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Abstract

We establish some statistical properties of the hyperbolic times for a class of
nonuniformly expanding dynamical systems. The maps arise as factors of area
preserving maps of the unit square via a geometric baker’s map type construction,
exhibit intermittent dynamics, and have unbounded derivatives. The geometric
approach captures various examples from the literature over the last thirty years.
The statistics of these maps are controlled by the order of tangency (linked to a
single parameter a where 0 < o < 00) that a certain “cut function” makes with
the boundary of the square. Previously, a direct Young tower construction has been
used to obtain optimal correlation decay rates of O(n~/%) for Holder observables
and all values of the parameter a. A CLT is obtained when 0 < o < 1.

The asymptotics of a natural hyperbolic time for this family of maps are anal-
syed via the same Young tower. By using a large deviations result of Melbourne
and Nicol, we prove that the first hyperbolic time is integrable if and only if the
parameter satisfies 0 < a < 1. Furthermore, within this restricted range of pa-
rameters, concentration inequalities recently established by Chazottes and Gouézel
imply sharp O(n_l/ @) bounds on the tail distribution of first hyperbolic times. As
shown by Alves, Viana and others, knowledge of the tail distribution of the hyper-
bolic times leads to upper bounds on the rate of decay of correlations and derivation
of a CLT. Comparing to the results obtained directly for this family of maps, the
latter estimates via hyperbolic times are suboptimal, even over the restricted range
of parameters 0 < o < 1.

Let f: X — X be a dynamical system which is expanding on average, but not neces-
sarily uniformly with every time-step. Amongst the important questions to ask about f

*The work of CB is supported by an NSERC grant

TKEYWORDS: Polynomial decay of correlations — Non-uniformly hyperbolic dynamical system

fDepartment of Mathematics and Statistics, University of Victoria, PO Box 3060 STN CSC, Victoria
BC Canada V8W3R4; corresponding author.

§School of Mathematics and Statistics, University of Canterbury, Private Bag 4800, Christchurch 8140,
New Zealand.

YThis is an author-created, un-copyedited version of an article accepted for publication/published in
Dynamical Systems, an International Journal. Taylor and Francis Publishing Ltd is not responsible for
any errors or omissions in this version of the manuscript or any version derived from it. The Version of
Record is available online at doi:10.1080/14689367.2014.902038.



are: is there an invariant SRB-probability measure? how quickly do correlations between
observables decay under iteration by f? does a central limit theorem hold? are these
properties stable to perturbations of f? When f is uniformly expanding the answers to
these questions are well understood (see eg [8, 20]), but the situation for non-uniformly
expanding f is more delicate. Difficulties arise from the fact that orbits of f may experi-
ence periods of local contraction as well as expansion (for example, quadratic maps [9]),
rapidly varying derivatives near singularities leading to unbounded distortion (eg [6]), or
indifferent fixed points [25].

The theory of hyperbolic times has proved useful for analysing the statistical properties of
non-uniformly expanding maps [2, 3, 4, 6, 24]. The idea was introduced in [1] to handle
specific non-uniformly expanding families (Alves-Viana maps [24] and certain quadratic
maps [15]), and has since been developed for various non-uniformly expanding and par-
tially hyperbolic classes [4]. Gouézel [17] has used hyperbolic times to show that the
Alves-Viana maps exhibit stretched exponential decay of correlations. Alves, Luzzatto
and Pinheiro [6] prove polynomial decay of correlations (and a CLT) for a class of non-
uniformly expanding maps by using hyperbolic times and a Young tower construction.
Further results are obtained in [5] for one-dimensional families. A survey paper discussing
many of these ideas is found in [2].

Roughly speaking, hyperbolic times are defined as follows!: Given an orbit {f*z} of
a point x € X, an integer n > 0 is a hyperbolic time for x if for all 1 < [ < n the
cumulative derivative II}=""}|Df(f!(z))| grows exponentially in [. In addition, if the
map has a nonempty set S of singular points we require the distance from f"~!(z) to S
to be bounded below by an exponential in [, essentially an exponential escape condition.
These exponential rates are to be chosen uniformly for x € X. Note that for uniformly
expanding maps with bounded distortion both conditions automatically hold and every

n is a hyperbolic time.

Therefore, the idea is to choose certain times at which the accumulated expansion and
escape from the singular set mimic the uniformly expanding case even though there may
have been times along the way where these properties failed. In this way, many good
statistical properties can be recovered.

There are at least two important statistics associated with hyperbolic times: their long-
run frequency of occurrence, and the distribution of first hyperbolic times. Obtaining
precise quantitative control of the distribution of hyperbolic times can be an important
step [6, 5] in further analysis of statistical properties of the map, including the above-
mentioned rates of decay of correlation and CLT.

