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Abstract. In this paper, we propose second-order sufficient optimality conditions for a very
general nonconvex constrained optimization problem, which covers many prominent mathematical
programs. Unlike the existing results in the literature, our conditions prove to be sufficient, for an
essential local minimizer of second order, under merely basic smoothness and closedness assump-
tions on the data defining the problem. In the second part, we propose a comprehensive first-
and second-order variational analysis of disjunctive systems and demonstrate how the second-order
objects appearing in the optimality conditions can be effectively computed in this case.
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1. Introduction. For decades, variational analysis has been recognized as an
important tool for studying optimization problems; we refer the reader to the standard
monographs [5, 8, 24, 30, 31, 41]. Recently, second-order variational analysis has been
developed rapidly; see [14, 16, 19, 29, 39, 40] and the references therein.

In this paper, we will deal with some special aspects of second-order variational
analysis, namely, second-order optimality conditions for an optimization problem in
the form

(GP) min f(z) s.t. g(x)eC.

Here C' C R™ is a closed set, and f : R™ — R and g : R — R™ are twice contin-
uously differentiable functions unless otherwise specified. This general model covers
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many common optimization problems, including the very challenging ones with con-
straints expressed via complementarity relations, in which case not only the feasible
set g71(C):={z € R" | g(x) € C} but also the set C are nonconvex; see the comments
below.

We concentrate on the development of tight second-order optimality conditions;
i.e., the difference between the necessary and sufficient conditions should be small.
Note that there are also other intrinsic issues of second-order conditions like stability
of solutions or the convergence of numerical algorithms. For example, Rockafellar
[39, 40] has demonstrated the importance of second-order variational analysis in nu-
merical optimization, but these topics are far beyond the scope of this paper.

Let us now provide a brief discussion on existing results dealing with second-order
optimality conditions, both necessary and sufficient. If C' is convex polyhedral, as in
the case of the standard nonlinear programs, second-order optimality conditions can
be expressed via the second derivative of the Lagrangian. If C' lacks polyhedrality,
however, an additional term is needed to capture the curvature of C, and there are
various tools that can be utilized for that purpose. When C'is convex, a comprehensive
analysis of second-order conditions is available in Bonnans and Shapiro [5, sections
3.2 and 3.3]. There, the second-order necessary conditions are derived within the
framework of convex analysis and are of the following form (cf. [5, Theorem 3.45]):
If a suitable constraint qualification holds at a local minimizer Z, then for every
critical direction u and every convex subset K (u) of the second-order tangent set
TZ(g(Z); Vg(Z)u), there is a multiplier A fulfilling first-order optimality conditions
such that

(1.1) ViwL(fc,)\)(u,u) — i w)(A)>0.

Here, L denotes the Lagrangian, and o is the support function. In particular, if the
second-order tangent set T2 (g(Z); Vg(Z)u) is convex, we arrive at the condition

By [5, Proposition 3.46], this condition is also necessary at a local minimizer, provided
that the multiplier A fulfilling the first-order optimality condition is unique, regardless
whether or not T2 (g(z); Vg(Z)u) is convex.

In the very recent paper by Gfrerer, Ye, and Zhou [19], optimality conditions have
been stated for nonconvex C. In this case, one has to consider different types of first-
order optimality conditions involving strong (S-), Mordukhovich (M-), and Clarke (C-)
multipliers, respectively. Moreover, the feasible region may behave quite differently
when moving away from the minimizer Z in different directions. This fact motivates
the use of different constraint qualifications and different types of multipliers when
considering different critical directions.

When a directional nondegeneracy condition for the critical direction w is satisfied,
ensuring that directional S-, M-, and C-multipliers coincide and are unique, condition
(1.2) remains valid; see [19, Corollary 5]. When relaxing the directional nondegeneracy
to the directional Robinson constraint qualification, one can still show that for every
convex subset K(u) of TZ(g(z); Vg(Z)u), there is some directional C-multiplier A
satisfying (1.1); cf. [19, Corollary 4]. As it is shown in [19, Proposition 8], this is a
very strong second-order necessary condition. However, it has the disadvantage that
the directional C-multiplier Adepends not only on the critical direction w but also
on the convex set K (u). This can be remediated by the use of the so-called lower
generalized support function &. It was shown in [19] that under the directional metric

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/25/23 to 108.180.87.57 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SECOND-ORDER VARIATIONAL ANALYSIS 2627

subregularity constraint qualification, which is weaker than the directional Robinson
constraint qualification, there is a directional M-multiplier A such that

vixL(i" )‘) (u’ u) - &Té(g(:i);Vg(i)u) ()‘) > 0.

This function & is indeed an extension of the support function, as for any closed set
D, we have 6p < op, and the equality holds when D is closed and convex.

Now let us consider the second-order sufficient conditions. Let L*(z,\) := af (z)+
(A, g(x)). If, at a feasible point Z, for every critical direction w, the set C is outer
second-order reqular at g(Z) in direction Vg(Z)u and there are a« > 0 and A € R™ such
that aV f(Z)u=0, V,L*(Z,A) =0, and

2 Q=
VoL (@, M) (u,u) = 072 (g(2):v g (2)u) (A) > 0,

then the point T is a local minimizer fulfilling the so-called quadratic growth condition.
In a slightly different form, this result was first proved in [5, Theorem 3.86] for convex
sets C' and then extended in [19, Theorem 4] to the nonconvex case. These suffi-
cient conditions were essentially improved in the recent work by Mohammadi, Mor-
dukhovich, and Sarabi [29, Proposition 7.3], where the assumption of outer second-
order regularity is dropped and the sigma term —0T2 (g(2);Vg(2)u) (\) is replaced by the
second-order subderivative d*6¢(g(z); \)(Vg(Z)u) of the indicator function dc. One
of the main results of this paper is an improvement of [29, Proposition 7.3] in that the
set C' is assumed to be neither convex nor parabolically derivable. Moreover, we do
not need the existence of an S-multiplier, and we can choose different multipliers for
every critical direction in order to fulfill the second-order sufficient condition. Finally,
we not only prove the quadratic growth condition but also show that the point in
question is an essential local minimizer of second order.

Summing up these considerations, we see that, besides the imposed constraint
qualification, the second-order optimality conditions rely on the three second-order
objects 072 (zuw)(A): 072 (z:0)(A), and d%6c(z; \)(w), each of them describing in some
way the curvature of the set C' and linked together by the inequalities

d*dc (7 ) (w) < =072 (z2:0) (A) £ =072 (20) (N),

which are valid for any closed set C, every tangent w € T¢(Z), and every A with
(A, w) > 0; see Proposition 2.18 below.

When studying optimization problems via some elaborate machinery of varia-
tional analysis, interesting as it may be, the important question remains: Can the
employed tools be effectively computed or estimated and the obtained results suit-
ably applied?

While with convex C' we can formulate several standard programs as problem
(GP), such as nonlinear programs, second-order cone programs, etc., we are primarily
interested in programs modeled with nonconvex C'. Such programs are considered very
challenging but also increasingly important by the optimization community. Among
others, they include the bilevel programs (see, e.g., Dempe [9] and Ye and Zhu [45]),
programs with constraints governed by quasi-variational inequalities (see, e.g., Mor-
dukhovich and Outrata [32]), and the mathematical program with second-order cone
complementarity constraints (SOC-MPCC) (see, e.g., Outrata and Sun [34] and Ye
and Zhou [43]). All of these problem classes can be modeled as a special case of
problem (GP) with set C' possessing the following structure:

(1.3) C={(y,5(»)"n) | (a(y),n) €gphNp},
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where b and ¢ are sufficiently smooth mappings (b maps into the space of matrices of
an appropriate dimension, and in many cases, there holds that b= Vgq), P is a convex
polyhedral set, and Np is the associated normal cone mapping. By taking z:= (y,7),
B(21,29) := (21,b(21)T 22), G(z1,22) := (q(21), 22), and D := gph Np, the set C given
by (1.3) can be represented as

C=B(T'), where I'={z | G(») € D}.

Since P is assumed to be convex polyhedral, the set D is polyhedral; i.e., D is the
finite union of convex polyhedral sets.

In this paper, we will calculate 672z, (A), 072(zw)(A), and d?6r(z; \)(w) and
defer the calculation of these three quantities for I' replaced by the set C' defined
by (1.3) to a forthcoming paper by Benko et al. [4]. To accomplish this goal, in
the second part of the paper, we provide a comprehensive first- and second-order
variational analysis of the disjunctive system

I:=G 'D)={zeR" | G(z) € D},

where G : R™ — R? is twice continuously differentiable and D C R? is assumed to be
polyhedral. The obtained results are also of independent interest and may be useful
in other applications.

We organize our paper as follows. Section 2 contains the preliminaries and auxil-
iary results. In section 3, we derive the second-order sufficient optimality condition for
the general program (GP). Sections 4 and 5 are devoted to the first- and the second-
order variational analysis of the set G=1(D), respectively. Finally, in section 6, we
demonstrate how to recover the second-order necessary and sufficient conditions from
[12] for the disjunctive program by means of our results.

