GEOMETRIC-OPTICS FOR NONLINEAR
CONCENTRATING WAVES IN FOCUSING AND
NON-FOCUSING TWO GEOMETRIES

SLIM IBRAHIM

ABSTRACT. With the methods used in [1] and [4], we prove that, in
absence of focus, nonlinear geometrical optics of the critical wave equa-
tion with variable coefficients, is reduced to linear geometrical optics
combined with wave operators for the critical wave equation with coef-
ficients fixed on concentrating points. On the odd-dimensional spheres,
we prove that passing through a focus is generated by a modified scat-
tering operator.

1. INTRODUCTION

In this paper, we consider a sequence u := (uy, )y, solution of the equation
(1.1) (02 — Ap)ut |u Pt u=0, Ry x M2,

where, M is either the d-dimensional sphere S% and in that case Ay is
assumed to be the Laplace-Beltrami operator on S%, or M is the whole
space IR? with a local perturbation of the Laplace operator, namely A =
div,(A(z)V,.), and A is a matrix valued function A satisfying:

There exist two constants 0 < cg < 1 and Ry > 0 such that

(i ) colEP<A@EE<e [, Va, L€ R
(H)
(ii ) A(z)=1d, Yxe€ R? with |x|> Ro.

Under the condition (H)(i), the matrix A(z) is positive definite for a hy-
perbolic equation, and so its inverse A~!(z) defines a riemannian metric on
IRY. Notice that in the constant case, namely when A(z) = Id, the oper-
ator 97 — A is the usual d’alembertian operator on IR; x IR%, defined by
O:=02 — A,.

We assume that d > 3. The exponent, p. = %, corresponds to the critical
Lebesgue space in which the homogenous Sobolev space H!(M) is embed-
ded. We recall that H'(M) = {g € LP<T1(M) such that ||Vg]| 12y < oo}

The initial Cauchy data, (un,Oiun)y—o = (¥n,¥n), are supposed to be
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bounded in the energy space £(M) := (H' x L?)(M), with the norm
(g0, g1)lle = (V. 90, 91)l| L2 (M2

Our aim is to describe the sequence u by means of a sequence of “sim-
pler functions” in the energy space £. A crucial role is played here by the
sequence v, solution of the linear wave equation

(1.2) (07 = Am)v =0,
with the same Cauchy data at time ¢ = 0, that is
(1.3) (Vn, a1€'Un)|t:0 = (un, 8tun)|t:0'

Let us first state a few facts about solutions of (1.1). In the case M = IR?
and Ay = divy(A(z)Vy.), global existence of solutions of equation (1.1),
in the energy space, was recently proved by the author and M. Majdoub
in [9], [10]. They used a method introduced by Shatah-Struwe, when the
coefficients are constant, (see [15] and [16]) . We emphasize the fact that
these results use the so-called Strichartz estimates, in a crucial way.

Proposition 1.1 ([Strichartz estimates.]). Let T be a positive real number
and g a function satisfying (g, 0;g) € C(IR,£). Assume that

h = [07g — divy(A(x)Vag)] € L'([0,T], L*(IRY)),

then we have
T

(1.4) Mgl pao, 1,07 (may) < CtLT{Hvt,wg\t:OHL2(Rd)2 +/ ||h(t)||L2(sz)dt},
0

with 1 +2=9¢ -1, ¢> % andg>2ifd=3.

Notice that in the constant case, the constant ¢, r does not depend on T’
and therefore the previous estimates are global; that is
every solution g of (g = 0 satisfies

1
(1.5) 19/ a(m,zr(m2y) < EeEG (9,0),

where, for all function g(t, z), Eo(g,t) := ||(g,0:9)(t,.)||* denotes the energy
of g at time ¢. Inequalities (1.4) were obtained by Ginibre-Velo [8] in the
constant case, and by Kapitanski [12] when coefficients are smooth. Recent
results established by Smith [17] and by Smith-Sogge [18], generalizing these
estimates for less regular coefficients and for exterior of strictly convex com-
pact sets.

In the case of the sphere, the non-concentration result proved in [10], along
with the method followed by [15] and [16] imply, in fact in an easy way,
existence and uniqueness of solutions when the data are in the energy space:
we will not write the details here.

On the other hand, in the constant case, Bahouri-Gérard proved in [1] a
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structure theorem for solutions of (1.1), up to remainder terms, small both
in energy and in Strichartz norms. More precisely, they showed that non-
linear geometrical optics are reduced to linear geometrical optics combined
with the same scattering operator as solution passes through a point of con-
centration. Here, we prove similar results but with a family of scattering
operators depending on the concentrating points.

Before stating our results, let us introduce the particular case of a nonlinear
concentrating wave.

We denote by rg > 0 a lower bound for the injectivity radius on M. Fix an
even cut-off function § € C§°(B(0,7o)) satisfying §(x) = 1 on B(0, 7). For
all 21, z9 € M, let by,(z1) = O(exp,,!(z1)). Here, exp is the exponential
map, and B(z,r) is the euclidian ball with center x and radius . We also
denote by

B'(z,7) := {y € M such that | exp;'(y) |.< 7},

the geodesic ball. (| . |, denoting the norm in 7, M with respect to the
riemannian metric).

Definition 1.2. Given an element [(p, 1), h,z,t] in the space & x (IR x
M x IR)™ such that im (A, Zn,tn) = (0, Zoo, too), @ linear concentrating
n

wave v := (vy)y, associated with the data [(p, ), h,z,t] is a solution of (1.2)
satisfying,

(0n, Oun) (b ) = B!~ 20(expy 2 ) (s ) ()
+ o(l), in&(B (zp,10))

(U, Oon)(tn, ) = o(1) in EB (zn,r0)).