In [3] a map F on the interval [—1, 1] is introduced that has positive density of hyperbolic
times, but for which the first hyperbolic time fails to be integrable. I’ has a number of
special properties (symmetry, preservation of Lebesgue measure, and a pair of indifferent
fixed points with quadratic tangencies). In this paper we present a class of interval maps C,
(parametrised by? a € (0,00)) which arise as nonuniformly expanding one-dimensional
factors of geometrically derived generalized baker’s transformations (GBTs) [10]. Each
map in C, has an indifferent fixed point (IFP) at 0, and in fact the map F'in [3] is conjugate

!The exact definition is detailed in equation (7) in Section 2.
2And certain continuous functions on [0, 1].



to a certain map f; € C;. Each f € C, has a positive long-run frequency of hyperbolic
times (by an argument from [4]), and integrability of first hyperbolic times holds when
a € (0,1). However, as « increases through 1 this integrability is lost (Theorem 1). In
this way, o = 1 appears as a transition point for our families C,,.

As becomes clear in our proof of Theorem 1, the non-integrability is entirely due to lower
bounds on the first hyperbolic time which are determined by escape statistics from the
neighbourhood of the IFP(s). These same escape statistics are then used to provide upper
bounds on the first hyperbolic times in Theorem 3, completing the analysis and providing
sharp estimate on tail asymptotics for hyperbolic times for the range 0 < o < 1. While
precise statements are given in Theorems 1 and 3, if m denotes Lebesgue measure and
h(z) denotes the first hyperbolic time on an orbit beginning at x then for some C' < oo,
In7Ve <m{z : h(z) >n} < Cn7Ve

In [5, 6] hyperbolic times asymptotics are used to estimate correlation decay rates and
to establish CLT’s for nonuniformly hyperbolic systems. When applied to our family C,,
these results imply upper bounds on correlation decay rates of O(n="/ af1): these fail to be
sharp: a direct computation via Young towers yields O(n~/®) rates, as detailed in [11].
The range of parameters in our family leading to a CLT is similarly underestimated by
the hyperbolic times analysis (o < 1/2 compared to a < 1 for the direct computation).
Remark 3 at the end of Section 1 provides a comparative analysis of these two approaches.

In summary, we present a geometric family of maps C, where the distribution of the tail
of the first hyperbolic time can be determined (sharply) by a single parameter . The
general purpose machinery of hyperbolic times enables analysis of statistical properties
for our maps (such as CLTs and bounds on correlation decay rates), and we compare
these with optimal results.

The class C, is presented in Section 1, hyperbolic times are reviewed and lower bounds are
derived in Section 2 and sharp upper bounds are established (via a large deviations result
of Chazottes and Gouézel [12] on a suitable Young tower [25]) in Section 3. In Section 4
we discuss our results in the context of the existing literature on hyperbolic times. Some
technical estimates are placed in an appendix (Section 5).

Notation: We write f(n) = O(g(n)) to mean there is a constant C' < oo such that
f(n) < Cg(n) and f(n) < g(n) to mean f(n) = O(g(n)) and g(n) = O(f(n)).

1 Generalized baker’s transformations and C,

The generalized baker’s construction [10] defines a large class of invertible, Lebesgue-
measure-preserving maps of the unit square S = [0,1] x [0,1]. Specifically, a two-
dimensional map B on S is determined by a measurable cut function ¢ on [0, 1] satisfying
0 < ¢ < 1. The graph y = ¢(z) partitions the square S into upper and lower pieces and
the line {x = a}, where a = fol ¢(t) dt, partitions the square into a ‘left half’ [0, a] x [0, 1]
and a ‘right half’ [a, 1] x [0, 1]. The generalized baker’s transformation (GBT) B maps the
left half into the lower piece and the right half into the upper piece in such a way that:

e Vertical lines in the left (right) half are mapped affinely into vertical ‘half lines’
under (over) the graph of the cut function ¢.
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Figure 1: The GBT

e 3 preserves two-dimensional Lebesgue measure.

e The factor action f of B restricted to vertical lines is (conjugate to) a piecewise
monotone increasing, Lebesgue-measure-preserving interval map on [0, 1] with two
monotonicity pieces [0, a] and [a, 1].

The action of a typical GBT is presented in Figure 1.

When ¢ = 1/2 the map is the classical baker’s transformation where the action on vertical
lines is an affine contraction and the map fisz — 2z (mod 1). On the other hand, every
measure-preserving transformation 7" on a (nonatomic, standard, Borel) probability space
with entropy satisfying 0 < h(7T) < log2 is measurably isomorphic to some generalized
baker’s transformation on the square S (see [10]).