2. Preliminaries and auxiliary results. In this section, we recall some back-
ground material from variational analysis and provide some preliminary results. Let
us begin with the notation. The open unit ball is denoted by B, and the open ball
centered at z with radius ¢ is denoted by B(z,0). For a set S C R”, denote by span
S, cl S, and conv S its linear span, closure, and convex hull, respectively. We call
a subspace L C R™ the generalized lineality space of S and denote it by L£(S) pro-
vided that it is the largest subspace satisfying S + L C S. Since any linear subspace
includes 0, we actually have S+ £(S) =5, and if S is a closed convex cone, we get
L(S) = SN (—=S). The indicator function §g : R® — R := [—00,+0o0] of S is given
as 0g(z) =0 for z € S and d5(z) = +o0 if z ¢ S. Next, if S is closed, let S° and
og:R™ = R stand for the polar cone to S and the support function of S, respectively,
ie., S°:={z* € R | (z*,2) <0, Vz € S} and og(z*) := sup{(z*,2) | z € S} for
z* € R". For an extended function ¢ : R® — R, we define its effective domain by
domy := {z|¢(z) < +oo}. For w € R™, denote by {w}" the orthogonal complement
of the linear space generated by w. Let o: R, — R" stand for a mapping with the
property that o(t)/t — 0 when ¢ | 0. The symbol 2’ 5 2 indicates that 2/ € S and
2" — z. For a mapping ¥ : R* — R% and z € R", we denote by Vi(z) € R¥" its
Jacobian at z and by V2¢(2) its second derivative at z as defined by

t—0 t

Yw € R".

Hence,

V2(2)(w,w) := w V2(2)w = (wT V2 (2)w, ..., wT Va(2)w)?  Yw e R".
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2.1. Variational geometry. First we review the various classical concepts of
tangent and normal cones.

DEFINITION 2.1 (tangent and normal cones [41]). Given S C R", z € S, the
reqular/Clarke tangent cone and tangent/contingent cone to S at z are defined, re-
spectively, by

!

& z{weR"

~ —

Ts(z):= limsinf
ztI(;z

Ts(z):= {wER”|E 40, wy —w with 2z +tpwyg GS}.

Vitr 10, zkiz, Jwy, —w with 2z, + tpwy ES},

For w € Ts(z), the outer second-order tangent set to S at z in direction w is defined
by

1
Tg(z;w)::{seR" 10,8, — s with z+tkw+2t%sk65}.

The regular/Fréchet normal cone, the proximal normal cone, and the limit-
ing/Mordukhovich normal cone to S atl z are given, respectively, by

Ng(z):= {z* eR™|(z*,2' = 2) <o(||' — z||) V' €S},
ﬁg(z) ={2*€R"|Ty>0: ("2 —2) <] —2|* V' €S},
Ns(z) = {z eR"

35 z, 2, — 2* with 2] € Ns(zk)}

Recall that for any set S, one always has Ns (2) =Ts(z)°, and if S is closed, then
Ns(2)° =Ts(2); cf. Rockafellar and Wets [41, Theorem 6.28].

Recently, motivated by the formula Ts(z) = liminf , 5 Ts(z") (cf. [41, Theorem
6.26]), a directional variant of the regular tangent cone has been introduced.

DEFINITION 2.2 (directional regular tangent cone [19, Definition 2]). Given S C
R™, z € S, and w € R", the regular/Clarke tangent cone to S at z in direction w is
defined by

Ts(zw) = tliloni/lgt;u Ts(z + tw')
z+’tw’es

= {vER”‘Vtk 10, w, = w, z + tpwg € S, vy, — v with vy, ETS(z—i—tkwk)}.

It is easy to see that T(z;0) :Afg(z). Similar to the regular tangent cone,
the directional regular tangent cone Ts(z;w) is a closed and convex cone; see [19,
Proposition 3].

PROPOSITION 2.3 ([19, Proposition 1]). Given a closed set S C R™, for every
z€ S and every w € Ts(z), one has

TTs(z)(w) =+ fS('Z;w) = TTs(z)(w)a Tg(sz) +T\S(z;w) :Tg(z,w)

DEFINITION 2.4 (directional normal cones [11, 19, 20]). Given S CR"™, z€ S and
a direction w € R™, the limiting and the Clarke normal cone to S in direction w at z
are given, respectively, by

Ng(zw) = {z* eR"”

N§(z;w) :=clconv Ng(z;w).

It L0, wr — w,z;, — 2" with z; Gﬁs(z+tkwk)},
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By [12, Lemma 2.1], when S is the union of finitely many convex polyhedral sets,
we have that for any w € Tg(z),

Ns(z;w) C Ng(2) N {w}™.
Moreover, if S is a closed convex set and w € Ts(z),
(2.1) Ns(z;w) = Npg (o) (w) = Ng(2) N {w}*.

PROPOSITION 2.5 (directional tangent-normal polarity [19, Proposition 3]). For
a closed set SCR™, z€ S, and w € R™, one has

Ts(zw) = Ns(zw)° = N§(z;0)°,  Ts(zw)° = N§(z;w).
The definition of the lineality space £(S) readily yields
(2.2) Ts(z+1)=Ts(z), Ns(z+1)=Ng(z) VzeS, VieL(S).

By the previous proposition, we also get the following result.

PROPOSITION 2.6. Let S CR"™ be a closed set, z € S, and w € Ts(z). Then
(2.3) (span Ns(z;w))o = (span Ng(z;w))o =L(Ts(zw)) C L(Trgz)(w)).
Proof. Notice that

(span Ns(z;w))O = (span N§(z; w))o = (N§(z;w) — N§(2; w))o

= (N§(z; w))o N—(N§(z; w))o

= L(N5(z;w)°) = L(Ts(z;w)),
where the first equality holds obviously using the fact that the set N(z;w) is a closed
convex cone, the second equality follows from [38, Theorem 2.7], the third equality
follows from the calculus rule for polar cones in [38, Corollary 16.4.2], the fourth
equality hold by the fact that the set N&(z;w)° is a closed convex cone, and the fifth
equality holds by Proposition 2.5. R R

Proposition 2.3 yields Ty (.)(w) + Ts(z;w) = Trg(z)(w), and since Ts(z;w) is

a closed convex cone by [19, Proposition 3], we have L(Ts(z;w)) = Ts(z;w) N
(—=Ts(z;w)). Thus,

TTS(z) (w) + [’(f5<z7 w)) C TTS(Z) (’LU)

holds as well, and the inclusion in (2.3) follows by the definition of the lineality
space. 0

2.2. Directional proximal normal cone. It turns out that we also need a
directional version of the proximal normal cone; see Proposition 2.18. To this end, we
need the following definition.

DEFINITION 2.7 (directional neighborhood [11]). Let w € R™. For §,p >0,
Vs.p(w) = {w' € B || lw]|w’ — [|w'||w]| < pllw'[[[lw]| }

1s called a directional neighborhood of direction w.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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It is easy to see that Vj ,(w) C V5,,(0) = 0B. Hence, the directional neighborhood
is in general smaller than the classical neighborhood.

Recall that the proximal normal cone to a closed set S at a point z € S can be
equivalently given by

]Vg(z) ={z"€R" |3 5,7v>0: ("2 —2)<q||7/ —2||> V' €SNB(z)};

see, e.g., [8, Proposition 1.5]. By replacing the standard neighborhood by the di-
rectional one, we arrive at the following directional version of the proximal normal
cone.

DEFINITION 2.8 (directional proximal normal cone). Given a closed set S C R™,
a point z € S, and a direction w € Ts(z), we define the prozimal prenormal cone to S
in direction w at z as

NE(zw) = {z* €R™ | 38,p,7>0: (2*,2' —2) <]z’ — z||> V' €8N (2+ Vs, (w))}
and the prozimal normal cone to S at z in direction w as
]\Afg(z;w) = NE(z;w) N {w}t.

In the case when w &€ Ts(z), we set Ng(z,w) = Ng(z,w) =10.

From the definition, we can see that the proximal prenormal cone is in general
larger than the classical proximal normal cone, i.c., N5(z) C NE(z;w), for any w €
Ts(z). Moreover, from the definition, any vector z* satisfying (z*,w) < 0 is always
included in N%(z;w). In fact, we have

(2.4) {2*](z", w) <0} C NB(z;w) C {z*](z*,w) <0}.

Since the vectors z* satisfying (z*,w) < 0 do not provide much useful information,
it is natural to restrict the directional proximal prenormals by intersecting with the
orthogonal complement of w. This restriction yields the concept of directional prox-
imal normal cone and ensures that the directional proximal normal is contained in
the directional limiting normal cone; see Proposition 2.9. In particular, when S is a
closed convex set, combining (2.1) and (2.6) below, we get

(2.5) N%(zw) = Ns(z;w) = N (2) N {w}* = Ny 2 (w).

In the following proposition, we show convexity of the directional proximal normal
cone and compare it with other normal cones.

~ PROPOSITION 2.9. Let S CR" be closed, and let w € Ts(z) be given. Then both
NE(z;w) and NE(z;w) are convex cones and

(2.6)  NE(2)N{w}" C N§(z5w) € Niy(z) (w)C Nig (o) (w) € N (z3w).

Proof. By definition, it is easy to show that Ng(z,w) is a convex cone. Thus,
N £(z;w) is also a convex cone as the intersection of two convex cones.

The first inclusion in (2.6) follows immediately from Ng(z) C NE(z;w), the third
one is trivial, and the last one was proved in [19, Lemma 3]. Thus, it remains to show
the second inclusion.

Since

—~ ~ ~

N§(2;0) = NE(2) C Nis(2) = Ny ((0),

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.
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where the last equation follows from [18, equation (3)], the inclusion holds true for
w=0. Now let w# 0, and consider z* € N&(z;w). We wish to show that

(27) zF e (TTS(Z)(’LU))O = NTS(Z)(U/).
By definition, we can find some § > 0,7 > 0 such that
(2.8) (z%,2 —2) <]l — 2||> Vi €(z+ Vss(w))NS.

