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Abstract

In this article, we present a modern derivation of Jeffery’s equation
for the motion of a small rigid body immersed in a Navier-Stokes flow,
using methods of asymptotic analysis. While Jeffery’s result represents the
leading order equations of a singularly perturbed flow problem involving
ellipsoidal bodies, our formulation is for bodies of general shape and we
also derive the equations of the next relevant order.
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AMS subject classifications.

1 Introduction

The original work of Jeffery [9], contains a derivation of approximate equations
of motion for a rigid ellipsoidal body immersed in a surrounding linear flow
field. While few details are given about the simplifying assumptions underlying
the derivation, the main focus is put on a technical integral representation of
Stokes solutions around general ellipsoids.

Jeffery’s equations are widely used in the theory of suspensions where one tries
to discover how the motion of a suspended particle and the suspending liquid
influence each other. The single particle dynamics is then a basic ingredient
for statistical approaches which model the behavior of (dilute) ensembles of
suspended particles. An extension of Jeffery’s work to more general geometries
can be found, for example, in [1] and [2] (for additional results on the topic,
we refer to the review article [14].) An important application of the theory is
the description of injection molding of fiber reinforced plastics [15]. Moreover,
the approach parallels in several respects the Leslie-Ericksen theory of rigid-
rod liquid-crystalline polymers in the nematic phase [3,11] and is also used in
connection with electrorheological fluids [6].

In view of the importance of Jeffery’s equation, we think it is worth while
revisiting the derivation. In contrast to Jeffery’s approach we are going to
stress the basic assumptions in the derivation and try to keep our considerations
largely independent of the particular ellipsoidal geometry. Our argument is
based on an asymptotic expansion in € (the size of the body) of the fluid velocity
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and pressure fields u, p as well as the center of mass coordinates and the angular
velocity ¢, w of the rigid body (see figure 1) which satisfy a system of differential
equations.

Figure 1: A small rigid body immersed in a flowing liquid.

It turns out that the leading order velocity field ug is the undisturbed flow (i.e.
without the rigid body) and that the center of mass of the body, also in leading
order, follows the streamlines

¢o(t) = uo(t, co(t)). (1)

In the case of an elongated, rotationally symmetric ellipsoid, the orientation
vector p in direction of the major semi-axis (see figure 1) obeys Jeffery’s equa-
tion 1

o = 5 (curl w) A py -+ A(STuolpy — (9 STuolpo)po) )

up to an error of order ¢, Here S[ug] is the symmetric part of the velocity
Jacobian, A denotes the cross product, and the parameter

(1/d)? —1

A= P

is a function of the ratio [/d between the length of the long and the short
semi-axis of the ellipsoidal body.

Equation (2) appears as solvability condition of a Stokes problem which de-
scribes the first order local flow around the small body (an explicit form of which
is derived in Jeffery’s article for the case of the ellipsoid). Such Stokes problems
are generally known as mobility problems and have been carefully studied (see,
for example, [10]). In our approach, we extend these results by deriving also the
equations for the second order coefficients and we show quantitatively how well
the approximate solution obtained from the truncated asymptotic expansion
satisfies the coupled system of Navier-Stokes and rigid body equations. The
latter result is a first step towards a mathematical proof that Jeffery’s equation
is the correct asymptotic description of the ellipsoid dynamics.

Our derivation of (2) is organized as follows. In section 2, we introduce the rel-
evant equations which describe the moving particle. A non-dimensionalization
leads to an e-dependent system of differential equations where € is the ratio
of body size versus the typical size of the flow domain. In section 3, we mo-
tivate our ansatz for the asymptotic expansion and present the result for the
two leading orders (details of the computation are given in appendix B). The
solvability condition for the equations defining the expansion coefficients then



give rise to ordinary differential equations for the rotation state of the body and
the first order perturbation of the center of mass. The geometrical information
about the body enters through weighted surface averages of six solutions of the
Stokes equation in the exterior domain. For general geometries, these values
can be calculated using, for example, a boundary element method. However,
in the special case of ellipsoidal geometries, the exact values are known, lead-
ing to Jeffery’s equation if the ellipsoid has rotational symmetry (see section 4
for details). Finally, in section 5, some particular solutions of Jeffery’s equa-
tion are presented to illustrate the approximate motion of ellipsoidal bodies in
surrounding flows.

2 Equations of motion

Our aim is to describe the motion of a small rigid body €F in a flowing liquid.
We assume that the body template £ C R3 is an open and bounded domain
with a smooth surface OF, constant density p, and center of mass at the origin,

/Eydy:O. (3)

Our main example will be the rotationally symmetric ellipsoid

2 2 2
E:{yeR3:ﬂ+y2+y3<1}, l,d>0 (4)

i.e.

12 d?

whose orientation in space can be described by a vector p which points in the
direction of the rotation axis. The forces which drive the rigid body originate
in fluid friction and pressure acting on its surface. Since the body is moving, we
find a Navier-Stokes problem with moving boundary for the flow variables. To
describe location and velocity of this boundary, we first consider the kinematics
of the rigid body. In the next step, we formulate the flow equations and, finally,
we specify the rigid body dynamics.

2.1 Rigid body kinematics

The motion of a rigid body consists of translations and rotations. In particular,
the position and orientation of the rigid body E.(t) at time ¢ is completely
characterized by its center of mass ¢(t) € R? and a rotation matrix R(t) € SO(3)

E.(t)=eR()E +c(t), t>0.

If we trace a body point y € E, it follows the path z(t) = eR(t)y + c(t). Its
velocity consists of the linear velocity ¢(t) and the angular velocity eR(t)y to
be investigated further. Writing R(t) as

Bt = (%ii% R(t + h)fT(t) i

) o 5)

we are led to the rotation matrix R(t + h)R™(t) which is, for small h, a slight
perturbation of the identity I. Its derivative at h = 0 is a so called infinites-
imal rotation (an element of the tangent space to SO(3) at the point ). An



elementary calculation (see for example [4,5] or appendix A) shows that the
infinitesimal rotations in R? are the skew symmetric matrices which can be
written as

0 —Wws w2
Bw)=|ws 0 -w|, weR. (6)
) w1 0

We remark that B(w)x is exactly the vector product between w and x which
we denote with A, i.e.

Bw)z =w Az, w,z € R3. (7)
Relation (5) can now be cast into the form
R(t) = B(w(t))R(1) (8)

with a suitable vector w(t) € R3 called angular velocity. In section 2.3, we will
describe the dynamics of the rigid body by specifying equations for ¢ and w.
Note that the rotation matrix R(¢) controlling the position of the rigid body
may be recovered from w by solving (8) with some initial value R(0).

Coming back to the velocity of a body point x(t) = eR(t)y + ¢(t), we find

eR(t)y = eB(w(t))R(t)y = B(w(t))(x(t) — c(t))

leading to the velocity equation

z(t) = w(t) A (x(t) — e(t)) + e(t). 9)

From (9) we infer the evolution equation for an orientation vector p(t) pointing
from the center of mass ¢(t) to some body point x(t)

p(t) = w(t) Ap(t). (10)

In case of the ellipsoid (4) we will later focus on the orientation vector e; which
points along the major semi-axis.

