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1 Introduction

In this paper, we consider the following nonlinear Schrodinger equation.

0 4
25+ A+l + PR =0, (NLS)

where ¢ = 1(x,t) is a complex-valued function on R x R (d > 3), A is the Laplace

operator on R?, 11 > 0 and 1+%<p<2*—1 (2% .= d%dQ).

The nonlinearity of (NLS) is attractive and contains the energy-critical term W\ﬁw
in the scaling sense. It is known (see [7, 12]) that:
(i) for any tg € R and datum 1y € H'(R?), there exists a unique solution 1) € C(Iax, H'(R?))
to (NLS) with (t9) = 1o, where Inax denotes the maximal interval on which 1 exists;
(ii) the solution 1 enjoys the following conservation laws:

19Ol = [Yolls  for any 1 € T (1)
H((t)) = H(o) for any t € Inax, (1.2)

where
() = [Vl s Nalleh = 5 e (1.3

We are interested, like in [3], in the existence of standing wave and blowup problem for

(NLS). Here, the standing wave means a solution to (NLS) of the form ¢ (x,t) = e%th(:U),
so that () must satisfies the elliptic equation

—Au+ wu — plulPru — ]u\ﬁu:O. (1.4)

When p = 0, it is well-known that the equation (1.4) has no solution for w > 0. Moreover,
if the subcritical perturbation is repulsive, i.e., u < 0, then there is no non-trivial solution;
Indeed, using the Pohozaev identity, we can verify that any solution Q € H'(R9)! to (1.4)
with pu < 0 obeys that

d
0= w]|Q|2 —u<1— v )) QL | (1.5)

-1
2(p+1)
which, together with w > 0 and p < 2* — 1, shows @ is trivial. Thus, p > 0 is necessary
for the existence of non-trivial solution to (1.4).

'The solution Q@ € H*(R?) also belongs to L{5.(R?) (see, e.g., Appendix B in [11]).



Our first aim is to seek a special solution to (1.4) called ground state via a certain
variational problem; @ is said to be the ground state, if it is a solution to (1.4) and

Su(Q) = min{S,(u): u is a solution to (1.4)}, (1.6)

where
So(u) = w||ull7s + H(u). (1.7)

More precisely, we look for the ground state as a minimizer of the variational problem
below:

My, i= inf {Sw(u) |uwe H'(RY\ {0}, K(u) = o} : (1.8)
where

d d
K(u) == —=8,(Thu) = —H(Thu)

dA a=1 AdA A=1

(1.9)
dip—1 *
= 29l — 2= s -2l

and T} is the L?-scaling operator defined by
(Thu)(z) == A2u(\z)  for A > 0. (1.10)
We can verify the following fact (see [3, 8] for the proof):

Proposition 1.1. Any minimizer of the variational problem for m,, becomes a ground

state of (1.4).

We remark that the existence of the ground state is studied by many authors (see,
e.g., [1, 2, 3]); In particular, in [1], they proved the existence of a ground state for a class
of elliptic equations including (1.4) through a minimization problem different from ours.
An advantage of our variational problem is that we can prove the instability of the ground
state found through it. Indeed, we can prove the blowup result (see Theorem 1.2 below).

In order to find the minimizer of the variational problem for m,,, we also consider the
auxiliary variational problem:

i = inf {T,(u) | u € H'RY)\ {0}, K(u) <0}, (1.11)
where
2
Zy(u) :=8Sy(u) — m]c(u)
dn— 1) — 4 1 (1.12)
e e R e

Note that the subcritical potential term disappears in the functional Z,,. The problem
(1.12) is good to treat, since the functional Z,, is positive and the constraint is < 0
which is stable under the Schwarz symmetrization. Moreover, we have the following;

Proposition 1.2. Assume d > 3. Then, for any w > 0 and p > 0, we have;
(i) my, = my,

(i) Any minimizer of the variational problem for my, is also a minimizer for my, and
Vice VErsa.