In order to proceed, we establish some notation. Each GBT B has a skew-product form

B(z,y) = (f(x),g(x,y)) where

_ [ e(f(@)y r <a, v = [T o) dt r<a,
olew) = { y+o(f(z)(1-y) z>a, and{ l—z= [l 0—o@)dt z>a Y

defines f implicitly.

Furthermore, by construction the vertical lines {x = 0}, {z = 1} are mapped into them-
selves by B so that 0,1 are fixed points of f. If ¢ is continuous then f is differentiable on
both (0,a) and (a, 1) and

dx ! T > a.

i | sg@y w<a
o { #(f(z)) (2)
=6(f())

Since ¢(t) € [0,1] for each t € [0, 1], % > 1, so f is expanding, each branch of f is
increasing, and may have infinite derivative at preimages of places where ¢(t) € {0, 1}.
We will call f the expanding factor of B. Note also that if ¢ is a decreasing function
then % is increasing on (0, a) and decreasing on (a, 1).



Lemma 1 (Properties of GBTs) Let f be defined by (1). Each x € [0,1] has two
preimages under f: x; < a and x, > a and moreover

(i) For every z € [0, 1],
= t)dt and x, —a = 1—0o)dt =2 — ay; 3
T /0 o(t)dt and =, — a /0 o(t)d T — x (3)

(i1) % = ¢ and ‘i% =1 — ¢ Lebesque almost everywhere;

(i1i) Lebesgue measure m is f—invariant.

Proof: See appendix. 0

A class C, of expanding factors of GBTs

Let a € (0,00). Maps f € C, arise as expanding factors of GBTs whose cut functions ¢
satisfy

e ¢ is continuous and decreasing function on [0, 1] with 0 < ¢ < 1.

e there is a constant ¢y and a C! function gy on (0,1) such that near ¢t = 0

P(t) =1 —cot™ + go(t)

where 90 = o(to71);

e cither ¢(1) > 0 or there are constants ¢; € (0,00), @’ < a and a C' function g; on
(0,1) such that near t =1

o(t) =1 (1 =) + gu(1 —1)

where 9 = o(t2'~1).
It follows from these conditions that ¢ is C' on (0,1) and therefore each f € C, has two
piecewise increasing C? branches f;, f, with respect to the partition into intervals (0,a)
and (a,1) (where a = a(¢)). The branch f; has continuous extension to [0, a] (similarly
for f, and [a,1]) and f/(z) — 00 as x — a™.

Near z = 0 each f € C, has the formula

_ o 14+a 1+a
fla) =2+ 2™ +oa™),
giving an indifferent fized point (IFP) at 0. If ¢(1) = 0 then f also has an IFP at = =1,
and the order of tangency of the graph of f near 1 is O((1 — ¢)'**'). For maps with
[FPs at both 0 and 1 where the order of tangency is higher at 1 than 0, the conjugacy
o(t) — 1 — ¢(1 —t) will put the higher order tangency at 0. There is thus no loss of
generality in assuming that the “most indifferent” point is at = 0. In case ¢(1) > 0,
equation (2) shows that the fixed point at 1 is hyperbolic.
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Example 1 [Alves-Aratjo map F|. See [3]. Let ¢(t) =1—t. Thena =o' =1=¢y =
¢y and go = g = 1. Then

[ 1-v1-2z z<1/2
Silw):= { V25 —1 r>1/2.

In [23], Rahe established that the map B is Bernoulli (using techniques from [16, 14]).
Moreover, f; € C; is conjugate (by an affine scaling [0, 1] — [—1,1]) to a map presented
in [2, 3] which has non-integrable first hyperbolic time. Despite this, f; exhibits polyno-
mial decay of correlations for Holder observables with rate O(1/n) [11]. O

Example 2 [Symmetric case]. Let ¢(t) = 1 — (2t)*/2 for ¢ € [0,1/2] and ¢(t) =
1—¢(1—1t)fort €[1/2,1]. Then ¢ is symmetric (and a = a/); let the expanding factor
of the corresponding GBT be denoted by f,. Then f, has indifferent fixed points at 0
and 1 with tangency of order (1 + «); moreover £ — oo as z — 1. In [11] it is shown
that Hélder continuous functions have correlation decay rate O(n~®) under f, for all
a € (0,00). The paper [13] obtains similar results for a conjugate class of maps on [—1, 1].
Theorem 1 and Theorem 3 below imply that the first hyperbolic time is integrable if and
only if o < 1, showing that the map f; emerges as an interesting transition point in the

class C,.

Remark 1 The class of examples discussed here actually have a rather long history in
the mathematical physics literature. For other examples see [19, 18, 22, 26, 7].

