THE TWO-PRIME ANALOGUE OF THE HECKE C^∗-ALGEBRA OF BOST AND CONNES

NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

Abstract. Let p and q be distinct odd primes. We analyse a semigroup crossed product C^∗(G_{p,q} ) ⋊_α N^2 similar to the semigroup crossed product which models the Hecke C^∗-algebra of Bost and Connes. We describe a composition series of ideals in C^∗(G_{p,q} ) ⋊_α N^2 , and show that the structure of one of the subquotients reflects interesting number-theoretic information about the multiplicative orders of q in the rings Z/p^lZ.

In [3], Bost and Connes introduced and studied a Hecke C^∗-algebra C_Q which has many fascinating connections with number theory. It was shown in [11] that C_Q can be realised as a crossed product C^∗(Q /Z) ⋊_α N^∗ by an endomorphic action α of the multiplicative semigroup N^∗ of positive integers, and this realisation gives a great deal of insight into the Bost-Connes analysis (see [9]). Here we fix two odd primes p and q, and analyse the semigroup crossed product C^∗(G_{p,q}) ⋊_α N^2 associated to the subgroup G_{p,q} := {n/p^kq^l : n ∈ Z}/Z of Q/Z and the restriction of α to the subsemigroup {p^kq^l} ⊂ N^∗ , which is isomorphic to the additive semigroup N^2 . This crossed product still exhibits rich connections with number theory, though of a somewhat different nature: it has a subquotient, for example, whose ideal structure encodes the multiplicative orders of q in the rings Z/p^lZ.

We begin our analysis by passing to the Fourier transform of our dynamical system, which involves the algebras of continuous functions on the spaces of p-adic and q-adic integers. We describe our dynamical system (C^∗(G_{p,q}), N^2 , α) and its Fourier transform in §1. Next we construct a composition series for C^∗(G_{p,q})⋊_α N^2 using general results about invariant ideals and tensor products of semigroup crossed products which have been worked out in [13]. Our main structure theorem is Theorem 2.2, which is proved in §2 and §3. Theorem 3.1, which gives a detailed description of an ordinary crossed product C(U(Z_p)) ⋊ Z arising in our analysis, is interesting in its own right: it shows, for example, that C(U(Z_p)) ⋊ Z is simple if and only if q is a primitive root modulo p^l for all l, which happens if and only if it is primitive modulo p^l for any single l > 1 (see Remark 3.8). In the last section, we describe the topology

Date: 24 July 2000; with minor revisions, 15 January 2002.

This research was supported by grants from the Valdemar Andersen Foundation, The Danish Natural Sciences Research Council, the Natural Sciences and Engineering Research Council of Canada, and the Australian Research Council. 1

2 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

on the primitive ideal space of C^∗(G_{p,q}) ⋊_α N^2 , thus completely determining its ideal structure.

1. The dynamical system and its Fourier transform

Let p and q be distinct odd primes. We consider the additive group Z[p^{−1}, q^{−1}] = {rp^{−k}q^{−l} : r, k, l ∈ Z} and its quotient G_{p,q} := Z[p^{−1}, q^{−1}]/Z. We write α for the action of N^2 by endomorphisms of the group C^∗-algebra C^∗(G_{p,q}) which is characterised on the canonical generating unitaries {δ_r : r ∈ G_{p,q}} by

(1.1) α_{m,n}(δ_r) = 1 p^mq^n ∑ {s∈G_{p,q} :p^mq^ns=r} δ_s;

we can see that there is such an action either by modifying [11, Proposition 2.1] or by applying the general method of [14, §1] to the action of N^2 on Z defined by η_{m,n}(k) = p^mq^nk (see [14, Example 1.2]). As in [10, Proposition 2.1], the action satisfies (1.2) α_{k,l}(1)α_{m,n}(1) = α_{k∨m, l∨n}(1). A covariant representation of the dynamical system (C^∗(G_{p,q}), N^2 , α) consists of a nondegenerate representation π of C^∗(G_{p,q}) and a representation V of N^2 by isometries on the same space such that

(1.3) π(α_{m,n}(a)) = V_{m,n}π(a)V^∗_{m,n} for a ∈ C^∗(G_{p,q}) and (m, n) ∈ N^2 ;

the relation (1.2) then implies that the isometric representation V is Nica covariant, in the sense that V_{k,l}V^∗_{k,l}V_{m,n}V^∗_{m,n} = V_{k∨m, l∨n}V^∗_{k∨m, l∨n}. One can see that the system has nontrivial covariant representations by modifying the constructions in [11], or by applying [14, Lemma 1.7]. Thus there is a crossed product ( C^∗(G_{p,q}) ⋊_α N^2 , i_A, i_S ) , which is a universal C^∗-algebra for covariant representations of the system (see [10, Proposition 2.1]). (To avoid complicated notation, we always write i_A and i_S for the algebra and semigroup components of the universal covariant representation.) This crossed product carries a dual action ^α of T^2 which leaves i_A(C^∗(G_{p,q})) invariant and satisfies ^α_{w,z}(i_S (m, n)) = w^mz^ni_S (m, n).

To compute the Fourier transform of the system, we need a description of the dual group ^G_{p,q}. Note that with G_p := Z[p^{−1}]/Z, the map (r, s) → r + s is an isomorphism of G_p × G_q onto G_{p,q}, and, dually, we have ^G_{p,q} ∼= ^G_p × ^G_q. To describe ^G_p, note that Z[p^{−1}] = ⋃_∞ l=1 p^{−l}Z, so G_p = ( ⋃ p^{−l}Z)/Z has a natural description as a direct limit

lim−→p−lZ/Z, and ^Gp is an inverse limit lim←−(p−lZ/Z)^of finite groups. The usual pairing

⟨t, n⟩ = exp 2πitn of Z with R/Z induces an isomorphism of Z/p^lZ onto (p^{−l}Z/Z)^, and it is easy to check that the dual of the inclusion p^{−l}Z/Z → p^{−(l+1)}Z/Z is the map

THE TWO-PRIME HECKE C^∗-ALGEBRA 3

of Z/p^{l+1}Z onto Z/p^lZ given by reduction mod p^l. Thus ^G_p is naturally identified as a compact group with the inverse limit^{lim}_{←−}Z/p^lZ.