We state our main theorems:

Theorem 1.1. Assume d > 4. Then, for any w > 0 and p > 0, there exists a minimizer
of the variational problem for m,,. We also have m, = m, > 0.

Theorem 1.2. Assume d = 3. If i is sufficiently small, then we have;
(i) the variational problem for my,, has no minimizer.
(ii) there is no ground state for the equation (1.4).

We see from Theorem 1.1 together with Proposition 1.1 that when d > 4, a ground
state exists for any w > 0 and p > 0.

We give the proofs of Proposition 1.2 and Theorem 1.1 in Section 2. The proof
of Theorem 1.1 is based on the idea of Brezis and Nirenberg [5]. Since we consider the
variational problem different from theirs, we need a little diffrent argument in the estimate
of my, (see Lemma 2.2). We give the proof of Theorem 1.2 in Section 3.

Next, we move to the blowup problem. Using the variational value m,, we define the
set A, — by

)

Ay = {u € H'(RY) | Sy(u) < my, K(u) < o} . (1.13)
We can see that A, _ is invariant under the flow defined by (NLS) (see Lemma 4.1 below).

Furthermore, we have the following result:

Theorem 1.3. Assume d >4, w > 0 and p > 0. Let 1) be a solution to (NLS) starting
from A, _, and let Iax be the mazimal interval on which 1 exists. If v is radially
symmetric, then Iya.x is bounded.

We will prove Theorem 1.3 in Section 4.
Besides the blowup result, we can also prove the scattering result; Put

Ayt = {u e HY(RY) | Su(u) < my, K(u) > 0}. (1.14)

Then, we have

Theorem 1.4. Assume d >4, w > 0 and p > 0. Let ¢ be a solution to (NLS) starting
from A, +. Then, ¢ exists globally in time and satisfies

P(t) € Ay for any t € R, (1.15)
and there exists ¢4, p_ € H'(R?) such that
. RV T LA _
o], - - ], -0 e

We will give the proof of Theorem 1.4 in a forthcoming paper. In fact, we will prove
the scattering result for a more general nonlinearity.

2 Proofs of Proposition 1.2 and Theorem 1.1

In this section, we prove Proposition 1.2 and Theorem 1.1. In the proofs, we often use
the following easy facts:
For any v € H'(R?) \ {0}, there exists a unique A(u) > 0 such that
>0 forany 0 < A < A(u), (2.1)
K(Thu)< =0 for A= A(u),
<0 for any A > A(u).



d 1
aSM(T,\u) = XIC(T,\u) for any u € H'(R?) and A > 0. (2.2)

Moreover, we see from (2.1) and (2.2) that for any v € H'(R%) \ {0},
Sw(Thu) < Suw(Thwyw) for any A # A(u), (2.3)
Sw(Thu) is concave for A > A(u). (2.4)
Let us begin with the proof of Proposition 1.2.

Proof of Proposition 1.2. We first show the claim (i): m, = my. Let {u,} be any mini-
mizing sequence for my,, i.e., {u,} is a sequence in H'(R?)\ {0} such that

nlglgolw(un) = my,, (2.5)
K(up) <0 for any n € N. (2.6)

Using (2.1), for each n € N, we can take A, € (0, 1] such that (T, u,) = 0. Then, we
have
My < Sw(Tr, un) = Zw(Ta, un) < Zy(un) = my, + on(1), (2.7)

where we have used A\, < 1 to derive the second inequality. Hence, we obtain m,, < m,,.
On the other hand, it follows from

my < inf  Z,(u)= inf S,(u)=my (2.8)
ueglz\o{o} ueglz\o{o}

that m,, < m,,. Thus, we have proved that m = my,.
Next, we shall show the claim (ii). Let @ be any minimizer for m,, i.e., Q € H'(R%)\

{0} with £(Q) < 0 and Z,(Q) = my,. Since Z,, = S,, — ﬁlc (see (1.12)) and m,, = my,,

it is sufficient to show that K(Q) = 0. Suppose the contrary that (Q) < 0, so that there
exists 0 < A\g < 1 such that K(T),Q) = 0. Then, we have

my, < Z,(T),Q) < I,(Q) = M, (2.9)
which is a contradiction. Hence, K(Q) = 0 and therefore @ is also a minimizer for m,,. [

