra of compact operators on the Hilbert space ¢?(N). For

each i, j in N, ¢;; denotes the operator

_ ey =k
(eij (k) = { 0 otherwise,
for ¢ in /2(N), k in N.
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As A and B are separable and strongly Morita equivalent, we have
ARK=2BR® K.

First, we show A® K is purely infinite. Let C' be any hereditary subalgebra of A® K.

Choose 1 >z >0, x # 0, in C. For some 7 in N,

is non-zero, where 0 < z;; < lisin A. As A is purely infinite, there is an infinite projection
pin x;; Az Then p ® ey; is an infinite projection in C.

Next, as A ® K &2 B ® K, the latter is purely infinite. Finally B is isomorphic to
B ® e1; which is a hereditary subalgebra of B ® K, and hence purely infinite. |

Definition 5.6 ([1]). A topological groupoid G is called locally contracting if, for

every non-empty open set U C GV, there is an open G-set A such that

r(A) ; s(A) CU.

Also, compare this definition with that of a “local boundary” contained in [5].
Proposition 5.7. For any xg in X, Gs(x¢) > 7Z is locally contracting.

Proof. Suppose U C V"(xg) is non-empty and open. Then for some n > 1,
¢ " (U)N V™ (¢ (20), €0)
is non-empty and open in V" (¢~ "(xg), €p). Consider
(o ()N V" (¢ (z0), €0), V(67" (20), €o)]

which is open in X. Thus, it contains a periodic point for ¢, say z1, with ¢~ (x1) = 1,
for some N > 1.

Find ¢; > 0 such that

(V¥ (x1, 1), 9" (20)] S o™™(U) NV (¢ (20), €0) -
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As V¥(zq,€1) is not discrete, we may find m > 1 such that

¢_mN (Vu(l‘l,Gl)) g Vu (ZL‘l, 61)\_mN)

g Vu(fl?l, 61).
£

For each y in V¥%(z1,€1), ™V (y) is also in the same set and

[y, o7 "(w0)] € V3(y)
[y, 7" (x0)] € V" (¢~ "(20), €0)
(07N (), ¢ "(z0)] € V° (67N (1))

(67N (), ¢ "(w0)] € V* (¢ (w0), €0) -
Let

A={(6" [N (), 0" (wo)] . MmN, ¢ [y, 6" (w0)]) |y V(@ e)}.
It is easy to check that A C G(zo) > Z and is a G4(xg) >< Z-set. Moreover,
r(A) = ¢" [p7"N (V¥(z1,e1)), ¢ " (20)]

s(A) = ¢" [V¥(z1,€e1), ¢ "(x0)]
and the desired conclusion follows. |

The proof of 1.5 follows immediately from 5.5, 5.7, Proposition 2.4 of [1] and the fact

that Gs(xg) > Z is essentially principal, as shown in the proof of 1.4.
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