To show (2.7), we pick v € Tpy(.)(w) together with sequences t; | 0 and vy — v
satisfying w + tpv € TS( ). For every k, there exist sequences Tf J 0 and sf — 0 as
j— o0 satlsfymg z + 7; k(w + tyop, + 85 k) € SYj. For all k sufficiently large, we have

| Hziizzi\l Tt | <2, and we can find an index j(k) such that

w + tpvg + 5?(@ w + vk )
‘w+tkvk+5§(k)H lw+trve| || 2

1 1
Tj}?(k) < %tk, HS‘I;(k)H < Etk, ’

k k

It follows by Definition 2.7 that z + TJ’.“(k) (w+ tpor + 3?(1@)) € (z+ Vss(w))N S, and
together with (z*,w) =0, we obtain from (2.8) that

(e B2 e o ) -

2 2

Dividing this inequality by Tf( gtk we conclude that

sk Tk 2
(z",v) = lim <z*,vk+;() < lim y—=——= Titk) Hw+tkvk+5§(k)H =0.

k—o0 k k—o0 tr

Hence, (2.7) holds, and therefore the second inclusion in (2.6) follows. O

2.3. Polyhedral sets. Next, we provide formulas for tangents and normals to
polyhedral sets. A set D C R? is said to be convex polyhedral if it is the intersection of
finitely many half-spaces, whereas it is said to be polyhedral whenever it is the union
of finitely many convex polyhedral sets.

Polyhedral sets enjoy the following important property; see also [41, Exercise
6.47].

PROPOSITION 2.10 (exactness of tangential approximations [24, Proposition
8.24]). If D is polyhedral and z € D, then there is an open neighborhood W of 0
such that

(D—2)nW=Tp(z)NW,
or, equivalently,
(2.9) DN(z+W)=(2+Tp(2))N(z+W).

Equation (2.10) in the result below extends [41, Proposition 13.13] from convex
polyhedral sets to polyhedral sets.
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PROPOSITION 2.11. Let D be a polyhedral set, z€ D, and w € Tp(z). Then

(2.10) T3 (z;w) =Tr, () (w),
(2'11) NTD(Z)(w):NTg(Z;w)(O):(T%(Z;w))Ov
(212) ND(Z;w):NTD(Z)(w):NT%(z;w)(O)'

Proof. Let D := U;_; D;, where each D;(i = 1,...,s) is convex polyhedral and
z€ D. By (2.9), we get

(2.13) TD(Z/) = Tz+TD(z)(Z/) = TTD(Z) (Z/ — Z) VZ/ eDn (Z + W),

where W is an open neighborhood of 0. Consider a tangent direction w € Tp(z).
Then, by [41, Proposition 13.13], we have T,%i (z;w) = TTDi(Z)(w) whenever z € D;
and w € Tp, (). Since we have T3 (z;w) = Try, (z)(w) = 0 for the remaining i by
definition, we obtain (2.10) by

(2.14) Th(zw) = T3, (z:w) = | Try, () (w) = Ty (o) (),
i=1 i=1

where the first and third equations are due to [5, Proposition 3.37]. Polarization
of both sides yields (T3(z;w))° = (Tr,(2)(w))° = Nrpyoy(w). Since Th(zw) =
Trp (2 (w), we have

NT%(z;w)(O) = NTTD(Z)(w) (0) = NTD(z) (w),

where the last equality follows from the fact that Tp(z) is a closed cone; see, e.g., [18,
equation (3)]. Hence, (2.11) holds. It remains to show (2.12). For all 2’ sufficiently
close to z, we have Np(2') = Np,(z)(2' — 2) by virtue of (2.13). Hence, for every
w € Tp(z), we have

(2.15)
Np(zyw) ={z* | tp L 0,wp = w, 25 — 2* with 2} € Np(z + tywy) = ]VTD(Z) (wi)}
:NTD(Z)(w)

For w = 0, we particularly have Np(z) = Np,(.)(0). Since Tp(z) is also polyhe-
dral, the same formula applies, and taking into account (2.14), we get Ny, (.)(w) =
N1y oy @)(0) = Nr2(2:)(0).  Combining this equation with (2.15), we obtain
2.12). O

2.4. Variational geometry of constraint systems under metric subregu-
larity. Let us mention some basic facts about the tangents and the normals to a set S
described by constraints as S := ¢~ }(C) = {z € R" | g(z) € C}, where g: R" — R% and
C c R?. We will need to use the following concept of directional metric subregularity,
which we introduce only in the special case of constraint mappings.

DEFINITION 2.12 (directional metric subregularity [11, Definition 1]). Let g :
R* - R, C CRY and z € S := g '(C). We say that the set-valued constraint
mapping x = g(x) — C is metrically subregular at (z,0) in direction u € R™ or that
the metric subregularity constraint qualification (MSCQ) holds at T in direction u if
there exist k,9,p >0 such that

(2.16) dist(z,S) < kdist(g(z),C) VY ez + Vs ,(u).
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The infimum of all k for which there are §,p > 0 satisfying (2.16) is called the sub-
reqularity modulus. In the case uw =0, we simply say that the constraint mapping is
metrically subregular at (Z,0) or that MSCQ holds at T.

If g is continuously differentiable, then by [12, Theorem 2.6], a sufficient condition
for MSCQ at z in direction u is the condition

(2.17) V(@) Ty* =0, y* € Ne(9(z); Vg(z)u) = y* =0.

Asking (2.17) to be satisfied for all nonzero u € R™ corresponds to the so-called first-
order sufficient condition for metric subregularity (FOSCMS), which implies MSCQ
at Z. If in addition the graph of the constraint mapping is a closed cone, then the
metric subregularity holds locally if and only if it holds globally.

PROPOSITION 2.13 ([13, Lemma 3]). Let g:R" — R4, C C RY, and assume that
{(z,y) €ER" x R? | g(x) —y € C}, the graph of the constraint mapping x = g(x) — C,
is a closed cone. Then 0€ S, and if MSCQ holds at 0, then there is some k>0 such
that (2.16) holds for all x.

In the following proposition, we collect the basic results about tangents, normals,
and second-order tangents to set S.

PROPOSITION 2.14. Let g : R" — R? be continuously differentiable, let C C R?
be a closed set, and consider T € S := g~(C). Suppose that the constraint mapping
x = g(x) — C is metrically subregular at (Z,0) in direction 4 € R™. Then there is a
neighborhood U of 4 such that for every ue U, one has

(2.18a)
Ts(x)NU =Vg(z)" (Tc(9(2)) NU,  Trya)(w) = V(@) (Tro o)) (V9(T)u)),

(2.18b)
Ns(%;u) € Vg(z)" Ne(9(2); Vg(@)u),  Nrg(z)(w) € V9(Z)" Nrg(gz) (Vo(T)w).

Additionally, if g is twice continuously differentiable and u € Ts(Z) NU, one has
T3(z5u) = {p €R™ | Vg(z)p + V29()(u,u) € TE(9(2); Vg(2)u)}

and, denoting the subreqularity modulus by k,

dist(p, T2(z;u)) < kdist(Vg(Z)p + V2g(Z)(u,u), Té(9(Z); Vg(Z)u)) VpeR™
Moreover, if there exists a subspace L C R% such that
(2.19) Tre (9@ (V9(@)u) + L C Tro gy (V9(Z)u) and Vg(z)R™ + L=R%
then

Nrg(a) () = Vg(2)" Nty (927 (Vg (2)).

The subregularity assumption as well as the ezistence of the subspace L satisfying
(2.19) with w=1 are fulfilled particularly under the following directional nondegener-

acy condition:

(2.20) Vg(z)Ty* =0, y* €span Nc(g9(z); Vg(z)a) = y*=0.
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Proof. By Definition 2.12; there exists a neighborhood U of @ such that z =
g(z) — C' is metrically subregular at Z in every direction w € U with the same modulus.
Thus, the estimate for the directional limiting normal cone comes from [2, Theorem
3.1]. In [19, Proposition 5], one can find all the statements regarding the second-order
tangents as well as the first formula in (2.18a), which means that, locally around
any u € U, the set Ts(Z) has the same preimage structure as S. By [19, Lemma 1],
however, we infer that the corresponding constraint mapping v’ = Vg(Z)u' — T (9(Z))
is metrically subregular at (u,0), and so the remaining two estimates for T'ry (z)(u) and
N7y (z)(u) are results of the standard, nondirectional calculus. Moreover, the formula
for the regular normal cone is from [16, Theorem 4].

Note that the nondegeneracy condition (2.20) is clearly stronger than FOSCMS,
so it obviously implies MSCQ at T in direction 4.

Let us now show that the subspace L(T¢(g(Z);Vg(Z)u)) satisfies (2.19) with
u = u. The first property follows immediately from Proposition 2.6. By the nonde-
generacy, we get

R = (ker Vg(z)” Nspan Ne(9(z); Vg(2)a)) = Vg(@)R" + L(Tc(g(x); Vg(2)a),

and (2.19) follows. |

For more information about the directional nondegeneracy (2.20), we the reader
refer to [3, section 2.4], where this condition was first introduced for convex polyhedral
set C. Particularly, [3, Example 2.15] clarifies that for a nonzero direction, it is a
strictly milder assumption than the standard nondegeneracy [5, Formula 4.172], which
corresponds to the case © = 0. We will further utilize directional nondegeneracy in
sections 4 and 5 in the case of polyhedral set C, showing that under (2.20), all the four
sets in (2.18b) actually coincide (see Theorem 4.1) and certain directional multipliers
are unique (see Corollary 5.8).

2.5. Generalized support function and second subderivative. In this final
preliminary part, we recall the definitions of the lower generalized support function
and state some basic properties.

DEFINITION 2.15 (lower generalized support function [19]). Given a nonempty
closed set S CR™, we define the lower generalized support function to S as the mapping
0s:R" =R by

65(z") :=liminfinf{(2*,2) | £* € Ns(2)} = liminf inf{(2*, 2) | £ € Ns(2)} Vz* eR™

Zr—z* oz Z*—z*

If S=10, then we define 65(z*) :=—o0 for all z*.