Now, employing the idea of Brézis and Nirenberg [5], we prove Theorem 1.1. To this
end, we introduce another variational value o:

o= mf{”vuniz | ue H'RY), |luf 2 = 1}. (2.10)
Then, we have;

Proposition 2.1. Assume that for w > 0 and p > 0, we have

2
My < 0%, (2.11)

Then, there exists a minimizer of the variational problem for my,.



Proof of Proposition 2.1. Let {u,} be a minimizing sequence of the variational problem
for m,,. Extracting some subsequence, we may assume that

Zo(upn) <14 my, for any n € N. (2.12)

We denote the Schwarz symmetrization of w, by u;. Then, we easily see that

K(uy) <0 forany n €N, (2.13)
lim Z,(u,) = m, (2.14)
n—oo

sup ||uy, || ;1 < oo for any n € N. (2.15)
neN

Since {u}} is radially symmetric and bounded in H'(R%), there exists a radially symmetric
function Q € H'(R?) such that

lim u;, =@Q weakly in HY(RY), (2.16)
ILm uf =@ strongly in LY(R?) for 2 < ¢ < 2, (2.17)
ILm u’(r) = Q(z) for almost all z € R4 (2.18)

This function @ is a candidate for a minimizer of the variational problem (1.8). We shall
show that it is actually a minimizer.

Let us begin with the non-triviality of (). Suppose the contrary that @ is trivial.
Then, it follows from (2.13) and (2.17) that

0 > limsup K(u;,) = 2limsup {HVUZH%Q — ||U*||iz*} , (2.19)
so that
. x 12 s * 2%
h:rln_)solép [Vuy, |72 < lﬂgf llup |72+ - (2.20)

Moreover, this together with the definition of o (see (2.10)) gives us that

2(d—2)

limsup ||V ||72 > o liminf [|uf]|72 > o limsup [Vup |24, (2.21)
n—00 n—co n—00
so that
a .
o2 <limsup ||[Vuy| - (2.22)
n—oQ

Hence, if () is trivial, then we have that

My = nh_)n;o Z,(uy,)

. dip—1)—4 9 4—(d-2)(p—1) o
> 1 —————— ||Vuy |72 + w72
lim { i - 1) 1 Vuy, |72 dp—1) [ |72 (2.23)
> %hgninf V|32 > 30%.

However, this contradicts the hypothesis (2.11). Thus, @ is non-trivial.



We shall show that £(Q) = 0. By the Brezis-Lieb Lemma (see [4]), we have

Lo(up) = Zus(uy, — Q) = Z(Q) = 0n(1). (2.24)

Since lim Z,(uy) = my, and Z,, is positive, we see from (2.24) that
n—o0

7,(Q) < my. (2.25)

First, we suppose that K(Q) < 0, which together with the definition of m,, (see
(1.11)) and (2.25) implies that Z,,(Q) = m,,. Moreover, we can take A\g € (0,1) such that
K(T»,@) = 0. Then, we have

my, < Iw(TAOQ) < Iw(Q) = My (2'26)

This is a contradiction. Therefore IC(Q) > 0.
Second, suppose the contrary that (Q) > 0. Then, it follows from (2.13) and

K(up,) — K(u, — Q) = K(Q) = on(1) (2.27)

that K(u) —Q) < 0 for any sufficiently large n € N, so that there exists a unique A\, € (0,1)
such that IC(T), (v} — @)) = 0. Then, we easily verify that

My < Lu(Th, (v, — Q))
< Zo(up — Q) = L(uy) — Zu(Q) + 0n(1) (2.28)
=My — Zu(Q) + on(1).