2.2 The flow problem

We assume that both the liquid and the rigid body E.(t) are contained in a
regular domain Q C R3. The liquid should be incompressible with constant
density py and kinematic viscosity v. Its pressure p and velocity field u satisfy
the Navier-Stokes equation in Q\E.(t)

divu = 0, Oiu+u-Vu+ Vp/pr =vAu (11)

complemented by suitable initial and boundary values. Without specifying
details, we assume that the boundary values on 0f) are chosen in such a way
that the undisturbed flow problem (no immersed body) is well posed. If a
rigid body E.(t) = eR(t)E + c(t) is present in €, the no-slip condition on its
boundary implies in view of (9)

u(t,x) = w(t) A (x —c(t)) + et), x € OE.(t). (12)



To non-dimensionalize the equations, we choose a length scale L and a velocity
scale U which are typical for the undisturbed flow. The corresponding time scale
is 7 = L/U. As scale for viscous stress and pressure, we select ¥ = p;vU/L.
Then, the scaled functions @(f, &) = w(rt, L&)/U and p(t,2) = p(rt, Lz)/%
satisfy

where Re is the Reynolds number and ¢ the stress tensor

UL
Re=—",  &=-—pl+25[a],  S[a]= (Ve + Veu)/2

On the rigid body surface, we find

2.3 Rigid body dynamics
In section 2.1 we have derived the velocity field inside the rigid body as
u(t,x) = w(t) A(x—c(t)) + et), x € E(t)

so that the total linear momentum is given by
/  poutsz)de = pIE.]elt) = elBle(t) (13)
Ee(t

Here we have used (3) and | - | to denote the volume of a set. According to
Newton’s law, the rate of change of (13) balances the forces acting on the
body which, in the present case, originate from the fluid stress o acting on the
boundary

poed| Elé(t) = / ondS. (14)
OE.(t)

Here, n is the normal field pointing out of E.(t). For the total angular momen-
tum with respect to the center of mass, we find

L= [ @ el A (ult ) = (1) do
= —pb/E (t)(ar: —c(t) A [(x - ct) Aw(t)] de.

Using relation (7) we can write the vector products with  — ¢ in terms of the
skew symmetric matrix B(x — ¢) which eventually leads to

L(t) = pie® /E — BY(R(t)y) dy w(t).
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Finally, with relations (53) and (55) from the appendix, we get
L(t) = poe’ | BT (H)w(t)

where T'(t) is the inertia tensor

T(t) = ROTR™(t), T = |—;|/E\yy2f—y®ydy. (15)

The equation for angular momentum now implies that the rate of change of L
is balanced by the angular momentum generated from the fluid stress on the
surface

d
?|El— (T(Hw = r—c on(x)dS. 16
P 1B TOw) = [ (@ el) Aoniz) (16)

Introducing the same scaling as in the previous section, we derive from (14)

and (16)

1E] Jor
2Re 2 (T(Ha(h)) = % [ (Rl (0. X (1.9.9) RlDn(y) dS

where 7 is the outer normal field on dF, T(f) = R(f)TR” () and
X (i,y,¢) = eR(t)y + &(f).
The factor ¢ is the quotient of body and fluid density o = py/py-

2.4 Summary

The unknowns in our problem are the flow variables p,w and the rigid body
parameters ¢, R. Since we continue to work with the scaled variables, the hat
superscripts are dropped from now on. With the mapping

X(t,y,e) =eR(t)y +c(t), yeR?

we can write the set E.(t) = X (¢, E,e) occupied by the rigid body at time ¢
in terms of the template body E which has its center of mass at y = 0. The
inverse mapping

Y(t,z,e) = RT(t)w%c(t), x € R (17)

yields the template coordinates y corresponding to a space point .
On Q. (t) = int(Q\E.(t)), the variables u, p satisfy the Navier-Stokes equation

divu = 0, Re(Qu +u - Vu) = —Vp+ Au (18)
with boundary conditions on 0f2, initial conditions, and

u(t,x) =w(t) A(x —c(t)) + ¢t), x € OE.(t). (19)



Further, we have

eoReé(t) = T Jos o(t,X(t,y,e))R(t)n(y)dS (20)

o (T(Ow(D) = A0 |y R (Oo(t. X (t.y. ) Rn(y) S (21)
and

R(t) = B(w(t))R(t) (22)

complemented with suitable initial conditions. Here o;; = —pd;; +2S5;;]u] is the

fluid stress tensor with S;;[u] = (0x;u; + Ox,u;)/2 and T'(t) is the inertia tensor

T(t) = ROTR™(t), T = El‘/E\yIQI—yééydy. (23)

We remark that (21) and (22) constitute a non-linear, second order differential
equation for R because w can easily be calculated from (22) as

wi = (RR™)3s, wo = (RRT)13, w3 = (RR")y;.

Nevertheless, we keep w as variable to simplify notation and because of the
physical relevance.

3 Asymptotic expansion

3.1 Basic assumptions

In order to obtain Jeffery’s equations (1), (2) as leading order dynamics of
the rigid body evolution described in section 2.4, two basic assumptions are
mandatory.

1) The flowing liquid is essentially undisturbed by the particle.

This assumption is reasonable if, for ¢ — 0, the mass of the small body and
thus its momentum transfer to the fluid is negligible (which is the case for

o= pp/pr = O(1)).

2) The fluid motion induces a rotation of the rigid body with angular velocity
w = 0(1).

From figure 2 we see that the velocity roughly varies between ug — ew A p
and ug + ew A p along a distance of order . Consequently, the local velocity
field around the particle (i.e. the difference to the undisturbed flow ug) has a
gradient of order one while its magnitude is of order €. In contrast to this, the
local pressure has to be of order one. Otherwise it cannot balance the viscous
forces which are proportional to the symmetric part of the gradient of w.



Figure 2: Two dimensional projection of the rigid body E.(t) moving essentially
with the undisturbed velocity wo plus an O(e) disturbance due to an angular
velocity w of order one. The gradient of the local velocity field is of order one.

To describe the local velocity and pressure field, it is convenient to work in the
fixed body coordinates y. If eu;(t,y) is such a local velocity field (thought
of as a perturbation from free flow wg), the actual velocity (perturbation) in
x coordinates is eR(t)u;(t,Y (t,x,¢)), where Y is given by (17). Assuming
that u; = O(1), we have exactly the situation that ew; is of order € but the
z-gradient is of order one since V.Y = O(¢7!). Similarly, the leading order
local pressure field is assumed of the form pi(¢,Y (¢, x,¢)). Altogether, we use
the following ansatz for the local fields

ioe(t, &) = eR()ui (t, Y (t, 2, ) + e R(t)us(t, Y (t,x,€)) + .. .,

(24)
Dioc(t, ) = p1(t, Y (t,x,e)) +ep2(t, Y (t,x,e)) +....

If we assume polynomial decay rates for the local fields it turns out that the
particle has a small global influence. For example, if |ui(t,y)| ~ Ci|y|~! +
Coly|=2 + ... for large |y|, we have

leR(t)ui(t, Y (t,x,¢))| = 2Ch|x — c(t)| ™t + 3Co|lx —c(t)| 2 + ...