Remark 1.3. (1) In the following, we will call concentrating data, the
element [(p,), h, z,t] appearing in the Definition 1.2.

(2) Two concentrating data are said to be equivalent if, the correspond-
ing linear concentrating waves are equivalent in the energy space.
From now on, we will not distinguish between a concentrating data
and its associate linear concentrating wave; we will usually write

U= [(@7¢)7ﬁ7£7 ﬂ

(3) Notice that in the constant case, we have exp, !(z) = z—x, and rq is
in fact equal to 4+-o00. In the case of (IR?, div,(A(x)Vy.)), we can still
use the previous fact and then get the same definition of a linear con-
centrating wave as in [1], [4]. In fact, we have to estimate, according

exp; L.

(el —

n

to the L? norm, expressions of the type hn_%H(eXp;nl g

r—

hn_% g(Twn) in the geodesic ball B'(x,,rg). For simplicity, let us
suppose that g € C3°(IR%).
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Putting the change of variables x = exp, (h,y), hence for n suffi-
ciently large, we can write

€XDPyg,, (hny) — Tn

[ et =g R G 2y = )+ ),
n|Y|<ro n
with,

. o expxn(hny) — Tn

@ = [ o) —o(TR T
and

.. expxn(hny) — In
() = [ 1) - ("Rl 2,
R<|y\<ﬁ n

The positive real number R is chosen such that the euclidian ball
B(0, csoR) contains the support of g. The constant 0 < coo < 1 is
given by the local equivalence between the geodesic and the euclidian
distances ( see Proposition 2.1 in [10]), that is

(1.6) Coo | T — T |<| expy @ |1, < o) | T — 20 |

Using the dominated-convergence Theorem, it is easy to show that
() goes to 0 as n tends to infinity. On the other hand,

h _
(i) < / | g2 Pean) ZTn 15 4
R<|y\<,:—2 o,

T —Tp. 9
[ (=) P da
Rhn<|oxpz;(m)\zn<r—0 n

2

The above choice of R and (1.6) give the desired result.

Nl

< ha”

Definition 1.4. Let v be a linear concentrating wave and u be the solution
of
(1.7) { (07 = Ap)un+ | un [P up =0

(um 8tun)\t:0 = (Um atvn)\tzO'
Then, the sequence u is called the nonlinear concentrating wave associated
to w.

The profile decomposition of bounded sequences in H', (see [7]) and the
propagation results of h-oscillations proved in [4], along with the method fol-
lowed by [1] and [4], reduces the study to the particular case of a nonlinear
concentrating wave. Similar results for the case of general data, (¢, ¥n),
would be easy to prove.

In this paper, our goal is to describe every nonlinear concentrating wave
u in the high frequency approximation; namely, up to relatively compact
sequences (7, according to the Energy-Strichartz norm

Il s= sup l(r, &) (&, Ml + lirllzoe 1,220e),
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where [ is a time interval of IR. It is a matter of finding linear concentrating
wave f such that v = f 4+ r with lim ||| r, ||| = 0.
- - n

In the first part of this paper, we deal with the case (IRY, div(A(z)V,.)).
The idea is the following. We rescale the Cauchy problem associated to
(1.2) by introducing the “microscopic” variables s = tﬁfb” and y =
(which preserve the energy norm). Thus we have

026, — divy(A(hn. + 2,)Vybn) = 0 and (3, Osn)js=0 = (1),

d

where v, (t,7) = hi ¥n(s,y). Therefore, one may be tempted to consider
the “rescaled Laplace operator” divy(A(hn,y + 2,)Vy.) to be “equivalent”
to the operator divy(A(zs)V,.), and then use the scattering theory when
coefficients are fixed on the point of concentration x.,. We prove that this
heuristic makes sense for time sufficiently close to the concentration time
to. However, when we are away from that time, geometrical focus could
hold.

Definition 1.5. A given point z,, € M is said to be a focus if there exist
a point z € M and a time ¢ € IR such that the set

Foo(x,t) :={£€S;M: exp ,t& =z}

of directions of geodesics stemming from a point z and reaching x., in a
time ¢, has a positive surface measure.

Here, S*M is the unit cosphere bundle and the measure | © | of a set
2 is the one induced by the metric of M on 7M. For instance, any two
antipodal points z; and 5 on the sphere S¢ satisfy

| For(wa,t =) |=| S71.
Our first result is the following

Theorem 1.6. Let v = [(p, ), h,z,t)] be a linear concentrating wave. We

denote by u its nonlinear associated concentrating wave. There exist two
linear concentrating waves denoted by [(Poo, Voo )+, b, x,t], such that:

For all interval I of IR containing 0 and not ts, satisfying the following
non-focusing property

(Hg)(I, 7o) : | Fory,tec =) |20 VEEL ye R,

we have,
(i) @‘” Un — [((1000,—72)[)00,—)7ﬁ7£7ﬂ |||K*)\ — 0 as )\ — 400
(if) Tan | un — [(Poo,+ Yoot ) b 28] [l o+ — 0 as A — +o0,

where, K is a compact subset of I and K=\, = {t € K : £(teo—t) < —Ahy}.
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Remark 1.7. (1) The linear profiles (oo, oo )+, given by the above the-
orem, are well defined according to the asymptotic states of solutions
of

OFu — divy (A(zeo)Vyu)+ | u [Pt u = 0.

See Proposition 3.1 for the precise definition.