Hence, we conclude Z,(Q) = 0. However, this contradicts the fact that @ is non-trivial.
Thus, £(Q) = 0.
Since @ is non-trivial and K(Q) = 0, we have

my < Sw(Q) = Iw(Q)- (2'29)

Moreover, it follows from (2.24) and Proposition 1.2 that

7.(Q) < liminf T, (u;) < iy, = ms. (2.30)
Combining (2.29) and (2.30), we obtain that S,(Q) = Z,(Q) = my. Thus, we have
proved that @ is a minimizer for the variational problem (1.8). O

We shall give the proof of Theorem 1.1. In view of Proposition 2.1, it suffices to show
the following lemma.

Lemma 2.2. Assume d > 4. Then, for any w > 0 and p > 0, we have

2
my < o, (2.31)

[SI[oH

Proof of Lemma 2.2. In view of Proposition 1.2, it suffices to show that

- 2 4
my, < 77 (2.32)



Let W be the Talenti function

a—2

W(z) = (M) o . (2.33)

1+ |z|?

a—2

Put W(z) := e 2 W(e lz) for ¢ > 0. It is known that
AW — [W|TEW =0, (2.34)
da
02 = |[VW,|32 = |[W[|?2 for any & > 0. (2.35)

We easily see that W, belongs to L*(R?) for d > 5. When d = 4, W no longer belong
to L?(R*) and we need a cut-off function in our proof: Let b € C(R*) be a function

such that
o) 1 if |z <1, ( )
if |x| > 2.

We define the function w. by

bW, when d =4,
We = (2.37)
W, when d > 5.
Then, for any € < 1, we can verify (see p.35 of [13]) that
IVwe]|2 = o +O(?2), (2.38)
el = 0% + O("), (2.39)
) Cre?|loge| + O(e?) if d =4,
[wel|72 = 5 42 _ (2.40)
Cie” +0(e%7?) if d>5,
(d=2)(p+1) (d=2)(p+1)
we|[PHL, = Coe®= 2 p o6 ), (2.41)

where C and Cy are positive constants independent of . Moreover, it follows from (2.1)
that;

For any € € (0, 1), there exists a unique . > 0 such that

d(p—1) 4= (2.42)

0= K(Tywe) = 20 [Vuwellze = p= =2 T uwellfyhy = 202 e 72

Combining (2.38)—(2.41) and (2.42), we obtain that

dp=1)—4 pd— =2t )

)\d 2=1-CX ° 0(e?72), (2.43)

where C' > 0 is some constant which is independent of . Since ﬁ > R L

find from (2.43) that

— 2, we also

lim A\, = 1. 9.44
i A (2.44)



Put A\; = 1+ a., where hfll az = 0. Then, (2.43) together with the expansion (1 + a;)? =
>
1+ qa: + o(ae) (g > 0) gives us that

4 dp—1)—4 (d=2)(p+1)
14+ ——a.+o(a) = 1-C {1 + (pz)ag + o(aa)} e L 0(e42), (2.45)
so that
(d=2)(p+1)
ae = —Coe®™ e + 0(¢%72)  for any sufficiently small ¢ > 0, (2.46)

where Cy > 0 is some constant which is independent of e. When d > 4, d — 2 >
d— % and hence we find from (2.46) that

_ (d=2)(p+1)
2

Ae =1 — Cpe? + 0(¢772)  for any sufficiently small £ > 0. (2.47)
Using (2.38)—(2.41) and (2.47), we obtain that
My < Iw(T)\Ewa)

dp—1) —4 4—(d-2)(p—-1)

2 2 2 2+ 2

= A A .

w HwEHL2 + d(p — 1) € vaefHL? + d(p _ 1) e w8||L2

dp—1)—4 .9 a 4—(d—-2)(p—1) o 4 -
< 2 )\2 )\2 d—2
<wCre” + Tdp—1) o2 + Ap—1) 202407
< Wi + dlp—-1)—4 {1 _ 9Cyed } o2 (2.48)
d(p—1)
4—(d-2)(p—1) { d_@=2@+D Y d 4 @d=2)(p+1)
1-2°C }
+ 1) Oe 2 o2 +o(e )

2 1 - -

= ga% D] E 2)C’osd* (e + wCie® + o(e®™ “ 2>2<p+1))
for any sufficiently small € > 0.
Since d — %2(79“) < 2 for p > 1, we obtain m,, < %a%. O

3 Non-existence result in 3D

In this section, we will give the proof of Theorem 1.2. Before proving the theorem, we
prepare the following lemma.

