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Hard-margin SVM
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Soft-margin SVM

Soft-margin SVM problem
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minimize
w2Rn,b2R

⇠2Rn
+

kwk2 + C
nX

i=1

⇠i

subject to yi
�
hw , xi i+ b

�
� 1� ⇠i , i = 1, . . . , n

What if data isn’t linearly separable?


Or, most of the data is separable 
with large margin, and some only 
with very low margin?
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Varying C (linear kernel)

From “Support Vector Machines and Kernels for Computational Biology” (Ben-Hur et al., 2008)
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Soft-margin SVM - Hinge Loss

hinge loss
<latexit sha1_base64="mMuzNusb6CEVmY3kceE8iRfERw4="></latexit>

`hinge(y , ŷ) = max{0, 1� y ŷ}

<latexit sha1_base64="RTbMeMbEobbHZNLaXTIchBVR/aI="></latexit>

minimize
w2Rn,b2R

kwk2 + C
nX

i=1

max
n
0, 1� yi

�
hw , xi i+ b

�o

l
hinge l Itt , Y )

I

lo
- i

i Phinge (1 , j)
= max (0 , 1 - Y)



Soft-margin SVM - Hinge Loss

hinge loss
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SVM - Regularization viewpoint

SVM can be viewed as minimizing regularized training error 
under hinge loss

Equivalent
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SVM dual problem
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b = yi �
nX

j=1

yj↵jhxi , xji for any i satisfying 0 < ↵i < C

How to get w and b from this?

How to predict?
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SVM dual problem - Inner products only

How to predict?

Dual SVM only needs inner products between input examples!
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How can we achieve nonlinear classifiers?
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Idea: feature map

Classification in original space Classification in feature space
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Idea: feature map

Use a feature map:
<latexit sha1_base64="SPaI2QAPUMZ7/61bMFi72nU+uRM="></latexit>
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Kernel trick

Question: Can we compute inner product between input 
examples    and    in feature space without explicitly 
computing          and         ?  

In many cases, yes! We use a kernel function: 

<latexit sha1_base64="gKjxc06l7qsvWtXNPJcFGc0mTXg="></latexit>
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k(x , z) = h'(x),'(y)i

Equal to inner product… but we won’t compute it this way!
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Example 1: Warm-up exercise
(dimension =3)

(dimension d = 2)

original space (X) : x = (2) feature Space ((t) : +( = ) x)
Kernelfunction
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Example 2: Polynomial kernel, one dimension

The polynomial kernel (one dimension): 

What is the feature space?

<latexit sha1_base64="JQKeywm33cxExKThPRzqpQkmwvQ="></latexit>

k(x , z) =
�
xz + a

�r

inner product(x1zT
= Xz

↑
M

= (xz) + (Y)(xz)
*
a + ...+( )(xz)d

*
-d

hyperpart
= xzu+ x

* Mild 20

++
xm

P(x) = Mid xr-

(x I
·

"

Fax



Example 3: Polynomial kernel, general dimension

<latexit sha1_base64="fTyIJqXZVVDC6jdbKVkCqt45Asc="></latexit>

k(x , z) =
�
hx , zi + a

�r

         has one feature for each monomial up to degree  

How many features are there in the feature space?
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The polynomial kernel (general dimension):

d = 1



Example 3: Polynomial kernel, general dimension
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k(x , z) =
�
hx , zi + a

�r

The polynomial kernel:

         has one feature for each monomial up to degree  

How many features are there in the feature space? 

But the kernel can be computed in only
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Polynomial kernels of increasing degree

=15



Gaussian kernel
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k(x , z) = exp

✓
�kx � zk2
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◆

The Gaussian kernel is based on the distance between two examples

The Gaussian kernel is a type of similarity measure, 
taking values between 0 and 1 

What is the corresponding feature map          ?

bandwidth parameter

<latexit sha1_base64="gKjxc06l7qsvWtXNPJcFGc0mTXg="></latexit>
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Gaussian kernel
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k(x , z) = exp
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◆

The Gaussian kernel is based on the distance between two examples

The Gaussian kernel is a type of similarity measure, 
taking values between 0 and 1 

What is the corresponding feature map          ? 

It’s infinite dimensional!

bandwidth parameter
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Varying Gaussian kernel bandwidth 
(C kept constant)

From the book “Learning with Kernels” (Schölkopf and Smola, 2001)

Decreasing kernel bandwidth



The problem with kernel machines

• Kernel methods (like “kernelized SVMs” = SVMs using a 
kernel function) are nice in that they allow for nonlinear 
predictions 

• But computation is a major disadvantage: 

• Training is expensive: quadratic program with n variables 

• Computing predictions is expensive:            per test point 

• Idea: approximate the feature map     via some other feature 
map     and explicitly map the data to the feature space 
corresponding to   

<latexit sha1_base64="RDmB4nAewZXGQnAemYnSMwXbFB0="></latexit>
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(for this to be helpful, the dimension of the 
new feature space should not be too high)



Random Fourier Features (RFF)

• Given: a positive definite kernel that satisfies shift invariance 

• Let p be the Fourier transform of  

• Draw D samples                    independently from p 

• Use feature map:

<latexit sha1_base64="ohXJ/IwO++JY1YJhVFwCShxRQok="></latexit>
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...
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
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there exists a feature map such that the kernel computes 
an inner product in the corresponding feature space 

<latexit sha1_base64="wwcy64Bl6FDTKjM4lNJIFDaPV9w="></latexit>

k(x , z) = k(x → z)it turns out that p is a probability distribution



Random Fourier Features (RFF)

• What is special about Random Fourier Features? 