Assuming that the particle stays away from the boundary, we see that the far
field of the local velocity influences the velocity distribution at 92 in different
¢ orders starting at order €. Since we are aiming at most at second order
accuracy, we can thus neglect higher order global fields (which ought to be
included in a more accurate treatment). Thus, we end up with expansions of
the form

u(t, ) = uo(t,x) + eR)ui(t,Y (t,,¢)) + > R(t)us(t, Y (t,x,€)) + ...,
p(t, @) = po(t,®) + pi(t, Y (8, 2,€)) +epa(t, Y (t,2,6)) + ..,

c(t) = co(t) + ey (t) + 2ea(t) + . . .,

w(t) = wo(t) +ewi(t) + ...,

R(t) = Ro(t) +eRq(t) + ...

To obtain reasonable equations for the coefficients wu;,p;, c;,w; and R;, the
ansatz is inserted into the equations listed in section 2.4, Taylor expansions are
carried out for € — 0, and the appearing expressions in different orders of ¢ are
equated to zero separately. For reasons of clarity, we will skip this step but use
its result to define the expansion coeflicients. In appendix B, we show that the
corresponding truncated expansion satisfies the original problem at least up to
order O(e) which supports its validity.



Finally, we want to stress that our expansion of the flow variables is only rea-
sonable as long as the rigid body stays away from the boundary 92 because
we assume the functions u;, p; to be defined in the unbounded exterior of the
body template E. Once the distance to the boundary is of the order of €, this
assumption does not include the relevant physical effects.

3.2 Expansion coefficients

Here, we present the result of the asymptotic analysis outlined in the previous
section. We define the coefficients of the flow fields and the rigid body variables
according to the equations following from the expansion. The validity of the
equations is checked, a posteriori, in appendix B.

The leading order coefficients ug, pg are defined as solutions of the incompress-
ible Navier-Stokes problem in 2

Re(dyup + uo - Vug) + Vpg = Ay, divug =0 (25)

with the same initial and boundary values as the full problem in Section 2.4.
The body center of mass is, at leading order, determined by

¢o(t) = uo(t, co(t)),  €o(0) = ¢(0). (26)

The higher order perturbations w;, p;, ¢ = 1,2 are determined as solutions of
stationary Stokes problems in the exterior of the body template E

Vpi = A’LLZ’, le’U,Z = 0, in B¢ (27)

with sufficiently fast decay at infinity (O(|y|™!) for velocity and O(|y|~2) for
pressure and velocity gradient). At the body surface, we find integral conditions
on the fluid stresses o; = —p;I + 25[u;]

/ omdS =g, / yANondS =G, (28)
OF OF
and a Dirichlet condition

ui:biZRgXi—i-Hi on OF. (29)

The functions b;,g;, G; and H; = b; — R X ; have been introduced to avoid
confusing details which cloud the basic structure of the problem. They generally
depend on lower order expansion coefficients and are given in detail below. The
X, are the coefficients in the expansion of X (t,y,c) = cR(t)y + c(t), i.e.

Xo=cy, X1=Ryy+ci, Xo=Riy+eco,... (30)
Finally, the matrices Ry, Ry satisfy the differential equations

Ry = B(wo)Ro, Ro(0) = R(0),
Rl = B(wQ)R1 + B(wl)Ro, Rl(O) =0



and the initial values for ¢; are
c1(0) =0, c2(0) = 0. (32)

To write the functions b;, g;, G; in a compact form we use the differential oper-
ators D; which appear in the Taylor expansion of an expression f(Xo+eX1+
€2X5 + ...) with respect to €. More precisely, D; are defined by formally
equating orders in

IECHESED I ) SRERI WS
=0 k=0 =1
so that D; depends on X, ..., X ;. For our purpose, we need

1
Dy=1, Dy =XV, DQ:XQ-V+§(X1-V)2.
In the first Stokes problem, we have
g, = 0, G1 = 0, b1 = Rg(Xl — Dluo). (33)

Here and in the following, the derivatives of wy are evaluated at time t and
position ¢g(t). The second Stokes problem is specified by

by = R} (X2 — Doug — Ryuy), (34)
go = Q‘E’R@RS&O — / RngUoRon dS, (35)
OFE
Gy = — / YA (Rngo'oRo’n) ds. (36)
(o))

3.3 Solvability conditions

At first glance, the Stokes problems for u; and us seem to be overdetermined
because of the extra requirements (28) apart from the Dirichlet conditions (29).
However, a closer inspection reveals that the Dirichlet conditions (29) are not
fully determined because they depend on the time derivative of the rigid body
variables ¢; and R;_1 through X i~ Moreover, the number of degrees of freedom
hidden in ¢; and R;_; match exactly the number of integral conditions. Note
that the vector ¢; has three components and the time derivative of R; 1 is,
in view of (31), also determined by three free parameters. In fact, we can
summarize (31) as

Ri = B(wz‘)RQ + K; (37)

where the matrix K; depends on lower order terms and on R; itself so that
the equation for R; is completely known once the three components of w; are
determined.

We now show that there is only one choice for the six quantities such that both
(28) and (29) are satisfied. These relations for ¢;, R;_; can therefore be viewed
as solvability conditions for the Stokes problem. The basis for the proof is the so
called Faxén’s law [7,10,13] which relates the Dirichlet values b; of velocity with
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the averaged force integrals g; and G;. Following [13], the idea is as follows:
we first construct particular solutions wn, ..., wg of the Stokes equation in E°
without source term and with Dirichlet boundary conditions

wp =€, k=1,2,3, wp=yNer k=456, on OF

where e4 = e1, e5 = e2 and eg = e3. The stress tensors corresponding to wy
are denoted o[wyg]. Then (28) implies

ey g; = aEwk-o—indS, k=1,2,3.

Using the Green’s formula for the Stokes equation (see appendix C), it follows
with the boundary condition (29)

€k g; = / b; - ojwg]n dS, k=1,23. (38)
OE
Similarly, we have

e, G = (B(y)oin) - e, dS = —/ (oin) - (B(y)ex) dS, k=4,56
OE OF

where the skew symmetry of B has been used in the last equality. Since wj =
B(y)ey on OE, we obtain again with the help of Green’s formula

€L - GZ = — / bz‘ . a[wk]n ds k= 4, 5, 6. (39)
oF

We now replace b; by the more detailed structure given in equation (29). First,
we note that (30) implies in connection with (37)

X; = Ri1y+é = B(wi-1)Roy + Ki 1y + éi.

