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binary entropy H(x) ≥ max{4x(1− x), ln 2 · log2 x · log2 (1− x)}, and
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The Matrix Cookbook

2.3 Derivatives of Eigenvalues 2 DERIVATIVES

from which it follows

@(X�1)kl
@Xij

= �(X�1)ki(X
�1)jl (60)

@aTX�1b

@X
= �X�TabTX�T (61)

@ det(X�1)

@X
= � det(X�1)(X�1)T (62)

@Tr(AX�1B)

@X
= �(X�1BAX�1)T (63)

@Tr((X+A)�1)

@X
= �((X+A)�1(X+A)�1)T (64)

From [32] we have the following result: Let A be an n⇥ n invertible square
matrix, W be the inverse of A, and J(A) is an n⇥n -variate and di↵erentiable
function with respect to A, then the partial di↵erentials of J with respect to A
and W satisfy

@J

@A
= �A�T

@J

@W
A�T

2.3 Derivatives of Eigenvalues

@

@X

X
eig(X) =

@

@X
Tr(X) = I (65)

@

@X

Y
eig(X) =

@

@X
det(X) = det(X)X�T (66)

If A is real and symmetric, �i and vi are distinct eigenvalues and eigenvectors
of A (see (276)) with vT

i
vi = 1, then [33]

@�i = vT

i
@(A)vi (67)

@vi = (�iI�A)+@(A)vi (68)

2.4 Derivatives of Matrices, Vectors and Scalar Forms

2.4.1 First Order

@xTa

@x
=

@aTx

@x
= a (69)

@aTXb

@X
= abT (70)

@aTXTb

@X
= baT (71)

@aTXa

@X
=

@aTXTa

@X
= aaT (72)

@X

@Xij

= Jij (73)

@(XA)ij
@Xmn

= �im(A)nj = (JmnA)ij (74)

@(XTA)ij
@Xmn

= �in(A)mj = (JnmA)ij (75)
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2.4 Derivatives of Matrices, Vectors and Scalar Forms 2 DERIVATIVES

2.4.2 Second Order

@

@Xij

X

klmn

XklXmn = 2
X

kl

Xkl (76)

@bTXTXc

@X
= X(bcT + cbT ) (77)

@(Bx+ b)TC(Dx+ d)

@x
= BTC(Dx+ d) +DTCT (Bx+ b) (78)

@(XTBX)kl
@Xij

= �lj(X
TB)ki + �kj(BX)il (79)

@(XTBX)

@Xij

= XTBJij + JjiBX (Jij)kl = �ik�jl (80)

See Sec 9.7 for useful properties of the Single-entry matrix Jij

@xTBx

@x
= (B+BT )x (81)

@bTXTDXc

@X
= DTXbcT +DXcbT (82)

@

@X
(Xb+ c)TD(Xb+ c) = (D+DT )(Xb+ c)bT (83)

Assume W is symmetric, then

@

@s
(x�As)TW(x�As) = �2ATW(x�As) (84)

@

@x
(x� s)TW(x� s) = 2W(x� s) (85)

@

@s
(x� s)TW(x� s) = �2W(x� s) (86)

@

@x
(x�As)TW(x�As) = 2W(x�As) (87)

@

@A
(x�As)TW(x�As) = �2W(x�As)sT (88)

As a case with complex values the following holds

@(a� xHb)2

@x
= �2b(a� xHb)⇤ (89)

This formula is also known from the LMS algorithm [14]

2.4.3 Higher-order and non-linear

@(Xn)kl
@Xij

=
n�1X

r=0

(XrJijXn�1�r)kl (90)

For proof of the above, see B.1.3.

@

@X
aTXnb =

n�1X

r=0

(Xr)TabT (Xn�1�r)T (91)

Petersen & Pedersen, The Matrix Cookbook, Version: November 15, 2012, Page 11

https://www2.imm.dtu.dk/pubdb/edoc/imm3274.pdf


Books - Optimization

Convex Optimization - Comprehensive, basic 
introduction to convex optimization. Goal is to 
teach how to recognize, formulate, and solve 
convex optimization problems.

Fundamentals of Convex Analysis - deep but 
not too advanced introduction to convex 
analysis

https://stanford.edu/~boyd/cvxbook/
https://link.springer.com/book/10.1007/978-3-642-56468-0


Books - Statistics

All of Statistics - quickly get back to up speed 
with fundamentals, and more

Concentration Inequalities - covers both basic 
and quite advanced results

https://link.springer.com/book/10.1007/978-0-387-21736-9
https://academic.oup.com/book/26549


Monograph - Random Matrices

An Introduction to Matrix Concentration Inequalities                                                         
- generalizations of standard concentration inequalities to matrices, and more

https://arxiv.org/abs/1501.01571


Tools/Software - General Math

• Mathematica and Maple - very useful for symbolic manipulation (avoid mistakes!) 

• SageMath (free alternative)

https://www.sagemath.org/


Tools/Software: Optimization

• CVX 

• Using MATLAB: https://cvxr.com/cvx/doc/quickstart.html 

• Using Python: https://www.cvxpy.org

https://cvxr.com/cvx/doc/quickstart.html
https://www.cvxpy.org


Techniques

• Working in discrete time and stuck? 

• Switch to continuous time. Sometimes things become simpler 

• Working in continuous time? Lacking intuition? 

• Try discretizing to run experiments and build intuition



Techniques - Minimax Lower Bounds

• Try to prove information-theoretic lower bound: 

• Bin Yu's paper “Assouad, Fano, and Le Cam” 

• Introduction to Nonparametric Estimation (book, by Tsybakov)

https://web.archive.org/web/20100618065658/https://www.stat.berkeley.edu/~binyu/ps/LeCam.pdf
https://link.springer.com/book/10.1007/b13794


Techniques - Languages

• Express things in a different language 

• For convex analysis, express things in language of Bregman divergences



Techniques - Experts

• Put in fair effort, and then try: 

• MathOverflow 

• LLM Chatbot 

• Ask advisor about experts in department, in university, or their contacts outside university



General Advice when Trying to Prove an Inequality

• “Behind every great theorem likes a great inequality” – paraphrasing Kolmogorov 

• Problem: Proving inequality is hard work. Unclear if inequality is true. How much effort to spend? 

• Low-Effort Strategy 1: Get visual intuition - Fix all but one variable and plot inequality (Desmos). 

• Low-Effort Strategy 2: Same as above, but do 3D plot (Desmos can do 3D plots) 

• Medium-Effort Strategy: Initially, play with concrete examples to try to show inequality doesn’t 
hold. The more examples (and the more clever the examples) that do not violate inequality, the 
more motivation to spend time proving inequality does hold.

those key technical lemmas in papers

https://www.desmos.com/calculator
https://www.desmos.com/3d


General Advice when Trying to Prove an Inequality

• Problem: I tried those other strategies and am still stuck. How I try to prove the inequality? 

• “Taylor’ing” Strategy (for functions of continuous variables):


• To show : 

• Use first-order Taylor approximation to lower bound  by . 

• Try to lower bound  by 0. 

• If no success, try again with second-order Taylor expansion. If again no success, third-order, 
fourth-order, …

f(x) ≥ g(x)

f(x) − g(x) h(x)

h(x)



General Advice when Trying to Prove an Inequality

• Problem: I tried everything and am still stuck. Also, I can’t seem to prove the inequality is true. 
What now? 

• “Opposite” Strategy: Try to prove that the inequality is NOT true 

• Sometimes you end up with a proof that inequality is true AND proof that inequality is not true 

• Now begins the fun: figure out which proof is wrong :-)


