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ABSTRACT. We show that a smooth, small enough Cauchy datum launches
a unique classical solution of the relativistic Vlasov-Darwin (RVD) system
globally in time. A similar result is claimed in [15] following the work in [13].
Our proof does not require estimates derived from the conservation of the total
energy, nor those previously given on the transverse component of the electric
field. These estimates are crucial in the references cited above. Instead, we
exploit the formulation of the RVD system in terms of the generalized space
and momentum variables. By doing so, we produce a simple a-priori estimate
on the transverse component of the electric field. We widen the functional
space required for the Cauchy datum to extend the solution globally in time,
and we improve decay estimates given in [15] on the electromagnetic field and
its space derivatives. Our method extends the constructive proof presented in
[14] to solve the Cauchy problem for the Vlasov-Poisson system with a small
initial datum.

1. INTRODUCTION

The relativistic Vlasov-Darwin (RVD) system can be obtained from the Vlasov-
Maxwell system by neglecting the transverse component of the displacement current
in the Maxwell-Ampere equation. Precisely, consider an ensemble of single species
charged particles interacting through the self-induced electromagnetic field. Let
f(t,x,p) denote the number of particles per unit volume of the phase-space at a
time ¢ € ]0,00[, where z € R? is position and p € R?® denotes momentum. In the
regime in which collisions among the particles can be neglected, the time evolution
of the distribution function f is given by the Vlasov equation

N
\/1+c 2 |p|2

where v is the relativistic velocity and ¢ the speed of light. Here the mass and
charge of the particles have been set to one. F = E(t,z) and B = B(t,x) denote
the self-induced electric and magnetic fields, given by the Maxwell equations

(1.1) &gf—l—v-vmf—&—(E—i-c_lva)-fozo, v=

(1.2) VxB-c'oE 4re 1y, V-B = 0,
(1.3) VxE+c'o,B = 0, V-E = d7mp.
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The Vlasov and Maxwell equations are then coupled via the charge and current
densities

(1.4) p:/RSfdp and j:/RSvfdp.

Equations (1.1)-(1.4) are known as the relativistic Vlasov-Maxwell (RVM) sys-
tem, which is essential in the study of dilute hot plasmas. Details and an abundant
bibliography on this system can be found, for instance, in [6].

We further decompose the electric field into E = Ep,+ Ep, where the longitudinal
E;, and transverse Ep components of the electric field satisfy, respectively

(1.5) VxFE,=0 and V-Er=0.
If we now neglect the transverse component of the displacement current 9; Er in the

evolution equation (1.2) -the so-called Maxwell-Ampere equation-, then the RVM
system reduces to

(1.6) Ouf +v-Vaf + (EL+BEr+cwxB)-Vpyf=0, v=—bt
14 c2 |p|2

coupled with

(1.7) VxB-c'9E, = 4nc’'j, V-B = 0,

(1.8) VxEr+c'oB = 0, V-E, = dnp,

by means of (1.4). Equations (1.4)-(1.8) are the RVD system. From the phys-
ical point of view, the Darwin approximation is valid when the evolution of the
electromagnetic field is ‘slower’ than the speed of light.

In this paper we are concerned with the Cauchy problem for (1.4)-(1.8). Global
existence of weak solutions was shown in [2] for small initial data. The smallness
assumption was later removed in [13], where the existence and uniqueness of local
in time classical solutions was also proved. In [15], it is shown that solutions having
the same regularity as the initial data (which is not the case in [13]), can be extended
globally in time provided the initial data is small. At the present time, the existence
of global in time classical solutions for arbitrary data remains unsolved. Here, we
provide a constructive and somewhat simplified proof to the local in time existence
and uniqueness result for classical solutions of the RVD system, and we show that
the solutions can be extended for all times if the initial data are sufficiently small.

The main difficulty when dealing with the RVD system has been to find an a-
priori estimate on the transverse component of the electric field Er. In contrast
to the RVM system, the component E7 does not contribute to the energy of the
electromagnetic field, and thus the law for the conservation of the total energy does
not provide any control on the L?-norm of E7. Indeed, the total energy of the RVD
system reads

1
[ [ eV e bl oo+ o [ [1Butnl + 1B de
R3 JR3 8 R3

Hence, by virtue of the underlying elliptic structure of the Darwin equations, duality
type arguments and variational methods have previously been used to estimate Erp.
Here, we take advantage of the formulation of the RVD system in terms of the
generalized variables -defined later on-, and we produce an L2-bound on p'/2Ep
instead. This estimate is at the core of our results, and is given in Lemma 8. It is
remarkable that by pursuing such an estimate we have obtained, ‘almost for free’,
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an L2-bound on 0, FEr as well. In contrast to the results cited above, the law for
the conservation of the total energy is not used in our proofs at all.

The structure of the paper is as follows. In Section 2, we present the scalar and
vector potentials and introduce the generalized position and momentum variables.
We then recast the Vlasov and Darwin equations in terms of the new variables, and
treat them as uncoupled linear equations. A representation for the Darwin vector
potential is given, and some standard a-priori bounds are obtained as well. Then,
in Section 3 we couple both Vlasov and Darwin equations and introduce the RVD
system in terms of the potentials. The estimates on the transverse component of
the electric field and its space derivative are produced in Subsection 3.1. Finally,
we study the Cauchy problem for the RVD system in Section 4. First, we produce
the local in time existence result in Subsection 4.1 and then, in Subsection 4.2,
we extend local solutions globally in time under the smallness assumption on the
Cauchy data. We conclude with an Appendix.

We remark that the RVD is actually an hybrid system, since we are considering
relativistic charged particles whose interaction with the electromagnetic field they
induce is an order-(v/c)? approximation [10, 9]. Yet, the RVD system is interesting
in its own right, in particular for numerical simulations, since it contains an underly-
ing elliptic feature while preserving a fully coupled magnetic field. This is in contrast
to the more involved RVM system, whose hyperbolic structure yields both analyt-
ical and numerical challenges. Also, the tools used here are likely to be adapted to
the ‘proper’ physical system, which is (1.4)-(1.8) with v = p (1 — ¢~?p*/2) instead.

The following notations will be used in the paper. As usual, C*%(X;Y’) denotes
the space of functions f : X — Y of class C* whose k-th derivatives are Holder
continuous with exponent a € (0,1). C§(X;Y), resp. CF(X;Y), are the spaces of
C*(X;Y)-functions with compact support, resp. bounded. W (X;Y) stands for
the Sobolev space of L*°(X;Y')-functions whose weak first order partial derivatives
belong to L*°(X;Y). If I is an interval in R, then by g € C* (L C’k(X);Y), we
mean that g : I x X =Y, g = g(t,x), and for all t € I, g(t) € C*¥(X;Y) and the
function t — g(t) € C*(X;Y) is of class C* on I. For such a function, we sometimes
write (by abuse of notations) g € C¥(X;Y) to mean that g(t) € C¥(X;Y) for all
t € I. Similarly, the norm of g(t), say the L9-norm ||g(¢)|| 2, will sometimes be
denoted by [|g|| 2. All other notations in the paper are standard, and the constants
may change values from line to line.

2. THE POTENTIAL REPRESENTATION

From classical electrodynamics it is known that an electromagnetic field (E, B) :
R x R® — R3 x R3 that is a smooth solution of the Maxwell equations (1.2)-(1.3)
can be represented by a set of potentials (®, A) : (0,00) x R? — R x R? according
to the expressions

(2.1) E(t,r) = -Vo(t,x)—c 10,A(t,x),

(2.2) B(t,z) = V x A(t,x).

These relations can easily be obtained from the two homogeneous Maxwell equa-
tions in (1.2)-(1.3). In particular (2.2) follows from the vanishing divergence of
the magnetic field, while (2.1) follows after inserting (2.2) into the remaining ho-

mogeneous equation. Since for any smooth scalar function A we have the identity
V x VA =0, it is clear that such potentials are not uniquely determined. We may
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find another pair given by
(2.3) (@, A") = (@ —c'OA, A+ VA)

which also satisfies (2.1)-(2.2). The two sets of potentials are fully equivalent, in
the sense that they produce the same electric and magnetic fields.

This lack of uniqueness allows to impose a condition on the potentials that
ultimately determines their dynamical equations. Even after doing so, some arbi-
trariness remains that can be avoided by imposing an additional restriction on A.
The resulting restricted class is called a gauge, and all potentials within this class
satisfy the same gauge condition. Commonly, the Lorentz gauge condition

(2.4) V-A+c'9,0 =0,
or the Coulomb gauge condition
(2.5) V-A=0

is used. The former is relativistically covariant and leads to a class of scalar and
vector potentials that satisfy wave equations. This is a natural choice when dealing
with the RVM system. It was used in [3] to study the smoothing effect resulting
from a coupling of a wave and transport equations. It was also used in [4] to produce
an alternative proof of the celebrated result by Glassey and Strauss on the RVM
system [7]. On the other hand, the Coulomb gauge condition leads to scalar and
vector potentials that satisfy a Poisson and a wave equation, respectively. As we
shall see in Subsection 2.2 below, this is the correct choice to introduce the potential
representation of the RVD system. In a way, both the Lorentz and Coulomb gauges
can be seen as limit cases of a more general class known as the velocity gauge, in
which the scalar potential propagates with an arbitrary speed [9].

2.1. The Vlasov Equation. We now introduce the generalized variables, which
permit to rewrite the Vlasov equation (1.1) in terms of the scalar and vector po-
tentials in a very convenient way. The resulting transport equation is shown to
be determined by an incompressible vector field irrespective of the gauge chosen.
Thus, we can count on the usual a-priori estimates on the distribution function -see
Lemma 2 below- no matter which gauge we decide to work in.

