Discrete velocity models with general boundary conditions in a slab

Carlo Cercignani Dipartimento di Matematica Politecnico di Milano 20133 Milano, Italy

Reinhard Illner Department of Mathematics and Statistics University of Victoria Victoria, B.C. V8W 2Y2, Canada

Abstract. We consider a gas between parallel plates, described by a discrete velocity model. At the boundary we impose the most general linear boundary conditions which preserve mass. Using a fixed point theorem we prove the existence of at least a one parameter family of solutions, continuous in x. The velocities are assumed to have a nonzero component in the direction orthogonal to the boundaries.

1. Introduction

The existence theory for the Boltzmann equation has seen remarkable progress thanks to the methods introduced by DiPerna and Lions [DPL] to handle the pure initial value problem. These methods have been extended to the case of mixed initial-boundary value problems [AC][AM][CI].

The case of boundary value problems is harder to handle but some results have been recently obtained [ACI][Ce1][Ce2]. The results have been obtained for the case of a slab, by extending a technique first used by the authors and M. Shinbrot [CIS] in 1987 for a discrete velocity model in a slab. The aim of the present paper is to extend the latter results in another direction.

We recall that a discrete velocity model for a steady solution in a slab reads as follows: ξ_i∂_xf_i = C_i(f, f) i = 1, . . . , n) (1.1) where ξ_i are the x-components of the vectors v_i of the model. f_i gives the nonnegative discretized distribution function. We assume

ξ_i ≠ 0 (i = 1, . . . , n) (1.2)

This model has been solved in [CIS] for two kinds of boundary conditions: a) assigned values for ξ_i > 0 at x = 0 and for ξ_i < 0 at x = d; b) assigned values for ξ_i > 0 at x = 0 and given except for a common factor for ξ_i < 0 at x = d. In case b) the common factor depends on the f_i associated with ξ_i > 0 in such a way as to produce a vanishing particle flow at x = d. The second result has been extended by Illner and Struckmeier [IS] when this particular case of vanishing particle flow holds at both boundaries.

Here we consider the most general case of vanishing flow at both boundaries. This results in the following boundary conditions at x = 0 and x = d:

ξ_if_i(0) = ∑ j∈Λ� B_{ij} |ξ_j|f_j(0) i ∈ Λ^+

|ξ_i|f_i(d) = ∑ j∈Λ+ B_{ij} ξ_j f_j(d) i ∈ Λ^− (1.3)

where B_{ij} are given positive coefficients satisfying ∑ i∈Λ+ B_{ij} = 1 j ∈ Λ^− ; ∑ i∈Λ� B_{ij} = 1 j ∈ Λ^+ (1.4)

Λ^± are obviously the index sets of the velocities with ±ξ_i > 0.

We remark that the properties of the B_{ij} imply that if we let j_+(x) = ∑ j∈Λ+ ξj fj (x) and j_−(x) = ∑ j∈Λ� |ξj|fj (x), then j+ = j− at x = 0 and x = d.

Recently Nikkuni and Sakamoto [NS] considered the inhomogeneous version of these boundary conditions when a source term b_i (i ∈ Λ^±) is added at x = 0 and x = d respectively. If this source does not vanish identically, then their method produces no solution when the coefficients B_{ij} satisfy the above conditions. In fact they had to assume that one replaces = with < at least at one boundary. Their boundary conditions are useful for problems of evaporation and condensation, but the results for the more natural case when the particle number is conserved are not included in [NS]. The purpose of the present paper is to cover this important case.

Concerning the collision term, we just assume that it conserves mass.

2. Basic equations

As in [CIS] we write the model equation as ξ∂_xf_i + γf_iρ[f] = C^γ_i (f, f) i = 1, . . . , n) (2.1) where ρ[f] = ∑ i f_i and γ is a positive constant chosen as to make C^γ_i nonnegative. C^γ_i has the general expression: C^γ_i (f, f) = ∑ k,l b_{ikl}f_kf_l (2.2) with b_{ikl} ≥ 0.

We remark that ρ[f] is nonnegative and when it becomes zero C^γ_i /ρ also goes to zero, being bounded by a constant times ρ. Thus there is no harm in dividing the equation by ρ(x) = ρ[f(x)] and by changing the x variable into y = ∫_x 0 ρ(x^′)dx^′ . (2.3)

If we let M = ∫_d 0 ρ(x)dx (2.4) x will vary between 0 and M.

If we let f̃_i(y) = f_i(x) and then drop the tilda, the system becomes

ξ∂_xf_i + f_i = ∑ k,l b_{ikl} f_kf_l ρ = C̃^γ_i [f] (i = 1, . . . , n) (2.5)

where we let γ = 1 without any loss of generality. We remark that if ∑ i C_i(f, f) = 0 (particle number is conserved in collisions), then ρ = ∑ i C̃^γ_i [f] (2.6)

The transformation (2.3)-(2.5) has been first used in [Ce1][Ce2] in discussions of existence for the Boltzmann equation with continuous velocity in a slab.

We shall consider the modified problem that we have just obtained and show that it has a solution (actually a one parameter family of solutions). Finally we shall show that the solutions obtained in this way can be transformed into solutions of the original problem. This will be done in the next section by defining a suitable (nonlinear) operator T such that its fixed points are solutions of our problem and then using Schauder’s fixed point theorem. The proof is shorter and simpler than the previous proofs, which applied to simpler boundary conditions.