A useful dynamical partition

To analyse f € C, we make a convenient partition of [0, 1]. First, observe that since f? has
four 1-1 and onto branches, f admits a period-2 orbit {xg, yo} where 0 < x5 < a < yo < 1.
Next, for each n > 0 let 2, = f~!(z,-1) N (0,a) and 2}, = f~'(x,_1) N (a,1). Then

0 <zp1 <, <--<x9<a and a<--<a << Ty <yp< 1.

Defining v, = f ' (Yn_1) N (a,1) and ¥/, = [~ (yn_1) N (0,a) allows a similar partitioning
of (zo,a) and (yo, 1) (note that =} = yo and y; = z¢). Put

/

Jn = (xn-‘rl)xn)) In = (l‘n+1a x;)» ‘]'r/z = (yn7yn+1)> IrlL = (y;my;—&-l)‘
These intervals partition [0, 1] from left to right as
0 dp---domgll oo I vvan Ly Iyyg Joo - J) - 1

with
AN NN NE NS AT/

(and similarly for the J/, I’ intervals). See Figure 2.



Figure 2: A map f with indifferent fixed points at 0,1 and a 2-cycle {zo, yo}-

Lemma 2 For f € C,, and the notation established above.

(i) v = (1)
(it) m( i) = ()
(i1i) for x € Iy, % = k;

fiv) m(1h) = (L,
(v) for x € I, dist(z,a) =< (%)Hi.

When ¢(1) = 0, similar estimates hold for the - intervals with o replaced by .

Proof: For parts (i)—(iv) see [11, Lemma 1]; for part (v) see appendix. O

Remark 2 When f € C, and ¢(1) > 0 the fized point at 1 is hyperbolic. The corre-

sponding decay rates for m(1},), m(J;) are exponential, and (iii) does not hold. Some of
3

the estimates and statements below can be modified in this latter case’.

3In particular, {1} is no longer an exceptional point; see the definition in Section 2.



Assumption 1 For the remainder of the paper we assume that ¢(1) = 0 so that f also
has an IFP at 1 with tangency of order (1 — t)'**" where o/ < «a. Consequently, the
estimates in parts (i), (ii), (iv) and (v) of Lemma 2 reveal decay of the sets Iy, Ji, which
is no faster than for I, Jj.

Remark 3 Below we use a Young-tower built under the first-return time function to the
set Ao := U2 I; U I} to prove upper bounds on the distribution of first (o,9)-hyperbolic
times hy s for certain (0,9). Indeed, for f € C, (o < 1), and any o € (a, 1), m{hy,s5 >
n} = O(n~Y®"). The reason for this distribution is that points in J; (whose Lebesgue
measure = 1~"Y*) require approvimately | iterates to achieve enough expansion to be a
hyperbolic time. Thus, m{hss >n} =3 ,., m{hos =1} S~V for any v > 0. Similar
bounds are used in [6] to prove decay of correlation results by building a Young tower A’
whose tail set decays in the same way as the distribution of h,s; the resulting* decay of
correlations are O(n*=*")—close to the typical rate for maps with indifferent fized points
with tangencies of O(x'™®). Interestingly, direct calculations in [11] where a first-return
tower is built over Ay give decay of correlations for Hélder observables with rate O(n=®)
for maps in C,. The same computations give a CLT for the entire range 0 < o < 1. These
improved asymptotics are due to the fact that orbits of f experience very rapid expansion
when they pass near a, giving partial compensation for return from the neighbourhoods of
{0,1}, something that is not accounted for by the hyperbolic times analysis.

2 Hyperbolic times and sets of exceptional points

Non-uniformity of expansion is expressed relative to a certain (finite) set S C [0,1] of
exceptional points. The notation here is precisely as in [4, 3, 2]. Each f is locally C? on
[0,1] \ S, and must satisfy a non-degeneracy of the following type: there exist constants
B > 1,3 > 0 such that such that for every x € [0,1] \ S we have

df

1
—Bdlst(:B,S) <\

< Bdist(z,S)™" (4)

and if y,z € [0,1]\ S and |y — 2| < Mthen

’log\% — log]%

o

< B (5)
_dist(z,S)ﬁy “

ey

dist(-,S) is used to denote the usual Euclidean distance to the set S (since f is one-
dimensional there is no need to impose a separate Lipschitz condition on (df /dz)~1).

Lemma 3 Under the conditions of Assumption 1, for f € C, set B = 1. Then there
exists a B > 1 so that § = {0,a,1} satisfies conditions (4) and (5). Hence S is a
non-degenerate set of exceptional points for f.

In case ¢(1) > 0 then only x =0 and x = a are required to be exceptional points.