(2) The geometric condition (Hg)(I, 2~ ), takes into account the fact
that in variable coeflicients case, the linear solution v can concentrate
possibly several times between times ¢ = 0 and t = t4,, because of
possible focus. The example of the sphere S¢ shows that, there are
intervals I for which this condition is not satisfied. Nevertheless, in
the general case of a riemannian manifold, it is enough to suppose
that the time of concentration is rather small so that (Hg)(I, ) is
satisfied. It is a property of the exponential map.

(3) (Hg)(I, zo) is globally satisfied, (i.e I = IR—{t}), when the metric
is flat because the geodesics are the right-hand sides stemming from
Too, Which never intersect. We will give a larger class of such metrics
(see the example in section 3).

In the second part of this paper, we study the same problem on the sphere
S9: geodesics from a point zo, € S%, all meet the antipodal point at time
t = m, and periodically at time t = m + kw, with k € Z.

Theorem 1.8. Let v = [(p, ), h,x,t] be a linear concentrating wave on the
sphere S and w its associate nonlinear concentrating wave. We assume that
too = limt,, €]0, 7], then we have

n

(3) Tl — (2,9, o 2,2) e A ] — 05 A = +00.
(58) Tt — [, ), 2o 8] sttt = 05 A = 00,

Moreover if d is odd, then beyond the first focus we have

(iii) @‘H up — [SAS(p,9), by —2, ] |||}too+7r+Ahn7too+27r—Ahn[ -0 A—
+0o0,
where Ag is an involution isometry of the energy space defined in Lemma 4.2.

When t,, is arbitrarily chosen, we will replace the scattering operator
S by one of the appropriate wave operator given in Proposition 3.1. For
arbitrary intervals, we prove that each focus crossing is described by the
above nonlinear scattering operator, composed with the map Ay. They are
iterated as many times as the solution passes through a focus. Precisely, by
induction we can easily deduce the next corollary.
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Corollary 1.9. Using the same notations of Theorem 1.6, then for all j €
Z.., we have

Here, S=So Ay and S¥ =So0So... 0 S, j times.

Remark 1.10. When d is an even integer, we believe that the result of The-
orem 1.8 is still true (eventually with another scattering operator). Our
method only proves the first statement of Theorem 1.8 nevertheless, beyond
the first focus we need more careful study to exhibit the new profile of 7-
time translated concentrating waves.

We notice that similar results, were obtained by [3], in the context of
semi-classical Shrdodinger equation with isotropic harmonic potential.
The paper is organized as follows. In section 2, we give some properties of
linear concentrating waves on the whole space IR%. In section 3, we study
nonlinear concentrating waves and then we prove Theorem 1.6. The last
section is devoted to the study of nonlinear concentrating waves on the
sphere and to the proof of Theorem 1.8.

2. STUDY OF A LINEAR CONCENTRATING WAVE ON IR%

First, we fix a concentrating wave v = [(p,9), h, z, | and an interval I of IR

containing 0. For the sake of simplicity, we suppose that d = 3, t,, = ts > 0,

limx,, = o = 0 and A(0) = Id. The other cases can be treated in a slightly
n

similar way. In this section, we denote by 04 = 02 — div (A(.)V). Thus we
have

1 1 — Tn
(28) Dt =0, (vn vt (2) = = (5 0) (5

n

).

Finally, we denote by (4, %)a>0, a (C3°(IRY))? approximation of (¢,1)) in
the energy space £.
We split the proof of Theorem 1.6 in several lemmas.

Lemma 2.1. Let f(s,y) be a reqular function defined on IR x IR® such that
for all A € IR™, its restriction on [—A, A] X IR is supported in some compact
set Kn. Then we have,

lim || divy[(A(hn- + 2n) = A(200))Vyfll L1 ((-a,0), L2(3)) = 0-

Proof. Let A > 0 and K be the support of the restriction of the function
f on [-A,A] x IR3. We denote by K. the compact of IR3, obtained as
the projection of K on IR3. Therefore, for all real s € [~A, A], we have
supp f(s,.) C K}\ The proof of the lemma is now easy; it is enough to
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notice that we have
[divy [(A(hn. +2) —  A0)Vy flllr=a,a),z2(R?))

< c{Ahn sup |0A(y)| sup Eg (f, s)} +
yeR3 selR
(2.9) c {A sup | A(hny + x,,) — A(0) | sup EZ (0f, s)}
yeK) s€lR

The following result shows that using Lemma 2.1, we can fix the coeffi-
cients of the operator [J4, for times ¢ close to the time of concentration ...
Precisely we have

Lemma 2.2. Let v be the solution of (2.8). Setting vy = (v, \)n the
sequence satisfying

o o o 1 1 T — Tn
Dvn,A = 07 (Un,[h 8tvn,A)hﬁ:tm (:E) = \/*—hn(SDAy h_nwA)(T

n

).
Then we have

@ Il vn = vp A N [toe = Al st +-ARn] — 0 a8 A — +o00.