Lemma 3.1. Assume d > 3, w > 0 and p > 0. Let u be a minimizer of the variational
problem for my,. Then, we have that

lull g S 1. (3.1)

where the implicit constant is independent of .



Proof of Lemma 3.1. Fix a non-trivial function y € C2°(R%) and put

1
[
It is easy to see that
2 2%
2\ 7¥=2 2 \ =2
2 IVxll72 2 IVxl|z2 9+ 2
IVXIl72 = <||X|2L IVxll72 = W IxIl72x = X725 (3.3)

L2* L2*

so that K(X) < 0. Hence, we obtain that
My < Zy(X)- (3-4)

Note here that Z, () is independent of u.
Now, we take any minimizer u for m,. Then, Proposition 1.2 shows that u is also a
minimizer for m,,. Hence, we see from (3.4) that

ull g S Zo(u) = My < Zu(X), (3.5)
where the implicit constant is independent of . Thus, we have completed the proof. [
Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. We first prove the claim (i). Suppose the contrary that there exists
a minimizer u of the variational problem for m,,. It follows from Proposition 1.2 that u is
also a minimizer for m,,. Let u* be the Schwarz symmetrization of u. Then, we easily see
that «* is a minimizer for m,, as well as u. Hence, using Proposition 1.2 again, we find
that u* is a radially symmetric solution to the elliptic equation (1.4). Moreover, Lemma
1 in [2] gives us that u* € C?(R?).

Put ¢(r) := ru*(r) (r = |z|). We see that ¢ satisfies the equation

¢" — ¢+ pur' P +r° =0, >0 (3.6)

Let g € W3°°([0, 00)). Multiplying g¢' by the equation (3.6) and integrating the resulting
equation, we obtain

IR -y [T d@rg [

00 o) —4
p—1 _ 1 _ 2 r
+u/0 <p+17" pg—pHTl pg’) |¢>I”“+/0 <3r Y- g’) |6/° =0.

On the other hand, multiplying the equation (3.6) by ¢’¢/2 and integrating the resulting
equation, we obtain

1 2, 1 2 1 2 M 1 1, 1 4416
/ — —
—2/ g9'(¢) +4/ 9”9 —2/ g'o +2/ Py Pt +2/ r¢l°g’ = 0.
0 0 0 0 0
(3.8)

(3.7)




Subtracting (3.8) from (3.7), we have the identity

g(0 1 [
IR0+ [ - a9)6
(3.9)
o p=1  p+3 2/°° =516
—M/O {p+1g 2(p+1)7“9}7" LR WA {g—rd}trl0l.
We take g such that
g"(r)—4¢'(r) = 0, r>0,
{ (r) (r) (3.10)
g(0) = 0.
It is easy to verify that
1—e 2 .
g(r) = — isa solution to (3.10). (3.11)
Besides, we see from an elementary calculus that
/ 1—e® —2r
g(r)—rg'(r)= — e >0 for any r >0, (3.12)
(g(r) —rg'(r)) =2re™® >0 for any r > 0. (3.13)

Taking this function, we see from the formula (3.9) that

*f{p-1 p+3 ] _ 1 2/00 e
- - Ple + 3 - . (34
M/O {p—l—lg 2(p+1)7“9 }T lp[P™" + 5 ), {g—rg'}r|0]| (3.14)

We shall show that

o
p_l p+3 / —p| 4P+l <
— 1 1
/0 {p+1g 2(p+1)7"g}7“ [ S 1, (3.15)
liﬂa_iélf/o {g—rg'}r°9|° 2 1, (3.16)

where the implicit constants are independent of u. Once we obtain these estimates, taking
1 — 0in (3.9), we derive a contradiction. Thus, the claim (i) holds.