Observing that for any rotation matrix R and any vector w we have relation
(55), i.e. R"B(w)R = B(R"w), it follows

RiX; = B(Rjw; 1)y + Ri¢; + R{Ki 1y = —B(y)Rjwi_1 + Rjé;+ R{ Ki 1y,
so that, using skew symmetry of B,

b; - (o[wi|n) = (Riwi—1) - (y A ofwi]n) + (Ry¢;) - (o[w]n)
+ (REK; 1y + H;) - (o[wi]n)  (40)

Inserting (40) into (38) and (39) we obtain with the abbreviation

Fk:/ olwg|ndsS, Mk:/ y A ojwgndS (41)
OE OE

the following equations

Fk'(Rgéi)‘f’Mk'(ngi—l):Akia k=1,...,6 (42)

11



where all terms independent of w;_1 and ¢; are collected in Ay;

er-3g; k=1,2,3

. (43)
—€L GZ k :4,5,6

OF

From the system (42) we can derive six independent explicit equations for the
six unknowns ¢; and w;_; (i.e. ordinary differential equations for ¢; and R;_1)
because the vectors Lj = (_Igf[k) are linearly independent. According to the
definition of F'y, M, the components of Ly, are given by

(Li)j = | wj-(ofwg]n)dS.
o

The proof of linear independence is given in appendix C, Lemma 8.
Altogether, we end up with the following pattern to determine the expansion
coefficients: first, ug, po, ¢ are calculated from (25) and (26). Then, é;,wq are
obtained using the solvability condition (42) and ¢1, Ry follow by integrating the
resulting ordinary differential equations. In the next step, the Stokes problem
(27) with Dirichlet conditions (29) is solved to obtain wj, p;. The same pattern
applies to the evaluation of us, po, co, R1.

4 Extracting Jeffery’s equation

The aim of this section is to show that the solvability conditions (42) for ¢; and
wy give rise to Jeffery’s equation in the special case of ellipsoidal bodies.

Let us therefore consider (42) for the case i = 1. Since g, = G1 =0, Ky =0
(see (37)) and Hy = b; — RE X, = —RE Dyug (see (29) and (33)), we have

Akl = / (Rng’uo) . o['wk]n ds.
(e
By observing that D1 = X1 -V = (Ryy + ¢1) - V, we see that

Rnguo = RgVuo(Roy + Cl)

where all ug derivatives are evaluated at (¢, co(t)). Splitting the gradient of ug
into symmetric and skew symmetric part and observing (55) and (58), we find

Rnguo = B(Rgcurl ’U,o/2)y + (RSS[Uo]Ro)y + RgVuocl

and since B(a)8 = B"(B)a,

1
Ay = <—R€curlu0> / B(y)o[wg]ndS + (R Vuger) / olwgndS
2 oF oF

+ / (Ro S[uo)Ro)y - owy]n dS
oF

12



With the definition (41) we can cast the solvability conditions (42) for i = 1 in
the form

Fy - Rg(cl - Vuocl) + My - RS(QJQ - curlu0/2)

= (R S[uo|Ry) : /(9 yQowindS, k=1,...,6 (44)
E

where (o ® 3);; = a;3; and A : B = A;;B;;. We observe that only zero and
first order moments of the surface force ojwy|n are required to evaluate the
coefficients of (44). Note that in this way, geometry information about the rigid
body which is coded in the Stokes fields wy, ..., wg, enters the equation for ¢
and wq. For general shapes of F/, the moments can be calculated, for example,
with a boundary element method. However, in the special case of ellipsoidal
bodies, an explicit representation of o[wyg|n is available. In the following, we
concentrate on this case.

4.1 The case of ellipsoidal bodies

Let By = {z € R3 : |z| < 1} denote the unit ball in R3. A general axis parallel
ellipsoid is then given by

E = DBy, D = diag(dl,dg,dg), d; > 0.

Note that y € E if and only if z = D™ly € By, i.e. if

1 ? Y2 ? Y3 ?
= = =] <L
<d1> ! <d2> ! <d3>
Clearly, the center of mass is at the origin and the volume is given by |E| =
|Bl| det D.

Combining the result in [13] with the expression (78) in appendix D for the
surface element, we can express the surface force on the ellipsoid as

(olwg]n)(y) dS(y) = ay det Dwy(Dz) dS(z), y=DzcOFE (45)

where oy, are non-zero constants. Using this relation, it is possible to evaluate
all required surface moments and the unspecified constants «j, drop out in the
end because they appear on both sides of (44). The detailed computation of
the moments is given in appendix D. Here, we only list the results.

The surface moments on the right hand side of (44) are given by

0 k=1,2,3,
Y@ owgndS = )
OF Ozk|E|D B(ek) k= 4,5,6.

and for F;, and M, we find

b [BorlBler k=123, o k=123,
"o k=456 —o|E|Te, k=4,56

13



where T is the inertia tensor of E defined in (23)

d3 + d3
T= d3 + d3
d? + d3

Inserting these results into (44), the solvability conditions decouple

él = Vuocl,
—ey, - TRY (wg — curlug/2) = RYS[uo)Ry : D*Bley), k=1,2,3

where the uo expressions are evaluated at (t,co(t)). Since the ¢; equation is
homogeneous, the zero initial condition (32) implies ¢1(¢) = 0 for all ¢, i.e. the
solvability conditions take the form ¢; = 0 and

—ep - TRY (wo — curlug/2) = RYS[uo]Ro : D*Bley), k=1,2,3.  (46)

To see the relation between the equations for wqy and Jeffery’s equation, some
further transformations are necessary. We recall that wq is required to set up
the differential equation

for the leading order rigid body rotation Ry. This matrix differential equation
can equivalently be written as three vector differential equations for the columns
Po; = Roe;. Note that each of these vectors points in the directions of a principal
axis. In appendix D we show that the three orientation vectors satisfy the
differential equations

. 1 .
Po; = §(Cur1 uo) A pg; + Z €ikmAmPor ® PorS [Wo|Pos, i=1,2,3 (47)
k,m

where the tensor €;,, is defined in section A.1 and the parameters A, are given
by the ratios
2 2 2 2 2 2
2 27 2 27 2 2
d3 + dj dy + d3 dy + di

A1

Equation (47) is supplemented by initial conditions py;(0) = R(0)e; according
to (31).

In the particular case where the ellipsoid is a body of rotation (i.e. di = I
and dy = d3 = d), the orientation vectors pgq, pg3 are not required to specify
the spatial orientation of the body. They only describe how much the body
has rotated around the axis pg;. This is nicely reflected by the fact that the
equation for py; decouples from the other two equations in that case. To see
this, we note that

(1/d)? -1

A1 =0, )\3:_)\2:)\:@/@72—1—1’
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and the equation for the orientation vector py; has the form

3

. 1
Dol = i(curl uo) A po; + A Zpok ® PoyS[uo|Po; -
k=2

Taking into account that

3 3
ZpOk ® por, = Ro <Z €r ¥ 6k> Ry = RyIRj =1,
k=1 k=1

we can write

3

ZPOk ® porS[uo]por = SluolPor — Po1 ® Po1 S[uolpo
k=2

and hence
. 1
Po1 = 5(01”1 uo) A pop + A(S[uo]por — Po1 ® Po1S[wo]Por)-

Since the cubic term pg; ® Py S[uglpg; can be rewritten as (pf; S{uolPo1)Pors
we obtain upon renaming p, = py;

|
Po = 5 (curlug) A py + A(S[uolpy — (p§ Sluolpy)po)-

This is exactly Jeffery’s equation (2) which thus turns out to be the leading
order solvability condition in the case of an elongated, rotationally symmetric
ellipsoidal body.