Proof. In the “microscopic” variables s = % and y = x;f", we can
write 1 - 1
~ - T — Tp ~
oplt,x) = v s = Up (S
nl1,8) = (2, T = —in(s,9)
1 t—too T— Ty 1

ol ) = SR (= T = i (s,),
where the “rescaled functions” v, and v} satisfy
DAhntw0)n =0, (Tn, 050n)js=0 = (¢, ),
Ovg =0, (03,0503 )1s=0 = (@A, ¥n)

We set r, A := v, — v, . The rescaled function 7, A is then the solution of

Oa(ptan)Tna = divy[(A(hy. + z5) — A(0))Vy05]

(Tn A OsTp Ajs=0 = (¥ — @A, — ).
The condition (H) and the energy estimate imply that

1
sup B3 (7ans) < of 11 V0 —on) iz + | (0 =) ) |
s€[—A,A]

+ c{ldivy[(Alhn. + 20) = A©O)Vy 3R] (-n )220 }-

By finite propagation speed, the solution v} is supported in a fixed compact
set denoted by K. Taking the limit in n and using Lemma 2.1, we obtain

1
i sup E¢ (7 a0s) < of || V(o= en) iz + | (@ = a) )
" se[—A,A]
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and hence lim sup Ey(7° ,,s) — 0 as A — +o0.

" se[—A,A] ’
On the other hand, Lemma 2.1 and Strichartz inequalities (1.4) applied to
the function r, , on the interval [too — Ay, too + Ay give

Gm |75 AllL5((—a,A), 10 (m3)) — 0 as A — oo,
n
which concludes the proof of our lemma.

The next result shows that linear concentrating waves have the following
non-concentration property under the condition of “smallness” of the time of
concentration t.,. The proof of this result uses microlocal defect measures,
introduced, independently by P. Gérard [5] and L. Tartar [19].

Lemma 2.3. Assume that the geometric condition (Hg)(I, Zso) is satisfied
on the time interval I and in the point . Then, for all compact K C I,
the linear concentrating wave v satisfies
(2.10)lim sup [vn(t, M zo(msy — 0 as A — +o0
" tEK\[too—Ahn,too+Ahp]

Proof. For the sake of simplicity, we suppose that I =|T7,te0[U|too, T2|
with T; € IR and T < too < T5. Let K be a compact subset of I. Arguing
by contradiction, we suppose that (2.10) does not occur. Thus, there exist a

constant ¢ > 0, a real subsequence (A;); tending to +oo and a subsequence
(tn,); of (tn)n, convergent to 7 € K such that

(2.11) | tn; —too |> Ajhy, and li;_n | fr; (Bnjs ) o (msy — ¢

We split the proof of Lemma 2.3 in two parts. First, we consider the case
when 7 # to.

The sequence g; = fn;(tn;,.) is weakly convergent to 0 in H'. Up to
extracting a subsequence, we can suppose that | Vg;(z) [*:=| fn,(tn,,2) |?
is weakly convergent to a positive Radon measure a on IR3; hence

a=w* —lim | Vg;(z) |?
The idea is to construct a positive microlocal Radon measure denoted by p
on IR? x S? satisfying
(212) vy e I, u({y} x $%) =0,
and for a positive constant ¢
a < cf.

Here 3 := Il;u and c is a positive constant. These properties particularly
imply, that for any point y € R®, a({y}) < c.8({y}) = n({y} x §*) = 0,
which gives, via concentration-compactness Lemma of P. L. Lions [13],
li}n 191l Ls(msy = 0, contradicting (2.11).

To compute a({y}), we use the microlocal defect measures associated to the
sequence of solution of the free wave equation (1.2). ( We refer to [6] for the
details in the constant case and to [?] and [11] for the variable coefficients
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case).
For all ¢ € IR, we can associate to the sequence (A%menj (t,.); 0 fn;(t,.)) &
non-negative Radon measure denoted by u! on IR x S? and defined as:

For all classic pseudo-differential operator B of order 0, one has

(213) (B, (t,.), 00, (1) + (BAV fu (t,.), V fu, (£,.)) T =57

O'Q(B)d,u,t.
IR3xS?

with a locally uniform convergence in t. We recall that oy(B) represents
the principle symbol of the operator B.

Moreover, one can decompose the measure ! in the following way

1
=S+ ph),

where the measure 1, satisfies the following transport equation
t _
t _ oo
'ui|t:too - Mj: )

with,

5 O )E;
22: 1<§k:<3 Vv

H A)EE denotes the hamiltonian flow on IR? x S? and the measure p/¢° is
defined as:

For all classical pseudo-differential operator B of order 0, one has

(B(tpn, +iVAD. Dy, ), b, + ivVAD. D, ) ' =5° oo(B)dplse

IR3x S?

An easy computation shows that if we set

oo A 1 A
g1(6) = (2m) / [ (r€) £ | A} (eo0)E 6 (r) [2 rdr,

e}

then the measure ,ufjc"" is given by :

(2.14) 1 = g1(6)0p—p.. ®do(€).

Taking B(x, D) = b(x) € C°(IR?) in (2.13), then it easily follows that for
all real t € IR, we have

Myt = B0 = w* —lim{| 0 fu(t,.) |2 + | A2V £u(t, ) [2}.
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On the other hand, for all positive function A € C§°(IR?), we have

/ [V fo () 2 Ma)de < / 1 0ufa, (b ) [P+ | ABV fo () PIA(2)da
IR3 R3

Since lim¢,,; = 7, then the uniform convergence in (2.13) and the geometric
j

condition (Hg)(I, Zs) show that o < ¢f(™). It remains now to verify (2.12).
Denoting by ®; the hamiltonian flow H JAGDEE then we have

T

WL(2,6) = exp(— / Aoy (2,€))ds) il (By. (2, £))

too

= f (x é) too—'r):u':l: s

with f7(z,&) = exp(— f d(®s_,(z,£))ds). Hence, for all y € IR? we have

15 (Y} % ) < Cltor7) / dpi= (2, €),
Do+ ({y}xS?)