Each Z/p^lZ is a ring, and the reduction maps are ring homomorphisms, so^{lim}_{←−}Z/p^lZ is a compact topological ring Z_p, which is called the ring of p-adic integers; in the previous paragraph, we identified ^G_p with the additive group of Z_p. However, the multiplicative structure of Z_p plays a crucial role in our analysis, for two reasons. First, we can use it to describe the action α: the reduction maps Z → Z/p^lZ induce an embedding of Z in Z_p, and α_{m,n} is, loosely speaking, division by p^mq^n (see Lemma 1.1 below). Second, the group U(Z_p) of units in Z_p (the multiplicatively invertible elements) appears in our theorems. We need to know that there is a natural identification of U(Z_p) with^{lim}_{←−}U(Z/p^lZ), and that an integer m is a unit in Z_p precisely when m is coprime to p. For these and other properties of Z_p, we refer to [16, Chapter II].

We are now ready to describe the Fourier-transform system. The dual of G_{p,q} is Z_p × Z_q; if π_l denotes the canonical map of Z_p onto Z/p^lZ, then the pairing is given by (1.4) ⟨r+s, (x, y)⟩ = exp 2πi(rπ_l(x)+sπ_l(y)) for r ∈ Z[p^{−1}], s ∈ Z[q^{−1}] and l large.

Lemma 1.1. The Fourier transform C^∗(G_{p,q}) ∼= C(Z_p×Z_q) carries the action defined by (1.1) into the action given by

(1.5) α_{m,n}(f)(x, y) = { f(p^{−m}q^{−n}x, p^{−m}q^{−n}y) if x ∈ p^mq^nZ_p and y ∈ p^mq^nZ_q, 0 otherwise.

Proof. We aim to apply [13, Proposition 4.5]. To do this, note that α_{m,n} is defined by averaging over the solutions s of β_{m,n}(s) = r, where β_{m,n} is the endomorphism of G_{p,q} defined by β_{m,n}(s) = p^mq^ns. From the pairing (1.4), we see that the endomorphism ^β_{m,n} of Z_p × Z_q is given in terms of the ring structure by ^β_{m,n}(x, y) = (pmqnx, pmqny). Thus the Lemma follows directly from [13, Proposition 4.5]. □

2. The structure theorem

Our main theorem describes the structure of C^∗(G_{p,q}) ⋊_α N^2 — or, equivalently, of the crossed product C(Z_p × Z_q) ⋊_α N^2 of the Fourier-transform system described in Lemma 1.1. To state it, we need a number-theoretic lemma. If k and m are coprime integers, so that m is a unit in Z/kZ, we write o_k(m) for the order of m in U(Z/kZ). Lemma 2.1. Let p and q be distinct odd primes. Then there is a positive integer L = L_p(q) such that

(2.1) o_pl (q) = { o_p(q) if 1 ≤ l ≤ L p^{l−L}o_p(q) if l > L.

4 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

This lemma is presumably well-known; certainly some of its immediate consequences are (see Remark 3.8). We are not going to prove it now, because we shall prove a slightly more general result in Theorem 3.1. However, we want to use the integers L_p(q) from this lemma in the statement of our main theorem. Theorem 2.2. Let p and q be distinct odd primes. Then there are ^α-invariant ideals I_1 and I_2 in C^∗(G_{p,q}) ⋊_α N^2 such that I_1 ⊂ I_2,

I_1 ∼= K(l^2(N^2 )) ⊗ C(U(Z_p) × U(Z_q)),

(2.2)

I_2/I_1 ∼= (K(l^2(N)) ⊗ C) ⊕ (K(l^2(N)) ⊗ D), and

(2.3)

(C^∗(G_{p,q}) ⋊_α N^2 )/I_2 ∼= C(T^2),

(2.4)

where C is the direct sum of (p − 1)p^{Lp(q)−1}/o_p(q) Bunce-Deddens algebras with supernatural number o_p(q)p^∞ and D is the direct sum of (q − 1)q^{Lq (p)−1}/o_q(p) Bunce- Deddens algebras with supernatural number o_q(p)q^∞.

The algebra C^∗(G_{p,q}) ∼= C(Z_p ×Z_q) decomposes as a tensor product C(Z_p)⊗C(Z_q), and the action α given by (1.5) decomposes as a tensor product of two actions of N^2 . At this point, we cannot separate the actions of the two copies of N (as Bost and Connes say, the two primes interact), but there is a large invariant ideal C_0(Z_p \ {0}) in C(Z_p) where the action does split as a tensor product of two actions of N. The ideals I_1 and I_2 will be crossed products of different invariant ideals in C(Z_p) ⊗ C(Z_q) built from C_0(Z_p \ {0}) and its twin.

For ordinary crossed products A ⋊ G by group actions, invariant ideals in A give rise to short exact sequences 0 −→ I ⋊ G −→ A ⋊ G −→ (A/I) ⋊ G −→ 0. For semigroup crossed products A ⋊_α S, one has to know that the ideal I is extendibly invariant, in the sense that each endomorphism α_s extends to endomorphisms of M(I) and M(A) in such a way that α_s(1_{M(I)}) = α_s(1_{M(A)}) as multipliers of I (see [1, 13]). Since the endomorphism x → p^mq^nx of Z_p leaves both Z_p \ {0} and {0} invariant, it follows from Lemma 1.1 and [13, Theorem 4.3] that I := C_0(Z_p \ {0}) and J := C_0(Z_q \ {0}) are extendibly invariant ideals in A := C(Z_p) and B := C(Z_q). We can therefore apply [13, Theorem 3.1] to deduce that the ideals I_1 := (I ⊗ J) ⋊ N^2 and I_2 := (I ⊗ B + A ⊗ J) ⋊ N^2 form a composition series in which

I_1 ∼= (I ⊗ J) ⋊_α N^2 ,

(2.5)

I_2/I_1 ∼= ((A/I) ⊗ J) ⋊ N^2 ⊕ (I ⊗ (B/J)) ⋊ N^2 , and

(2.6)

(A ⊗ B) ⋊_α N^2 /I_2 ∼= ((A/I) ⊗ (B/J)) ⋊ N^2 .