5 Some solutions

In this section, we try to illuminate the behavior of Jeffery’s equation in the
case of several stationary linear flow fields ug(x) = Ax. For several classes
of matrices, explicit solutions of Jeffery’s equation are known. We will not
list these formulas here (they can be found, for example, in [8,9]), but try to
illustrate typical solutions.

Coming back to the linear flow field, we stress that w is a solution of the Navier-
Stokes equation if and only if A% is symmetric and tr(A4) = 0 (the divergence
condition). In this case the pressure is given by p(x) = —x7 A%z. In two space
dimensions the symmetry of A? is a consequence of the trace condition because
the off-diagonal entries of A% are Ag tr(A) and Ajotr(A). For truly three-
dimensional flows, however, the conditions are independent, as the following
example shows

1 010
0], A’=10 0 0
0 000
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Even though the linear flow field is not a solution of the Navier-Stokes equation
if A2 is not symmetric, it still satisfies the Stokes equation (together with a
constant pressure). Looking back at the asymptotic expansion, it is clear that
a similar derivation is possible if we start with Stokes instead of Navier-Stokes
equation. In this case, the leading order flow field ug is an undisturbed Stokes
solution. In that sense, it may also be reasonable to consider flows with A? #
(42",

To explain our geometrical representation of the Jeffery solutions, let us begin
with the simple case of a purely rotational flow

0 -1 0

uo(x) = Az, A=|1 0 O

0 0 O

Here, the symmetric part S[ug] of the Jacobian vanishes and curl ug = 2es, so
that Jeffery’s equation reduces to

p0:e3 /\po, pO(O) :pGSQ

Consequently, the orientation vector (and thus the ellipsoid) performs a rotation
around the es-axis. In figure 3, the velocity field is shown in the x3 = 0 plane
together with a cut through an ellipsoid. The ratio between major axis of length

I and minor axis of length d is given by the parameter A = ((I/d)?>—1)/((1/d)* +
1) according to

l 14+ A

d 1—A
SoeT T UGN
/////kex\\\\\\
/////,F\\\\'\\\
/i//,, NN
/ ;.. vy
/'/111 vt
Liili‘ oot b
SNy
RN 17 /
VAN ,/////
\\\\\\‘4,./////
R R

\\\\\\‘ﬂ)///
S

Figure 3: An ellipsoid with A = 0.6 immersed in a rotational flow.

Since the rotation of the small body is determined by the local velocity field
relative to the center of mass

Urel(t,Y) = uo(co(t) +y) — uo(co(t)) = Ay

we can best imagine the behavior of the ellipsoid by drawing its center at the
origin of the flow field. Note, however, that the center of mass ¢y would follow a
streamline of the field depending on the initial position ¢ (0) while the rotation
takes place as if the ellipsoid was attached to the origin (i.e. ¢o(0) = 0).
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In order to show the dynamical behavior of the orientation vector, we can plot its
path on the unit sphere. In figure 4, the trajectories for several initial conditions
Po(0) = p are shown. In each case, the initial orientation is indicated by a little
pin. The markers along the curve are equidistant in time. As expected, the
trajectories are lines of equal latitude on the sphere because the rotation takes
place around the north-south axis.

Figure 4: Orientation trajectories in a rotational flow field (A = 0.6).

The next example concerns a flow field which stretches e direction and com-
presses in e direction

1 0 O
up(x) = Az, A=(0 -1 0]. (48)
0 0 0
LAV VNNNN —— - e
LA/ AV VNN
£/ VN NN e
LAV D g
P A G A S | NN N NN e T -
NN GV it IR LIIZZ
NNVt r 7 —_—-— — - - ————
NNANANV NNt ——— - G
NN\\\\y vt 12277 ————— s
N\\\\vvr 127277 _— I

Figure 5: An ellipsoid with A = 0.8 immersed in a stretching flow. Left: flow
field in (x,y) plane. Right: flow field in (z, z) plane.

Since A is symmetric, there is no rotational part in Jeffery’s equation
Po = AMApy — (Pg APo)Po), po(0) = p € 5. (49)

In order to find stationary solutions we consider the case of general symmetric
flow matrices A. The condition for stationary states

Ap— (p"Ap)p=0, pe S’
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implies that p is a normalized eigenvector of A with eigenvalue p”Ap. In
the following, we denote the eigenvectors by p;,p,, p3 and the corresponding
eigenvalues as p;.

To check the stability of the stationary solutions, we calculate the derivative of
the right hand side of (49) with respect to p. Observing that A = )" 1;p; @ p;,
the derivative at p = p;, turns out to be

3

Z(Mz‘ — Wk — 201505k )P; @ Py

i=1
having the same eigenvectors as A. Obviously, the compressing directions (uj <
0) are unstable, because the derivative at p; has a positive eigenvalue —2pu > 0.
Conversely, if pj strictly dominates the other eigenvalues, the corresponding
eigenvector is a stable state since p; — pur < 0 for all i. Another positive
eigenvalue p; belongs to an unstable state in that case because pj — p; > 0.
The situation where two positive eigenvalues are of the same size is special
because there is no single direction associated to the stretching but a whole circle
(the two-dimensional eigenspace intersected with the sphere). We consider this
example later.
In the case (48), we expect all generic trajectories to converge to the stretching
direction e (see figure 6). Intuitively, this is also evident from the flow field
(figure 5).

Figure 6: Trajectories of the orientation vector of an ellipsoid immersed in a
stretching flow converge to the stretching direction (A = 0.8).

Next let us turn to the case

1 0 O
up(x) = Az, A=(0 1 0
0 0 -2

where the positive eigenvalues are of the same size. The flow field in the (z,y)
plane is presented in figure 7 which suggests that every orientation vector is
simply pulled into the (x,y)-plane. This can also be seen from the trajectories.
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Figure 7: An ellipsoid with A = 0.9 immersed in a stretching flow. Left: flow
field in (x,y) plane. Right: trajectories of the orientation vector.

The shear flow is a typical flow where rotation and stretching behavior is mixed.
As example, we consider

uo(x) = Az, A=

o = O
o O O
o O O

for which the flow field is presented in figure 8. The odd-even decomposition of
the flow gradient A is
-1

a=1
2

DO | —

0 0 0 10
1 0 0+ 100
0 0 O 0 00
where the odd part describes a positively oriented rotation around the es axis
and the even part is a stretching flow with eigenvalues —1,1 and corresponding

eigendirections (1,1,0)” and (—1,1,0)7.

Figure 8: An ellipsoid with A = 0.99 immersed in a stretching flow. Left: flow
field in (x,y) plane. Right: flow field in (z, z) plane.

The corresponding Jeffery’s solutions are periodic (see [9,14] for analytical so-
lutions). In view of the flow field it is clear that the ellipsoid moves fastest, if
p is located in the (z,z) plane. But also in the orthogonal configuration, the
shear flow leads to a rotation. Some trajectories are shown for different aspect
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ratios [/d in figure 9. Note that for large aspect ratios, the orientation vector
spends most of its time close to the (y,z) plane which can be seen from the
marker density along the trajectory. The reason is that the flow field along
the sides of an ellipsoid pointing in y direction is very small. In the limit case
A = 1, where the ellipsoid collapses to a line segment (d — 0), the y direction
is a steady state.