Proof: See appendix. O

*And when 0 < o < 1, a central limit theorem holds [6, Theorem 2].
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Hyperbolic times

Let S be a non-degenerate exceptional set, # > 0 as in (4) and (5) and fix 0 < b <
min{1/2,1/(45)}. Let constants 0 < o < 1 and § > 0 be given and define a truncated
distance function

, | dist(z,S) if dist(z,S) <9,
dists(z, §) = { 1 if dist(z,S) > 6. (6)

As in [2, 3, 6], n is called a (o, d)-hyperbolic time for x € [0,1] \ Sifforall 1 <1 <n

n—1

I IEe )@ <e'  and  dists(f"'(2),8) > o (7)

j=n—l1

Although orbits escape subexponentially from S and the rate of growth of derivatives
along orbits is not uniform, the essential properties of uniformly expanding maps are
captured at hyperbolic times. Since the invariance (and ergodicity [10]) of Lebesgue
measure is already at our disposal, establishing the long-run positive density (in time) of
hyperbolic times is relatively straightforward.

Lemma 4 Let f € C,. Put K := — <an log(o(f(z))) dx + fal log(1 — o(f(2))) dx) where

¢ is the cut function for f. Then for every e > 0 and for every o € (7%, 1), there exists
a 0 > 0 such that for almost every x € [0, 1]

limy oo & SN0 log(L(f(2))™ <logo <0
(8)

limpy o0 % Ej.vz_ol —log dist;(f7(z),S) <e.

Proof: Apply (Birkhoft’s) Ergodic Theorem (for the ergodic system (f,m)) to the function
—log % to obtain the first estimate. For the second estimate, choose o > 0 such that

fol —log dists(x,S) dx < € and apply the Ergodic Theorem again. 0

This lemma says that for a given choice of b, there is a good choice of (o,d) for which
there are (many) hyperbolic times for almost every z € [0,1] \ S. The two conditions
established in Lemma 4 imply that f is a non-uniformly expanding map in the sense of
Alves, Bonatti and Viana [4]. It now follows that:

Positive density of hyperbolic times [4, Lemma 5.4] For every b > 0, for every
o € (e7®,1) there exist 0 > 0 and § > 0 (depending only on f,0 and b) so that for
almost every x € [0,1], for all sufficiently large N there exist (o,0)-hyperbolic times
1<n;<...<n <N forzx, withl>60N.

Now that we have established existence of hyperbolic times, we define h, s(z) to be the
first (o,0)—hyperbolic time for z. (If there are no (o,d)—hyperbolic times for x, set

hes(x) = 00.)

The Young tower partition gives simple lower bounds on h,s(z). Although crude, these
lower bounds are still sufficient for our first main result, Theorem 1 below.



Lemma 5 Let f € C, and fir 0 < 1. Let b and § > 0 be as above. Let ki be minimal
such that o maxz, 10, 1) % < 1. Then for x € J, U J} (k> ki), hos(x) >k — k.

Proof: Since % is increasing on (0, a) and decreasing on (a, 1) and limy_,. %m =1=
limy, o0 %’ym ki is well-defined. Now let k > £y, v € JyUJ, and fix n with 1 <n < k—k;.
For each j with 0 < j < n we have f/(z) € J—; U J;_; C [0,24,) U (4, 1], so that
H?;& ](% o fi(x))~! > o™ Comparing with (7), n cannot be a (o, §)-hyperbolic time for
x. Since 1 <n < k — k; was arbitrary, h,s(x) > k — ky. O

Theorem 1 (Lower bounds on hyperbolic times) Let f € C,, with o < 1. There is
a constant ¢ (depending on o) such that

m{hys > n} > en e

and hy () fails to be integrable with respect to Lebesgue measure when o > 1.

Proof: Choose k; as in Lemma 5, so ha(;]Jk1+nUJ]; > Hence
b 1 n

m{hys >n} > Z m(J, U Jp) < n=t/e

k=k1+n

by Lemma 2 (ii). If & > 1 then

1 00
/ hosdm = Zm{hmg >n} = 0. O
0 n=1

3 Young towers, large deviations and integrability of
the first hyperbolic time when o < 1

Suitable choices of (0, d) make h, s integrable when o < 1. To prove this we distinguish
AO = [l’o,yo] = U;iljj U ]J/ (mod m)

as a “good” set, where expansion is very rapid and hyperbolic times are easy to control.
The derivative growth condition in (7) is satisfied for n = 1 on Ay, but for points close
to a, the condition on dists fails for n = 1. Controlling h, s involves trading expansion
with proximity to & = {0,a,1}, and it turns out that getting enough expansion is the
difficult part. The idea is to control derivative growth upon successive returns to A,.
Long excursions near {0, 1} lead to “expansivity deficits” relative to o=, with “expansion
recovery” by passage through Jy U J). This is made quantitatively precise using a large
deviations result of Chazottes and Gouézel [12].
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Choice of o

Choose ko such that >, -, m(Jy U J;) < m(Jo U Jy). Now choose o = o(kg) < 1 such

that

d
o? min 4 >1 and o min — > 1. 9)
[x1,1] AX [Tk Yko) AT

Define
-1 ifx e JyUJj,

N(z) = 1 ifx € [0, 2k) U (Yky, 1],
0 otherwise.