(2.7)

Notice that because the ideals are crossed products, they are ^α-invariant. To prove Theorem 2.2, therefore, we have to identify the subquotients.

We begin by noting that the maps f → f(0) induce isomorphisms A/I ∼= C and B/J ∼= C , so (A/I)⊗(B/J) ∼= C ⊗C ∼= C . Thus (2.7) is C ⋊_{id} N^2 . When the action is

THE TWO-PRIME HECKE C^∗-ALGEBRA 5

unital, as the identity action id certainly is, the covariance relation (1.3) implies that the isometries are all unitary; thus C ⋊_{id} N^2 is the universal C^∗-algebra generated by a unitary representation of Z^2. In other words, C ⋊_{id} N^2 = C^∗(Z^2) ∼= C(T^2 ), and we have proved (2.4).

For the other two parts, we need the promised decomposition of the action of N^2 on I = C_0(Z_p \ {0}).

Lemma 2.3. The map (n, x) → p^nx is a homeomorphism of N ×U(Z_p) onto Z_p \{0}.

Proof. Since every nonzero p-adic number can be uniquely written as a power of p times a unit (by Proposition 2 of [16, Chapter II], for example), the map is a bijection. It is a homeomorphism because it carries the basic open sets {n}×V for the topology on N × U(Z_p) into the basic open sets p^nV for the topology on Z_p \ {0}. □

The lemma implies that I = C_0(Z_p \ {0}) ∼= c_0(N) ⊗ C(U(Z_p)). To describe what happens to the action α under this isomorphism, we need some notation. We let τ denote the action of N on c_0(N) by forward shifts; if we think of elements of c_0(N) as functions on N, then

τ_m(f)(k) = { f(k − m) if k ≥ m 0 if k < m.

Since (q, p) = 1, q is a unit in Z_p, and division by powers of q defines an action σ = σ^{p,q} of Z by automorphisms of C(U(Z_p)): σ_n(f)(x) = f(q^{−n}x). We now have the following immediate corollary of Lemma 2.3:

Corollary 2.4. The isomorphism C_0(Z_p \ {0}) ∼= c_0(N) ⊗ C(U(Z_p)) induced by the homeomorphism of Lemma 2.3 carries α into the tensor product action τ ⊗ σ : (m, n) → τ_m ⊗ σ_n. Lemma 2.5. There is an isomorphism

(2.8) I_2/I_1 ∼= K(l^2(N)) ⊗ ( C(U(Z_p)) ⋊_σp,q Z) ) ⊕ K(l^2(N)) ⊗ ( C(U(Z_q)) ⋊_σq,p Z) ) . Proof. First, recall that A/I ∼= C and B/J ∼= C , so from (2.6) we have

(2.9) I_2/I_1 ∼= (I ⋊_α N^2 ) ⊕ (J ⋊_α N^2 ).

Next, we use the decomposition of Corollary 2.4 and [13, Theorem 2.6] (which applies because our action satisfies (1.2)), to see that

(2.10) I ⋊_α N^2 ∼= (c_0(N) ⋊_τ N) ⊗ ( C(U(Z_p)) ⋊_σp,q N ) . Because σ^{p,q} consists of automorphisms, the isometries in any covariant representation of (C(U(Z_p)), N, σ) are unitary, and C(U(Z_p)) ⋊_σ N is the usual crossed product C(U(Z_p)) ⋊_σ Z.

To handle the other factor in (2.10), recall that c ⋊_τ N = B_N ⋊_τ N is the Toeplitz algebra, and c_0(N) ⋊_τ N is the ideal of compact operators. More precisely, let M denote the representation of c by multiplication operators on l^2(N), and let S be the unilateral shift on l^2(N). Then (M, S) is a covariant representation of (c, N, τ)

6 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

such that M × S is an isomorphism of c ⋊_τ N onto the C^∗-algebra generated by S. (This formulation of Coburn’s Theorem is described in [2], for example.) It is easy to check that M ⋊ S carries the ideal c_0 ⋊_τ N onto K(l^2(N)). Thus (2.10) implies that I ⋊_α N^2 ∼= K ⊗ (C(U(Z_p)) ⋊_σ Z). Swapping p and q gives an analogous description of J ⋊_α N^2 , and the Lemma follows from (2.9). □

The description of I_2/I_1 in (2.3) will follow from this lemma and Theorem 3.1. To describe I_1 := (I ⊗ J) ⋊_α N^2 , we use two applications of Corollary 2.4 to get an isomorphism

I ⊗ J = C_0(Z_p \ {0}) ⊗ C_0(Z_q \ {0}) ∼= C_0(N × N × U(Z_p) × U(Z_q)) which carries the endomorphism α_{m,n} into τ_m ⊗ τ_n ⊗ σ^{p,q}_n ⊗ σ^{q,p}_m . We now borrow another idea from the theory of ordinary crossed products: recall that (C_0(G) ⊗ A) ⋊_{τ ⊗β} G ∼= (C_0(G) ⋊_τ G) ⊗ A for any action β. Because q ∈ U(Z_p) and p ∈ U(Z_q), the endomorphism ϕ of C_0(N × N × U(Z_p) × U(Z_q)) defined by ϕ(f)(k, l, x, y) = f(k, l, q^lx, p^ky) is an automorphism. A quick calculation shows that ϕ ∘ (τ_m ⊗ τ_n ⊗ σ^{p,q}_n ⊗ σ^{q,p}_m ) = τ_m ⊗ τ_n ⊗ id ⊗ id, so ϕ induces an isomorphism

(I ⊗ J) ⋊_α N^2 ∼= ( c_0(N × N) ⋊_{τ ⊗τ} (N × N) ) ⊗ C(U(Z_p) × U(Z_q)). To finish off the proof of (2.2), either note that

c_0(N^2 ) ⋊_{τ ⊗τ} N^2 ∼= (c_0 ⋊_τ N) ⊗ (c_0 ⋊_τ N) ∼= K(l^2(N)) ⊗ K(l^2(N)) = K(l^2(N^2 )), or check directly that the natural covariant representation of B_N2 ⋊_τ N^2 on l^2(N^2 ) restricts to an isomorphism of c_0(N^2 ) ⋊ N^2 onto K(l^2(N^2 )).