We first prove (3.15). It is easy to verify that the right-hand side of (3.15) is bounded
by

/000(1 eyt (1) P dr +/0

e_zrr2|u*(r)\p+1 dr < / rz\u*(r)|p+1 dr
0 (3.17)

p+1

p+1 <
Hl )

Lr+1(R3) ~ ]

~ ull
where the implicit constants are independent of p. Combining (3.17) with Lemma 3.1,

we obtain the estimate (3.15). Next, we prove (3.16). It follows from (3.12), (3.13) and
the mean value theorem that

A w—WMWW=A w—wwWP;Ar%W~mm, (3.18)

10



where the implicit constants are independent of p. Here, using the Sobolev embedding,
K(u) = 0, the Holder inequality and Lemma 3.1, we obtain that

3(p—1)

(
lullze S IVullfe S llull 6 + llullzs  forall 0 < p < 1. (3.19)

Hence, we find that
1< JullSs forall 0 < pu < 1. (3.20)

The estimate (3.18) together with (3.20) gives (3.16).

We shall prove the claim (ii). Let @ be a ground state of the equation (1.4). We
see from (1.6) and Proposition 1.1 that @ is also a minimizer for m,. However, this
contradicts the claim (i). Thus, (ii) follows. O

4 Blowup result

In this section, we prove Theorem 1.3. The key lemma is the following.

Lemma 4.1. Assume d > 4, w > 0 and p > 0. Let ¢ be a solution to (NLS) starting
from A, —, and let I,ax be the maximal interval where v exists. Then, we have

P(t) € A — for any t € Inax, (4.1)
sup K(1(t)) < 0. (4.2)
t€Imax

Proof of Lemma 4.1. Since the action S, (¢(t)) is conserved with respect to t, we have
Sw(¥(t)) < my, for any t € Iyax. Thus, it suffices for (4.1) to show that

K((t)) <0 for any t € Inax. (4.3)

Suppose the contrary that K(¢(t)) > 0 for some ¢t € Inax. Then, it follows from the
continuity of ¢(t) in H'(R?) that there exists ty € Iyax such that K(¢(tg)) = 0. Then,
we see from the definition of m,, that S, (¢(to)) > m., which is a contradiction. Thus,
(4.3) holds.

Next, we shall prove (4.2). Since KC(¢(t)) < 0 for any ¢ € Imax, we see from (2.1);

For any t € Inax, there exists 0 < A(t) < 1 such that (T (t)) = 0. (4.4)

This together with the definition of m,, shows that

Su(Tapy (1) = me,. (4.5)
Moreover, it follows from the concavity (2.4) together with (2.2), (4.3) and (4.5) that
d
Su(¥(t) > Su(Taw¥(t) + (1 = At)) 5 Su(Tatp(t)) -
= SuTyp(0) + (1= DKW () 40
> my + K((t)).
Fix typ € Imax. Then, we have from (4.6) and the conservation law of S, that
K((t)) < =muw + Su(1(t) = —me + Su(¥(to))- (4.7)
Hence, (4.2) follows from the hypothesis S, (¢ (o)) < my,. O

11



Let us move to the proof of Theorem 1.3.

Proof of Theorem 1.3. The proof is based on the idea of [9, 10]. We introduce the gener-
alized version of virial identity; Let p be a smooth function on R such that

p(x) =p(4 —x) for all z € R, (4.8)
p(x) >0 for all z € R, (4.9)
/ plx)dr =1, (4.10)
R
supp p C (1,3), (4.11)
Px)>0  foralz<?2. (4.12)
Put
w(r) :=r— / (r—s)p(s)ds for r > 0, (4.13)
0

jz?