Notice that
/ Ndm = m(J, U J,;) —m(Jo U Jé) < 0. (10)
k ko

Lemma 6 Let f € Cy, ko > 1 and put H = H(z) :==min{n >0 : >} No f*(z) < 0}.
If0 < H < oo then fH(x) € JyU J} and for all1 <1< H

H—

I l#e ] =4
j=H —

l

H

J

Proof: First, for any 0 <n < H, > ;_, N o f*(z) > 0. Thus

H-1
ZNofk —> No fix)
k=0

and hence N(f(z)) = —1 (since —1 is the only negative value of N). Thus,
f(z) € JyUJy and 377 N o f*(x) = 0. Therefore

H—1 H-l-1
Y Nofi= ZNofk ZNofk<o
Jj=H-l

for each [ § H. To complete the proof, apply (9) to notice that for z € Jy U J, we have
df >o bifx € 0,1\ [Tro, Yr,) then df >1so0 df > o; all other = belong to [zk,, Yk,
SO that o35 df > 1. In particular, for each type of z, o df > o™V @) Hence

H-1 H-1

d . —1 d - -1
[T #er@" = o I] lodoria)
j=H-1 j=H-l
H-1
< o o Nefi(@) — Sl =i Nofi(a) <o n
j=H-l
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Choice of §

Lemma 7 Let f € C,, 0 € (0,1) satisfy (9) and let b, ko be fired. Then there is § > 0
such that whenever f"(x) € JyU J) and 1 <1 <mn,

dists(f"'(z), {0,a,1}) > o

Proof: Choose k;, such that
rehul, (k>k) =l|v—al>d*

(note that this is always possible, since there is a constant ¢ such that |z — a| > ck=171/«
for all x € I ) Choose ¢ small enough that [a — d,a + 6] C Uy, (I U I;,) and (0, 0] U
[1-46,1) C Ukzkb(Jk U J;). Let x be such that f*(x) € Jo U J’ We first show that
dists(z,{0,a,1}) > o, Either (i) z € I\ for k > ky; (i) = € J for k > k, — 1; (iii)
otherwise. In case (i), for each j < k, f/(x) € J,i_j. Since f"(z) € Jé/) it follows that
n > k. By the choice of k;, and 9,

dists(x, {0,a,1}) > |z — a| > o"% > o*"
In case (ii), let y € [,g}rl be such that f(y) = x. Then, since ] L >0 >0 b on Ay,
dists(z, {0, a, 1}) = dist(f(y), {0, 1}) > o dists(y, a) > o ba?*+D) > gtn

In the final case, dist(f" (z),{0,a,1}) =1 > o*™. For | < n, f'(f"(z)) € JoU J} so
that the lemma follows from the [ = n case using 2’ = f*!(z) and n’ = I. O

Theorem 2 Let f € C,,b, ko be fized, let o satisfy (9) and choose § as in Lemma 7. Let
H be as defined in Lemma 6. Then max{l, H(x)} is a (o,0)~hyperbolic time for x and if
hes is the first (o,0)-hyperbolic time then

/01 93<Zm{a:: r) >n}.

Proof: 1f H =0 then z € JyU J| and 1 is a hyperbolic time. Otherwise, comparing (7)
with Lemmas 6 and 7 shows that H(z) is a hyperbolic time. For the integral,

/Olhm;(q:)dxg/o (1+ H(x dx—Zm{x . H(x) >n}.

Large deviations on a Young tower

Let Ag = [z0, Yo, and partition (modulo sets of measure 0) according to Ay, = I,, U I}
for n > 0. For z € Ag,

R(z) :=min{k >0 : f*x)c A} =n+1

12



so we put

A = U%n:O(AO,n X {E}) C AO X Z+

and equip A with the measure ma obtained by direct upwards translation of m|a,. The
tower map F': A O is defined in the usual manner: F(z,¢) = (z,(+1) for{ < R(z)—1=n
and F(x, R(x) — 1) = (fB@)(z),0). It is easy to check that

m{R >n} = Zm([k UIL) < n t7le (11)

k>n

so that >°,o m{R > k} < n~'/% Standard arguments® show that branches of the map
f% have uniformly bounded distortion on Ay, and since f¥ is uniformly expanding on Ay,
the tower map F' satisfies the usual regularity conditions [25, 21, 11] for maps on a Young
tower®. Since Lebesgue measure m is invariant for f, m|a, o (f)™' = m|a, and hence
ma is actually F-invariant on A. As is usual, (f, [0, 1], m) arises as a factor of (F, A, ma)
via the semi-conjugacy ®(z,¢) = f(x). Then ®o F = fo®, and m = ®,ma = mao®L.