To start with, let I C [0,00[ such that 0 € I. Assume that the pair (®, A) €
CL(I,C?(R3); RxR3) is given, and so in view of (2.1)-(2.2) the electromagnetic field
is given as well. Denote z := (x, p) and write (X, P)(s) instead of (X, P)(s,t, z) to
ease notation. Then, by virtue of (2.1)-(2.2), the characteristic system associated
to the Vlasov equation (1.1) reads

(26)  X(s) = v(P(s)),
27)  P(s) = [-V®—c'0A+c v x (V x A)] (s, X(s), P(s)).

Hence, since

A(s, X (s)) = [0:A + (v- V) A] (s, X (5)),
the equation (2.7) can be rewritten as
(2.8) P(s) = [—c—lA VO +c o x (VxA)+ct (v-V) A] (s, X (s), P(s)).

The structure of (2.8) suggests that we can define a generalized momentum variable
7 = p+ ¢ ' A such that the above equation can be reduced to

TI(s) = [-V®+clox (VxA) +c ' (v V)A] (s,X(s), P(s)).
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Here we have denoted II(s) = P(s) + ¢ 1A(s,X(s)). On the other hand, the
relativistic velocity written in terms of the generalized momentum is

T—c A
VA = .
\/1 +c2|m—c AP

Therefore, by using the elementary identity

va X (Vx A)+ (va-V)A =04 VA,
we can reformulate the characteristic system (2.6)-(2.7) in terms of the generalized
variables £ = (z,7) as
(2'10) X(S?t’g) = ’UA(S7X(S,t,§),H<S,t,§>),
(2.11) (s,t,6) = —[V®—c VA (s, X(s,t,£),1(s,1,£)).
As usual, repeated index means summation. Now, standard results in the theory of
first order ordinary differential equations imply that for every fixed t € I and & € R®
there exists a unique local solution = = (X,II)(s,t,£) of (2.10)-(2.11) satisfying
E(t,t,€) = & see [8, Chapters II and V]. Moreover, = € C* (I x I x R%;Rf). In
turn, uniqueness implies that

Z=(X,TI—c'A)(s,t,z,m—c ' A)

is the unique solution of (2.6)-(2.7) with initial data Z(t,t,2) = (z,m — ¢t A), so
by having the characteristic curves in the generalized phase space we can recover
the characteristic curves in the usual phase space.

As the following lemma shows, the field resulting in the right-hand side of the
system of equations (2.10)-(2.11) is an incompressible vector field:

(2.9)

Lemma 1. For va given by (2.9), we have
Vi va+ Ve (=V®+c Wy VA = 0.

Proof. Since trivially V- V& = 0, the result is a consequence of the elementary
relation
- . V-A-v V) A
c v - (vQVAl) =t va (va - V) = -V, v4a.
V1+te2m—c 4]

O

As a result, solutions of the characteristic system (2.10)-(2.11) satisfy the volume
preserving property. Specifically, for any fixed s,t € I, the map Z(s,t,-) : R® — R
is a C'-diffeomorphism with inverse =7 1(s,t,£&) = Z(¢, s,£) and Jacobian determi-
nant; see [8, Corollary V.3.1]

0=(s, t,8)
det Jz =——>=1.
etz (€)= =

These properties of the characteristic flow lead to the following result:

Lemma 2. Let (®,A) € C(I,C*(R3);R x R3) be given in some gauge and let v
be given by (2.9). Assume that V® and VA, i = 1,2,3 are bounded on J x R? for
every compact subinterval J C I. Let fo € C! (R6;]R) and denote by E = (X, II) the
characteristic flow solving (2.10)-(2.11). Then, the function f(t,&) = fo(2(0,t,£))
defined on I x RS is the unique C' solution of the Cauchy problem for

(2.12) Ouf +va-Vof — [VO —c Wy VAV, f =0.
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Moreover, if fo > 0 then f > 0. Also, fort € I we have that

suppf(t) = Z(t,0, suppfo),
and for each 1 < g < oo, t € I we have

Hf(t)HLgm = Hf0||Lg,W .

Conversely, if f is a C* solution of the Cauchy problem for (2.12), then f is
constant along each solution of the characteristic system (2.10)-(2.11).

Remark 1. In addition, if (®,A4) (t) € C**(R3R xR3?), 0 < a < 1,t € I, and
fo € CH* (R% R), then the unique C" solution f(t,&) = fo(2(0,t,€)) of the Cauchy
problem for (2.12) satisfies f(t) € C*(R®;R) for every t € I.

Proof of Lemma 2. In view of Lemma 1, the proof follows by the standard Cauchy’s
method of characteristics; see [8, Chapter VI|. In particular, the properties of f are
a direct consequence of the properties of the characteristic flow discussed above. [

We point out that (2.12) is the proper Hamiltonian representation of the Vlasov
equation (1.1) in terms of the potentials, since the characteristic equations (2.10)-
(2.11) are Hamilton’s equations for the Hamiltonian

(2.13) H(t,w,m) = A1+ =2 |m — LAt 2) + O (t, )

of a relativistic charged particle under the influence of an electromagnetic field of
potentials (®, A). As before, in (2.13) the charge and mass of the particle have
been set to one.

2.2. The Darwin Potentials. To determine the dynamical equations satisfied
by the potentials we shall impose the Coulomb gauge condition, since it leads to
the Darwin approximation of the Maxwell equations and ultimately to the RVD
system. Throughout this section, unless we specify otherwise, we assume that both
the charge and current densities p and j are smooth and given, and they satisfy the
continuity equation

(2.14) Op+V-j=0.

Formally, if we substitute the electric and magnetic fields in (2.1)-(2.2) into the
non-homogeneous Maxwell equations in (1.2)-(1.3), we find that ® and A satisfy

(2.15) AD = —Arp—c 10, (V-A),

(2.16) AA—c?0}A = —cMmj+V(V-A+c'0,@).
Therefore, in the Coulomb gauge (2.5), the potentials satisfy

(2.17) AP = —Armp,

(2.18) AA—c202A = —c Mrj+ 'V,

On the other hand, any smooth solution (®, A) of the above system that satisfies the
Coulomb gauge condition initially, will continue to do so for all times, and therefore
the induced electromagnetic field will solve (1.2)-(1.3). Indeed, if (®, A) is a smooth
solution of (2.17)-(2.18) that satisfies V- A|,_, = 0 and 0,(V - A)|,_, = 0, then
gc =V - A is the solution of

Age — ¢ 20t gc = —4dme™ (V- j + 0ip) = 0,
gC|t=0 =0, ath|t=0 =0,



GLOBAL CLASSICAL SOLUTIONS VLASOV-DARWIN SMALL DATA 7

and the claim follows. Hence, the system of equations (2.17)-(2.18) complemented
with (2.5) is fully equivalent to the set of Maxwell equations (1.2)-(1.3).

We define the Darwin approximation of the Maxwell equations as the quasi-static
limit of the system (2.17)-(2.18):

Definition 1. Let (p,j) : I x R® — R x R?® be given and satisfy the continuity
equation (2.14). The set of potentials (®,A) is called a classical solution of the
Darwin equations if ® € C1(I,C*(R3);R), A € C(I,C%*(R3);R?) and, on I x R3,
(2.19) AP = —Adrmp,
(2.20) AA = —c Mrj+c V0.

The system (2.19)-(2.20) has the following explicit solution, as proved below:

Definition 2. For the charge and current densities (p,j) : I x R® — R x R3 we
formally define the set of Darwin potentials (®p, Ap) : I x R? — R3 x R? by

dy
2.21 Op(t,z) = /pt,y —
(2.21) pit) = [ ot
(2.22) Ap(t,z) = 1 [id+w @ w] j(t,y) dy
. D\, T - 2C - 2 w U WANZY) |y*17|7

where w = (y — ) / |y — x| and id denotes the identity matriz.

Lemma 3. Let p € CY(I,C$(R3);R) and j € C(I,Cy*(R3);R?), 0 < a < 1, be
given -they do not need to satisfy the continuity equation (2.14)-. Define the field

1 d

(2.23) Pj(t,z) = j(t,x) + —V | V-jlt,y)—2—, tel, xRS
dm - Jgs ly — x|

Then the following holds:

(a): The scalar potential ®p is the unique solution in C*(I,C**(R3);R) of
(2.24) AD(t,x) = —4mp(t,x), lim P(¢,x) =0.

|| =00

It satisfies
wdy

Vot z) = / plt,y)

RS ly —af*
(b): Pj € C(I,CH*(R3);R?). It satisfies V-Pj =0 (i.e., Pj is the transverse
component of the current density j), and Pj(z) = O(|z|~?) for |z| — oo.
(c): The vector potential Ap is the unique solution in C(I,C>%*(R3);R3) of

(2.25) AA(t,x) = —4rwc ' Pj(t, x), ‘ l‘im |A(t, z)] = 0.
Tr|— 00

It satisfies

1
(226)  deAp(te) =5 | {w@j-jOw+Beow—id( W} ——
R3

with j = j(t,y). In particular,

1 d
V-Ap(tz) =0 and VXAD(t7x):C/ngxj(t’y)ly_yxT
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Corollary 1. If p and j, as given in Lemma 3, satisfy the continuity equation
(2.14), then

1
Pj(t,x) = j(t,x) = —VaPp(tx), tel, weR’

and thus the Darwin potentials (2.21)-(2.22) are the unique classical solution of the
Darwin equations (2.19)-(2.20).

Proof of Lemma 3. Without loss of generality we omit the time dependence.

The proof of (a) is a standard result for the Poisson equation. Existence (in
a much weaker sense) can be found, for instance, in [11, Theorem 6.21] while the
regularity of the solution is given in [11, Theorem 10.3]. Uniqueness is known as
Liouville’s theorem [12, Theorem 7 Section 4.2].