R2> for x € R and R > 0. (4.14)

Wg(z) == R*w <

Then, for any solution 1 € C(Inax, H'(R?)) to (NLS) and tg € Iy, putting 1o := 1 (to),
we have the identity

/mwﬂ
Rd

t t
_ 2 _ o~ . AN 7 11 34/
= [ Walbol? + (s to)o/RdVWR voodo+ [ [ G it

AK@ / yarvue )+ by (L)
[ Lol P 2SR e 2 e avr

2
x

= Vi(t')

dt"dt'
|z|

1 t t
- / / AWy | dt” dt’ for any t € Ihax and R > 0.
to Jto R
(4.15)
We easily verify that
IVWg(z)|? < AWg(x) for any R > 0 and x € R? (4.16)
IWgll L~ < R, (4.17)
IVWE| e < R, (4.18)
AW, <! 4.19
H RHLOO ~ R2 HPHW?@O(R)- (4.19)

12



Now, let ¢ be a solution to (NLS) starting from A, _. We see from Lemma 4.1 that

g0 :=— sup K(u(t)) > 0. (4.20)

telmax

Our aim is to show that the maximal existence interval I,y is bounded. We divide the
proof into three steps.

Step 1. We claim that;

There exists my > 0 and R, > 0 such that for any R > R,
RY), KR(p) < -2 (4.21)
my < inf / lv(z)|? da (RS (v) ,
le|>R

4 b
where H! ,(R?) is the set of radially symmetric functions in H!(R?), and

12
R Az [ |2]?
R(y) .— 2/R2 1z~ 2
k)= [ 2 [T+ 2mn (B ) 1o
||

e e\ f et 2
LA af omar 25la( e ) { {ulg e S

Let R > 0 be a sufficiently large constant to be chosen later, and let v be a function such
that

Hl

rad

vll2 < l|%oll 22

(4.22)

CAS H}ad(Rd)» (423)
Kf(v) < —%0, (4.24)
[vl[z2 < 1Yol - (4.25)

Then, we see from (4.24) that

2
||

Z 4l2]2 2
60—1—/ 2/R2 p(r)dr + —-— |:c] |x] }V 2
4 R4 0
z2

—K:R(?})—f—/ 2/R2 (7" |l" (

R4 0

3 2l (PN [ p=1, e 2
- d dr i D=2yt 2 .
L] omar Zeba (S0 ) g e S |

To estimate the right-hand side of (4.26), we employ the following inequality (see Lemma
6.5.11 in [6]); Assume that d > 1. Let s be a non-negative and radially symmetric function

IN

|z 2
2 ) |Vl (4.26)
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in CY(RY) with |z|~ (@1 max{—mif'“, 0} € L=®(R%). Then, we have

|62 | oo

1
S llullz. {

—(d—l) X - VU %

. 3 1
\x!_(d_l)max{_x V:‘i’ 0} 2 Hqu2} (4.27)
LOO

|z K
2 ||
for any u € H! (R?),
where the implicit constant depends only on d.
Now, put
e Al (el
- d =), 498
) =2 [ o+ s (G ) (4.28)
B Al (P
= d — 4.29
ate)i=a [ “ptryar+ (1), (4.29)
so that ) )
KR(v) = v2—/ P s S ). 4.30
)= [ ol = [ v (W ol 4 2o (430
Then, we can verify that
supp k; C {|z| > R} for j =1,2, (4.31)
kil ST for j=1,2, (4.32)
sup max 2 V() = (4.33)
z€Rd ‘l‘| R
1< inf F(z) (4.34)
™~ |e|>R ko(z)
The inequality (4.27) together with (4.32), (4.33) and (4.25) yields that
2, 1o o 5 2
“2&|U‘ < [Wr22v| e Ky vl
R4 Rd
o1 25 3 1 e 2
S s Il oy VAT + — IO 0l (ase
R a2 Rd-—=2

[40ll7» =
< R2<dL1> (Hollqops ry VA2Vl 2 ) 7 + 2,

where the implicit constant depends only on d and p. Moreover, applying the Young
inequality (ab < “T—T + bri, with 2 4+ L =1) to the right-hand side of (4.35), we obtain that

d 2

2 2 < ol 2 ol \ 0 | NIl
gl S oliegesr VRVl +{ ey |+ . (4.36)