• As              , it holds that  

• Another cool thing: we can view increasing D as increasing 
complexity (higher D means richer feature space)

<latexit sha1_base64="WodDig5DJ3EaWvwb1ODrY39rNdc="></latexit>
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Example: RFF with Gaussian Kernel

• Consider Gaussian kernel (with unit bandwidth parameter) 
expressed as: 

• It can be shown that the probability distribution p is

<latexit sha1_base64="2WTdU4ZMahCWAjffrBTNYi92hvc="></latexit>
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RFF is interesting in its own right
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In Fig. 2, we show the test risk of the predictors learned using
HN on a subset of the popular dataset of handwritten digits
called MNIST. Fig. 2 also shows the `2 norm of the function
coefficients, as well as the training risk. We see that for small
values of N , the test risk shows the classical U-shaped curve con-
sistent with the bias–variance trade-off, with a peak occurring
at the interpolation threshold N =n . Some statistical analyses
of RFF suggest choosing N /p

n log n to obtain good test risk
guarantees (15).

The interpolation regime connected with modern practice is
shown to the right of the interpolation threshold, with N �n .
The model class that achieves interpolation with fewest param-
eters (N =n random features) yields the least accurate predic-
tor. (In fact, it has no predictive ability for classification.) But
as the number of features increases beyond n , the accuracy
improves dramatically, exceeding that of the predictor corre-
sponding to the bottom of the U-shaped curve. The plot also
shows that the predictor hn,1 obtained from H1 (the ker-
nel machine) outperforms the predictors from HN for any
finite N .

What structural mechanisms account for the double-descent
shape? When the number of features is much smaller than the
sample size, N ⌧n , classical statistical arguments imply that the
training risk is close to the test risk. Thus, for small N , adding
more features yields improvements in both the training and the
test risks. However, as the number of features approaches n
(the interpolation threshold), features not present or only weakly
present in the data are forced to fit the training data nearly
perfectly. This results in classical overfitting as predicted by the
bias–variance trade-off and prominently manifested at the peak
of the curve, where the fit becomes exact.

To the right of the interpolation threshold, all function classes
are rich enough to achieve zero training risk. For the classes HN

that we consider, there is no guarantee that the most regular,
smallest norm predictor consistent with training data (namely
hn,1, which is in H1) is contained in the class HN for any finite
N . But increasing N allows us to construct progressively better

approximations to that smallest norm function. Thus, we expect
to have learned predictors with largest norm at the interpolation
threshold and for the norm of hn,N to decrease monotonically
as N increases, thus explaining the second descent segment of
the curve. This is what we observe in Fig. 2, and indeed hn,1
has better accuracy than all hn,N for any finite N . Favoring small
norm interpolating predictors turns out to be a powerful induc-
tive bias on MNIST and other real and synthetic datasets (6). For
noiseless data, we make this claim mathematically precise in SI
Appendix.

Additional empirical evidence for the same double-descent
behavior using other datasets is presented in SI Appendix. For
instance, we demonstrate double descent for rectified linear unit
(ReLU) random feature models, a class of ReLU neural net-
works with a setting similar to that of RFF. We also describe
a simple synthetic model, which can be regarded as a 1D version
of the RFF model, where we observe the same double-descent
behavior.

Neural Networks and Backpropagation. In general multilayer neu-
ral networks (beyond RFF or ReLU random feature models),
a learning algorithm will tune all of the weights to fit the train-
ing data, typically using versions of stochastic gradient descent
(SGD), with backpropagation to compute partial derivatives.
This flexibility increases the representational power of neural
networks, but also makes ERM generally more difficult to imple-
ment. Nevertheless, as shown in Fig. 3, we observe that increasing
the number of parameters in fully connected 2-layer neural net-
works leads to a risk curve qualitatively similar to that observed
with RFF models. That the test risk improves beyond the inter-
polation threshold is compatible with the conjectured “small
norm” inductive biases of the common training algorithms for
neural networks (16, 17). We note that this transition from
under- to overparameterized regimes for neural networks was
also previously observed by refs. 18–21. In particular, ref. 21
draws a connection to the physical phenomenon of “jamming”
in particle systems.

Fig. 2. Double-descent risk curve for the RFF model on MNIST. Shown are test risks (log scale), coefficient `2 norms (log scale), and training risks of the RFF
model predictors hn,N learned on a subset of MNIST (n = 104, 10 classes). The interpolation threshold is achieved at N = 104.

Belkin et al. PNAS | August 6, 2019 | vol. 116 | no. 32 | 15851
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from “Reconciling modern machine-learning practice and the classical bias–variance trade-off”                         
from “Belkin, Hsu, Ma, and Mandal, PNAS 2019.