It was shown in [19] that, in general, 55(z*) < og(z*) for all z*, and the equality
holds when S is convex. If S =2+ K is a translation of a cone K, we get the following
formula, which will come in handy in section 5.

PROPOSITION 2.16. For every nonempty closed cone K C R™ (not necessarily
convez) and every z € R"™, we have

(z*,z) if 2* € Nk(0),
00 otherwise.

6otk (27) = {

Particularly, dom &4 x = Nk (0).
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Proof. First, note that since K is assumed to be a cone, for all ¢ € K, we have

-~ ~ ~ ~

(2.21a) N.ik(z+¢)=Ngk(q) = Ng(aq) = N1 k(2 +aq) Ya>0,

(2.21b) (z*,q) =0 Vz* € Nk(q).

We shall show that 6,1k (2*) < oo if and only if 2* € Nk (0), and in this case, we
have 6,k (2*) = (2*,2). If 6.4 Kk(2*) < oo, then there exist sequences z; — z* and
qr € K with 2} € Nz+K(z+qk) for all k such that 6,4k (2*) =limg_00 (25,2 + qr). By
(2.21a), we have zf € N.ix(z+qr) = Nk(gr) and hence (zf,qx) = 0 by (2.21b). It
follows that

lim (2}, 2) = (2", 2).

&ZJFK(Z*) - k—oo

Moreover, by (2.21a), we have z; € Ng(arqr) for ap = 1/(k(|lqx]| + 1)). Taking
the limit as k goes to oo, we obtain z* € Nk (0). Conversely, let 2* € Nk(0), and
consider sequences ¢ € K and z; € Ni(qi) such that g, — 0 and z;; — z*. Then
z} € Ni(gr) = Noyx(z + qi) by (2.21a) and (z5,qx) = 0 by (2.21b). Hence, by
Definition 2.15, we obtain that

Gtk (2%) <lminf(z;, z 4+ q) = (2", 2) < 00. O
k—o0

DEFINITION 2.17 (second subderivative [41, Definition 13.3]). Let ¢ : R® — R,
p(2) be finite and z* € R™. The second subderivative of ¢ at z for z* is a function
defined by

2+ tu) — p(z) — t(z",w)
i

d*p(z;2*)(w) == lir{lui)nf #l Yw e R".

w/ —w

According to [41, Example 13.8], if ¢ is twice differentiable at z and z* = Vp(z),
one has

d*p(z;2*) (w) = wT V2 (2)w.

By definition, the second subderivative of the indicator function dg of a set S at z € S
for z* is

ds(z +tw') — d5(z) — t(z*,w’)

72 * !
(2.22) d265(z; 2*)(w) = liminf : ~ fiminf 2200
10 ~¢2 10,0’ —w
w! —w 2 ztw' €S

The second subderivative of the indicator function is extended-real-valued and, by
definition, a function of the direction w. However, when dealing with second-order
optimality conditions, it also makes sense to consider its dependence on z*. In the
following proposition, we will investigate the set of all (z*,w) such that d2dg(z; 2*)(w)
is finite and the relationship between d®§g(z; 2*)(w) and the support function of the
second-order tangent set aTg(Z;w)(z*) as well as with the lower generalized support
function &Tg(z;w)(z*). It turns out that the directional proximal normal cones are

useful in characterizing the points where d%dg(z; 2*)(w) is finite.
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PROPOSITION 2.18. Consider a closed set S C R™, z € S and a pair (w,z*) €
R™ x R™. The following statements hold:
() If w g Ts(2) or (z*,w) <0, then d*55(z; 2*)(w) = oo.
(ii) For w € Ts(z), we have d*55(z; 2*)(w) > —oo if and only if 2* GNP(Z w).
(iii) If d%6g(z;2")(w) is finite, then z* € N (zw)
(iv) We have

d265(z;2*)(w) < _O'Tg(z;w)(Z*) < _&Tg(z;w)(Z*)

if and only if w € Ts(z) and (z*,w) >0 or TZ(z;w) = 0.

Proof. (i) The statement follows from the definition of tangent cone and (2.22).
(ii) In order to show the if-part of the statement, let w € Ts(z), and consider
z* € NE(z;w). Then we can find some 6 > 0,7 > 0 such that

(2.23) (25,2 = 2)<q||2' — 2| V2 €(z+Vss(w)NS.

On the other hand, by (2.22), we can also find sequences tj | 0, wy, — w such that z +
trwg € S and d?0g5(z; 2*) (w) = limy_ o 72%7]‘“”“ Since wy — w, for all k sufficiently
large, we have tpwy € Vs s(w). By (2.23), we have (2%, tpwy)<vt2||wy|?, from which

we obtain the desired inequality

dQSS(z;z*)(w): lim 7_2@ W)

> lim 72’y||wk||2 = 727|\w||2 > —00.
k—o0 tr k—o00

In order to show the only if-part, assume on the contrary that w € Tg(z) and z* ¢
Ng(z;w). Then there are sequences t; | 0 and wy — w such that zx := 2z + tpwr € S
and

. (#5 2k —2) .. (z", wg)
limsup ~-————== =limsup -———= =
k—oo 2K — 2|l k—oo  thllwll

If w # 0, then the contradiction

2 *’ ) *’ /
00 = limsup<27w]€> < limsup At wl) = —d%g(z;2%)(w)
k—o00 tk t10,w/ —w t
z+tw’ €S

follows. In the case When w = 0, after possibly passing to a subsequence, we can
assume that |lwy| < + and (z*,wy)/(ty|lwk|[*) > k% holds for all k. Defining %), :=
trllwgllk, Wy = wk/(kHwkH), we have zp = 2+t € S, tx 4 0, and Wy — 0, and
therefore we obtain once more the contradiction

—92 * / ) * ™ 2 *
d?65(z;2*)(0) = liminf 7<Z W) < liminf 7<Z~ » k) =liminf 7<Z W)
£10,w" =0 k—o0 tr k—o0 k‘thHwkH2
z+tw’ €S
<liminf —k = —o00
k—o0

The above arguments show that 2* € N2 (2;w).

(i) If d®6g(z;2*)(w) is finite, then by statement (i), we must have w € Ts(z)
and (z*,w) > 0. Tt then follows by statement (i) that z* € N%(z;w). Since
d255(3;z*) w) = —oo as {z*,w) > 0, by definition, we obtain (z*,w) = 0. Thus,
z* € NE(z;w), and the third assertion is shown.
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(iv) According to [19, Proposition 6], we know —opz2(..,,)(2*) < =672z (27) for
all z*. Hence, it remains to show

(2.24) d®6s5(232%) (W) < =072 (2 (27)

if and only if w € Ts(z) and (2*,w) >0 or T2(z;w) = (). For necessity, if T2(z;w) =0,
then —o72(..,)(2") = 00, and hence (2.24) holds. Let w € Ts(2). If (2*,w) > 0,
then (2.24) follows from d*ds(z;2*)(w) = —oo, while if (z*,w) = 0, then it holds by
[29, Proposition 3.2]. We prove the sufficiency by contradiction. Suppose that (2.24)
holds but T2(z;w) # 0 and either w ¢ Ts(z) or (z*,w) < 0. In this case, we must
have d*§g(z;2*)(w) = oo by statement (i). On the other hand, since T2(z;w) # 0,
—072(20) (27) < 400. Hence, d?6g(2; 2*) (w) > —072(20)(27), contradicting (2.24). O

3. Second-order optimality conditions for (GP). Recall the general prob-
lem

(GP) min f(z) st gx)eC

from the introduction. At a feasible point Z of (GP), the critical cone is defined as
C(7) = {ueR" | Vg(@)u € To(g(@)), Vf(2)u < 0},

and the generalized Lagrangian L :R"™ x R™ — R with o > 0 is given as

Lz, \) = af(z) +g(z)"A,

where for a@ = 1, we get the standard Lagrangian L := L'. To study optimality
conditions for (GP), we define various multiplier sets as follows, where u € C(Z)
denotes a critical direction:

A(Z;u) :=={A € Ne(9(%); Vg(T)u) | Vi L(Z,\) =0} (directional M-multipliers),

Ju
A (Z;u) = {)\ENTC @) (Vg(Z)u) | Vo L(Z,\) =0} (directional S-multipliers),
AP (&;u) = {\ € N§(9(2); Vg(@)u

ksl

8

) | VuL(Z,A) =0} (directional proximal multipliers).
For u = 0, we speak of just M-, S-, and proximal multipliers, which we denote by
A(z) == A(Z;0), A*(Z) := A°(%;0), and AP(Z) := A°(Z;0), respectively. For every
u e C(z) and every A € AP(z) C NE(g(z)) € Ne(9(z)) = (To(g(x)))°, we have
0< ~Vf(@)u=NVg(@)u<0
implying that ATVg(Z)u = 0. Hence, by virtue of Proposition 2.9, the relations
AP(Z) C AP (Z;u) C A (T;u) CA(T;w)

hold, and the inclusions become equalities provided that C' is convex by (2.5). In
general, we only have the inclusion AP(Z) C A®*(Z), but they are equal for many
nonconvex and nonpolyhedral sets important in applications, e.g., the second-order

cone complementarity set [44] and the semidefinite complementarity cone [10].
Recall first the following second-order necessary optimality condition for (GP).
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THEOREM 3.1 ([19, Theorem 2 and Corollary 5]). Let T be a local optimal solution
for problem (GP). Then for every critical direction u € C(ZT), the following necessary
optimality conditions hold:

(i) Suppose the constraint mapping x = g(x) —C' is metrically subregular at (Z,0)
in direction u. Then there exists a directional M-multiplier A € A(Z;u) such
that

(ii) Suppose that the directional nondegeneracy condition
Vg(#)"y* =0, y* €span Ne(g(2); Vg(2)u) = y* =0
holds. Then A*(Z;u) = A(T;u) = {No} is a singleton, and the second-order
condition
V2o L(#,M0) (u, 1) = 072 (4():vg(z)u) (A0) = 0
holds.