To prove Theorem 2.2, therefore, it remains to prove Lemma 2.1 and to identify C(U(Z_p)) ⋊_σ Z with the appropriate number of Bunce-Deddens algebras. We do this in Theorem 3.1.

3. The crossed products C(U(Z_p)) ⋊_σ Z

Our analysis of C(U(Z_p)) ⋊_σp,q Z does not require that q is prime, only that it is coprime to p. We therefore fix an odd prime p and an integer m coprime to p, and consider the action σ = σ^{p,m} of Z on C(U(Z_p)) defined by (3.1) σ^{p,m}_n (f)(x) = f(m^{−n}x). Theorem 3.1. Suppose that p is an odd prime and (m, p) = 1, and denote by o_pl (m) the order of m in U(Z/p^lZ). Then there is a positive integer L such that

(3.2) o_pl (m) = { o_p(m) if 1 ≤ l ≤ L p^{l−L}o_p(m) if l > L,

THE TWO-PRIME HECKE C^∗-ALGEBRA 7

and C(U(Z_p)) ⋊_σp,m Z is the direct sum of p^{L−1}(p − 1)/o_p(m) Bunce-Deddens algebras with supernatural number o_p(m)p^∞.

We begin by establishing the number-theoretic statements. Because U(Z/p^lZ) is cyclic of order (p − 1)p^{l−1} (see Theorem 2 of [8, Chapter 4], for example), we can apply the following elementary lemma about cyclic groups.

Lemma 3.2. Suppose that (n, p) = 1 and G, H are cyclic groups of orders p^ln, p^{l−1}n, respectively. If π : G → H is a surjective homomorphism and g is a generator of G, then the order of π(g^r) is given by

o(π(g^r)) = { |G|/(r, |G|) if p^l divides r |G|/p(r, |G|) if p^l does not divide r.

Proof. Since π(g) is a generator of H, we have

o(π(g^r)) = o(π(g)^r) = |H| (r, |H|) = |G| p(r, |H|) . If p^l divides r, say r = sp^l, then p(r, |H|) = p(p^ls, p^{l−1}n) = p^l(ps, n) = p^l(s, n) = (r, p^ln) = (r, |G|), as claimed. If p^l does not divide r, then (r, |G|) = (r, p^ln) = (r, p^{l−1}n) = (r, |H|). □ Corollary 3.3. Suppose p is prime and (p, m) = 1. Then

o_pl (m) = { o_pl+1 (m) if p does not divide o_pl+1 (m) o_pl+1 (m)/p if p does divide o_pl+1 (m).

Proof. Since a number is coprime to p^l iff it is coprime to p^{l+1}, the reduction map π is a homomorphism of U(Z/p^{l+1}Z) onto U(Z/p^lZ), and Lemma 3.2 applies. Indeed, there is a generator g such that m = g^r where r := (p − 1)p^l/o_pl+1 (m). Then

o_pl (m) = o(π(g^r)) = { o_pl+1 (m) if p^l divides (p − 1)p^l/o_pl+1 (m) o_pl+1 (m)/p if p^l does not divide (p − 1)p^l/o_pl+1 (m), which translates into what we want. □ Corollary 3.4. There is a positive integer L such that (3.2) holds. Proof. We first note that the sequence {o_pl (m) : l ∈ N} must be unbounded: for fixed N, m^N is eventually less than p^l, and then o_pl (m) > N. In particular, {o_pl (m)} is certainly not constant. Let L be the first integer such that o_pL (m) < o_pL+1 (m). Then o_pl (m) = o_p(m) for 1 ≤ l ≤ L, and by Corollary 3.3, we have o_pL+1 (m) = po_p(m), and p divides o_pL+1 (m). Since o_pL+1 (m) divides o_pl (m) for all l > L, it follows that p divides o_pl (m) for all l > L, and l − L applications of Corollary 3.3 show that o_pl (m) = p^{l−L}o_pL (m) = p^{l−L}o_p(m). □

8 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

Remark 3.5. The referee has pointed out that one can also deduce Corollary 3.4 from the isomorphism of U(Z/pZ) × pZ^+_p onto U(Z_p) provided by sending elements of U(Z/pZ) to their Teichmüller representatives and the exponential isomorphism of the additive group pZ^+_p onto 1 + pZ_p (see [7, Corollary 4.5.10], for example). This isomorphism is compatible with the inverse limit decompositions of U(Z_p) and pZ^+_p , and hence it suffices to prove the analogous properties of additive orders in pZ^+_p .

Let H be the closed subgroup of U(Z_p) generated by m. Then H is invariant under multiplication by powers of m, and the formula (3.1) also defines an action σ of Z on C(H). This is where the Bunce-Deddens algebras come from:

Proposition 3.6. The crossed product C(H) ⋊_σ Z is a Bunce-Deddens algebra with supernatural number o_p(m)p^∞.

The Bunce-Deddens algebras were originally defined to be the C^∗-algebras generated by certain weighted shifts on l^2 [5, §V.3], but we shall recognise them as crossed products associated to odometer actions. Let {n_k} be a sequence of integers each of which is at least 2, and let X_k = {0, 1, . . . , n_k − 1}. The odometer action τ of Z on ∏ k≥1 X_k is given by addition with carry over: let N_1 = 1, N_k := ∏ i<k n_i for k > 1, and then

τ_n({a_k}) = {b_k} where ∑_l k≥1 b_kN_k :≡ n + ∑_l k≥1 a_kN_k (mod N_{l+1}).

The crossed product C( ∏ k≥1 X_k) ⋊_τ Z is then a Bunce Deddens algebra with supernatural number ∏ k≥1 n_k [5, Theorem VIII.4.1]. In general, Bunce-Deddens algebras are simple [5, Theorem V.3.3], and are determined up to isomorphism by their supernatural number [5, Theorem V.3.5].