where the constant C(teo, 7) = sup{f7(z,§)/(z,§) € supp ®_(; _r) pie .
Using (2.14), and the fact that ITy o &+ (y,§) = exp,((tec — 7)§), we get

/ e (2, 6) = / 9(€)do (€)
i —r({y}xS2)

Fxoo(%too _T)
< Cltoos 7). | Faoo Wstoo —7) | -
But the time t,, — 7 is in the interval t,, — I, so the geometric condition

shows that for any point y € IR3, we have u7({y} x S?) = 0 and then
u”({y} x S?) = 0. This clearly leads to a contradiction in the case T # t

~ h’!L' ~
When 7 = to, we set £ =| tog — tn, |, hj = 5—; and define the sequence f;

as .]F](Suy) = \/afnj(too - EjS, _E]y) B
Note that since | too — ty, |> Ajhy; and lim A; = 400, then lim hy,; = 0.
J J

The sequence (f;); is the solution of

Ua(e;nf; =0

(fjv asfj)\szo = \;ﬁ_j((pj i@(%)

To conclude the proof, it remains to show that lim || f;(1,.) s (r3) = 0. The
j

idea is to proof that the microlocal energy defect measure u® associated to
the sequence

(A%Vyfj(sv ')7 asfj(s’ ))7
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propagates along the curves of the hamiltonian flow with constant coeffi-
cients Hyg|.

Let g be a symbol in the class 51170 given by

Sap(@)¢ S/ A@)EL g/ A@)EE
z,8) = \VA@)EE—1 Oz 7N 2 3 .
a=:¢) @ i e 2 /A()EL

Denote by @ its associate the pseudo-differential operator defined on IR3 x
]RZ’\{O} First, notice that we can rewrite [J4 as follows

Oy = (8t — ZQ)(at + ZQ) + Ro(x,Dx),

where Ry(x, D,) is a 0 order pseudo-differential operator. Denote by @; the
pseudo-differential operator with symbol ¢;(y,&) := q(e;y,&), hence we can
write

(2.15) Da(-e;) — (05 — Q) (95 +iQ;) = Ro(ejy, Dy),

Defining ﬁ,ﬂ: := (05 £iQ;) fi(s,.), then (2.15) shows that ﬁ,ﬂ: satisfies

(0 7iQ)F}.4 = Roleju Dy) fi(s..) = o(1) as j — +oo.

Second, by virtue of (2.15) it easily follows that, for all classic pseudo-
differential operator B of order 0, we have

(2-152(Bff¢7 JFjs,i) = +i((BQ; — Q;B) }i:l:v JFjs,i) +o0(1) as j — +o0.
Finally, we can observe that

BQ;-Q;B=B(@Q;— | D) - (Qj—|D)B+(B|D|-|D|B),
and notice that for all multi-index o, 3 € N3, we have

lim sup | DYDL(gj(z,€)— | £]) |>0as j— +oo.
J x€IR3 ¢€IR3

Therefore, the symbol (g;(z,£)— | £ |) tends to 0 in the class of pseudo-
differential symbols 51170, which proves, by taking the limit in (2.16), that
the measure 3 satisfies (05 F H¢)ud = 0. Hence our lemma follows.

3. STUDY OF A NONLINEAR CONCENTRATING WAVE ON IR%

Let u be the nonlinear concentrating wave associated to the linear concen-
trating wave v. Namely, u is the solution of

(3.17) Oatn 4ty =0, (Un, Optin) ;4o = (n, Orvn) j1o-

Recall that for the d’alembertian operator is studied a scattering operator
S as well as wave operators 21 defined as follows (see [1])
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Proposition 3.1. (i) To every solution of
OA(zo)?™ =0, (v™,05v%) 520 = (¢, %),
corresponds a unique function us®, such that
(uP, 0uy) € C(R,E), uY € L°(IR, L' (IR*))
and satisfying
Oagaoyul+ [ u [* u =0, sgglooEo(uio —0v™,5) =0.

(ii) The wave operators
g (Uooﬁtvoo)u:o = (Uoiovatuio)\tzo
are bijective from € onto itself. The scattering operator S is then defined
by
S = (Qf)_l o Q.
When A(xs) = Id, then we simply set S =S and QF = Q..

Under the conditions on ¢, the two linear concentrating waves v are then
respectively associated to [¢, ¥, h, x, t] and [S(p, 1), b, tso].
The remainder part of the proof of the Theorem 1.6 is given into the following
three parts.

3.1. Study Before the Time of Concentration. By taking f, = v, in
Lemma 2.1 we will derive the following corollary which is the first assertion
of Theorem 1.6.

Corollary 3.2. Assume that the geometric condition (Hg)(I, 2s0) 15 satis-
fied. Let K be a compact set of I. Denoting by
Ko \= {t € K such that: t < to — Ah,}, then we have

Lim|| up — v |||~ — 0 as A — +oc.
n n,A

To prove this corollary, we follow the method in [6]. The proof is based
on Strichartz’s inequalities and the following absorption Lemma.

Lemma 3.3 ([bootstrap Lemma.]). Let X : [0,T] — IR™ be a continuous
map such that for all t € [0,T] we have

X(t) <a+bX(t).
The constants a and b are positive, the real v > 1 satisfying

a<(i-H—1  aaxo<—1

ECOR ()77
Then for all real t € [0,T], we have

X(t) < 2

_7_1a.
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Proof. For the sake of simplicity, we take K = [0,ts] and set w, :=
Up — Vn. By applying inequalities (1.4) to the sequence w,,, we obtain

5
1wl 25 (10,00~ Ann],L10 (3)) S LNV L5 (0,000~ ARA],L10) F[Wn | L5 (0,00~ ARA],L10) }
By interpolating Strichartz inequalities and using Lemma 2.3 we obtain

@an||L5([0,too—Ahn},L10) —0as A — +oo.