3. The existence theorem

We can now consider the operator T : g → f (3.1) defined by ξ∂_xf_i + f_i = C̃^γ_i [g] i = 1, . . . , n)

ξ_if_i(0) = ∑ j∈Λ� B_{ij}|ξ_j |g_j(0) i ∈ Λ^+

|ξ_i|f_i(M) = ∑ j∈Λ+ B_{ij} ξ_jg_j (M) i ∈ Λ^− (3.2)

where g_i > 0, g_i ∈ C([0, M]; R_+).

The fact that this operator is well defined follows from the same argument as in [CIS]. In addition we have |||T g||| = |||g||| (3.3) where |||g||| = ∫_M 0 ρ[g](y)dy + j^−[g](0) + j^+[g](M) . (3.4)

In fact, if we integrate the equation defining the mapping from 0 to M, sum over i and use the boundary conditions (note that j^−[f](M) = j^+[g](M), j^+[f](0) = j^−[g](0)), we obtain:

j^−[f](0) − j^−[g](0) + j^+[f](M) − j^+[g](M) + ∫_M 0 ρ[f](y)dy = ∫_M 0 ρ[g](y)dy . (3.5) Rearranging, we obtain the desired result.

We consider the set S_R := {f; |||f||| = R (R > 0), f_i ≥ 0} (3.6) as a subset of C^n([0, m]; R_+), and endowed with the norm ||| · |||. This set is trivially convex and is mapped on itself by the operator T . Note that the norm is an L^1-norm plus boundary fluxes. In addition T S_R is also compact because it is a bounded and closed subset of the Sobolev space W^{1,1}. So T is compact and by Schauder’s theorem [Sm] has a fixed point f such that T f = f. Because of the way T was defined this means that

ξ∂_xf_i + f_i = C̃^γ_i [f] i = 1, . . . , n)

ξ_if_i(0) = ∑ j∈Λ� B_{ij} |ξ_j|f_j(0) i ∈ Λ^+

|ξ_i|f_i(M) = ∑ j∈Λ+ B_{ij} ξ_j f_j(M) i ∈ Λ^− (3.7)

The solutions f(y) that we have found are parametrized by the parameter R and have a well defined nonnegative density ρ[f](y). In fact, ρ[f](y) > 0 for all y ∈ [0, M], because otherwise it would follow that all f_i would vanish at one point y_0, and by the existence and uniqueness theorem for the initial value problem for ordinary differential equations it would follow that f_i(y) = 0 for all y, i, contradicting |||f||| = R > 0. We can therefore invert the transformation of the independent variable and return to x to obtain: x = ∫_x 0 dy ρ[f](y) dy (3.8) We have two parameters M and C to play with. M fixes the mass (per unit area if we think in 3 dimensions) and R can be used to obtain any thickness of the slab (if R_0 gives a thickness d_0, we obtain a thickness d by letting R = R_0d_0/d).

We formulate our main result.

Theorem. If the coefficients B_{ij} are nonnegative and satisfy the condition (1.4), then the boundary value problem (1.1), (1.3) has a one-parameter family of solutions satisfying ρ[f](x) > 0 for all x ∈ [0, d]. The solutions are parametrized by their norms |||f|||.

4. Concluding remarks

We have studied the most general boundary value problem with conservation of mass in a slab for discrete velocity models. The proof is not only applicable to more general boundary conditions but is also simpler than any other proof given before for this kind of problems. An extension to the case of continuous velocities appears to be feasible. Although we have not discussed uniqueness, it is easy to see that uniqueness holds if R is sufficiently small.

References

[AC] L. Arkeryd and C. Cercignani, A global existence theorem for the initial boundary value problem for the Boltzmann equation when the boundaries are not isothermal, Arch. Rat. Mech. Anal. 125, 271-288 (1993).

[AM] L. Arkeryd and N. Maslova, On diffuse reflection at the boundary for the Boltzmann equation and related equations, J. Stat. Phys. 77, 1051-1077 (1994). [ACI] L. Arkeryd, C. Cercignani, R. Illner, Measure solutions of the steady Boltzmann equation in a slab, Commun. Math. Phys. 142, 285-296 (1991).

[Ce1] C. Cercignani, Steady solutions of the nonlinear Boltzmann equation, Transport Theory and Statistical Physics 27 (3/4), 257-272 (1998).

[Ce2] C. Cercignani, Measure solutions for the steady nonlinear Boltzmann equation in a slab, Commun. Math. Phys. 197 (1), 199-210 (1998) [CI] C. Cercignani and R. Illner, Global weak solutions of the Boltzmann equation in a slab with diffusive boundary conditions, Arch. Rat. Mech. Anal. 134, 1-16 (1996). [CIS] C. Cercignani, R. Illner and M. Shinbrot, A boundary value problem for discretevelocity models, Duke Math. J. 55 889-900 (1987).

[DPL] R. DiPerna and P.-L. Lions, On the Cauchy problem for Boltzmann equations: Global existence and weak stability, Ann. Math. 130, 321-366 (1989). [IS] R. Illner and J. Struckmeier, Boundary value problems for the steady Boltzmann equation, J. Stat. Phys. 85, 427-454 (1996).

[NS] Y. Nikkuni and R. Sakamoto, Solutions to the discrete Boltzmann equation with general boundary conditions, J. Math. Soc. Japan, 51, 757-779 (1999). [Sm] D.R. Smart, Fixed Point Theorems, Cambridge University Press, New York (1974).