Proof. Write d for o_p(m), and let O := {0, 1, · · · , d − 1} × {0, 1, · · · , p − 1}^N . For l > L, we define h_l : O → U(Z/p^lZ) by h_l({a_n}) = m^{a0 +da1+dpa2+···+dpl−L−1al−L} (mod p^lZ); because the order of m in U(Z/p^lZ) is dp^{l−L}, the maps h_l satisfy h_{l+1}({a_n}) = h_l({a_n}) (mod p^lZ). Since the h_l are continuous by definition of the product topology, they induce a continuous map h : O → U(Z_p) =^{lim}_{←−}U(Z/p^lZ), which is an injection because h_l({a_n}) determines a_0, . . . , a_{l−L} uniquely. The range of h is a compact subgroup, and contains the positive powers of m, which are the images of the sequences in O which are eventually zero; since such sequences are dense in O, their images generate the range. In other words, h is a continuous injection of O onto H, and is therefore a homeomorphism. Since h(τ{a_n}) = mh({a_n}) for all {a_n}, we deduce that the Bunce-Deddens algebra C(O) ⋊_τ Z is isomorphic to C(H) ⋊_σ Z. □

To finish the proof of our theorem, we need to decompose the dynamical system (C(U(Z_p)), Z, σ) as a sum of copies of (C(H), Z, σ). This needs a simple grouptheoretic lemma.

THE TWO-PRIME HECKE C^∗-ALGEBRA 9

Lemma 3.7. Suppose G =^{lim}_{←−}G_n is a compact group which is the inverse limit of finite groups G_n, and suppose that the canonical maps π_n : G → G_n are surjective. If H is a closed subgroup of G and there is an integer k such that |G_n/π_n(H)| = k for all n, then |G/H| = k.

Proof. Certainly |G/H| ≥ |π_n(G)/π_n(H)| = k. Suppose g_1H, · · · , g_{k+1}H are cosets in G/H; we shall prove that two must be the same. The hypothesis implies that for each n, two of π_n(g_iH) coincide. Since there are only finitely many possibilities, we can assume by passing to a subsequence that the same two coincide in each G_n/π_n(H); say π_n(g_1H) = π_n(g_2H) for all n. Then π_n(g_1g^{−1}_2 ) ∈ π_n(H); say π_n(g_1g^{−1}_2 ) = π_n(h_n). By definition of the topology on the inverse limit, we have h_n → g_1g^{−1}_2 in G, so that g_1g^{−1}_2 ∈ H and g_1H = g_2H. □

End of the proof of Theorem 3.1. Since π_l(H) is the subgroup of U(Z/p^lZ) generated by m, we have |U(Z/p^lZ)/π_l(H)| = (p − 1)p^{l−1}/o_pl (m) = (p − 1)p^{L−1}/o_p(m) for all l ≥ L. We can therefore apply Lemma 3.7 to U(Z_p) =^{lim}_{←−}(U(Z/p^lZ), l ≥ L) to deduce that H has index N := (p − 1)p^{L−1}/o_p(m) in U(Z_p).

Next, note that because H is a closed subgroup of finite index, it is also open: its complement is the finite union of cosets of H, and hence closed. Since H is by definition invariant under multiplication by powers of m, it follows that U(Z_p) is the disjoint union of N open and closed invariant sets of the form xH, and C(U(Z_p)) is the direct sum of σ-invariant ideals of the form C(xH). The dynamical systems (C(xH), Z, σ) are all conjugate to (C(H), Z, σ). Thus the Theorem follows from Proposition 3.6. □

Remark 3.8. An integer m which generates U(Z/p^lZ) is called a primitive root modulo p^l. If m is a primitive root modulo p^l for one l > 1, then (3.2) implies that L_p(m) = 1 and o_p(m) = p − 1, and hence that m is a primitive root modulo p^k for all k. (This is known; see [6, §17, Exercise VI.4], for example.) Theorem 3.1 gives a curious C^∗- algebraic characterisation of primitive roots: m is primitive modulo p^l for all l if and only if C(U(Z_p))⋊_σ Z is simple. More generally, the cardinality of Prim C(U(Z_p))⋊Z determines the orders o_pl (m) of m in U(Z/p^lZ).

The relations (3.2) are the only restrictions on the possible values of o_p(m). Indeed, given an odd prime p, a divisor d of p − 1, and an integer L ≥ 1, there are infinitely many primes q with o_p(q) = d and L_p(q) = L. To see this, choose k such that o_pL+1 (k) = pd. Then every integer q in the arithmetic progression k + np^{L+1} has o_p(q) = d and o_pL+1 (q) = pd, and it follows from (3.2) that o_pl (q) = p^{l−L}d for all l > L. Now our assertion follows from Dirichlet’s Theorem: every arithmetic progression k + nr with (k, r) = 1 contains infinitely many primes [8, §16.1].

10 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

4. The primitive ideal space

Since Prim C(X, K) is homeomorphic to X [15, Example A.24] and Bunce-Deddens algebras are simple [5, Theorem V.3.3], Theorem 2.2 gives us a setwise description of the primitive ideal space of the algebra C(Z_p×Z_q)⋊_α N^2 . It consists of a copy {I_{x,y}} of U(Z_p)×U(Z_q) embedded as an open subset, a copy {L_{w,z}} of T^2 embedded as a closed subset, and two finite sets {J_{xHp} }, {K_{yHq} } parametrised by the quotients U(Z_p)/H_p = U(Z_p)/q^Z and U(Z_q)/H_q = U(Z_q)/p^Z whose cardinalities determine the number of Bunce-Deddens algebras in the subquotients. The topology on Prim(C(Z_p×Z_q)⋊_αN^2 ) is then given by: Theorem 4.1. The maps (x, y) → I_{x,y}, xH_p → J_{xHp} , yH_q → J_{yHq} and (w, z) → L_{w,z} combine to give a bijection of the disjoint union

(4.1) ( U(Z_p) × U(Z_q) ) ⊔ U(Z_p)/q^Z ⊔ U(Z_q)/p^Z ⊔ T^2 onto Prim(C(Z_p × Z_q) ⋊_α N^2 ). Write π_p for the map U(Z_p) × U(Z_q) → U(Z_p) → U(Z_p)/q^Z. Then the hull-kernel closure of a nonempty subset F of (4.1) is

(a) the usual closure of F in T^2 if F ⊂ T^2 ;

(b) F ∪ T^2 if F ⊂ U(Z_p)/q^Z ⊔ U(Z_q)/p^Z;

(c) the usual closure of F in U(Z_p) × U(Z_q) together with π_p(F ) ∪ π_q(F ) ∪ T^2 if F ⊂ U(Z_p) × U(Z_q). We shall prove this by writing down irreducible representations of C(Z_p ×Z_q)⋊_α N^2 realising each of these primitive ideals, identifying their kernels as crossed products of invariant ideals in C(Z_p × Z_q) using results from [13], and then reading off the topology from standard properties of the topology on Z_p × Z_q.