Moreover, there exists a real number Ay such that for all A > Ag and for any
integer n > ng(A), the quantity cl[vn |75 ((0,toc —An,] 10 is sufficiently small.
Denoting by

Xo(t) = llwnllzsqo,g,000  and 0, (t) == [[vnll L5 (0,q,010)s

with ¢ € [0, — Ahy], then we have X, (t) < ¢(6,(t) + X, (t))®. Lemma 3.3
enables us to deduce that for any A > Ay and n > ng(A), we have

X (tao — Ah) < ann(tw ~ Ahy).

Then our result follows.

3.2. Study for Times Close to the Concentration Time. In what
follows, we are studying the nonlinear concentrating wave u when the time
is “very close "to ts,. For that, we begin by the following auxiliary result
related to the constant case.

Let v° and u® be the solution, respectively of

D’UO = 0, (’UO, 8SUO)|s:0 - ((107 ¢)7

Ou® + (u®)° =0, lim Eg(u® —v°,s)=0.

S§——0

For all real A > 0, let wy be the smooth solution of

Owp + (wp)® = 0

(’lUA, 8swA)\sz—A = (an asvo)\s:—[\v
belonging to L5 (IR, L'°(IR3)). Then we have the following lemma.
Lemma 3.4. We have

li ° — = 0.
im | u® — wy [ = 0

Proof. We use the technique of deformation of the time described by H.
Bahouri and P. Gerard in [1].
Let us denote by rp := wp — u®. Then we have Ory = (u°)® — (rp +u2)5.
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By applying the inequalities (1.4) on the interval [—A, 7|, where n > —A is
arbitrary, we obtain

1
(A L) S cEg(ul 1% s =—A)

|7l

+e{llralles eam. o) e I Lo a 0100}

+ C{HTAH%E)([—A,n],LlO) + HTAHiE’)([—A,n],LlO)}‘

Using H. Bahouri and J. Shatah’s result (see [2]) described in the introduc-
tion, we can choose a real number S such that the quantity c[|u2 || 15 ((—0 5], .10)
is sufficiently small. On the other hand, Proposition 3.1 shows that

1
Ef(u2 —v°,s=—A)=0(1) as A — +o0.
which clearly leads to

5
LS([_AJﬂ’LlO) } ’

Using the absorption Lemma 3.3 we obtain h}\nHTAHL5([—A,n},L10) = 0. The

Irallzsam o) < e o) + Iral3s_n .z + Imal

energy estimate applied to rp shows that
sup Ep(ra,s) < C{EO(TAas = —A)+ [[(u®)” = (ra + ui)E’H%l([—A,n},LQ)}
56[_/\777}
and then lim sup FEp(ra,s) = 0. Setting
A se[-Am)
Nmag = SUP {77 eR,/ li/I\nHTA”L5([_A’n]7L10) = O},

and assuming by contradiction that 7,4, < 400.
Let us choose 171 < Mmaz such that c[[u || 15y, nma.] 10y be sufficiently small.
By applying the previous arguments, we can first prove that

h}\nm TA ’H[—Aﬂ%nax] = O

Then, for § > 0 small enough, we have h{{nH\ TA |l ppmas mmas+6) = 0, which

clearly proves that 7,4 = +00. To achieve the proof on the interval
[—A, +oo[, it suffices to apply, once again, the Strichartz inequalities on
the intervals of the type [n, +00[ and conclude the proof as previously done.
The proof is completed by time inversion.

Lemma 3.5. Let u, be the “rescaled function” associated to w, that is,

up(t, ) = \/_Lhnﬂn(t;:;”,%) Then we have

(3.18) liml||| @, — wa l=a,a) — 0 as A — +oo.
n

Proof. We introduce the auxiliary family of function @2 defined by

DAy tn) U + (@5)5 =0

(aﬁv asﬂﬁ)b:—A = (@m 8s'Dn)|s:—A-
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To prove Lemma 3.5, it suffices to show that

(3.19) Tim | wa — iy [l[—aa) — 0 as A — +o0,
and
(3.20) G| @i — ity [[[[—a,a] — 0 as A — +oo.

The proofs of (3.19) and (3.20) are similar to those of Lemma 2.2 and Lemma
3.4. In fact, we set r, A = 112 — wp. Then we get

Oarayrna = (o + wp)® + divy [(A(hn. + 2n) — A(0))Vywa]

(Tn,Aa asrn,A)\s:—A = (@n - @10\7 88(671 - @10\))

Lemma 2.2 applied to wy shows that the following error term
[divy[(A(hn. 4+ @n) = A(0))Vywall L1 (- A A, L2(R2))

tends to 0 with respect to n. Meanwhile, for the term ||7‘n,A+wA‘|25([_A7ALL10(RS))>
we use the technique of deformation of the time as described above in the
proof of Lemma 3.4.

To prove (3.20), we use the result of (3.19) which enables us to replace the
sequence @} by wy and then to “absorb” the linear term in the Strichartz
inequalities. Finally, we apply the technique of deformation of time to con-
clude the proof.