To prove (b), notice that V- j € C§'(R?;R). Hence, as in (a), the integral in the
right-hand side of (2.23) is the C?®-solution of the Poisson equation Au = —47V -,
lim| ;o0 u(x) = 0. That Vu(z) = O(|z|~?) for |z| — oo is well known, which in
turn provides the decay for Pj, since j has compact support. Moreover,

. . 1 ) dy
V-Pj(z)=V-ja)+—A [ V- =
j () J@) + . J(y)‘y_ﬂ

As for (c), we first prove the following lemma:

0.

Lemma 4. The Darwin potential Ap in (2.22) has the equivalent representation

1 . dy 1 . y—x
e @ = [ i g [ V=

¢ Jr” Ny —al 2 Jrs ly — x|
Proof. The current density j has compact support, so standard arguments can
show that the right-hand side (RHS) of the above expression is well defined. The
divergence theorem then yields,

1 . dy 1/ .
RHS = - - — -V)wd
s Lt -5 [ ) Ve

= 2 [ i) - 31 - ) -} 2

c ly — |

= 5o [ ) ) @)

2c R3
which is precisely the Darwin potential Ap in (2.22). The use of the divergence
theorem is justified by the following standard argument: remove a small ball about
x € R3 in the domain of integration so we can avoid the singularity at y = , then
use the divergence theorem and note that the boundary term corresponding to the
small ball vanishes as its radii tends to 0. O

We shall now deduce by direct computation from (2.27), the Poisson equation
given by (2.25). To this end, we first recall that just as in part (a),

(2.28) A{i/ﬂ@gi(y)wdyﬂ} =—4§j(az).

The integral in curly brackets is in C3(R3;R3), due to the regularity of j. Next,
we show that the following equality holds in the sense of distribution,

(2.29) Do, {/RS V- j(y)widy} =/, V- j(y) [bik — w'w"] |yd—yx|'
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Let r = |y — x| > 0. First, note that d,,w’ = —r~! [§;, — w'w*], and that the
integral on the right-hand side of (2.29) is well defined for almost all z € R3, since
V-j € C§(R3,R) and the kernel is bounded from above by 7r~1. For ¢ € C§°(R?; R),
the function (z,y) — 9., 6(x)V - j(y)w' is integrable on R® x R3. Hence, we can

use Fubini’s theorem to find that
/ aqub(x){ v-j<y>widy}dw / { / (azkas(x))widx}v-j(y)dy
R3 R3 R3 R3
-/ { <z>amkwidx}v-j<y>dy,
R3 R3

where the second equality is justified by a standard limiting process and integrations
by parts, similar to the argument at the end of the proof of Lemma 4. Then, another
use of Fubini’s theorem yields (2.29) in the sense of distribution, as claimed.

Actually, the equality in (2.29) holds in the classical sense. By the standard
theory of the Poisson equation, the right-hand side of (2.29) is a function in
C?%(R3;R); see [11, Theorem 10.3]. Therefore, in view of the theorem for the
equivalence of classical and distributional derivatives, the integral in curly brackets
on the left-hand side of (2.29) is in C*%(R3;R); see [11, Theorem 6.10].

Now, since 9, 7! 2wk and wk [(51»;C — wiwk] =0, we have

=7r
Oy, {7 [0 — W]} = —r7lw'op, 0t = 2072

Therefore, similar arguments to those used above yield

L wid _ d
e = -2 Ve =, [ Vi)Y
R3 ly — x| R3 ly — x|
Hence, since A =V - V, we can combine (2.29) and (2.30) to find that
1 . y—x 1 . dy
2.31 A 7/ A d } = —-V V- .
(2.31) {20 . J(y)‘yix‘ y V| J(y)|y7x‘

Then, we add (2.28) and (2.31) to conclude that AAp = —4wcPj holds on R3,
and so Ap is a C>% solution of (2.25). This solution is unique in view of the
Liouville’s theorem [12, Theorem 7 Section 4.2].

The representation (2.26) of 0, A can be proved as follows. Since j4 is regular
enough, we shift the a-variable into the argument of j4 and differentiate (2.22)
under the integral. Then, we move the derivative to the kernel of (2.22) helped by
the same standard argument at the end of the proof of Lemma 4. In doing so, we
notice that for r > 0, the imk-th entry of 0,K is

O, {7’71 [5im + wiwm} } =r2 [5imwk — Opmw® — dipw™ + 3wiwkwm] ,
which leads to (2.26). Finally, it is not difficult to check that

V-Ap = Trace(@xAD) =0 and (V X le)Z = % (83:AD — (&UAD)T)M s

where (0,Ap)T denotes the transpose of d,Ap, and i,k,I € {1,2,3} are given
according to the cyclic index-permutation. [
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It is easy to check that the Darwin equations in Definition 1 are formally equiv-
alent to the equations (1.5) and (1.7)-(1.8) given in the Introduction. To see this
let us define

Ep=-V®p, Ep=-c'9,Ap, B=V xAp.

We have to show that (Ep, Ep, B) formally solves (1.7)-(1.8) provided that the
charge and current densities satisfy the continuity equation. Clearly V-B = 0, and
since V- Ap = 0, we have
VxB=V(V-Ap) - AAp =4rc'j — c 1o, VOp = dnc™j + ¢ 10, Ey,
which is (1.7). Easy computations yield (1.5) and (1.8), and the claim follows.
We conclude this section with a-priori estimates on the potentials and their space

derivatives. For simplicity and without loss of generality, we shall neglect the time
dependence.

Lemma 5. For 1 < m < 3 set 7o = 3/(3 —m) and let r < ro < s. Then there
exists a positive constant C = C(m,r,s) such that for any ¥ € L™ N L*(R3; R)

dy =X 1A 1—r/ro
U(y) — < C(m,r,s)|P]; 9|7, where A= -—"—.
vy w5 s, —
In particular, C(m, 1,00) = 3 (4r/m)™> / (3 — m).
Proof. cf. [13, Lemma 2.7]. O

Lemma 6. For p and j as given in Lemma 3, the Darwin vector potential (2.22)
satisfy the estimates:

12/3 -yl 0 1/3 4 -112/3
(232) [ Aplle <CIIF IS and (024D < C LI 1175

Moreover, for any 0 < h < R we have

|02 40| < € [R2 131y + A 10udlle + (1 4+ In (R/)) 5le]
where C' > 0 is independent of h, R, p and j. In particular,
233)  [24b] . < C il + (1 Dilloz ) (1410 100302 )] -

The same estimates hold for the scalar potential ®p, with j replaced by p.

Proof. The estimates corresponding to ®p are well known from the study of the
Vlasov-Poisson system. These results can be found, for instance, in [14, Lemma P1]
and [1, Propositions 1 and 2]. Here, we shall produce the estimates for the vector
potential Ap only. The proof is actually rather similar.

Let K(y,z) = |y — 2| ' [id + w ® w]. Clearly, |K(y, )] < C|y — z|~". Then, the
estimates in (2.32) are a straightforward consequence of Lemma 5. To produce the
estimates for the second derivatives, consider

. 1 ) d
DORAL, = % {al / [6imw" — Spmw’ — Sipw™] 5™ (y) Y 5
¢l Jre ly — =
L wmwiwkd
R ly — |

1
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Here we have introduced the notation 0y = 9y, , k = 1,2, 3; see Lemma 3(c) for the
matrix representation of the integrand of d, A. Now, the integral I; can in turn be
split into three integrals, each one essentially the same as the integral corresponding
to 0;0r®p. Thus, I; satisfies the expected estimates, as 0;0,Pp does. Therefore,
we are led to estimate I5. To this end, we set r = |y — x|, and for r > 0 we denote

by 1kl( x)
k
wmw'w 1 . .
Oy, [7’2] =3 [6mlw’wk + 6;wF W™ + Spwiw™ — 5w’ wkwlwm]
This kernel is too singular to use Lemma 5. However, since y'y*y™ |y|75 is homo-

geneous of degree —2, for every 0 < R; < Ry we have

ik, m

/ My = [ vy as, - [ PV g,
Ri<|y|<Ro =k, B2 |y’ wi=m B |y’

Thus, for any h > 0, we can rewrite I as

o= [ Dh-ored e [ weRdends
ly—z|>h |w|=1

i /| o T =D "0 = 5" @) dy

The singularity in the last integral at » = 0 is now avoided by the difference
J™(y) — 7™ (x). Indeed, for 0 < h < R we produce

. dy . dy
B Cllil [ e [ i
" Jh<ly—al<R |y — x| ly—z|>R ly — |

) dy .
031, |  + (@)
“ Jy—el<n |y — 2|

< Cn(®R/A) Il + B2 il + 0 10udl o + 1] 1ee] -
This yields the first estimate on H@gADHLm. Then, by setting R = 1 and letting
h= \\8x3||£olo if ||c'9$j||£io > 1, otherwise h = 1, the estimate (2.33) follows as well.

This completes the proof of the lemma. O

3. THE RVD SYSTEM

If we now combine (2.12) and (2.21)-(2.22) by means of (1.4), then we obtain
the following equivalent representation of the RVD system:

(3.1) Oef +va-Vaf — [V‘I)—c_l ZVAz] Vof =0,
coupled with

(3:2) o) = [ [ seyn P

RS R3 |y |
dpd
(3.3) Alt,z) = // [id 4+ w @ w]vaf(t,y,p) Py
R3 JR3 ly — ‘

where
o1
(3.4) vs = p-c 4

\/1 +c2|p—ctA)
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For the sake of notation, we have written p instead of m when referring to the
generalized momentum variable. We will continue to do so for the rest of the paper.
We shall also set ¢ = 1 for the speed of light. The goal is to prove that a small
enough Cauchy datum launches a unique classical solution of the system (3.1)-(3.4)
globally in time. We shall prove this in Subsections 4.1 and 4.2 below, but first
we center our attention on (3.3). If f is given, then (3.3) is a nonlinear integral
equation of unknown A.