The ideals L_{w,z} are lifted from the quotient (C(Z_p × Z_q) ⋊ N^2 )/I_2 = C ⋊_{id} N^2 , and are the kernels of the characters γ_{w,z} : (m, n) → w^mz^n; more precisely, L_{w,z} = ker(ε_{0,0} × γ_{w,z}), where ε_{0,0}(f) := f(0, 0). Because Prim(C ⋊_{id} N^2 ) is a closed subset of Prim(C(Z_p × Z_q) ⋊ N^2 ), this also proves part (a) of Theorem 4.1.

The ideals J_{xHp} are lifted from the image of the surjection (id ⊗ε_0)^∗ of C(Z_p ×Z_q)⋊ N^2 onto C(Z_p) ⋊ N^2 induced by id ⊗ε_0 : C(Z_p × Z_q) → C(Z_p), and are determined in the image by their intersections with the ideal C_0(Z_p \ {0}) ⋊ N^2 . Recall that the homeomorphism h_p : (k, x) → p^kx induces an isomorphism

(4.2) h^∗_p : C_0(Z_p \ {0}) ⋊ N^2 ∼= C(U(Z_p), c_0(N) ⋊_τ N) ⋊_{σ⊗id} Z.

Because M × T is an isomorphism of c_0(N) ⋊_τ N onto K(l^2(N)) and Z acts freely on U(Z_p) = Prim C(U(Z_p), K), the primitive ideals of the right-hand side of (4.2) are induced from the ideals ker(M × T ) ∘ ε_x. In particular, we have J_{xHp} ∩ ( C_0(Z_p \ {0}) ⋊ N^2 ) = ker (( Ind^Z_{{0}}(M × T ) ∘ ε_x ) ∘ h^∗_p ∘ (id ⊗ε_0)^∗ ) .

THE TWO-PRIME HECKE C^∗-ALGEBRA 11

We can now use the standard form ~π × λ of the induced representation to see that we can realise J_{xHp} as the kernel of the representation ρ_x × (T ⊗ λ) of C(Z_p × Z_q) ⋊_α N^2 on l^2(N × Z), where (ρ_x(f)ξ)(k, l) := f(p^kq^lx, 0)ξ(k, l) Similarly, with σ_y : C(Z_p × Z_q) → B(l^2(Z × N)) defined by (σ_y(f)ξ)(k, l) = f(0, p^kq^ly)ξ(k, l), we have ker(σ_y × (λ ⊗ T )) = K_{yHq} .

The ideals I_{x,y} are determined by their intersection with I_1, and I_{x,y} ∩ I_1 is pulled back under the isomorphism (2.2) from the kernel of the evaluation map ε_{x,y} : C(U(Z_p) × U(Z_q), K) → K. This isomorphism is induced by the homeomorphism h : (l, k, x, y) → p^kq^l(x, y) of N^2 × U(Z_p) × U(Z_q) onto (Z_p \ {0}) × (Z_q \ {0}), and the Toeplitz representation M × T of c_0(N^2 ) ⋊_τ N^2 onto K(l^2(N^2 )). The representation (π_{x,y}(f)ξ)(k, l) = f(p^kq^lx, p^kq^ly)ξ(k, l) satisfies π_{x,y}|_{C0((Zp\{0})×(Zq\{0}))} = M ∘ ε_{x,y} ∘ (h^{−1})^∗, and it follows that (π_{x,y}, T ) is a covariant representation of (C(Z_p × Z_q), N^2 , α) with I_{x,y} = ker(π_{x,y} × T ).

To identify the kernels of these representations, we shall use the following analogue of the standard characterisations of faithful representations.

Lemma 4.2. Let (η, T ) be a covariant representation of a semigroup dynamical system (A, N^k , α) with extendible endomorphisms. Suppose that ker η is an extendibly αinvariant ideal, and that there is a unitary representation W of T^k such that (η×T, W ) is a covariant representation of the dual system (A ⋊ N^k , T^k , ^α). Then

ker(η × T ) = (ker η) ⋊ N^k = span{i_S (m)^∗i_A(a)i_S (n) : m, n ∈ N^k , a ∈ ker η}.

Proof. We know from [13, Theorem 1.8] that (ker η) ⋊ N^k is naturally isomorphic to the ideal span{i_S (m)^∗i_A(a)i_S (n) : m, n ∈ N^k , a ∈ ker η} ⊂ A ⋊ N^k , and that the quotient map π : A → A/(ker η) induces a homomorphism π × id of A⋊N^k onto (A/ ker η)⋊N^k with kernel (ker η)⋊N^k . There is a faithful representation ζ of A/ ker η such that η = ζ ∘ π, and then (ζ, T ) and (ζ × T, W ) are covariant. It suffices to prove that ζ ⋊ T is faithful, for then η × T = (ζ × T ) ∘ (π × id), and

ker(η × T ) = ker(ζ × T ) ∘ (π × id) = ker(π × id) = (ker η) ⋊ N^k .