R d—=2 RQ*
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Similarly, we have

4
2 2 2 ol \°" , llvol3s
/ H2g\”’p+1 S ollz2 ez m) VRVl + | —ahi + (4.37)
Re R 2 2
If R is so large that
2 = 2+ 2\ i3 2*
[Yollze \°™" | Ivollze [ollze \ 7 vollze
(Ll )™ o D (Ml )™ I e
2 R =2 d—2
then (4.26) together with (4.36) and (4.38) shows that
2 €0
L (51 = Clleliuizm ) V0 < =5 (439

for some constant C' > 0 depending only on d, p, p and p (the notation A < g9 means
that the quantity A is much smaller than £y). Hence, we conclude that

1n il (l‘)
|z|>R ko ()

< Ollvll2(4)5 ry: (4.40)

which together with (4.34) gives us the desired result.

Step 2. Let m, and R, be constants found in (4.21), and let Ty ax := sup Ipax. Then,
our next claim is that

sup / [ (z, 1) > de < my (4.41)
tE[t07Tmax) |£L'|ZR

for any R > R, satisfying the following properties:

A2 Wg|| o %0172 < <0, (4.42)
[ o) ae <, (4.43)
j2[>R
| | , ,
€0 R4

Here, we remark that it is possible to take R satisfying (4.44) (see [9]).
In order to prove (4.41), we introduce

Tr :=sup {T >t

sup / [ (z,t)|* dx < m*} for R > 0, (4.45)
|lz[>R

to<t<T

and prove that Tr = Tinax for any R > 0 satisfying (4.42)—(4.44).
It follows from (4.43) together with the continuity of +(t) in L?(R%) that Tx > to.
We suppose the contrary that Tr < Tiax. Then, we have

/| on [ (x, Tr)|? dz = m,. (4.46)

Hence, we see from the definition of m, (see (4.21)) together with the mass conservation
law (1.1) that

~7 < KR((Tr)). (4.47)
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Combining the generalized virial identity (4.15) with (4.47) and (4.42), we obtain

2

— T
/ Wlt(Tr)P < / Wildol? + TaS / VWi - Vibodo — e,
Rd Rd Rd 2

Th Tk
+ ?50 + §50

1 2
:/ Wrlvol* + — ‘/ VWE - Viboto (4.48)
R4 €0 |JRd
€ 2 —\?
-7 <TR -S| Vg V%%)
€0 R4
1
< (14 21wl ) [ wilvol
€0 Rd
Hence, we see from (4.44) that
/ Wg|(Tg)|> < R?m.. (4.49)
R4
Since Wgr(z) > R? for |z| > R, (4.49) gives us that
1
/ [0 (z, Tg)|>dx = 23 R2[Y(z, TR)|?dx < / WgY(T,) | < ms, (4.50)
|z]>R |z|>R

which contradicts (4.46). Thus, we have proved Tr = Tiax and therefore (4.41) holds.
Similarly, putting Ty, := inf Ijhax, we have

sup / [ (, 1))? da < ma (4.51)
tE(Tmin,to} |:L‘|>R

for any R > R, satisfying (4.42)—(4.44).

Step 3 We complete the proof of Theorem 1.3. Take R > R, satisfying (4.42)—(4.44).
Then, it follows from the definition of m, together with (4.41) and (4.51) that

—%0 < KE@(t)) for any t € Iax. (4.52)

Hence, we see from the generalized virial identity (4.15) together with (4.52) and (4.42)
that

_ 2
/ Wr[p(t)|* < / Wrlvol® + S / VWi - Vibollo — 2~ for any ¢ € Iyax. (4.53)
Rd ]R{d ]Rd 2

Supposing sup Iyax = +00 or inf I, = —00, we have from (4.53) that
/ Wglp(t)? <0 for some t € Iax, (4.54)
R4
which is a contradiction. Thus, I,y is bounded. ]
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