Lemma 7. Fizt e I and let f(t) € Cy*(R%R), 0 < o < 1, be given. Then, there
exists an A(t) € C, N C%*(R3;R3) satisfying (3.3)-(3.4).

Proof. Without loss of generality we shall omit the dependence in time. Let C' be
a constant that may depend on f, to be fixed later on. Define the set

De = {A € Cy(R%R?) : Al < é} .

First, we show that there exists an Ao, € D which solves (3.3)-(3.4). To this end,
denote the kernel K(z,y) = |y — 2| ' [id + w ® w] and let A € Ds. Consider the
mapping A — T[A] defined by

p—A

V1+Ip— AP

We claim that T[A] € Ds. Indeed, let (K);;(z,y) be the ij-entry of K(z,y). For
some u1, ug and uz on the line segment between x and z, the mean value theorem
implies

TAle) =5 [ [ Kot upipdy. v =

1

‘ 1 Y — g — 2
ly—z| |y — 2

(IC)ij (z,y) — (’C)ij (Z7y)‘ <

2 2
ly—x” |y -z

2 2
ly —z|” |y — 2|

1 1 1
Clz — 2| s + S+ 5.
ly—wil” |y —wuel” |y —us]

Hence, since |v4| < 1, a use of Lemma 6 produces

IN

IT[A](z) — T[A](2)] < %RJU%M—memwﬂy
dy
< CZC—Z E——
< O |A;mww_¢2L?
(3.5) < C(f) |z —2|.

Thus, T[A] is a continuous vector valued function. Also, by Lemma 6
2/3 1 11/3 _ A
(3.6) ITAN e < 3/2(/2)"2 |plI74 ol = C-

Therefore, T[A] € Dg as claimed.
We now show that T" has a fixed point A, € Ds. By virtue of the Schauder
fixed point theorem [12, Theorem 3 Section 9.1], it suffices to show that T is a
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continuous mapping and that the closure of the image of T' is compact in Ds. To
show the continuity of T', we see that if Ay — A in D¢, then by Lemma 6

dpd
O/ / "UAk 7”A|f(yap)ﬂ
R3 JR3 ly — |
CUH AR — Al o -

IT[Ax](z) = T[A](2)|

IN

IN

To show that TDs C D¢ is compact, we first notice that for A € Da

(3.7) T [A] (z)] < HPHL;C/ ; |m6?/y| = C(f)%m'

Now consider the sequence {B,,} C TDg. Let R > 0 be fixed. By (3.6) and (3.5),
the restriction

{B”}‘{JJERS:LE\SR}
is clearly bounded and equicontinuous. Then, by Arzela-Ascoli and a standard
diagonal argument we can find a subsequence {B,, } and a continuous, bounded
limit vector field B such that {B,,} — B uniformly on compact sets, and in
particular pointwise. Clearly, || B||, . < C, and since {By, } satisfies the estimate
(3.7), so does B. We only need to show that the convergence { By, } — B is uniform.
To this end, let € > 0. Choose R > 0 such that the right-hand side of (3.7) is less
than €/2 for |z| > R. Then, for all k we have |B,, (z) — B(z)| < € for |z| > R, and
we can find a kg = ko(R, €) such that for all k > kg

sup |Bp, (z) — B(z)| < e.

|z|<R
This proves uniform convergence. Hence, all the hypotheses for the Schauder fixed
point theorem are fulfilled, and thus 7" has a fixed point A, in Dg.

Next, we have to show that A, has the required regularity. To this end, define
va., and then ja__ according to (3.4) and (1.4), respectively. The vector field A
has the form of a Darwin potential (2.22) with current density ja_ € Co(R3;R3).
Clearly, the kernel of (2.22) satisfies |[K(xz,y)| < Cly—|~" and the derivative
estimate |0,k (z,y)| < C'ly — 2| >, Hence, we can use the standard theory for the
Poisson equation to find that A,, € C1(R3;R3); see, for instance, [5, Lemma 4.1] or
[11, Theorem 10.2 (iii)]. But such a regularity of A, implies that j4_ € C3(R3;R3).
Thus, we also have j4__ € C§(R3R3), 0 < a < 1 and so A, € C*¥(R?;R?), as
desired. For the latter implication see, for instance, [11, Theorem 10.3]. O

Remark 2. If we consider the time dependence in Lemma 7, and assume that f is
C! with respect to ¢t € I, then A is also C! in t € I as a consequence of the Implicit
Function Theorem in Banach spaces; see [16].

3.1. Estimates on 0;A and its space derivative. We now turn to the estimates
on the time derivative of the vector potential (i.e., the transverse component of the
electric field), and its space derivatives.

Throughout this section, we shall assume that the triplet (f, ®, A) satisfies (3.1)-
(3.4) on I x R3 x R3 with f(¢) having compact support on R? x R3. For f as given,
define ¢t — Z(t) by

(3.8) Z(t) = sup{|(x.p)| : 30 < s < t: f(s,,p) # 0}.
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The function Z(t) is a non-decreasing function of ¢, which by the compact support
of f is bounded on any finite subinterval of I. The following lemma is essential to
our results:

Lemma 8. Let f € CY(I,Cy*(R%);R) and (®, A) € C'(I,C%*(R?); R® xR?), with
f>0and 0 <a <1, satisfy (5.1)-(3.4). Define p and Z(t) according to (1.4) and
(5.8), respectively. There exists a positive C(t) = C(Z(t), || f(t)|l ~ ) such that

z,p

10:0, A®)]| 2 + le/Q(t)atA(t)( <C(), tel

L2

Remark 3. For ¢ € I, Lemma 6 and the assumption on the support of f imply
Ip— Al < C(Z(t), ]| f(t)| L ) < o0 and so [va| < 1 strictly on suppf(t).

Proof of Lemma 8. For v4 as given in (3.4) define the current density
attia) = [ vaf(t.ap)dp,
R3

By Lemma 3(c), the components A%, i = 1,2,3 of the vector potential satisfy

dy
ly — x|

(3.9) AA(t,2) = —dmjiy(t,2) — O, / V- jalty)
]RC“)

Take the partial time derivative on both sides of the above equation and multiply
by 0;A*. After integration by parts, dropping the 47 and using the definition of j4,

!VatAi|2 (t,x)dx = / O A (t,2)0y (Vi f) (¢, z,p)dpda
R3 R3 JR?
RS JR3 ly — |

Note that the boundary terms vanish. Indeed, since f has a compact support,
so does j4 and the boundary term corresponding to the first term on the right-
hand side of the above equation is zero. On the other hand, it follows by standard
arguments that 9;A%(z) has at least a decay O(|z|™") and V8, A% (z) = O(|z|?).
Moreover, the integral I(z) on the right-hand side of (3.9) has a decay O(|z| %) and
so does 8,I(z). Therefore, 9, AV, Al(z) = O(|z|™*) and 9,A'0,1(x) = O(|z| ™),
which suffice for the boundary terms to vanish.
Now we add the equations (3.10) for each component of A. We find

/ |8w8tA|2 / f (8tA . 8{0,4) + / / (8tA . UA) 8tf
R3 R3 JR3 R3 JR3

1 )
—at/ / L A)(V-0,40)
R3 RST
(3.11) = L+ L+

But I3 = 0 since the vector potential satisfies the Coulomb gauge condition; see
Lemma 3(c). Also, by using the representation of the derivatives of the velocity
given in the Appendix, the integral I; can be written as

(1047 = Jva - 0:4),

W[ [
r3 Jr3 /1 + g2
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where we have denoted g = [p — A|. We shall also denote K = —V® + v, VA"

Hence, after sending I; to the left-hand side of (3.11), and by using the Vlasov
equation (3.1) in I, we find that

2 f . )
~/]R3 |aa:atA| + ‘/]R\3 s \/Ti‘gQ (|8tA| |1)A 8“4‘ )
_/Rs/RS(vA.atA)[vI.(vAvap,(Kf)]

/ JOA" (va - Vavy) +/ Foiy (va - Vo0, AY)
R3 JR3 s s

(3.12) +/R$ /RS fOLA" (K - Vpuly).

Notice the integration by parts and the use of the product rule in the last equality.
We claim that the left-hand side of the above equality has a positive lower bound
for every time t. Indeed, we have that

OAP ~ Joa- 0AP > 19,47 — fual? (9,4 = (1~ [oal?) [9,4P.

Also, by Remark 3 there exists a gnax(t) = gnax(Z(t), || f (1) ) < 00 so that
z,p

1—|val? 1 1
(3.13) = 573 > 573 = Chin > 0.
Vitge? (1447 (1+ Goux)
Therefore, the left-hand side of (3.12) satisfies
2
(3.14) LHS > Chga(t) <||a$at (B3 + ||o 2 aeAc )HL2> .

On the other hand, the known bounds on the derivatives of the potentials given in
Lemma 6 lead to

1004 e, + 10pva@)l e + IK Bl < C(E) = CZW), If Bl o0 )i

see the Appendix for an explicit representation of the derivatives of the velocity.
Hence, after a use of the Cauchy-Schwarz inequality and again the use of the com-
pact support of f, the right-hand side of (3.12) can be estimated as

L%)'

Finally, since (a + b)* < 2 (a? +b?), the result follows from (3.14)-(3.15). O

(3.15 wis < (0 (10,0403 + [0 203400

Lemma 9. Under the assumptions of Lemma 8, we have that
1/3 2/3 2/3 1/3
10A@B e < C [l M@ (1+ 1@ lo)12)
oIS o152 02 @A >M Ctel

Corollary 2. Under the assumptions of Lemma 8, we have that

1AW, < CB), tel.
for some positive C(t) = C(Z(t), ”f(t)”L‘;"p)
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Proof of Lemma 9. Consider the integral representation (3.3) for the vector poten-

tial, and take the partial time derivative on both sides of this equation. Denoting
the kernel by IC(z,y) and dropping the multiple 1/2; we have

O A(t,z) = / K(z,y) [vade f + dwwaf] (t,y,p)dpdy
RrR3 JR3
= I+ 1.