We now derive second-order sufficient optimality conditions for (GP). We state
our result in terms of the following notion introduced by Penot [35].

DEFINITION 3.2 (essential local minimizer of second order). A point T is said to
be an essential local minimizer of second order for problem (GP) if T is feasible and
there exist € >0 and § >0 such that

max{f(z) — f(7),dist(g(z),0)} > e||lz — z||* Vx €B(z,9).

THEOREM 3.3. Let T be a feasible point of problem (GP). Suppose that for every
u € C(Z)\{0}, there is « >0 and A € R™ such that

(3.2a) V. Lo(Z,)\) =0,

(3.2b) Vi L (2, 0) (u, w) + d*60(9(2); ) (Vg (@)u) > 0.
Then T is an essential local minimizer of second order.

Proof. By contradiction, if Z is not an essential local minimizer of second order,
then there exists a sequence xj converging to z such that

(3.3a) flar) = £(@) < o[l — 7I),
(3.3b) dist(g(x1),C) < o||lzr — ).
Let t := ||zx — Z|| and ug, := (z — Z)/tr,. We assume without loss of generality that

uy, is converging to u. From (3.3a), it readily follows that V f(Z)u <0 and

(3.4) lim inf —M > 0.
b 2tk
By (3.3b), there exists rj, € R? such that ||r| — 0 and g(zx) + t2r, € C. By Taylor’s
expansion, since xy = T + txuy, we have
_ glae) +tire —9(2) _ Vg(@)teuk + olte) + i
tr ty

)

t
=Vg(Z)uy + Oiik—&-tkrk — Vg(Z)u.
k
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Moreover, g(Z) + txvr = g(zx) + tar, € C, and so Vg(Z)u € Te(g(z)) follows. Thus,
u € C(z) \ {0}, and the assumption of the theorem yields the existence of a > 0
and A € R™ satisfying (3.2a) and (3.2b). Using (2.22), (3.4), ||rk]| — 0, and (3.2a),
however, we obtain

—(\ —ti (A
Coc(g(@) ) (Vo@u) =  liminf  —%) < i 2R VR
£00,0! 5V g(z)u 1y Ly2
g(z)+tv' €C 2 2%k
_ 2 — a7
g 88) + e —0(2)
k 142
2l
lmint oI e Dugle) — (@)
k =t k =t
2l 2l
§liminffL (Ik’/\)liL (7, 4)
k 12
2k
o VL (@A) (tug) + V2 LT, ) (tug, tur) +o(t7)
:hmklnf 5
2%

= limkinf —V2 L% (&, \) (ug, ug) = —V2, Lz, \) (u, u),

which contradicts (3.2b). This completes the proof. d
Additional requirements on A are hidden in conditions (3.2a) and (3.2b).

PROPOSITION 3.4. Let T be a feasible point of problem (GP), let uw € C(Z) be a
critical direction, and let o > 0, A € R™ satisfy conditions (3.2a) and (3.2b). Then
a and A are not both zero, and \ € ﬁg(g(f);Vg(:f)u), Particularly, if o # 0, then
A=A a € AP(T;u), and conditions (3.2a) and (3.2b) hold with & :=1 and A.

Proof. Note that o and A cannot be simultaneously zero because otherwise
V3L (@) (u,u) = d*3c (g(7); ) (Vg()u) = 0,

contradicting (3.2b). Since d?d¢(g(Z);A\)(Vg(Z)u) > —oo, we conclude that \ €
NZ(g(Z); Vg(Z)u) by Proposition 2.18(ii) and (\,Vg(Z)u) < 0 by (2.4). Mean-
while, )\ satisfies V,L%(Z,\) = 0, i.e., aVf(z) + Vg(z)TA = 0, implying that
(A, Vg(@)u) = —aVf(Z)u > 0 due to u € C(Z). Thus, (A, Vg(Z)u) = 0, and we
get

X e NE(g(z); Vg(@)u) N {Vg(z)u} = NE(g(z); Vg(z)u).

Since ]vg(g(a_:);Vg(i)u) is a cone, it also contains A/« if @ # 0. Thus, dividing
(3.2a)—(3.2b) by « yields the last claim, taking into account (2.22). d

Let us now compare the concept of essential local minimizers with the more
common notion that the quadratic growth condition for (GP) holds at Z; i.e., there
exist € >0 and ¢ > 0 such that

(3.5) f(x)> f(z) +ellz—z|? Vo eB(Z,0) st. g(z)eC.

LEMMA 3.5. Consider the following statements:

(i) T is an essential local minimizer of second order.

(ii) The quadratic growth condition holds at .

Then the implication (i) = (ii) always holds. Conversely, if the constraint
mapping © = g(x) — C is metrically subregular at (Z,0) in every critical direction
u€C(z)\ {0}, then the reverse implication (ii) = (i) is also valid.
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Proof. The validity of the implication (i) = (ii) follows immediately from the def-
initions. We show the second assertion by contraposition. Assume that the quadratic
growth condition and the stated constraint qualification hold, and assume on the con-
trary that there is a sequence z — & with max{f(zx) — f(Z),dist(g(zx),C)}/||xr —
z||*> — 0. By passing to a subsequence, we may assume that (z, — Z)/||zx — Z|| con-
verges to some u, and the arguments already employed in the proof of Theorem 3.3
show that u € C(Z) \ {0}. By the assumed directional metric subregularity, there is
some k > 0 such that for all k sufficiently large, we can find some &, with g(Z) € C
and ||Zx — x| < kdist(g(zx),C) = o(||zx — Z||?). Since f is Lipschitz continuous in a
neighborhood of z with some constant [, we obtain from (3.5) the contradiction

0< e < liminf f(l:k) —f(f) < liminf f(l‘k)—f(f) +~l||$k' —@;H
k—oo T — 7| koo (|lzg — Z[| — | — 2k ||)
. 22 gy
— timing LD @t ol =7 _ e Fln) 1@ 0
koo ||z —Z||2 = of[|zx — Z[|?) koo |lzg — 7|

Note that Theorem 3.3 improves Mohammadi, Mordukhovich, and Sarabi [29,
Proposition 7.3] in that the set C' is not required to be convex and parabolically
derivable, a can be zero, we can choose different multipliers for different critical di-
rections, and the concept of local minimizer is stronger. For the sake of completeness,
we also state the following corollary.

COROLLARY 3.6. Let T be a feasible point of problem (GP). Suppose that for every
u € C(z)\{0}, there is a directional proximal multiplier \ € AP(Z;u) such that

V3oL, 2) (u,0) + d*00(9(2); A) (Vg(@)u) > 0.
Then the quadratic growth condition (3.5) holds for problem (GP).

4. First-order variational analysis of disjunctive systems. In this section,
we begin with first-order variational analysis of the disjunctive system I' := {x €
R™ | G(z) € D}, where G : R® — R? is continuously differentiable and D C R? is
polyhedral. Note that many first-order results are valid for any closed set D and were
already stated in Proposition 2.14. In the following theorem, we show that since D is
polyhedral, some results from Proposition 2.14 can be improved. Namely, under the
directional nondegeneracy (2.20), the inclusions in (2.18b) become equalities, making
all four sets equal. Note also that [41, Theorem 6.14] cannot be applied directly since
D is not regular in the sense of Clarke (cf. [41, Definition 6.4]).

THEOREM 4.1. Consider a feasible point T € I' and a direction u € R™ and assume
that the directional nondegeneracy condition

(4.1) VG(Z)'y* =0, y* €span Np(G(z); VG(Z)u) = y* =0
1s fulfilled. Then

(4.2)
Ne(@:u) = VG(@) T Np(G(@); VE(@)u) = VO(@)T Nry 60y (VE()) = Ny (1),

Proof. First note that condition (4.1) implies FOSCMS (2.17), and hence z =
G(z) — D is metrically subregular at (Z,0) in direction w. From [19, Lemma 3],
Proposition 2.14, and Proposition 2.11, respectively, we know that

Nri(z)(w) € Nr(z3u) € VG(2) T Np(G(2); VG(2)u) = VG(2) " Nrp 62y (VE (2)).
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Thus, it remains to show VG(Z)" N1, (G(z))(VG(Z)u) C Np.(z)(u). Consider y* €
N7y c)) (VG (T)u) together with sequences vy € Tp(G(Z)) and y;; € Ny, (a(z)) (V)
with vy, — VG(Z)u and y; — y*. The nondegeneracy condition and Proposition 2.6
yield

R* = (ker VG(2)" Nspan Np(G(2); VG(Z)u)) " = VG(@)R™ + L(Tr, () (VG (T)u)).
Consider the d x (n 4 d) matrix
A:=[VG(z) P],

where P is the symmetric d X d matrix representing the orthogonal projection onto
L(Tr, (cz))(VG(T)u)). By the equation above, A has full row rank d, and therefore
the solution set S of the linear equation A(%) = v, — VG(Z)u is an n-dimensional
affine subspace. Denoting by A the pseudoinverse (also known as Moore-Penrose
inverse) of A,

( i ) — Al (v — VG(2)0)
Tk

selects from S the solution with minimal Euclidean norm; cf. [36]. Since P?2 = P, the
vector ( Iffk) is another solution, and due to the minimal norm property of (ﬁ’; ), we
obtain