Figure 9: Orientation behavior in shear flow. Left: A = 0.7. Middle: A = 0.95.
Right: A = 1.0.

We close our considerations with a flow that combines shearing and stretching
(and which is only a Stokes solution since A2 # (A4%)7).

0.1 0 1
up(x) = Az, A=10 -01 0
0 0 0

In this flow, the orientation vector oscillates around and converges to the stable
equilibrium (0, 1, 0).

. ——

7777 EPANANRNRNYN
Vv B B U U VAN N NN
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Figure 10: An ellipsoid with A = 0.7 immersed in a shearing and stretching
flow. Left: flow field in (z,y) plane. Right: orientation behavior.

A Rotations

Due to the non-linear structure of SO(3), the asymptotic expansion of an e-
dependent rotation matrix

R=Ry+¢eR; + 2Ry + >Ry + . ..
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has the unpleasant property that any truncation at order m > 1 generally
fails to be a rotation matrix. This leads to a few technicalities we want to
address in section A.3. Apart from that, we prove some algebraic relations
which are needed when manipulating skew symmetric matrices (section A.1).
The relationship between rotations and skew symmetric matrices is highlighted
in section A.2.

A.1 Skew symmetric matrices

The skew symmetric matrices in R? can be parameterized in the basis €1, €2, €3

0 0 O 0 0 —1
€1 = (Eljk) =10 0 +1], €y = (egjk) = 0O 0 0 ,
0 -1 0 +1 0 0
and
0 +1 O
€3 — (Egjk) = -1 0 0
0O 0 O
Note that €;;, = +1 if 4,7,k is an even permutation of 1,2,3, €;;, = —1 in
the case of an odd permutation, and €;; = 0 in the case that some index

appears twice. To abbreviate general linear combinations of the matrices €;, we
introduce

3 0 —Ww3 W3
Bw)=Y wel={ws 0 -w]|, weR (50)
i=1 —Wwo Wi 0

In the following, we employ Einstein’s summation convention which allows us
to write the previous relation simply as B(w) i = wi€irj. The results below are
direct consequences of definition (50).

Lemma 1 Let w,x € R3, R € SO(3), and A € R3*3 be symmetric. Then

Bw)x =w A, (51)
B(w)x = —B(x)w, (52)
Bw)’=wow— |w], (53)
B(w)’ = ~|w*B(w), (54)
(55)
(56)

tr(B(w)A) = tr(AB(w)) = 0.

Proof: Relation (51) follows from the observation that (w A x); = €jikwiTy,
and equation (52) is an immediate consequence of (51) and w A x = —x A w.
To show (53), we note that €yji€,1; = 0501 — 5501, and hence
B(w)}; = B(w)inB(W)n; = wiwi€kni€ijn = wpwi (3101 — 6ij6u)
= Wjw; — wkwkéij = (w Rw — |w|21)ij.
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By multiplying (53) with B(w) and noting that B(w)w = w A w = 0, relation
(54) follows. Due to the fact that RB(w)R” in (55) is skew symmetric, there
exists some @ € R3 such that B(w) = RB(w)R". Raising this equality to the
third power and using (54), we conclude |@|*B(@) = |w|?B(@). If we skip the
trivial case w = 0, we can assume that both w and @ are non-zero and the
previous relation allows us to conclude |w| = |w|. If we now square the relation
B(w) = RB(w)R" and use (53), we obtain @ ® @ = Rw ® wR” so that after
applying a general vector  and scalar multiplying with Rw

(@-x)(@- Rw) = (w- R"x)|w|?, Va € R3.

Thus, we conclude that

w - Rw
Rw ="
jw|?
Taking norms on both sides and using the earlier result |w| = |w|, we see that

the scalar factor (@ - Rw)/|w|? can only be plus or minus one. Since @ depends
quadratically on R through the relation B(w) = RB(w)R”, the factor is a cubic
polynomial (and thus continuous) in the coefficients of R. Due to the fact that
SO(3) is connected and that the factor equals plus one for R = I € SO(3), we
have proved @ = Rw. Finally, relation (56) follows from

tr(e;A) = €ijpAje = (eije — €inj) Ajn/2 = (€ijrAjk — €injArj)/2 = 0.

Note that
tr(Ae;) = tr((4e)") = —tr(e;A) = 0.

A.2 Rotations and skew symmetry

The following characterization shows that SO(3) is the image of the linear space
of skew symmetric matrices under the exponential map.

Lemma 2 Let R € SO(3). Then there exists w € R such that R = exp(B(w))
Conversely, exp(B(w)) € SO(3) for all w € R3.

Proof: A simple argument shows that R has a normalized eigenvector a with
corresponding eigenvalue A = 1. In fact, R has at least one real eigenvalue (as
any 3 x 3 matrix), A2 = (Aa) - (A\a) = (Ra) - (Ra) = |a|?> = 1, and det R = 1
excludes the case that -1 can be an eigenvalue with odd multiplicity. Choosing
a normalized vector e orthogonal to a, we define a rotation matrix M by speci-
fying the columns (a, e, a A e). Then, using the skew symmetry of B(a), (53)
and

R(a Ne) = RB(a)e = B(Ra)Re = a A (Re),

we calculate

1 0 0
M"RM = {0 e (Re) —(Re) - (aNe)
0 (Re)-(ane) e (Re)



Since (Re) - a = (Re) - (Ra) = e - a = 0, we have
1 = |Re|” = ((Re)-e)*+((Re)-a)*+((Re)-(are))” = ((Re)-€)*+((Re)-(ahe))*
which implies the existence of ¢ € [—m, 7) with

(Re) - e = cos p, (Re) - (aNe)=sinp.

Using the relation

((:f)sgp — sin<p> ~ exp <O —<p>
sing  cosp p 0
we conclude MTRM = exp(B(yey)), respectively
R =exp(MB(pe1)M") = exp(B(pMeq)) = exp(B(w))
with w = pa. The second statement follows from the observation
exp(B(w)) exp(B(w))" = exp(B(w) + B(w)") = exp(0) = I,
and from det exp(B(w)) = exp(tr(B(w))) = exp(0) = 1. [ ]

A similar characterization for smooth families of rotation matrices is the fol-
lowing.

Lemma 3 Let R € CY([0,tmaz), SO(3)). Then there exists a function w €
CY([0, timaz]), R®) such that

R(t) = B(w(t))R(t), R(0) € SO(3). (57)

Conversely, if w € C°([0,tmaz], R?), then the solution of (57) gives rise to a
function R € CY([0, tmaz], SO(3)).