Set K = —V® +v4 VA" A use of the Vlasov equation yields

I

- / K (2, y)0aVy - (0af) - / K(2,5)0AV, - (K f)
R3 JR3 R3 JR3

/ / va~[8le(x,y)vA+lC(x,y)8yvA]—|—/ / [K - K(z,y)0pv4.
R3 JR3 RrR3 JR3

Therefore, since |va] < 1, also |0,K(z,y)] < Cly —z|* (see Lemma 3(c)), and
|0zva| < C'|0,A| and |0pva| < C (see Appendix), we have

dy dy
L o< c{A3p<t,y>ly_x2+(||ax<1><>|m+||aA >|Lm)/RSp<t,y>|yx}

(316)< C oI eI (14 o017 eI )

where in the last inequality we used the estimates from Lemmas 5 and 6.
On the other hand, since |0iva| < C'|0:A| (see Appendix), the integral I can
be estimated as

dy
C/ t,y) |0t A(t,y)| ——

Clp®a AWML o)A

where the second inequality is a consequence of Lemma 5. Hence, the Cauchy-
Schwarz inequality and a direct estimate lead to

I

IN

IN

(3.17) L2 Clo®I oI o2 oA

2’
The lemma then follows from (3.16) and (3.17). O
Lemma 10. Under the assumptions of Lemma 8, we also have

100 AW <€) (10 W) s, + OIS 10T 1AW e ) S € 1.
for some C(t) = C(Z(t)).
Corollary 3. Under the assumptions of Lemma 8, we have that

10:0, A1)l < C(1), tel,

for some positive C(t) = C(Z(t), ”f(t)”L‘i"p , Hatf(t)Hpr).
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Proof of Lemma 10. Consider
00:Ata) = [ [ 0K [0adf +Bi0af) (t.9.p)dndy
(3.18) = L+,
where |8,K(z,y)| < C |y — z|~>. Hence, by Lemma 5, we obtain
L < CEZW) 0 Do and Lo < COAWD e [pOI 0@
where |Ov4| < C'|0;A| has been used. The result readily follows. O

4. THE CAUCHY PROBLEM FOR THE RVD SYSTEM

A noticeable advantage of writing the RVD system in terms of the generalized
variables and potentials is that it resembles, to some extent, the well-known Vlasov-
Poisson (VP) system. Actually, the latter can be formally obtained from (3.1)-(3.4)
by letting ¢ — o0, so that terms involving the vector potential are no longer present.
This resemblance allows to adapt previous techniques used for the VP system to
the Darwin case. Below, the proofs we present are in the same vein as those given
in [14] for the VP system. Obviously, several non-trivial difficulties arise due to the
inclusion of the vector potential in the system equations, not present in the Poisson
case. Incidentally, we expect that a global in time existence result to the relativistic
Vlasov-Poisson system for unrestricted Cauchy data, which is still unsolved, will
lead to an analogous result for the RVD system.

4.1. Local Solutions. In this section we shall produce a local in time existence
and uniqueness result for classical solutions of the RVD system.

Definition 3. Let fy be given. We call f a classical solution of the RVD system
if f € CHI x RS;R); it induces the potentials (®, A) € C1(I,C?*(R3);R x R3) via
(3.2)-(3.3); for every compact interval J C I the fields V® and v',V A* are bounded
on J xR3 and J x R? x R3 respectively; and the triplet (f, ®, A) satisfies the system
(3.1)-(3.4) on I x R® x R3. Moreover, we say that f is a classical solution of the
Cauchy problem if f|,_, = fo.

Theorem 1. Let fy € C&’Q(R6;R), 0<a<l, fo >0. For some T > 0, there
exists a unique classical solution f on [0,T[ of the Cauchy problem for the RVD
system. Moreover, for each 0 < t < T, the function f(t) is in CL*(RS;R), it is
non-negative and has compact support. In addition, if T > 0 is the life span of f,
then

sup{|p| 30 <t< T,z €R3: f(t,z,p) # 0} < 00
implies that the solution is global in time, i.e., T = co.
Uniqueness. Consider two solutions (f1,®1, A1) and (f2, P2, A3) of the RVD sys-
tem as given by Theorem 1. The Vlasov equation yields
O (fr = £2)* 4+ va, - Va(fi = f2)P + K1V (f1 = f2)?
= 2(fi— f2)[(va, —va,) - Vafo + (K2 — K1) -V, fo]

where K1 = —V®, + "UileAZi and analogously for K. In view of the compact
support of the solutions f; and fa, we set R > 0 such that

suppf1(t) Usuppfo(t) C Br x Br, t€[0,T]C[0,T].
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Let Q(t) = || f1(t) — fa(t )||i2 Since f € C1([0, T[xR% R) has compact support,
|V falt )HLoc + |V falt )||Loo < Cg. Also, we have |va, —va,| < C|A; — A and,
by Lemma 6, |0 (A17A2)||Loo < Cpg. Then, it is not difficult to check that

d
RO < 0p 20 [ 10:210) - 2220 133,

(4.1) A1) = A2 (Bl L2 gy + 102 A1() = 0eA2(B)ll L2 () | -

From the Poisson equation satisfied by the scalar potentials we deduce

dzd
/ \8$<I>1(t,a:)|2dx:47r/ / pl(t,x)m(t,y)4ya
R3 R3 JR3 |y—{17|

and analogously for ®,. Linearity, the Hardy-Littlewood-Sobolev inequality and
Jensen’s inequality yield

(4.2) 10:@1(t) = 0o @2 (t)ll 2 < Cllpa(t) = p2(t)]| o5 < CRQY(2).

On the other hand, in order to estimate the terms involving the vector potential,
we proceed as follows. Define fx = Af1 + (1 — A) fo for 0 < XA < 1. Clearly f\ >0
has compact support and satisfies 0\ fx = f1 — fo. Let Ay be the Darwin vector
potential induced by f). In view of Lemma 3 we have

dpd
AAA(t,m:—zm/ vay Fat, 2, p)dp — V V- (vay fr) (6 y, p)
Br Br JBr |y |

and V- Ay = 0. Notice that A; (resp. As) solves the above equation when A =1
(resp. A = 0). By virtue of Remark 2 (where ¢ is replaced by A), we can use the
arguments in the proof of Lemma 8 to find

RO + /‘/ (13 As* ~ v, - 0345
/R3|>\ Al . BRW|/\A| lva, )\/\|)
(4.3) = / (OxAx - va,) O fr.

Br Y/ Bgr

The analogous expression in Lemma 8 is the first equality in (3.12) with the right-
hand side replaced by the expression of Iy in (3.11). Note the integration over
Br x Bp in view of the compact support of 9xfx. Hence, since |va,| < 1 by
Remark 3, we can use again the arguments in Lemma 8 and the Cauchy-Schwarz
inequality on the right-hand side of (4.3) to obtain

1030, Ax(0)1 3 + 2320040, < CrlAAND I35, 00 Dlsz,.

which implies that

(4.4) 10702 Ax(8)][72 < CrIONANE)| 2 (5,) @ (F)

for some Cr > 0 and all 0 < A < 1. Poincaré’s inequality and (4.4) then yield
106 AN 725y < Cr 10200 AN(B)I[72 < Cr [OAAND) | 125,y Q% (1),

and thus,

(4.5) Haz\A/\(t)HLg(BR) < CRQl/Q(t)

for all 0 < A < 1. Inserting (4.5) into (4.4), we also have for all 0 < A <1

(4.6) 1020: Ax(D)]| 2 < CrRQVZ(2).
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Now, we observe that by Jensen’s inequality,
2

1
/\81A1(t,x)—8IA2(t,x)|2dx _ / /8A6IA,\(t,a:)d)\ do
R3 RS 0

1
< / / 1060, A (1, 2)[2 dzdA
0 R3

< sup 050, Ax(t, )| da,
0<A<1 JR3

and similarly for ||A;(t) — A2(t)||>. Then, we use (4.5) and (4.6) to derive the
estimate

(A7) A1) = A0y + 10 AL (1) — Do Aa(B)] 2 < CRQV(2).

Finally, we combine (4.1), (4.2) and (4.7) to conclude that

dQ(t)
—2 < CRrQ(t).

20 < cra)
Uniqueness then follows as a trivial consequence of Gronwall’s lemma. (]
Proof of Theorem 1. Let fy € Cé’a(R6;R), fo > 0. Fix X > 0 and Py > 0 such

that fo(z,p) = 0 for |z| > X or |p| > P,. We introduce the following iterative
scheme. For t € I and z = (x,p) € R3 x R3, define

Pt 2) = fo(2).

For n € N, assume that f™: I x R — R is given and define

dpd
(4.8) o (tx) = / (g, p) P
R3 JR3 \y—x|
1 dpd
@9 Aa) = 5 [ [ parwouu e
2 R3 JR3 |y—.’17|
where
p_An

va, = —
\V L+ [p— Ayl

Denote by Z,, = (Xn, P,)(s,t, 2) the solution of the characteristic system

(4.10) Xn(s,t,z) = va, (8 Xn(s,t,2), Pu(s,t, 2))

(4.11) P.(s,t,z) = — [V@" — vianAiL] (s, Xn(s,t,2), Pu(s,t,2))
with Z,,(t,t,z) = z. We define the (n + 1)-th iterate of the distribution function by
TN, 2) = fo(Za(0,t, 2)).