1Pril® > (Il = [1Pri||® + (1 = Pyl

which is only possible if (I — P)ry, = 0. Thus, we conclude that r, = Pry €

L(Tr,(cz))(VG(z)u)). Further, since vy — VG(Z)u — 0, we also have d — 0 and

rp — 0 as k — oco. Hence, ug :=u+d; — v and VG(Z)ug = vy, — 1y — VG(ZT)u follows.
We obtain

Ui € N1y, (62 (0) = Ny 00y (VG0 (01 = VG (Z)u)
=NTr_ (600 (VG (@) (U — VG(Z)u—rk) = N1py (6(2)) (V6 —Tk)
(4.3) = N1y (6(2) (VG (T)us),

where the first and the third equalities follow from (2.12) and the second equality
comes from (2.2). Moreover, since Ny, ((z)) (VG (Z)ux) # 0, we must have VG(Z)uy, €
Tp(G(z)). Thus, taking into account uj — u, from (2.18a), we get uy, € Tr(z) for
sufficiently large k, and VG(2)Ty}: € Nrp.(z)(ug) follows by (4.3) and [41, Theorem
6.14]. Taking limits as k — oo, we conclude that VG(Z)"y* € Nr.(z)(u), proving

_ _ 0
VG(%‘)TNTD(G(E)) (VG(.’L‘)U) C NTF(J—C) (u)

5. Second-order variational analysis of disjunctive systems. In this sec-
tion, we continue with second-order variational analysis of the disjunctive system
I' .= {z € R" | G(x) € D}, where G is now twice continuously differentiable and D
is polyhedral. We will study the domain of the support functions and the connection
between the second-order objects d*dp(z; (W), 0722y (), 072(z5u) (1) and the second
derivative V2G(Z)(u,u). In the first part, we provide very general results, assuming
only that the constraint mapping x = G(x) — D is metrically subregular at (z,0)
in direction v (MSCQ holds at Z in direction u), and in the second part, we show

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/25/23 to 108.180.87.57 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SECOND-ORDER VARIATIONAL ANALYSIS 2643

how everything gets simpler under the directional nondegeneracy (2.20) or a relaxed
version of this property.

Given a feasible point Z € I and a pair (u,z*) € R™ x R™, we denote the set of S-
and M-multipliers associated with (Z,z*) in direction u, respectively, by

AS () == {y* € Npp(a@) (VG (@) | o* = VG (@) Ty},
Ape (Tyu) :={y* € NTD(G(E))(VG(CZ')U) | 2" = VG(fc)Ty*}.

Consider a direction u belonging to the linearization cone L1 (Z) defined by
Lr(z):={ueR" | VG(Z)u e Tp(G(Z))}.

If MSCQ holds at Z in direction u, then u € Tr(Z) by Proposition 2.14, and we also
get

(5.1) T{(z5u) = {p €R™ | VG(Z)p + V2G(2)(u,u) € Trp 62y (VG (2)u) }

from Propositions 2.11 and 2.14 (see also [28, 29]).
5.1. Subregular systems. We begin with the main result of this section.

THEOREM 5.1. Let € I" and u € Lp(Z), and suppose that MSCQ holds at T in
direction u with the subregularity modulus k. Then the following statements hold:
(i) For every x* € {u}*, we have

(5.2) Q261 (732 () = 02 00 (27):

(i) We have domorpz (z,.) = ]\AfIE(f,u) = ]VTF(E) (u). For every x* € domora (z.u),
we have x* € {u}*, the equality (5.2) holds, and
(5.3a) inf (y* , V2G(Z) (u,u)) < d*op(Z;27) (u)
y* €N (Zu)Nkl|z* || clB
< sup (y*, V2G(z)(u,u)),
y* EAx (T;u) Nkl ]| clB
(5.3b) FPor(z;x*)(u) > sup  (y*, V2G(Z)(u,u)),
y*EAS . (T5u)
and, moreover, there exists y* € Ay (T;u) such that d*6p(z;2*)(u) =
(¥, V2G(2)(u, u)).
(iii) We have dom G2z C {2 [ Mg+ (Z3u) # 0}, and for every z* € dom 672 (7,4
it holds that
5.4 inf * V2G(Z) (U, 1)) < =672z (T
GA G ) < ()
< sup (y*, V2G(@)(u,u)),
y*EAx (T;u) Nkl ]| cl B
and there exists y* € Ay (T;u) such that —Gpz(z.,) (2*) = (y*, V2G(Z)(u,u)).
Moreover, the upper bound in (5.4) is valid for all x* € R™.

Proof. (i) Consider z* € {u}*. Taking into account (2.22), consider sequences
tr 4 0 and up — u such that z + tpur € I' and

(5.5) 20 (7 ) () = lim — 22 k)

k—o0 tr k—o0 tr
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Since G(Z + tpur) = G(T) + e VG(T)uy, + 53 (V2G(Z) (u,u) +15) € D with rj, — 0, we
obtain

VG(Z)uy + %tk(sz(f)(u,u) + i) € Tp(G(T)).

Consequently, Proposition 2.10 yields

2(ug —u)

(5.6) VG =

+ VQG(JE) (u, u) +ry €Tr, (G()) (VG(@)U)

From Proposition 2.14 and (5.1), we get that the mapping

(5.7) ®(p) := VG(2)p + V?G(7)(u,u) — Ty (c(a)) (VG (T)u)
satisfies
(5.8) dist(p, ®~1(0)) < wdist(0, ®(p)) VpeR™.

By (5.6), we have —ry € ®(2(ur — u)/tr). Hence, for every k, we can find some
pr € D71(0) satisfying || (uk W — el < k||| and

VG(Z)pr + V2G(Z)(u,u) € Try oy (VG (Z)u),

and py, € T?(z;u) follows from (5.1). Thus, by definition of the support function, we
have (2%, p) < 072 () (2*). Moreover, by (5.5), we have

4?6 (2;2%) (u) = Jim _%:u} = m —(2%, pr) 2 —0rp (z) (27).

Since the opposite inequality holds by Proposition 2.18(iv), (5.2) is established.

(ii) We have already shown in Proposition 2.9 the inclusion IE(I u) C Ny (z)(u).
Further, since w € Tr(Z), by Proposition 2.14, we get VG(z)u € Tp(G(Z)), and
Trp () (VG(Z)u) # 0 follows. This, however, ensures that T3 (Z;u) # () due to (5.8)
and ®~1(0) = T3(z;u) by (5.1). Hence, 072 (z5u) () > —00 holds for all z* € R". Now
let * € J/\\TTF(E)( ), and we first show that z* € dom OT2(zu)- Assume on the contrary
that 072z, (2") = 00, and consider a sequence py, € Tlg( ;u) with (x*,pr) — 0o as
k — oco. By (5.1), we get

(5.9) VG(@)pr + V2G(@)(u, 1) € Try ) (VG(Z)u).
The mapping
p=VG(@)p — Trpc)(VG(T)u)

is polyhedral; i.e., its graph is a polyhedral set and is therefore metrically subregular
at (0,0) by Robinson’s result [37]. Since its graph is also a closed cone, Proposition
2.13 yields the existence of k' > 0 such that for every k, we can find some p; with
VG(Z)py € TTD (@)(VG(@)U) and

151 — prll < &' dist(VG(Z)pr, Trp (c(z)) (VG(@)0)) < K| V2G(Z) (u, v,

where the second inequality follows from (5.9). Since VG(Z)pr € Ty, (G(2)) (VG (Z)u),
by Proposition 2.14, we obtain py € Ty, (z)(u), implying that (z*,py) < O due to z* €
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NTF(E) (u) = (Try.(z)(w))°. This, however, contradicts the assumption that (z*, px) —
0o as k — oo since the sequence {py — px} is bounded, showing z* € dom o2 (z,0)-

Consider now z* € dom 072 (z,,,). Note that in order to show that z* € ﬁg(a’s; w), it
suffices to prove that z* € {u}~ since then we get (5.2) and Proposition 2.18(iii) gives
the claim. As we will see, however, z* € {u}L comes as a by-product of the following
arguments.

Since T, (q(z)) (VG (Z)u) is a polyhedral cone, it can be written as the union of
finitely many convex polyhedral cones, say, K;, i=1,...,s, and therefore

Ora(a (@) = max sup{(az*,p) | VG(Z)p+ V?G(Z)(u,u) € K;}.
i=1,...,s p

Taking into account that O'Tlg(i;u)(x*) is finite, every linear program sup,{(z*,p) |
VG (z)p+ V2G(%)(u,u) € K;} either is infeasible, resulting in the optimal value —oo,
or has a finite optimal value, and this optimal value is attained; see, e.g., [5, Theorem
2.198]. Hence, the program

(5.10) max(z*,p) subject to VG(Z)p + V>G(Z)(u, u) € Try ) (VG(Z)u)

has an optimal solution p, and aTlg(f;u)(:c*) = (x*,p) follows. The corresponding
constraint mapping is precisely ® from (5.7), and it is metrically subregular at (p,0)
by (5.8). Thus, by [17, Theorem 3], there exists a multiplier y* fulfilling the first-order
optimality conditions

(5.11a) —2* +VG(@) Ty =0, |y < s,
(5.11b)  y* € N1y oy (vG(@yw) (VG(2)P + V2G(2) (u, 1)) C N1y a2y (VG (7)),
where in (5.11b) we used [41, Proposition 6.27(a)]. Particularly, since Tp(G(Z)) and
Trp (=) (VG(T)u) are cones, we conclude that

(y*,VG(Z)u) =0 and (y*,VG(Z)p+ V2 G(Z)(u,u))=0.
This means, however, that (z*,u) = (VG(Z)Ty*,u) = (y*, VG(Z)u) = 0 and
(5.12) 1oy () = (&) = — (4", V2G(@) (w, ),

and we indeed get (5.2) as claimed. Moreover, conditions (5.11a) and (5.11b) ensure
that y* € Ay« (Z;u), and so (5.3a) follows from (5.2).
In order to show (5.3b), consider y* € AS.(Z;u), i.e.,

y* € Npp (@) (VG(@)) = [Trp @) (VG(@)u)]°,  z*=VGa(@)Ty*.
Since P is an optimal solution of program (5.10), it is feasible, i.e.,
VG(2)p+ V2G(Z)(u,u) € Tty (G (VG (T)u).