To prove ζ × T faithful, we follow the standard procedure of [4, Lemma 2.2]. Write C = A/ ker η, and let θ : C ⋊ N^k → C ⋊ N^k be the expectation obtained by averaging over the dual action ^α on C ⋊N^k , which is faithful on positive elements by [10, Remark 3.6]. Because S = N^k is abelian, C ⋊ N^k is spanned by the elements i_S (m)^∗i_C (c)i_S (n) [13, Lemma 1.3], and hence θ(C ⋊ N^k ) is spanned by the elements i_S (m)^∗i_C (c)i_S (m); because every finite set of elements in N^k has an upper bound, we can imitate the

12 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

proof of [2, Lemma 1.5] to see that ζ × T is faithful on θ(C ⋊ N^k ). Now we can use the covariance of (ζ × T, W ) to get an estimate ‖(ζ × T )(θ(f))‖ = ‖ ‖ ‖ ∫ T^k W^∗_z (ζ × T )(f)W_z dz ‖ ‖ ‖ ≤ ∫ T^k ‖W^∗_z ζ × T (f)W_z‖ dz = ‖ζ × T (f)‖, and follow the argument of [4, Lemma 2.2] to see that ζ × T is faithful. □

The ideal ker π_{x,y} consists of the functions which vanish on the closure of the orbit p^N q^N (x, y); to check that ker π_{x,y} is extendibly invariant, we need to know exactly what this closure is.

Lemma 4.3. Let (x, y) ∈ Z_p × Z_q. Then q^Nx has the same closure in Z_p as q^Zx, and the closure of p^N q^N (x, y) in Z_p × Z_q is

(4.3) p^N q^N (x, y) ∪ ( p^N q^Zx × {0} ) ∪ ( {0} × p^Zq^N y ) . Proof. Since q ∈ U(Z_p), multiplication by q is a homeomorphism of U(Z_p), and defines a free and minimal action of Z on q^Zx. The sequence {q^kx : k ∈ N} has a convergent subsequence, q^{kn} x → x_0, say, and then q^Zx_0 = q^Zx by minimality. Thus every element of q^Zx can be approximated first by q^nx_0, and then by elements q^{n+kn} x of q^N x. Thus q^N x = q^Zx. This argument also shows that every element of q^Zx is the limit of a sequence q^{mn} x in which m_n → ∞.

Since (0, 0) = lim_n p^nq^n(x, y), it certainly belongs to the orbit closure. Suppose p^{kn} q^{ln} x → s and s ≠ 0. Write s = p^is_0 for s_0 ∈ U(Z_p). Then p^iU(Z_p) is an open neighbourhood of s, so k_n = i for large n, and q^{ln} x → p^{−i}s. As observed above, we may as well suppose l_n → ∞; but then q^{ln} y → 0, and p^{kn} q^{ln} (x, y) → (s, 0). Thus p^N q^Zx × {0} is contained in the orbit closure, and, by symmetry, so is {0} × p^Zq^N y.

For the other inclusion, suppose (w, z) ∈ Z_p × Z_q and p^{kn} q^{ln} (x, y) → (w, z). It is obvious that (w, z) belongs to (4.3) if one of w or z is 0, so suppose w and z are both nonzero. We can write (w, z) = (p^iw_0, q^jz_0) for units w_0, z_0 and i, j ∈ N, and then p^iU(Z_p) × q^j U(Z_q) is a neighbourhood of (w, z). Thus (k_n, l_n) = (i, j) for large n, and (w, z) = p^iq^j(x, y) belongs to p^N q^N(x, y), as required. □

Lemma 4.4. Let (x, y) ∈ U(Z_p) × U(Z_q). Then

(a) J_{xHp} = span { i_S (i, j)^∗i_A(f)ι_S (m, n) : f ≡ 0 on p^N q^Zx × {0} } ; (b) K_{yHq} = span { i_S (i, j)^∗i_A(f)i_S (m, n) : f ≡ 0 on {0} × p^Zq^N y } ; and

(c) I_{x,y} = span { i_S (i, j)^∗i_A(f)i_S (m, n) : f ≡ 0 on p^N q^N (x, y) } . Proof. For part (a), we want to apply Lemma 4.2 with η = ρ_x, and we therefore need to know that ker ρ_x is extendibly invariant. We have ρ_x(f) = 0 iff f ≡ 0 on

THE TWO-PRIME HECKE C^∗-ALGEBRA 13

p^N q^N x × {0}, which is equivalent by Lemma 4.3 to f ≡ 0 on p^N q^Zx × {0}. Thus it is enough by [13, Theorem 4.3] to prove that p^N q^Nx × {0} and its complement are invariant under multiplication by p^kq^l. This is trivially true for p^N q^N x ×{0}. Suppose (w, z) /∈ p^N q^N x × {0}. If z ≠ 0, then p^kq^l(w, z) is certainly not in p^N q^N x × {0}. So we consider the case z = 0, and suppose p^{kn} q^{ln} x → p^kq^lw. Since w cannot be 0, we can write w = p^iw_0 for w_0 ∈ U(Z_p). Eventually p^{kn} q^{ln} x ∈ p^{k+i}U(Z_p), so k_n = k + i for large n, and q^lw = lim p^{kn−k}q^{ln} x belongs to p^i ( q^N x ) . Since q^N x = q^Zx, this implies that w ∈ p^i ( q^N x ) , and hence that (w, z) ∈ p^N q^N x × {0}, which is a contradiction. So p^kq^l(w, z) /∈ p^N q^N x × {0} for all k, l ∈ N, and we have shown that ker ρ_x is extendibly invariant.

Next we observe that W_{w,z}ξ(k, l) := w^kz^lξ(k, l) defines a unitary representation W of T^2 on l^2(N × Z) such that (ρ_x × (T ⊗ λ), W ) is covariant for the dual action. Thus we can deduce from Lemma 4.2 that J_{xHp} = ker(ρ_x × (T ⊗ λ)) has the required form. This gives (a), and of course (b) is exactly the same.