For convenience we shall also define the sequences

)= [ e and ue) = [ oa e
R R

Step 1: In view of the Lemmas and Remarks in Section 2, and Lemma 7 in Section
3, the sequence {(f™, ®", A,,)} is well defined. In particular, f* € C*(I,CH*(R%);R),
fm>0,and (&7, A,) € CH(I,C**(R3); R x R3). For each n, the regularity in time
of the potentials is the one of f™. This is trivial for ®™. As for A", see Remark 2.
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For t € I set Py(t) = Py and for n € N define
Py(t) = {lp|:30<s<t,zeR: f(s,2,p) #0}

= {|Pn-1(s,0,2)|:0<s <t z € suppfo}
It is clear that suppf"(t) C {(z,p) € R®* x R?: |z| < Xo + ¢, |p| < P,(t)}. Also,
and we have the estimate

n 4 D
10" Oll e < 57 U foll e PEO).

Since |j,| < |p™], the known estimates on the potentials imply that

187 (Ol + 1An(®)= < CLfo)Palt),
and finally
(112) 10,97 (1) + 182 An(t) | < CUIPE(D)

Step 2: For some T > 0 there is a non-negative, non-decreasing P € C([0,T[; R)
depending on the Cauchy datum only, such that for alln e NU{0} and 0 <t < T

P, (t) < P(t).
Indeed, for n € N the characteristic equation (4.11) and the estimate (4.12) imply

P 0] < o+ [ (100 + 10400 ) d
(4.13) < By+Clfo) /t P2(r)dr.
Let T' > 0 be the life span of the solutior(i of the integral equation
(4.14) P(t) = Py + C(fo) /0 t P2(7)dr.

Hence, Py(t) < P(t). Suppose P,(t) < P(t) for some n € N. Then, in view of
(4.13), this estimate also holds for P, 1(t), which proves the claim. As a result, all
estimates in Step 1 are uniform in n on any subinterval [0, 7] C [0, 7. In particular,
forallm € Nand 0 <t < T, we have

(415) 9" Ol g + 13Ol + 102" (O) ] + 105 An (D] < C = C(T, fo).

For future use, we notice that the maximal solution of (4.14) is given by

(4.16) P(t) =Py (1—C(fo)Pot) ™", 0<t<T=(C(fo)P) ",

with C(fo) = 32 lfoll 15 I1fol7 .

Step 3: We claim that for every fixed 0 < T < T
(417) 110" Ol e + 100 (@) e + 0207 )] + (|02 An (D] < O,
foralneNand 0<t<T.

To start with, we estimate the space derivatives of the characteristic curves. To
ease notation, we write (X, P,)(s) = (Xn, P)(s,t, z,p). Recall

A, (8, Xn(5); Pu(s)) = v(Pn(s), An(s, Xn(s))),
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where v is Cg° in its argument. Hence, since (by abuse of notation) we have
(0:X,(t), 0, P, (t)) = (1,0), the uniform bounds in (4.15) lead to

X < e Xal0)] + [ 10 P, Antr Ko
< 140 [ (@Kol + 0P
Similarly,
|0:P,(s)] < aan(t)+At|am [V® — vl VAL] (7, X0 (7), Pa(7))| dr
< /0 (14 20" (7)o + 24000

x (102 Xn(r)| + |0:Pa(7)]| ) dr.
These two estimates and the Gronwall’s lemma yield

|ann(5)| + |8IPH(S)|

¢
< exp {C%/O (1 + ||8§<I>"(7-)HL;o + HaiAn(r)HL;o) dr} )

As a result, we also have

0.0 (1,2)] < / 10, [fo(Zn(0,,,p))]| dp
[p|<P(t)

IN

t
ogexp{cg/o (1+ 20 (r)] o + Ha;An(T)HLgO)dT}.

Similarly, after using the product rule and the known estimates, there exists a
sufficiently large constant C’% such that

Oudnia (t,2)] < / g 1B A DS 0,1 p) dp

IN

t
cgexp{cg/ (1+ 20" + 12407, dT}.
O T T
Hence, in view of Lemma 6, we have for all 0 < ¢ < T that
070" (O] oo+ (|07 Ans1 (D]

S C’% (1 + ]n+ ||8xpn+1(f)||L;o + 1n+ ||83cjn+1(t)HLg°)

IN

t
o+ cg/o (22" ()| + 0240 ()], )
Since the right-hand side is bounded for n = 0, induction in n yields

028" 0 + 24,0 < Chexp (BT},

for alm € Nand 0 < ¢t < T. In turn, this provides a uniform bound on the
derivatives of the iterates for the current and density functions.
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Step 4: We show that {f"} is Cauchy in the uniform norm on [0, 7] x R®. To start
with, notice that

|fn+1(t7 Z) - fn(t7 Z)| |f0(Zn(0at7 Z)) - fO(Zn—l(Oat’ Z))|

C 1 Zn(0,t,2) — Zn_1(0,1,2)|.

(4.18)

IN

On the other hand, by using the estimates in the previous steps, it is not difficult
to check that the characteristics equations lead to

|Xn(s) - anl(s)‘
< [0(Pa(7), An(7, Xn(7))) = 0(Pa1(7), A1 (7, Xna (7)) d7

(IXn () = Xna(7)| + [Pa(7) = Poa(7)]

S

+ [ 4n(7) = Aua (7)) .

IA
Q

and
[Pa(s) = Paa(s)]
< /t( VO™ (7, X, (7)) — V& (7, X,,_1(7))]
| (@4, V4L) (7, Xa(7), Palr))
— (v, VAL (7 X (7), Paa (7)) dr
<cf (1Xar) = Xara (7] [Par) — Paa(7)

+[|0:27(7) = 0" (1) .

F140(r) = Ana(Dllge + 100 An(r) = A 1(D) 0 ) .

Therefore, after adding the above expressions, Gronwall’s inequality yields
t
1Z0(0,4,2) —  Zn 1(0,,2)] < c/ (J.2"(7) - ,0" (7).
o 2

(4.19) +  [[An(7T) — Anfl(T)HL;o + (|02 An(T) — 31An,1(7)||L;o) dr.

Now, to produce a Gronwall’s inequality resulting from (4.18) and (4.19), we
look for suitable estimates on the right-hand side of (4.19). To start with, let
R = max {Xo —|—T,P(T)}. Foralln e Nand 0 <t <T we have

suppf"(t) C Br X Bg.

Linearity and Lemma 6 yield

[o:07(r) = 00" (D) < Cllo"() = " DL om0 = T A
(4:20) < Crlf@) = 7O -

To estimate the terms involving the vector potential, we proceed as follows. Ac-
cording to the definition of the iterates, it is clear that for each n € N they satisfy

O f™ fva, - Vo f " = [VO" — vy VAL]-V, " =0.
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Hence, by the uniqueness proof now in terms of the iterates, (see (4.7)),
[ An(T) — An—l(T)HLg(BR) <Cr an+1(7') - fn(T)HLi L’

which can in turn be estimated in terms of Hf”“(r) - f”(r)HLm .
z,p

Also, if we write respectively f* — f*~! and A, — A, _1 in Lemma 9 instead of
Oy f and 0; A, it is easy to check that

[An(T) = Apa(7) ||Lg°
< Cr (150~ 7 O, + 1407) ~ Ana i)

Similarly, after a slight modification of the proof of Lemma 10 (it is actually simpler
here since the Vlasov equation is not used), we find

10:40(7) = Oadn-1(7)ll
< Cr ([0 = 710, +1AR() = Ancs (D) 2o ) -
Therefore, the previous three estimates yield
l4n(r) = Auci (D)l + 195 A0(T) = Do Anoa (7l e
(1.21) < Cr (@ = 1+ 1O = O )

Hence, if we combine (4.18) and (4.19) with (4.20) and (4.21), a use of Gronwall’s
lemma gives

[,oo dT7

z,p

140 = o, <€ [ 157 = 1)
5 <0

which by induction, readily implies the claim. It follows that {f"} converges uni-
formly to some f € C([0,T] x R%;R) and for all 0 < ¢t < T we have

suppf(t) C Br X Bg.

Finally, if we respectively define p, ® and A according to (1.4), (3.2) and (3.3), we
have that p, ® and A are Cy, and p"™ — p, " — & and A, — A hold uniformly
on [0,T] x R3. The latter follows from (4.21). The uniform limits va, — v4 and
va, f™ — vaf can be easily checked, and therefore j, — j4 uniformly on [0, T] <R3,
with j4 € Cp([0,T] x R?;R?) defined by (1.4).

Step 5: Actually f € C1(I xRS R), as we show next. Indeed, in view of Step 4 and,
respectively, (4.20) and (4.21), the sequences {9,®"} and {0, A,} are uniformly
Cauchy on [0, 7] x R®. Moreover, by Lemma 6 we have

|024m(®) — 82400 < C [R7* ljm(®) = n(B)] 1,

10 (®) = D@l e + (1410 (B/R) () = Gn(0)] )|

and similarly for 92®"(t). Hence, the known estimates and the fact that we can
choose h arbitrary small imply that {92®"} and {024, } are uniformly Cauchy on
[0, T] x R? as well. Therefore, we have (with a slight abuse of notation)

(@, A), 0,(®,A), 0?(®,A) € C([0,T] x R*R x R?),
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and so the characteristic flow Z € C'([0,T] x [0,T] x R®) induced by the limiting
field is in turn the limit of the sequence {Z,}. As a result, the function

f(tv Z) = nh_{I;O fO(ZTL(O) t, Z)) = fO(Z(Oa L Z))
has the claimed regularity and the triplet (f, ®, A) satisfies (3.1)-(3.4).

Step 6: We show that the potentials ¢ and A have the required regularity in time.
Define f = Af™+ (1 —)\) f, 0 < XA < 1. This definition is just like the one in the
uniqueness proof but in terms of any two elements of the sequence {f™}. Let Ay
be the vector potential induced by f\. Following the lines in the proof of Lemma
8, it is not difficult to check that (this is analogous to (3.11))

/ PN / / FAOND Ay - rrva,
R3 Br JBr

+ / O\Or A - [0xva, Ot fx + Orva, Oxfx + va, OOt f1]
Br Y Br

(4.22) +  0\O; /]R3 /B 1 (V . A)\) (V- a,\&gj)\) .