It follows that (y*,VG(Z)p + V2G(Z)(u,u)) < 0, showing or2(zu) () = (7,p) <
—(y*, V3G (Z)(u,u)). Again, (5.3b) follows from (5.2). Finally, by (5.2) and (5.12),
we obtain the last conclusion of (ii).

(iii) Let z* satisfy

é—Tlg(:i;u) ((E*) = l;mlnfllr}/f{@*,p'ﬂi* € NTE(:}Z’,u) (p/)} < o0.

T*—x*
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Consider the sequences z; — x* and pj, such that x} € ]/\\ng(i;u)(pk) and 6T§(i;u)(x*) =
limy oo (zf, k). By (5.1), we have T?(z;u) = ®71(0), where the mapping & is
given by (5.7). Since @ is metrically subregular with modulus & at (px,0) and
}, € Np2(z) (Pk) C N1z (zw) (Pk) = Na-1(0)(Pk), [15, Proposition 4.1] yields the exis-
tence of some y; satisfying ||y || < k||| and (2}, —vyi) € Ngpha (Px,0). Applying the
change of coordinates formula (see, e.g., [41, Exercise 6.7]) to Ngpn o (pk,0), we obtain

(5.13a) r =VG (@ Ty;,
(5:13b) Y5 € N1y oy (vG(@)w) (VG(@)pr + V2 G(T) (u, 1)) C Ny (a(2)) (VG (Z)w),

taking into account [41, Proposition 6.27(a)] as before. Since Tr, (g (z))(VG(Z)u) is
a cone, by (5.13b), we have (y;, VG(Z)py + V2G(Z)(u,u)) = 0, which together with
(5.13a) implies that

(514) <x2apk> :—<y}:,V2G(i)(u,u)>

Since the sequence y; is bounded due to ||y} || < &||z; ||, we can assume that it converges
to some y* with ||y*|| < k||z*||. Taking limits in (5.14), (5.13a), and (5.13b), we
obtain y* € Ag-(Z;u) and Grz(z. (2*) = —(y*,V2G(z)(u,u)), proving (5.4). The
upper bound in (5.4) is obviously valid if G2z, (2*) = . O

Remark 5.2. Recall that by Proposition 2.11, we have
Nr,zy(w) = Np(z;w), Vz€ D, weTp(z).

Applying Theorem 5.1(ii) with G being the identity mapping and I = D yields the
counterpart

NTD(Z)(“J) :Ng(ZMU) Vze D, weTp(z).

Note that the bounds for the second subderivative and the lower generalized
support function have the same structure, the only difference being the range of
validity. Further note that although the inclusion dom 62 (z,,) C {2* | As- (Z;u) # 0}
holds, it might be strict in general. However, the equality can be obtained under the
directional nondegeneracy condition, as shown in Corollary 5.8(i) below.

Remark 5.3. Inspired by [29, Proposition 5.4], we further show that in (5.3b),
the supremum over A. (Z;u) provides a tight lower bound for d*6p(#;2*)(u) from the
point of view of weak duality.

In fact,

d?0r (25 2%) (u) = =072 (g3 (%)
= mgn{<p7 —2")|VG(Z)p+ V>G(T)(u,u) € TH(G(Z); VG(ZT)u)}

= mgn<p, —.T*> + (STE) (G(i);VG(i’)u) (VG(@')]) —|— VQG(.T?) (u, u)) .

The conjugate dual problem of the above minimization problem takes the form

max {mpin@, —z*) + (y*, VG(@)p + VG (Z) (u,v)) — 012 (G():ve(ayw) (y*)} ;
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see, e.g., [5, equation (2.298)]. Note that by Proposition 2.11,

UT,g(G(f);vc(f)u)(y ):UTTD(G@))(VG(f)u)(y ):{ 400 otherwi?ej.(c( ))( (@)u)

Hence, the dual problem can be rewritten equivalently as

sup,-  (y*, V2G(Z)(u,u)) o
. _ = su , VoG (Z)(u,u)).
st w=VG@TY " € Rryan(VO@) i, VY GO

Consequently, by the weak duality [5], we have

d*op(z; ") (w) > sup  (y*, V2G(Z)(u,u)).
y* €L, (T5u)
According to Theorem 5.1(ii), we observe that when the directional S- and M-
multipliers coincide, the following equality holds:
d*op(z;2")(u)= max  (y*,V2G(Z)(u,u)).
y* EAy= (Z5u)
Now we further require that D is convex polyhedral. Consider the critical cone defined
by K(z;2*) := {u € {z*}* | VG(Z)u € Tp(G(Z))}. Then for any critical direction
u € K(Z;x*), it turns out that all S- and M-multipliers coincide with the set of (nondi-
rectional) multipliers A« (Z) := {y* € Np(G(2)) | z* = VG(z)Ty*}. Consequently, in
the following corollary, by using Theorem 5.1(ii), we can recover the result [41, Exer-
cise 13.17] under a weaker condition with the metric regularity replaced by the metric
subregularity. It should be noted that the following result can also be obtained from
[29, Example 3.4 and Theorem 5.6] by specifying the general convex set considered
therein to be convex polyhedral.

COROLLARY 5.4. Assume that D is convex polyhedral and that MSCQ holds at
el =G YD). Then for any x* € Np(Z) and any u € R", one has

(5.15) A*6r (73 27) (u) = S e (e (w) + |- max )(y ,V2G(Z)(u, u)).

Proof. According to Proposition 2.14 together with [41, Theorem 6.14], we have
Nr(#) € VG(#)T Np(G(7)) = VG(2)"Np(G(x)) C Nr(2),

showing Np(Z) = Np(f) as well as Ay« (Z) # 0 for * € Np(z). Further, by Theorem
5.1(ii), we know that

N2(z) = N2(%;0) = Nry.(2)(0) = Nr(z) = Np(2).

If u ¢ K(Z;2*), we claim that d?6p(Z;2*)(u) = oco. Indeed, we have either
u ¢ Tr(Z) or uw € Tr(Z) but {(x*,u) # O in which case we must have (x*,u) < 0
since (z*,u) < 0 due to z* € Np(Z) = Np(z) = (Tr(Z))°. In either case, however,
Proposition 2.18(i ) yields d®6r(Z; 2*)(u) = co. Since Ay« (Z) # 0 as shown above, we
get supy«en . (z) (", VG (Z)(u,u)) > —oo, and thus (5.15) holds.

IquK(x x *), then

Ap (30) = A3 (50) = {y*| y* € Nrp a2y (VG(2)u), «* = VG () Ty}
={y*|y* € Np(G(&)), (y*,VG(Z)u) =0, 2* =VG(z) y"}

(
={y"|y" € Np(G(z
={y*ly" e Np(G(z
:Ax* ('f)7

)
), (2*,u) =0, 2" =VG(7)"y"}
), 2" =VG(@)Ty"}
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where the first equality is due to the convexity of D (see (2.1)) and the fifth equality
comes from the fact that (z*,u) = 0 holds automatically as v € K(z;2*). Since
z* € Nr(z) = NE(z) € NE(Z;u) and (z*,u) = 0, we have z* € NE(Z;u). It then
follows from (5.3a) and (5.3b) that

d*or(Z2")(w) = sup (v, VPG(Z)(u,u)) = sup {y*, V2G(2)(u, ).

y* €A (T) y* €A (Z)NK||z*||cl B
Since A, (Z) Nk||z*||c1B is a compact set, the supremum can be attained, and so it

can be replaced by the maximum. This completes the proof. 0

5.2. Nondegenerate systems. As we have seen in Corollary 5.4, the results
from Theorem 5.1 get considerably simpler if the set D is convex polyhedral. Here
we continue with simplifications, but we keep D arbitrary polyhedral and strengthen
the assumptions on constraints instead. We start with the condition

(5.16) VG(@)Ty* =0, y* €span Np(G(z); VG(Z)u) = (y*,V?G(Z)(u,u)) =0,

which does not yield uniqueness of y* € A« (Z;u), but it implies that the value
(y*,V2G(Z)(u,u)) is the same for all the multipliers, making the lower and upper
bounds in (5.3a) and (5.4) equal. Since (5.16) is in general weaker than the directional
nondegeneracy condition (4.1), we refer to it as the generalized directional nondegen-
eracy condition. Moreover, we present the second-order tangent cone T3(Z;u) as a
translation of a cone.

PROPOSITION 5.5. Let & € T’ and u € Lr(Z), and suppose that MSCQ holds at
Z in direction u. Assume that the generalized directional nondegeneracy condition
(5.16) holds. Then for any x*, the quantity (y*,V>G(Z)(u,u)) is the same for all
y* € A (T ), ie.,

(5.17) sup (v, V2G(Z)(u,u)) = inf  (y*,V2G(Z)(u,u))
y* €N+ (Tu) y* €N+ (Tiu)

and there is some py satisfying

(5.18) VG(Z)po + V2G(Z)(u,u) € L(Trp(c(z) (VG (T)u)).
For every such pg, we have the representation

(5.19) TR (%;u) = po + Kz,

where Kz, :={p | VG(Z)p € Tr, (¢ ) (VG(Z)u)} is a cone.