Next, lift H to the tower: put N(z,¢) := N o ®(z,¢) = N(f(z)) and
f[::Hoq):min{nZO : ZNoFk<O}.
k=0

Let

1 1
N:/NdmA:/NocIdeA:/ Nd(CD*mA):/ N dm.
A A 0 0

Note that N < 0 by (10). Put ¢ := N — N. Then 1 has zero mean, and belongs to every
Hoélder class C(A) with Lip(¢)) = 2 (since it is piecewise constant with respect to the

tower partition (see [25, 12, 11]) and [ (x) — ¢ (2')| = |[N(z) — N(2/)| < 2).

Lemma 8 (Large Deviations Estimate) Let 0 < o < 1. For every € > 0 there is a
constant ¢ (not independent of €) such that

ma{yeA : |2 Z;éz/;oF’“(y)IZG}gcnfl/a.

Proof: Define K (zg, ..., Ty 1) := Z;:(} Y(x;) and choose t := en. Sincem{y € Ay : R(y)
n} < n~'71/2 the tail of the Young tower is weak-L? in the sense of Chazottes and
Gouézel [12, p866] with ¢ :== 1+ 1/a > 2. Applying [12, Theorem 6.1], there is a con-
stant C' < oo such that

ma{ye A |E30 2000 FR(y)| > e} < C(en) @ V(nLip(y))*'. O

®See Lemma 3 in [11] for example.
SIf JF denotes the Jacobian % then log |JF| € Cg(A), where Cg(A) is the class of S-Holder
functions, defined with respect to the usual [25] separation time s.

13



Remark 4 Using a result of Melbourne and Nicol [21, Theorem 3.1], a weaker version of
Lemma 8 can be obtained where the exponent —1/cv in the conclusion is replaced by —1/a”
for any o/ > « (and € < N). This estimate is sufficient to prove the integrability part
of our main result (Theorem 3), albiet with a weaker tail estimate for the first hyperbolic
time. We are grateful to an anonymous referee who pointed out the stronger estimates
that are obtained from Chazottes and Goueézel’s result.

The large deviations estimate is enough to prove our main theorem:

Theorem 3 Let f € C,. Then the first hyperbolic time for f is integrable if and only if
0 < a < 1. Specifically, let « < 1 and b < 1 be fized. There is a choice of (0,0) where
0<o<1andd >0 such that m{h, 5 >n} =< n-1/e

Proof: Theorem 1 deals with the case a > 1 and provides the lower tail estimate for h, 5.
For a < 1,

o0

/h075 dm = Zm{hmg >n} < oo

n=0
because of the tail distribution of h, s, which is established as follows. Let ky be large

enough that N is negative and choose o to satisfy (9) and § as in Lemma 7. Then
hes < H +1 (compare with Theorem 2). Then

m{hes >n} <m{H >n} = d,ma{H >n} =ma{Ho®>n} =ma{H >n}. (12)

For y € {H >n}, Y170 N o F¥(y) > 0 so that

n—1 n—1
1 1 . _ _
=Y o F¥y)=—-) (NoF*y)—N)>-N.
"o "o
Thus, A B
{HznyC{yeA : | woFry)| > -N}. (13)
By Lemma 8, there is a constant ¢ < oo such that the set on the RHS of (13) has
ma—measure bounded by cnw. 0

4 Conclusions

In this paper we have undertaken a detailed study of the asymptotics of hyperbolic times
for a parameterized family f, € C,, 0 < a < oo of non-uniformly expanding, Lebesgue-
measure-preserving maps of the interval. These one-dimensional maps arise naturally as
the expanding factors of a class of two-dimensional generalized baker’s transformations
on the unit square.

A central result in the literature, Alves, Bonatti and Viana [4], proves that if a non-
uniformly hyperbolic map has the property that almost every = has a (uniform) positive
frequency of hyperbolic times, then it admits an absolutely continuous invariant measure.
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According to Lemma 4, each of our maps f, has this property; of course the resulting
invariant measure is already known to be Lebesgue.