Since V - Ay = 0, the third integral in the right-hand side vanishes. On the other
hand, by using the notation of the Appendix, we have 9yva, = —Dva, OxAj, also
Orwa, = —Duvy, 04Ay, and

8)\8th)\ = —DvAka)\atA - DQ’UA)\a)\A)\atAA.

Therefore, since by Step 5 |0:fA| < Cg, and by Corollary 2 |0;Ax| < Cgr, we
obtain from (4.22) that

/|axatam,4k|2+/ / |aAatAA| |UA,aAatAA|2)
R3 BR
< Cn / / 050 Ax| 103 Ax] + 03 fr] + 0300 fr ]

Br JBr

(423)< Crlload ANz [IONANO 2 (1) + 103D e, + 103020 e | -

In the last step we have used the Cauchy-Schwarz inequality. Now, define
G = sup (I7(0) = SOl e, + 190" (8) = 9SOl )
0<t<T : :

which in view of Steps 4 and 5 converges to zero as n, m — oco. If we use the estimate
(4.5) for the iterates, i.e. ||OxAx(t )||L2 () < Cr ||8,\f>\( )||L2 , we find that the

expression in square brackets in the right-hand side of (4.23) can be estimated as
1ONANO) | 2 () + Ha)\f)\(t)HLm + Ha)\atf)\(t)”L;?p
< Cr (IO, + 10O, +10350B 1)) < CrGnn,

uniformly in A\. On the other hand, since |v4, | < 1 strictly, we can reason as in the
proof of Lemma 8 to find a lower bound on the left-hand side of (4.23). This lower
bound can then be estimated as

10300, AN + ||}/ > 0)0rAx (2 )\

L2 (Br) < CrlIONO AN 12 () Gron-
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Consider the first term on the left-hand side. Poincaré’s inequality and the above
estimate imply that

1020 AN()][72 () < Cr 11020105 AN()][72 < Cr 020 AN(E)| 12 (1) G-
Then, the last two estimates yield
(4.24) 10X AN ()| 2 () + 1030e02 AX(E)][ 12 < CRGrn-
On the other hand, by the definition of Ay, we have

O ANt x) = / KC(x,y)070; [va, [a(t, x,p)] dpdy.
Br JBgr

Therefore, after taking the product rule in the integrand, we may proceed as in
Lemma 9 to obtain the estimate

(4.25) 10:80: A (1) ]| oo < Cr (Gmn + HaxatAA(t)lng(BR)) ;

where again we have used |0; x| < Cg and |0;A)| < Cg. Similarly, since
0,00, M\(t.0) = [ [ 0.K(w.0)0rdk o, fr (8.2, p)] didy,
Br Y/ Br
we can proceed as in Lemma 10 to find

(4.26) 1020:0, Ax(1)]| Lo < Chr (Gmn + II0A8tAA(t>HL;o<BR>) :

Hence, since |0;4,, — O A,] < fol [0xOrAx|dX < sup, |0r0:Ax| and similarly for
|01 0 Ay, — 010, Ay |, we can gather the above estimates to find that

||atAm(t) - atAn(t)HLgo + HatawAm(t) - atawAn(t)HLge < CrGmn.

Therefore, the sequences {9; 4, } and {0:0, A4, } are uniformly Cauchy and we have
that 9, A4,, — 0;A and 0,0, A,, — 0;0, A uniformly on [0, T] xR?. In turn, the former
limit and Steps 4 and 5 imply the uniform convergence 9;(va, f*) — Or(vaf), and
SO Otjn, — Orja. Also, Ogp™ — Oyp. Hence, just as in Step 5, the sequences {8&%@}
and {9,;02A} are uniformly Cauchy on [0,7] x R?. Therefore, since trivially 0,®
and 9;0,® are continuous on [0,7] x R?, we conclude that

Or(®, A), 0:0,(®, A), 0,0%(®, A) € C([0,T] x R?).

Having proved the claim, and since 0 < T < T was arbitrary, we conclude that
f € CH{[0, T[xRS5; R) is a classical solution of the relativistic Vlasov-Darwin system.

Step 7: Moreover, f(t) € C**(R5:R), 0 < a < 1, for each 0 < ¢t < T. In
view of Remark 1, this holds if (®, A) (t) € C?>*(R3;R x R3). But, since we have
(p,7a)(t) € CH(R3; R x R3) C C§(R3; R x R?), the regularity needed for the poten-
tials is guaranteed (see the last lines in the proof of Lemma 7).

Step 8: The proof of the continuation criterion is as follows. Let f be the solution
of the RVD system previously obtained, which clearly satisfies f|,_,. As shown in

(4.16), the life span of f is T = (C(fo)Py) ™" with
C(fo) = 32m)* I foll I follZ2, -

Define Pr = sup{|p\ 0 <t< T,z eR3: f(t,x,p) # 0} and assume that Pr < oo
but T < co. We claim that this is a contradiction.
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Fix 0 < tg < T and consider f(tg) as a Cauchy datum of the RVD system, which
is guaranteed by Step 7. Known estimates yield

1)y, = lfollzy + 1F Gy, = Ifollpce -

Thus, C(f(ty)) = C(f). Define € = (C(fO)PT)_l, which does not depend on t.
Steps 1-3 imply that all uniform estimates on the sequence of approximate solutions
induced by f(to) hold on [tg,to + €. Then, f(tp) yields a unique classical solution
of the RVD system on that interval.

But we could have fixed ty arbitrary close to the life span T' < oo of f and so
extend this solution beyond T, which is a contradiction. Hence, we have shown
that Pr < oo implies T = co. This, and the uniqueness result, conclude the proof
of Theorem 1. (]

4.2. Global Solutions. If additional conditions are imposed on the Cauchy datum
in Theorem 1, then the local solution found in the previous section can be extended
globally in time. We prove this result next. We start by defining the set where the
Cauchy datum will be taken from. For Xy > 0 and Py > 0 given let

D = {feC"R%R),0<a<l:
f20, |flyyz <1, suppf © By, x Bp, }.

Theorem 2. There exists a 0 > 0 such that, if fo € D with || fo|l <0, then the

classical solution of the RVD system (3.1)-(8.4) with Cauchy datum fq is global in
time. Moreover, for t > 0 this solution satisfies the decay estimates

(4.27) Il + 74Dl < CE2
(4.28) 1822l oo + 10: Ao < O3
(4.29) |oze(t)||, - + [|02A0)] ... < Ct>In(1+1)

We first introduce some technical results and postpone the actual proof of The-
orem 2 to the end of this section. The following lemma shows that a sufficiently
small Cauchy datum leads to a classical solution of the RVD system which exists
on any given time interval and induces potentials whose derivatives can be made
as small as desired.

Lemma 11. Fize > 0 and T > 0. There exists § = §(e, T) > 0 such that, if fo € D
with || follfec < 0, then the classical solution of the RVD system with Cauchy datum

xz,p
fo exists on the time interval [0,T] and induces potentials satisfying
(4.30) 10: A e + 1102 AD) | poe + 102 @(D) | e + [ OZAD) | oo + (|22 (H)]] oo <€
forall 0 <t <T.
Proof. In view of Lemma 6, and since |ja| < p and

000 + 10ea(t) e <, O<t<T

hold (the latter proved just as in Step 3 in Theorem 1, with the estimates applied
to the solution instead of the iterates), the space derivatives of A satisfy the same
estimates as the space derivatives of ®. Hence, the proof is mutatis mutandis
the proof of [14, Lemma 4.2] for the Vlasov-Poisson system, as far as the space
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derivatives of the potentials are concerned. As for 9;A, the result follows suit in
view of the estimates in Lemmas 8 and 9. ([

To proceed, we now define the so-called free streaming condition for classical
solutions of the RVD system.

Definition 4. Fiz > 0 and a > 0. A classical solution of the RVD system is said
to satisfy the free streaming condition of parameter 8 (FSB) on the time interval
[0,al], if it exists on [0,a] and induces potentials satisfying the estimates

10 AD = + 10 AW | + 102D < BA+1)72,
|02 A0, + 020D e < BO+DT2,
forall0 <t <a.

Lemma 12. There exists § > 0, 3 > 0 and a positive C = C(Xo, Py) such that
any classical solution f of the RVD system having a Cauchy datum fy € D with
Il foll oo < 0 and satisfying (FSB) on some interval [0, a|, also satisfies the estimates

(4.31) 10.8(0) |, + 10 AW) e < O,
(4.32) [072(1)]| e + 102AD) . < CtPIn(1+1),
for all 0 <t < a.
Proof. By virtue of Lemma 6, the following estimates hold
[0:2Oz +10:ADe < ClRILY oIS
|0200)] o + 0240, < IS + 10Dl + 10iaE)] e

+(1+mth) 3 ||p(t)||L;o} Lt 1,

IN

where the latter is a consequence of setting R =t and h = t_?: < R in the cited
lemma. We claim that for some suitable constant C' = C(Xy, Py) > 0 the charge
and current densities satisfy

(4.33) ||P(t)||L;° + ||jA(t)HLg°
(4.34) 102l oo + 102ja (D)l oo

If true, then the lemma follows. To prove the claim, we first introduce some tech-
nical results which we present as a sequence of steps.

Ct=3,
C.

IAIA

Step 1: Let 0 < s < ¢ < a. Denote by (X, P)(s) = (X, P)(s,t,z,p) the solution of
the characteristic system
X(s) = wvals,X(s), P(s))
P(s) = —[V®+v, VAT (s,X(s), P(s)),
with (X, P)(t) = (z,p). Denote also Dva(s) = Dva(P(s), A(s,X(s))), where the
matrix Dv4 is as given in the Appendix. Consider the system
£(s) = 0pX(s)—(s—1)Dvalt)
n(s) = Duva(s)0pP(s) — Dva(t).
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Notice that £(t) = n(t) = 0. We show that for some C' = C(Xg, Py) > 0
(4.35) 1€(s)] < BCePC(t — 5).