Proof: Define A(t) = R(t)R"(t). Taking the derivative of R(t)R"(t) = I
leads to A(t) + AT(t) = 0 with A € C[0, timae], R3*3). Setting w1 = Asa,
we = Aj3, wy = Agy, we have shown (57). Conversely, the unique solution
R € CY[0,tmaz], R¥*3) of (57) satisfies R(t)RT(t) = I because the relation
holds for ¢ = 0 and the time derivative vanishes. The determinant D(t¢) of
R(t) follows the equation D(t) = tr(B(w(t)))D(t) so that R(t) € SO(3) since
D(0) = 1. ]

In view of Lemma 2, the semigroup generated by a vector field w(x) = B(w)x is
the family of rotations exp(tB(w)). Similarly, the vector field w(x) = B(w)x +
v generates a rigid body motion consisting of a rotation and a translation.
The following Lemma shows that these vector fields are characterized by the
equation S[w]| = 0 where S[w| = (Vw + (Vw)")/2 is the symmetric part of
the gradient Vw. Note that the skew symmetric part (Vw — (Vw)”")/2 of a
general vector field w can be written as B(a(x)) with

axgw?) - 61‘31'02
a = 3 Opgw1 — Op w3 | = §cur1'w
axle - al‘gwl

23



so that 1
Vw = §B(curlw) + Sw]. (58)

Lemma 4 Let Q C R?® be open and connected and assume w € C?(£2,R3)
satisfies S[w] =0 in Q. Then w(x) = B(w)x + v for some w,v € R3.

Proof: Splitting the gradient of w in its symmetric and skew symmetric
parts, we have Vw = B(a(x)) for some function a € C(Q,R3). Since second
derivatives of the components w; commute, i.e.

32wi N 82?1}2‘
31‘j31‘k - 8.%'k8.%'j’

1,5,k=1,2,3

we obtain nine conditions on the unknown function c. Due to the zero diagonal
elements of B(a), we immediately find (see (50))

80[3 30&2 30&3 30&1 30&2 30&1

= = = = = = 0
31‘1 8.%'1 8.%'2 8.%'2 8.%'3 8.%'3
The remaining three conditions are
30&3 30&2 30&3 80[1 30&2 30&1

8.%'3 8.%'2 ’ 8.%'3 31‘1 ’ 8.%'2 8.%'1

from which we conclude that all components of « are constant, i.e. a(x) = w
for some w € R3. Thus Vw(z) = B(w) which implies w(x) = B(w)x + v for
some v € R3. [

A.3 Parameter dependent evolutions in SO(3)

Let {M¢® € C}YR,SO(3)) : € > 0} be a family of rotation matrix evolutions
with M¢(0) = R for all € > 0. According to Lemma 3, M¢ gives rise to some
function w® such that

ME(t) = B(w®(t))M(t),  M°(0) = R. (59)
If M¢, w*® have expansions of the form
M®=Ry+eR +e*Ry+ ..., W' = wo 4w + 2wy + ...

the coefficients are related by
R; =) B(wi)Ri-k,  Ro(0)=R, Ri(0)=0, i>1 (60)
k=0

which follows from inserting the expansions into (59) and matching orders in €.
Note that Ry(t) is again a rotation matrix since Ry = B(wq)Ro, Ro(0) = R but
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this is not true for the higher order coefficients. For example, the first order
perturbation R; satisfies

d
o7 (RgRl) RaB(wQ)TRl + Rg(B(wo)Rl + B(wl)Ro)
= RSB(wl)RO = B(ngl), (RgRl)(O) =0.
Hence

(RUR)(1) = /0 B(RE(s)wn (s)) ds

is a skew symmetric matrix so that R; cannot be contained in SO(3). But even
though the truncated expansion

R =Ry+eRi+e®Ry+ - +e"R,

fails to be an element of SO(3), it is nevertheless close to the rotation matrix
Me¢. We exploit this relation to obtain the following result.

Lemma 5 Let wy,...,w, € C%[0,tmae], R?) withn > 1 and define Ry, ..., R,
as solutions of (60). Then there ezists € > 0 and ¢ > 0 such that, for 0 < e < g,

R =Ry+¢eRi+’Ry+ -+ "R,

is invertible, ||(R%)~Y| < &, and

(R~ = (RO)"|| <™, ||k — B(w*)R7|| < &
where w® = wg + ewq + -+ + "wy, and || - || is the sup-norm on [0, tmaz).
Proof: Since the solutions Ry,..., R, of (60) are bounded in norm by some

constant ¢; > 0, we have for ¢ < 1 that
|RY(eRy + Ry + -+ + €"R,)|| < ncie.

Choosing & = min{1,1/(2c3n)}, we obtain invertibility of R® because || Rf R —
I|| <1/2 for e < £ implies invertibility of R R°. Using von Neumann series,
we also find the bound

1
=2

I(B5R) | < —

1

2

so that ||(R®)7!|| < 2¢;. To show that the inverse of R is essentially given by
(R®)T, we first note that

IR S R e

=0 k=0 i=n+1 k=i—n
which also implies the estimate on R° — B(w®)R*. Using the relation, we find

d

G (B) R = 1) = —(R°)" B(w")R" + (R°)" B(w") R°

et Z e’ Z (Rpt14i-kB(wi)R® = (R)"B(wi)Ruy1vi-k)
=0 k—it1
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and since ((R®)"R¢)(0) = RTR = I, we have with a suitable constant co
H(RE)TRE _ IH < 02€n+1‘

Consequently, ||(R%)” — (RE)7|| = |((R®)TR® — I)(R®)7!|| < 2c1e0e™HL. ]

B Validation of the asymptotic expansion

Assuming that we have calculated the expansion coefficients as solutions of the
equations given in section 3.2. Then we can set up the truncated expansions

¢ =cy+eey + e, w® = wg + ews.

For R® = Ry + Ry, we just showed in appendix A, Lemma 5 that the inverse
exists if ¢ > 0 is sufficiently small. Based on R®, ¢® we define X*(¢,y,¢) =
eRe(t)y + c°(t) with expansion coefficients

Xo(t) =co(t), Xi(t,y)=Ro(t)y +ci(t), Xso(t,y)=Ri(t)y +ca(t), ...

and inverse

Ye(t,,e) = < (R () (& — ().

Finally, velocity and pressure fields are assumed to be sufficiently smooth giving
rise to the truncated expansions

2
u(t,x) = uo(t,x) + Z e'RE(t)u;(t, Y (t, x,€)), (61)
i=1
2
p*(t,x) = po(t,x) + Z i (t, YE(t, x, €)). (62)
i=1

In the following steps, we calculate the order at which the truncated expansions
satisfy the equations of section 2.4.

The rotation matrix: O(c?)

For convenience, all technicalities concerning rotation matrices have been col-
lected in the appendix A. In particular, since R;,w; satisfy equations (31), we
can use Lemma 5 which shows that

R = B(w)R® + O(?),

i.e. R® is an approximate solution of (22). Moreover, Lemma 5 yields the
important relations

(B) ™ = @) +0(),  IrR)=00) (63)

which will be frequently used.
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The divergence condition: exact

Taking the divergence of a field

v(t,z) = RE()o(t, Y°(t,x,¢)) (64)
we find with Einstein’s summation convention
ov; 0v; 1 190y, 1
divo = —% = RE. -2 (RSt = =22 — “divw.
e ox; 7 Oy 5( i edy € o

Since all fields in (61) are divergence free, we conclude divu® = 0.