Therefore our main result concerns the statistics of first hyperbolic times h,, for our maps
fo and in particular how the quantities m{z : h,(z) > n} depend on n and o. We show
that this is entirely determined by the strength of the (most indifferent) fixed point for
the map f,. In particular,

e h, is integrable if and only if 0 < a < 1, corresponding to relatively fast polynomial
escape from the indifferent fixed points at x = 0, 1 within the range of our family of
maps C,, 0 < a < 0o (Theorems 1 and 3).

e For 0 < a < 1 we establish m{h, > n} = O(n~«) which implies, by using results
from [5, 6], correlation decay for Holder observables” at rate O(n_iﬂ).

e Finally, a CLT holds in case 0 < a < 1/2, again by applying the results of [5, 6].

The conclusions which are obtained in [5, 6] depend on the construction of a suitable
Markov or Young tower via first hyperbolic times and their statistics and the analysis of
the return times on the resulting tower.

On the other hand, [11] details a specific construction of a Young tower for the maps f,
and proves an improved correlation decay rate of O(n_é) for all 0 < a < oco. It is shown
that this correlation decay rate is sharp for Holder data. The estimates in [11] also imply
a CLT for 0 < a < 1. See Remark 3 for further discussion.

We interpret this as follows. The analysis via hyperbolic times provides a relatively
general approach to analysis of nonuniformly hyperbolic systems that leads to a particular
Young tower construction related to the hyperbolic times. It is not so surprising that
this approach does not always yield optimal results such as sharp estimates on decay
of correlation rates or the CLT. In the case of our maps f,, for example, a dedicated
tower construction in [11] can produce optimal results in the form of sharp estimates on
correlation decay by bypassing the intermediate construction of hyperbolic times.

5 Appendix

Proof of Lemma 1: (i) The first equation is immediate from Equation (1). For the second,
again use Equation (1) and write

1 1 T T
T, = 1—/ (1—¢(t))dt:x+/ qb(t)dt:a:+a—/ ¢(t)dt:a+/ 1 —o(t)dt
T T 0 0
and so N
xr—a:/ 1—o¢(t)dt =2 — ;.
0
(ii) Differentiating the expressions in (i) via Lebesgue’s theorem gives:

dz; dzx,
- Cad

—1-¢.

See, for example Theorem 3 of [5].
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(iii) Apply (i) and (ii):

Ty d a:d , T
m(T_l[O,a:]):/ ldt—i-/ 1dt = / ﬂal —i—/ ‘ dx:/ 1dz = ml0, x]. O
0 o dz 0

Proof of Lemma 2 (v): For this part fix k and = € Ix. Since !, — a as n — oo,

dist(z,a) =2 —a=2 —zp41 + E Tj—Tjp1) = — T + E
j=k+1 j=k+1

In fact this argument shows that 37, .| m(I;) < dist(z,a) < 37°, m(I;) and both sides
aHBn\E:J kj—Q 1/a = k= 1- Ua O

Proof of Lemma 3: First, note that df /dz = |df /dx| > 1, and dist(z,S) < max{a,1—a}/2
for every z, so for the lower bound in (4) holds whenever B > Bg := ((max{a,1—a}/2)"

We will establish the right hand side inequality after proving (5) For that, it suffices to

work on (0, a), since the other interval is similar. By (2), % =1/¢ o f, and hence

d. df do/dx
@ %8 gy _< @ )Of'

If t € Jp (k> 0) then f(t) € Jp_1 so f(t) < k~Y* and (since ¢ is decreasing), 1 >
G(f(t)) > d(x9). Moreover, L|,_;) = —aco(f(t))* " + o((f(£))*!) =< —kY*1. Hence
|4 log 4| < ko1 If t € Jy then f(t) € [z0,y0] and qb(/f(t)) =1 (since ¢ is decreasing
and C1). If t € I} then f(t) € Jj_; so 1 — f(t) < k7Y ¢(f(t)) < k™' and 22|,_jq) <
El/e’=1 Hence

d df 1 t e Jy, 1 t e Jy,
- logd— (t) < kYol te Juy(k>0), < dist(t,S)"= t € J(k>0),
v Bt pe dist(t,S)™*  tell.

(since dist(t,S)|;, =< dist(t,0)]; =< k~/* and dist(t,S)|r; = dist(t,a)|; < R
Lemma 2). For any § > 1 there is a constant By such that

d d
—log | (t) < By di B,
o log I (t) < By dist(t,S) (14)
To complete the proof of (5) let |y — z| < dlSt(Z ). Then the mean value theorem gives a
t between y, z such that
df /dz|,— By
log | L=y | _ 1 <20 -
o8 ‘ df fdal,—.| ~ |de " dx ‘ e T S A,

(using 14)). But since |t — z| < |z —y| < dlSt(zs , dist(¢,S) > dist(z,S)/2 so choosing
B = By 2° completes the regularity estimate. A smular argument estimating % T =1/¢of
on the interval [zg,a) gives

\df /dix| = (dlst(x S)~'N 1+a>) ,
giving the upper bound in (4) for any g > 1. O
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