Indeed, on the characteristic curves, we have

£(s) = 0pX(s) — Dua(t)
= Duva(s)[0pP(s) — 0, A(s,X(5))0pX(s)] — Dva(t)
= 1(s) = Dva(s)9:A(s, X(s)) [£(s) + (s = t) Dva(t)] .

Therefore, since |Dv(s)| < C, a use of (FSP) yields

IN

/: n(m)ldr + BC/: (L+7) 2 [e(@)| + (¢ — )] dr
s (=) + [ iar).

€(s)]

(4.36)

IN

where the Gronwall’s inequality has been used in the last step.
On the other hand, we have

i(s) = Dua(s)8,P(s) + D*va(s) [P(s)—A(s,X(s))] 9,P(s).

In view of the characteristic system, it is not difficult to check that

0(5)| < C([|02006) | o+ [|02AG)]| o + 104G 72 ) 18, (5)
+C 10:A(s) | - 10, P(5)].

Hence, since A" = 9,A" + vy - VA', i = 1,2,3 and }DQ’UA(S)| < C, the above
inequality and (FSp) yield

[n(s)|

IN

(l020(5) | . + [1924(5) | o + N0 - ) 185X (5)]

+ (19225 = + 10 A(S)| = + 195A(3)]| = ) 19, P(5)]
< 2B8(1+s)"210,X(s)| + B(1+s)"*?10,P(s)|.

Now, by the definition of £(s) and 7(s), we have |0, X (s)

|
0,P(s)] < C (In(s)| + 1), the latter as a result of [Dv " (s)|
checked. Then, Gronwall’s inequality implies

[€(s)| + C(t —s) and

<
< (C, as it can be easily

n(s)| < BCe ( [ s s

(4.37) +/t [(1+7)—5/2 (t77)+(1+7)_3/2} dT).
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Both (4.36) and (4.37) then lead to

BCePC ((t— 5) +/: /: (1+0)"2|¢(0)| dodr
+/: /Tt [(1+0) " (t—0) + (1+0)7] dadT) ,
BCePC ((t — )+ /: /: (1+0) "% |¢(0)| drdo
+/: /: (14072 =)+ (1 +0) ] de0—> ,
BCe5C ((t o+ [ (14 0) 2 e(0) do

+/: [(1+0) =0+ (1+0)7] da> :

Finally, since the last integral is less than 3 (¢t — s), another use of Gronwall’s in-
equality yields (4.35).

IN

1€(s)]

IN

IN

Step 2: For B > 0 small enough, there exists a C' = C(Xp, Py) > 0 such that the
mapping X (0,t,z,-) : R — R3 has Jacobian determinant satisfying

|detd, X (0,t,2,p)| > Ct*, 0<t<a, xR} pecR3

For t = 0 this is obvious. Let 0 < t < a. Without loss of generality, we shall assume
that 0 < § < 1/2. Then, by the characteristics and (FSgS) we have

t
(4.38) |P(t)| < P0+5/ (1+7)2dr < Py+1.
0
Also, in view of the estimate on the vector potential given in Lemma 6, and recalling
that fy € D, is not difficult to check that
JA@) e < CXZE3 (Po+1).

Denote g = |p — A|. Hence g < C(Xo, Py) and therefore the relativistic velocity
satisfies [va| < v < 1, where v depends only on Xy and Py. Now, we have that

Dvy = (1+ 92)—1/2 [id — v4 ® v4]. Then, since by Step 1, |£(0)] < BCePCt with
€(0) = 0,X(0) + tDv4(t), we have for some 5 > 0 small enough that

1+ g2 1+ g2
A ax sl = [V o
(4.39) < BCPC v = 4 < L

Therefore, a positive constant C' = C (X, Py) exists such that

2
7”:9817)( (0) +id — id]

t3
(1+9%)°?
Step 3: For every 0 < t < a and = € R3, the mapping X (0,¢,z,-) : R® — R3 is
bijective. Indeed, for p,q € R?, let

A=A+ (1 =XN)gq, gr=gtz,px)=Ipx—Alt ), 0<A<1L

|detd, X (0)] det > Ot3,
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In view of (4.39) in Step 2, we have

1
0

V1493
—id+id + fg/\@pX(O,t,x,p)\)

|‘<(Oat7x7p) X(O,t,x,q)\
t —

1
/0 V1493
tlp—ql/ldA—vtlp—q/ld)\
o V1+4a: o V1+43

(1—=7)lp—qlt,

Y

Y

which shows that the mapping is injective. It is also surjective, since the open range
X(0,t,2,R3) = R3. If not, there exists a boundary point zg so that X (0,t,x,p,) —
2o ¢ X(0,t,2,R3) as n — oo, for some p,, — po € R3. By continuity X (0,t,z,po) =
2o, which is a contradiction, and the assertion follows.

Step 4: Then, Steps 2 and 3 imply that the mapping X (0,¢,z,-) : R® — R3 is
a C''-diffeomorphism. In particular, Step 2 implies that for some constant C' =
C(Xo, Py) > 0, the inverse mapping X ~1(0,¢,x,-) : R* — R3 defined by X + p(X)
has Jacobian determinant satisfying

|detd, X '(0,t,z,p(X))| <Ct™°, 0<t<a, =z€eR’.

We can now deduce the estimates (4.33)-(4.34) for the charge and current densities.
Indeed, bearing in mind that fy, € D, we have

p(t7.’L') = RS fQ(X(O,t7.’17,p),P(O,t,l‘7p))dp
= fo(X, P(0,t,2,p(X))) |detd, X (0, ¢, 2,p(X))| dX
R3
< ot

where C = C(Xg, Py) > 0. Then, since |ja| < p, (4.33) indeed holds.
To prove (4.34) we proceed as follows. In view of (FSB) with 8 = 1/2, and
recalling that [0,v4| < C'|0;A| and fo € D, we have that

(440) 110ep®)l e < C(Po+1)" 0uf (Bl oo
10540l < € (Po+1)" (100 AWD] e 1ol e, + 102702 )
(4.41) < C(R+1)’ (141051 )
and
(4.42) 00 f (1,2, )| < 102 P(0, 1,2, p)| + 0. X(0,t, 2,p)

Hence, the proof will be completed if we provide a uniform bound on the space
derivatives of the characteristic curves. Similar to the computations in Step 1, it is
not difficult to check that for 0 < s <t <a

0.X() <1+C [ (10.P(0)] + [0.A(T) - 10X (7)) d,
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and by (FSB) and Gronwall’s lemma
(4.43) 0, X ()| < C (1 + /t 0, P(7)] dT) .
Also, S
t
0P < C [ (102006) | + [BAG |+ 1A ) 10, X7
v | 10 A 10 P()] dr
444) < c/t (1+7)"5210, X (r)| dr.
Therefore, both (4.4;) and (4.44) yield

t t
0. X (s)] < C’—l—C’//(1+U)_5/2|8xX(0)|d0d7'

IA

t o
C+C// (1+0)"%?|0,X (0)| drdo

IN

t
c+c/ (14 0)%2 |9, X (o) do.

Gronwall’s lemma then provides a uniform bound on |9, X (s)|, which in turn pro-
duces a uniform bound on |0, P(s)| via (4.44). As a consequence

10, X(0,t,2,p)| + |0.P(0,t,z,p)| < C, 0<t<a, r€R> pecR>
which implies (4.34) via (4.40)-(4.42). This concludes the proof of the lemma. O

Proof of Theorem 2. By virtue of the previous lemmas, the proof is almost
identical to the proof of [14, Theorem 4.1] for the Vlasov-Poisson system.

Indeed, let 3,6 > 0 and C = C(Xg, Py) > 0 be suitable for Lemma 12 to hold.
Fix Ty > 1 such that for all ¢ > T

(4.45) Ct™? < g 1+07%%, Ccl+m)t?< g(l +1)72,

Now, by letting § > 0 be smaller if necessary, Lemma 11 implies that the Cauchy
datum fy € D with || fol| - < 9 yields a classical solution f of the RVD system on

the maximal existence interval [0, 7| with T > Tj, and

1AW e + 110 AW 2 + 10 2(0)
AW | + 220, < 5 1+ T0) 2

for all 0 < ¢ < Ty. Hence, f satisfies the free streaming condition (FS3) on [0, To].
In fact, the continuity of the left-hand side of the above inequality implies that there
exists a maximal Ty < Ty < T such that f satisfies (FS8) on [0,71[. Therefore,
Lemma 12 and (4.45) imply that for all Ty <t < T}

B
2
|020(1)] o + [|02A0)] ;0 < C(+It)t™? <

10,9, + [0 AD e < Ct2 < 24172,

B

241752,
2( +1)
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Then, a continuation argument yields 73 = T, and by (4.38), we deduce
sup{|p| : 0 <t < T,z € R3 : f(t,z,p) #0} < Py+1.

Therefore the continuation criterion in Theorem 1 implies that T" = oo, and thus

the solution f is global in time. The proof of Theorem 2 is complete. O
APPENDIX
_A id—
For P set Duvy = - vA® A = 0pv4.

Vg = ee————, —_—
1+ |p— AP \1+|p— AP

Then 0,vq4 = —Dvad, A and Opwy = —DvadiA. Clearly, |Dva|l < C, and so
0rval < C10,A] and [Gva| < C|0Al. Also, [02va] < C: [0,8,04] < C10, Al

02va| < € (|024] +10:AF); [0Fva] < C (1024 +10:AF )i0i0pva] < C10:A]
and finally |0;0,va| < C (|00 A| 4 |0: A] |0 A|).
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