Proof. Consider yi,y5 € Au«(z;u). By definition, we have VG(Z)T(y; —
y3) = ¢* — 2" = 0 and yj —y3 € Np(G(2);VG(2)u) — Np(G(2); VG(Z)u) C
span Np(G(Z); VG(Z)u). It follows by (5.16) that
Consequently, (5.17) holds. From (5.16) and Proposition 2.6, we infer that

V2G(z)(u,u) € (ker VG(Z)" Nspan Np(G(z); VG(ai‘)u))l
CVG@)R" + L(Trp () (VG (@)u),
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which yields the existence of pg satisfying (5.18). In fact, by (5.1), we know that
po € TE(Z;u).
For every p € Kz.,,, we have
VG(2)(po +p) + V2G(2)(u,u) € Ty ((a)) (VG(@)1) + L(Try ca)) (VG (2)u))
= TTD(G(E)) (VG(@)U)7

showing po + p € T3(Z;u) by (5.1). On the other hand, if p € T2(Z;u), then by (5.1),
we obtain

VG(Z)(p —po) € Trp(ca) (VG (@)u) — L(Trya@) (VG(T)w) = Trp z) (VG (T)u),

i.e., p—po € Kz.. This verifies T2 (Z;u) = po + Kz, and the proof is complete. O
Combining Propositions 5.5 and 2.16 together yields the following result.

COROLLARY 5.6. Let T €T and u € Lr(Z), and suppose that MSCQ holds at T in
direction w. If the generalized directional nondegeneracy condition (5.16) is fulfilled,
then

(5.20a)
d26F (‘f7 JZ*)(U,) = _UTIZ(;E;u) (J}*) = <y*,V2G(i‘)(U, ’U,)> Vz* € dom O-Tlg (Tyu) = ﬁf)(j, U),

(5.20b)
_6T12(i;u) (LL'*) = <y*7 VQG(‘%)(/U?U‘)) = _<'T*7p0> vzt e doma—Tlg(i;u) = NKi;u (O)

where y* is an arbitrary element from Ay« (ZT;u) and po is an arbitrary vector satisfying
(5.18), respectively.

Proof. Note that (5.20a) holds by Theorem 5.1(i)(ii) and Proposition 5.5. Let
z* € dom&rz(z,. Then, by Theorem 5.1(iii) and Proposition 5.5, for any y* €
A+ (Z;u), we have

—Or2(z) (7)) = (', V2G(@) (u, w)).

Moreover, by Proposition 5.5, there exists pg satisfying (5.18) such that TZ(Z;u) =

po + Kz, Hence, (5.20b) follows from Proposition 2.16. d
Remark 5.7. Under the assumptions of Corollary 5.6, we have
d25F (‘(E; .’E*)(U) = 7072 (z5u) (l'*) = _OA-TIg(i;u) (QT*) Vz" € dom OT2(zu) C dom &Trz (Zyu)-

Thus, whenever d?0p(Z;2*)(u) differs from —072(z:u)(z"), there holds that
O'TFQ(:E;u) (‘T*) = 00.
In general, we only know an inclusion
Nk, (0) CVG(@) N, 60, (va@u (0) = VG(Z)T Npy, 6z (VG (Z)u)
={2" [ Ap-(z;u) # 0}
If we strengthen (5.16) to (4.1), however, this inclusion holds with equality, the mul-

tipliers become unique, and we are also able to give an alternative representation of
the set NE(Z;u).
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COROLLARY 5.8. Let T €T and u € Lr(Z). Under the directional nondegeneracy
condition (4.1), the following statements hold: _ R

(i) We have domogz(z.) = VG (@) Nrp )y (VG(@)u) = NE(Z;u), and
for every x* € domorz(z,.), the set As.(Z;u) is a singleton {y5} and
d®6p(Z;2%) (1) = =02 (a) () = (45, VG (T) (1, u)).

(i) We have domér2(z.) = VG(Z)" Nryca)(VG(@)u) = Np(z;u), and
for every x* € dom o2 (z,), the set Ag=(Z;u) is a singleton {y3} and
_&Tlg(;i,u) (‘T*) = <y87 v2G<‘f)<uau)>

Proof. Recall that (4.1) implies (2.17), which further ensures MSCQ at T in

direction u.
(i) It follows from Theorem 5.1 and Proposition 2.14 that

dom oz () = N2(Z3u) = Nz (1) = VG(2)T Ny (62)) (VG (Z)).

Particularly, this shows that A. (Z;u) # (). Taking into account AS. (Z;u) C Ay (T;u),
the remaining claims follow from Corollary 5.6 once we prove that A.-(Z;u) is a
singleton in the next step.

(ii) Note that N, .\ (va@u) (0) = N1y (ca) (VG(@)u) = Np(G(2); VG(Z)u)
by Proposition 2.11. Hence, applying Theorem 4.1 to the set Kz, :={p | VG(Z)p €
Trp @) (VG(T)u)} at p=0 yields

dom &Trz (Tyu) = NK:E;u (0) = VG(j)TNTTD(G(i))(VG(f)“) (0)
= VG(Z)" N1y (a(a)) (VG(Z)u) = Nr(Z; u),

where the first equality comes from (5.20b) and the last equality follows from (4.2).
Let 2* € dom 6723,y = Nr(Z;u). Suppose that y7,y5 € Ay« (Z;u). Then VG(z)T (yi -
y5) =0 and

Yy —ys € Np(G(2); VG(Z)u) — Np(G(z); VG(Z)u) C span Np(G(z); VG(Z)u).

The nondegeneracy condition (4.1) yields y; = y3, which implies that the set A« (Z;u)
contains a unique element, say, y;. Corollary 5.6 now completes the proof. O

6. Application: Second-order conditions for disjunctive programs. Let
us first reiterate that our ultimate goal is to investigate problems (GP) with set C
having the complex structure (1.3). As explained, this has to be postponed until
we complete the full analysis in the forthcoming paper [4]. In this section, we only
provide a simple application of our results to the disjunctive program defined as

(DP) min f(z)
s.t. g(x) €D,

where g is twice continuously differentiable and D is polyhedral. Several classes
of interesting mathematical programs of practical interest can be reformulated
as a (DP), including the mathematical program with equilibrium constraints
(MPEC) (cf. [21, 27, 33, 42]), the mathematical program with vanishing constraints
(cf. [1, 22, 23]), the mathematical program with switching constraints (cf. [25, 26]),
and the mathematical program with cardinality constraints (cf. [6, 7]). A discussion
on constraint qualifications of disjunctive programming can be found in [12, 28] and
references therein.

Using the second-order variational analysis of the disjunctive system, we can now
recover the second-order optimality conditions for the (DP) derived by Girerer in [12].
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Moreover, using the calculations for directional S- and M-multiplier sets for MPECs
n [12], we can easily obtain the corresponding second-order optimality conditions for
MPECs from Theorem 6.1.

THEOREM 6.1 ([12, Theorems 3.3 and 3.17]). Let T be a local optimal solution
of the disjunctive program (DP). Then the following necessary optimality conditions
hold:

(i) For ueC(Z), suppose that x = g(x) — D is metrically subregular in direction

u at (z,0). Then there exists A € A(Z;u) such that

V2, L(Z,\) (u,u) > 0.
(ii) For weC(Z), assume that the nondegeneracy condition in direction u,
Vg(@)'y* =0, y* €span Np(g(z); Vg(z)u) = y* =0,

is fulfilled. Then V2,L(z,\)(u,u) > 0 holds with the unique directional S-
multiplier A € A*(ZT; u)
Conversely, suppose that T is a feasible solution of the disjunctive program (DP).
Suppose that for each nonzero u € CA(i), there are o and A, not both equal to zero,
with o> 0, X € N}, (9(Z); Vg(Z)u) = N1y, (g(z)) (Vg (T)u), such that

V2, L*(z,\)(u,u) > 0.

Then T is an essential local minimizer of second order.

Proof. To obtain the necessary optimality conditions, it suffices to calculate
672 (g(2);vg(z)u)(A) and apply Theorem 3.1. Under the assumptions, the second-
order necessary optimality condition (3.1) holds with C : It follows that
(A)'TQ (9(2); Vg(a:)u)(A) < 00, which ensures that A € dom & T2 (g(2); Vg(m)u) Takmg G to be
the identity mapping in Theorem 5.1(iii), we obtain I = Dand 6 072 (g(2);Vg(z)u) (A) = 0.
Hence, the necessary optimality conditions (i) and (ii) hold for ( P).

To obtain the sufficient optimality condition, it suffices to calculate d?6p(g(Z);
A)(Vg(Z)u) and apply Theorem 3.3 with C := D. Again, applying Theorem 5.1(ii)
with G being the identity mapping, we have d%6p(g(2); \)(Vg(Z)u) = 0 since \ €
NP (9(z); Vg(z)u), and the result follows. 0

Note that we have only used the results from section 5 for the trivial identity
mapping. Their full potential will be seen when applied to sets of the form (1.3).

7. Concluding remarks. In this paper, we have reviewed the second-order nec-
essary optimality conditions and derived second-order sufficient optimality conditions
for the general problem (GP). Since these conditions involve some second-order objects
that need to be calculated or estimated, we have conducted second-order variational
analysis of disjunctive systems. As an illustration, we have shown that one can recover
second-order optimality conditions for disjunctive programs. In the forthcoming work
[4], using the analysis of disjunctive systems from this paper as a tool, we will develop
the variational analysis of the set given by (1.3), which will enable us to apply our
second-order optimality conditions from Theorems 3.1 and 3.3.
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