3.3. End of the proof of the Theorem 1.8: Study for times after
the concentration time. Let us denote by 0,7, and 03, the functions
respectively defined by
Oa(hn+a)Ong =05 (Uny, OsU01 ) s=0 = S (9, 1),

and

005, =05 (050, 0505 )1s=—0 = ST, ¥).
First, we begin by observing that we can estimate the energy
EO(an - 173073 = A) by
Eo(ttn — 0%, 8 = A) < Bo(t, —w™, A) + Eg(w™ — 8%, A) + Eo (83, — 934, A).
But according to (3.18), we have Iiml|| @, — wa [[|[-a,a] = 0 as A — +o0.

n

On the other hand, the analogue of Lemma 2.2 shows that

lim sup Ep(0°, —v%,s) — 0 as A — +oo.
" se[—AA] ’

Now, we use the following known result from the scattering theory of the
constant case (see Proposition 3.1),

(3.21) timl] s — 03 llin +oc( = 0-

This gives
HmEy(ay, — 0,0, s =A) — 0 as A — 400
n
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To conclude the proof, it suffices to note that the geometric condition

(Hg)(I, 7) is made to avoid the lack of compactness of the sequence (v;%) )n

on intervals of types [too + Ahy,, T or equivalently

o - ~ A——+

lim sup lvar (8, Mze(msy =lim  sup (|97, (s, )|l (ms) marey()
" t€[too+ARn,T) " se[A, Trtos]

By a similar analysis to that used to prove Corollary 3.2, the proof of The-
orem 1.6 is completed.

EXAMPLE

Let A be the metric defined by A(z) = diag(a;(z;)), where = (x1, x2, x3)
and the coefficients a; satisfy

a; : IR — IR’ , C* and such that a; =1 when |z |> Ry.

Let (2°,¢%) € IR® x IR3\{0}. For i = 1,2, 3, we set F; the function defined
by

F,: R — IR, a:,n—>/ a; *(s)ds.
.

Under the above assumptions on the coefficients a;, the functions F; are
bijective from IR onto IR. Denote by G; := FZ-_1 and set,

2i(t) = it 2°,€%) = Gy(2a7 (z9)€%%),

_1 1
&i(t) = &(t,2°,€%) = a; * (wi(t))a (2°)&].
Therefore, (z(t),£(t)) is a solution of the hamiltonian system associated to
the function
a1 (21)€7 + az(22)€3 + as(23)€3,

corresponding to the principal symbol of the operator (— div A(z)V.). The
initial conditions are (z(0),£(0)) = (z%,£%). According to the assumptions
on the metric A, we can easily observe that for all real t € IR and y € IR3,
the map

I 0 @, : B0} — IR%, € — (Gi(2a2 (22)€%%)) 1 <ics

has a maximal rank, which proves that the following set {{; exp,(t§) =
;0@ (y, &) = 2%} is discrete and therefore (Hg)(IR*, z°) is globally satisfied.

4. NONLINEAR CONCENTRATING WAVE ON THE SPHERE

Now we study the critical wave equation on the sphere. We start by recalling
a few facts.
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4.1. Notations and Preliminary Results. For k € N, we denote by H;
the space of k-spherical harmonics of dimension d + 1. Recall that we have

L*(SY) = ®ren  Hy.

Therefore, any function g € L?(S?) uniquely determines a component g;, €
Hj given by

422)  gulw) = N(k,d) /S Prag(rdr, k=01,

such that g = 3_ g in the topology of L2. Here, P is denoting the Legendre
keN
Polynomial of degree k and of dimension d+ 1 and N (k,d) is the dimension

of the space Hy. For more details, see [14]. Taking (f, g) in the energy space

& such that f = > fr and g = > gx then
keN keN

(4.23) ICF lIE =D (afll full2 + lgrll3s).

keN

where a, = \/k(k +d — 1). Notice that (4.23) is in fact a semi-norm because
of constants. In what follows, the notation o(1)(¢) means

lim sup [lo(1)(t, )]s = 0.
" teR
The following lemma gives a quasi-periodicity property of linear waves on
the sphere.
Lemma 4.1. Let p be the solution of
(424) (81‘,2 - ASd)pn = 07 (pn7 atpn)|t:0 = ((Pru ¢n)

We suppose that (¢n, 1) converges weakly to (0,0) in the energy space, then
we have

(=1)F pu(t,—z) + o(1)(t), if 4% € N¥,
pu(t+m,x) = ,
(—1)2pn(t, —z) + o(1)(t), if 4 € N*,

where, p, is the solution of

(02 — Dga)Pn =0, (s Oun)jimo = [ — (—Aga) "2 (Wb — ) (—)

(S

Spn] .

Proof. We note that the solution p, is explicitly given by expansion into
the eigenfunctions of Aga;

pult.) = S cos(antlpnnle) + 3 Uy )+ 1,

keN keN*

where ¢, and vy, are respectively the k spherical-harmonics compo-
nent of ¢, and 1,. In particular, according to (4.23), we have ¢, =

N(k,n) de Pi(1.2)pp(7)d7 and ¢y, = N(k,n) de Py(1.2)p (1)dT.
(4.25)
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First, we consider the case % € N*.
Since spherical harmonics are restrictions to the sphere of homogenous poly-
nomials, we have

()T palt,—2) = D (~)*F) cos(apt) (@)
keN
+ Z<—1><’“+‘%1>—Si“(a”)wk,m)
kEN* ak

+ (=) o

Therefore we can write

pn(t + 7'(',%) - (_1)Tpn(t7 _‘T) = (Z) + (”)

where
(1) = Z [ cos(akt + agm) — cos(axt + (k + d; 1)%)] Vrn(T),
keN
i — sin(a =1y

a
kEN* k

+ (47— (~1)T o
By estimating (i) and (ii) we get
d—1

Sup [pa(t +7,.) = pat, JE < €D} | prn [Fase (ax = (k+—5))
telr kEN*

d—1
e Wk Fagen (ar = (k+ =) + 268,

keN*
1
< Czaﬁ | Pk,n |2Lz(sd) RV
= (k+1)
1
+ CZ | Tpk,n |i2(5d) AR
= (k+1)

Using the energy estimate for solutions of (4.24), it is clear that the se-
quences (| Yrn |12(gay)k and (ax | ¢kn |12(ge))k are uniformly bounded in
n. Moreover, notice that (p,,,) — 0 in the energy space, then by virtue
of (4.22), we deduce

i [ g |p2(50)= 1 [ g p | 2(50)= 0.