For (c), we apply the same argument to

ker π_{x,y} = { f ∈ C(Z_p × Z_q) : f ≡ 0 on p^N q^N (x, y) } ; as above, the crux is to prove that if p^kq^l(w, z) belongs to the closure of p^N q^N (x, y), then so does (w, z). So suppose (w, z) ∈ Z_p × Z_q and p^{kn} q^{ln} (x, y) → p^kq^l(w, z). If w or z is 0, we are in the situation covered by the first paragraph. So suppose w and z are both nonzero: say w = p^iw_0 and z = q^jz_0 for units w_0, z_0. By Lemma 4.3, we must have p^kq^l(w, z) = p^mq^n(x, y) for some m, n ∈ N. Then p^{k+i}q^lw_0 = p^mq^nx and p^kq^{l+j}z_0 = p^mq^ny. The first of these equations implies that k + i = m, so k ≤ m, and the second that l ≤ n. Thus (w, z) = p^{m−k}q^{n−l}(x, y) belongs to p^N q^N (x, y). This proves that ker π_{x,y} is extendibly invariant. Part (c) follows from an application of Lemma 4.2 with W given by the same formula as before. □

Proof of Theorem 4.1. We have already observed that (a) is easy. For (b), notice that for any xH_p ∈ U(Z_p)/H_p, the spanning elements i_S (i, j)^∗i_A(f)i_S (m, n) of J_{xHp} go to f(0, 0)i_S(i, j)^∗i_S (m, n) in the quotient C ⋊_{id} N^2 , and hence J_{xHp} ⊂ L_{w,z} for all (w, z) ∈ T^2.

For (c), we observe that F ∩ (U(Z_p) × U(Z_q)) is the usual closure because (x, y) → I_{x,y} is a homeomorphism of U(Z_p)×U(Z_q) onto the open set Prim I_1. That the closure contains the other points follows from Lemma 4.4: f ∈ ker π_{x,y} implies f ∈ ker ρ_x, so all the generators for I_{x,y} described in Lemma 4.4 belong to J_{xHp} , and (x, y) ∈ F implies J_{xHp} ∈ F = { P ∈ Prim(C(Z_p × Z_q) ⋊ N^2 ) : ⋂ Q∈F Q ⊂ P } . To see that J_{x0Hp} does not belong to F when x_0H_p /∈ π_p(F ), let F_1 be the union of the cosets in π_p(F ). Choose g ∈ C(U(Z_p)) such that g(x_0) = 1 and g ≡ 0 on F_1, extend g to a continuous function on Z_p by taking it to be zero outside U(Z_p), and define f(x, y) = g(x). Now we can see from Lemma 4.3 that f vanishes on the closure of

14 NADIA S. LARSEN, IAN F. PUTNAM, AND IAIN RAEBURN

p^N q^N (x, y) for every (x, y) ∈ F , and hence i_A(f) belongs to ⋂ {I_{x,y} : x, y ∈ F } but not to J_{x0Hp} . Thus F ∩ U(Z_p)/H_p is precisely π_p(F ), and part (c) follows from (b). □

Remark 4.5. It is interesting to compare our description of Prim C^∗(G_{p,q}) ⋊ N^2 with that obtained for the Bost-Connes algebra C_Q in [12]. In Prim C_Q , the finite sets coming from Prim I_2/I_1 do not appear; loosely speaking, we believe this happens because C_Q contains all the primes, and some of these will act minimally on any given U(Z_p) (see Remark 3.8). So the numbers o_pl (q) cannot be recovered from Prim C_Q . Of course this information is still buried somewhere in C_Q : it follows from Theorem 2.1 of [14] that the inclusion of G_{p,q} in Q /Z induces an isomorphism of C^∗(G_{p,q}) ⋊ N^2 into C^∗(Q /Z) ⋊ N^∗ = C_Q .

References

[1] S. Adji, Invariant ideals of crossed products by semigroups of endomorphisms, Functional Analysis and Global Analysis (T. Sunada and P. W. Sy, Eds.), Springer-Verlag, Singapore, 1997, pages 1–8.

[2] S. Adji, M. Laca, M. Nilsen and I. Raeburn, Crossed products by semigroups of endomorphisms and the Toeplitz algebras of ordered groups, Proc. Amer. Math. Soc. 122 (1994), 1133–1141.

[3] J.-B. Bost and A. Connes, Hecke algebras, Type III factors and phase transitions with spontaneous symmetry breaking in number theory, Selecta Math. (New Series) 1 (1995), 411–457.

[4] S. Boyd, N. Keswani and I. Raeburn, Faithful representations of crossed products by endomorphisms, Proc. Amer. Math. Soc. 118 (1993), 427–436.

[5] K. R. Davidson, C^∗-Algebras by Example, Fields Institute Monographs, vol. 6, Amer. Math.

Soc., Providence, 1996.

[6] L. E. Dickson, Introduction to the Theory of Numbers, Dover, New York, 1957. [7] F. Q. Gouvêa, p-adic Numbers: an Introduction, Second Ed., Springer-Verlag, Berlin, 1997. [8] K. Ireland and M. Rosen, A Classical Introduction to Modern Number Theory, Second Ed., Graduate Texts in Math., vol. 84, Springer-Verlag, Berlin, 1993.

[9] M. Laca, Semigroups of ∗-endomorphisms, Dirichlet series and phase transitions, J. Funct.

Anal. 152 (1998), 330–378.

[10] M. Laca and I. Raeburn, Semigroup crossed products and the Toeplitz algebras of nonabelian groups, J. Funct. Anal. 139 (1996), 415–440.

[11] M. Laca and I. Raeburn, A semigroup crossed product arising in number theory, J. London Math. Soc. 59 (1999), 330–344.

[12] M. Laca and I. Raeburn, The ideal structure of the Hecke C^∗-algebra of Bost and Connes, Math.

Ann. 318 (2000), 433–451.

[13] N. S. Larsen, Nonunital semigroup crossed products, Math. Proc. Royal Irish Acad. 100A (2000), 205–218.

[14] N. S. Larsen and I. Raeburn, Faithful representations of crossed products by actions of N^k , Math. Scand. 89 (2001), 283–296.

[15] I. Raeburn and D. P. Williams, Morita Equivalence and Continuous-Trace C^∗-Algebras, Math.

Surveys and Monographs, vol. 60, Amer. Math. Soc., Providence, 1998.

[16] J.-P. Serre, A Course in Arithmetic, Graduate Texts in Math., vol. 7, Springer-Verlag, Berlin, 1996.

THE TWO-PRIME HECKE C^∗-ALGEBRA 15 Department of Mathematics, Institute for Mathematical Sciences, University of Copenhagen, Universitetsparken 5, 2100 Copenhagen, Denmark Department of Mathematics and Statistics, University of Victoria, British Columbia V8W 3P4, Canada

Department of Mathematics, University of Newcastle, NSW 2308, Australia