Thus our lemma follows.
From the previous lemma, we will deduce the following result

Lemma 4.2. Let p be a linear concentrating wave associated to the concen-
trating data [(p,¢),h,z,t]. For all j € N, we denote by Q(j), the sequence
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defined by pg)(t,az) = pp(t+ jm,x). We assume that d is odd, then we have
(4.26) P9 = [A(p,9), b, (—1)Yz, 1] + o(1)(t)

where the operator Ay is an involution isometry of the energy space defined
by

d—1

Ag(p, ) () = (=1)F (o, 9)(—2), and A, = Ago Ago ..o Ay

Proof. Since both Q(j) and [Agl(gp, ¥), h, (—1)7z,t] satisfy (4.24) then it is

sufficient to compute the energy of the difference ]_o(j )— [Agl(gp, ), h, (—1) 2,1
at time t,,. For simplicity, we consider the case j = 1.
For all z in the geodesic ball B'(—x,, (), we have

["4(11((107 ¢)7 ﬁy (_1)j£7 ﬂ (tny l‘) =

d—1

_d _ d—1 ex :glc T
Bl #0(exp} (2))(-1) T (s ) (- 2252 4 o(1).
On the other hand, Lemma 4.1 shows that,
p1(11) (tna 517) = (—1)%2%(7511, _33) + 0(1)

when (—z) is in the geodesic ball B'(z,,79), we get

_d _ d-1 1 exp;nl(—a:)
Pt 2) = b~ 00z () (1) T (-0 (TR0 1 o(1)
Using the property exp:;lc1 Tg = — exp;ll(—mg) on the sphere and the fact

that 0 is an even function we derive our result.
The following lemma is analogous to Lemma 2.3. We will need it in the
proof of Theorem 1.8.

Lemma 4.3. Let p = [(¢,9), h,z,t], be a linear concentrating wave on the
sphere. Then p satisfies the non-concentration property

lim sup 1P (t; Il ppeti(gay — 0; A — Fo0.
n Ah7l§‘t_tn|§7T_Ahn

Proof. Suppose that (p,v) € C5°(IR?) such that
supp(e) U supp(v) C B(0, R). By finite propagation speed, it follows that

U {supp(pn(t,.)) Usupp(dipn(t,.))} C B'(zn, 7+ (R — A)hy),
Ahn<|t—tpn|<m—Ahn
which shows that, for A > R,

U {supp(pn(t,.)) Usupp(dipn(t,.))}

Ahn <[t—tn|<m—Ahn

is strictly included in B’(z,,w). We introduce the rescaled function py,
defined by

a_
(4.27) Pn(s,y) = ha 1vn(hns,expm(hny)).
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Hence,

sup Hpn(t, .)Hch+1(5d) <c sup Hﬁn(sv ')||LPC+1(B(O,hL))'
Ahn [t—tn | <m—Ah, A<[s|<7=—A !

On the other hand, equation (4.24) for p,, yields

0% — Appn =01in IR, x B(0, hl),
n
with A,, as the rescaled Laplace-Beltrami operator, in particular satisfying
(4.28) | Appr — APy |< chy | Vi | +Ch31 ‘ V213n |

Now let v° be the solution of the free wave equation on IR? with Cauchy
data (,7%) at s = 0. Extending p, by 0 outside the ball B(0, 7-), and
applying the usual energy estimate to p, — v°, we get

1

Bl G <el( [ (90190 Pt [ @Gt 15 ]
nY|Z5

The Sobolev imbedding H' < LPet! and the triangle inequality complete
the proof.
Now, we are able to prove Theorem 1.8.

4.2. Proof of Theorem 1.8. Let v = [(p, ), h,z,t], be a linear concen-
trating wave on the sphere. For simplicity, we suppose d = 3 and for all
n €N, x, =2Zx and t,, =t € [0,7[. So we have

1 ex —-1 .
(Vn, 0vn)(too, ) = " 20(expyl ) (i, 2= 0) (=)

+ o(1), in&(B(rx,r0)).

(U, Opvp ) (too,.) = o(1) iné’(Fc(xw,ro))

Since the proof goes along the same lines as the proof of Theorem 1.6, we
omit the details here. The non-concentrating property of linear concentrat-
ing waves given by Lemma 4.3, combined with estimate (4.28), obviously
imply the first statement of Theorem 1.8.

Beyond the first focus and before the solution focuses again that is

(tootT < t < too+2m), we first recall that the sequence vg) = [(p, %), b, z, 1]V
defined by vg) = vy (t + 7, x) satisfy, according to Lemma 4.2,

(4.29) o) = [A38(p,4), b, —z, 1.
On the other hand, the first statement of Theorem 1.8 shows that
(4.30) TmEy(un — v\ (teo — Ahy) — 0; A — +00.

Moreover, the linear concentrating wave v(!) satisfies the non-concentration
property given by Lemma 4.3. This concludes the proof.
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