The Dirichlet condition: O(e3)

We evaluate (19) at * = X°(t,y,¢). Replacing terms by their approximate
counterparts, we have on the right hand side

WA(XE =)+ & =eB(W )Ry + & =cRy+é& 4+ 0E%) = X" + 0.
Evaluating the left hand side of (19), we need to expand the expression
’U;O(',Xa) = ’u,o(-7 Xo+eX1+ €2X2).

With the operators D; defined in the previous section and the relation X g = ¢y,
we simply have

2
ug(t, X°(t,9,€)) = Y _ " (Dilt, y)uo)(t, co(t)) + O?).
=0

Hence
2

u(, X%) =ug+ Zei (Djug + Ru;) + O(e3).
=1
Inserting the expansion of R® and multiplying by Rj, we have
Rj(u® —w® A (X =) —¢) = Rj(ug — ¢o)
+ €(u1 + Rg(Dl'U/O — Xl)) + 62(’112 + Rg(Rlul + Doug — XQ)) + 0(63)
which is of order £® in view of (26) and (29) with b; given by (33) and (34).

The linear momentum equation: O(e?)

In order to calculate the fluid stress o¢ corresponding to the fields u®, p®, we
note that the Jacobian matrix of a field v of the form (64) is

8%' 81_}k 1 1 1 _ 1
= =R, ——(R°);. = —(R°VU(R°) )i, 65
81_] ik 8yl 8( )l] 8( ’U( ) )J ( )
For 2S[v] = Vv + (Vv)T we conclude with (63) that S[v] = e ' R*S[v](R®) ! +
O(e) so that

(Vv)ij

2
0° = —p°I +2S[u°] =0¢+ Z e R 0;(RE) 7 + O(£%). (66)

i=1
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Evaluating this relation at * = X°(¢,y,e) we need to expand the og term.
With the D; notation, we obtain

oo(t, X°(t,y,€)) = oo(t, co(t)) + (D1t y)oo)(t, co(t)) + O(€?).
In connection with (66), this yields
(RF) o (-, X°)R* = (R°) " 'ooR° + 01 + &(02 + (R°) "' D10gR°) + O(e?).

Replacing (Rf)~! by (R°)” on the right hand side and inserting the expansion
of R® in the first order term, we finally obtain

(RE) 1o (-, X°)R® = (R®) 00 R® + 01 + €(02 + Ry D1ogRy) + O(e?).  (67)
Noting that
/ (R) oo Rn dS = (RF) oo BF / nds =0
OF o))

we find on the right hand side of (20) after multiplying with |E|(R®)~!

/ (Re)ilo'eRE’n dS = oindS + E/ (0'2 + RngaoRo)n ds + 0(82).
o))

oF oF

The left hand side of (20) multiplied with |E|(R?)~! = |E|(R®)T + O(e?) yields
£0|E|Re(R®)71¢° = cp| E|ReRE &y + O(?)

so that, in view of (33) and (35), the linear momentum equation is satisfied up
to terms of order £2.

The angular momentum equation: O(c?)

Proceeding exactly as in the previous case, we multiply (21) by |E|(R¢)~! and
insert our approximate quantities. On the right hand side we find with (67)
and (63)

/ yA(R)"'0°R°ndS = yA (R ) ogR°ndS
OF OF

+ / yANoindS + 5/ y A (09 + RYD1ogRy)n dS + O(?).  (68)
OF OF

Noting that the symmetric matrix A = (R®)"o¢R® is independent of the inte-
gration variable, that

e,- (YyNAn)=¢; - B(y)An = —B(y)e; - An
= B(e;)y- An = AB(e;)y -n = AB(e;) :y®n

and that, with the divergence theorem,
/ YN dS = / div(ykel)dy = ‘E’(Skl,
OF E
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we conclude
/ yANAndS = |E|AB(e;) : I = |E|tr(AB(e;)).
OF

Using (56) in Lemma 1, appendix A, we conclude that the first integral on the
right of (68) vanishes. Since the left hand side of (21) is already of order £2,
we see that (21) is satisfied up to order 2 if (33) and (36) hold.

The Navier Stokes equation: O(¢)

With the abbreviation wec, pioc for the sums of local fields in (61), (62), we first
characterize the different terms which appear when inserting u® = ug + u;oe,

P° = po + Pioc into the non-linear Navier Stokes equation. Since ug, pg satisfy
(25), we find

Re(atuloc + Ujoc - V’LLO + ug - v'u/loc + Ujoc vuloc) = _vploc + Auloc- (69)

As before, we evaluate this equation at @ = X (¢, y, ¢) and multiply both sides
with (R°)~!. Elementary calculations in connection with (63) show that

2
(R®) ' Vproe = Za’ 2RV (R ™HTVps = Zsi_QVpi + O(e),
i=1
2 2
e\ — i— 82,“’@' e\ — e\ — i—
(R) M Auge = Y ¢ QM[(R) YR ™), = Y e A + Oe)
i=1 i=1

where terms on the left are evaluated at (¢, X°(¢,y,¢)) and on the right at
(t,y). Using (27), we conclude

2
(R*) ™ (= VDioc + Attioe) = Y " (=Vp; + Au,) + O(e) = Oe).  (70)
i=1

To evaluate the time derivative Oyujo., we first study a typical term (64). We
have

dv(t, ) = RE()o(t, Y (t,x,¢)) + R°(t)(0,0)(t, YE(t, x, €))
+ RE()(Vo)(t, YE(t, ,2))Y " (¢, x,¢).

Taking space and time derivatives of the relation Y (¢, X°(¢t,y,¢),e) = y, we
obtain

V(X7 (,2),0) = ~(VX) (69,0 (6y,0) = — (R(0) X (19,2).

Thus,

2
(R®) 100 = Ze (Oru; + (R°)" Ru;) — Zei_1Vui(R5)TX6+O(52).

i=1

29



In view of (70), the truncation error on the right hand side of (69) is of order
O(e). Truncating the time derivative at the same order, we have

(R°) ™' Opttior = —VU1R§X0 + O(e). (71)

Finally, we consider the quadratic terms in (69). Writing directional derivatives
(v - V)w as matrix vector products (Vw)wv, and observing (65), we find

2
(R*) ™ (Wi0e - Vo + 60  Viioe + Uioe - Vi) = Z £/ (R®)"VugRu;
i=1
2 . 2 . .
+ ZEFIVW(RE)TUO + Z €Z+J*1Vu,~uj + (’)(52) (72)
i—1 ij=1

where all expressions in w; are evaluated at (¢,y) and those in wg, uj. at
(t, X%(t,y,e)). The latter require additional expansion which introduces the
operators Dj. Note that only the second sum in (72) contains a zero order term
Vui RjDoug which can be combined with (71). Since Doug — X = ug — €,
equation (26) implies that this zero order contribution vanishes. Thus, the
Navier-Stokes equation is satisfied up to terms of order ¢.

C The Green’s formula

The Green’s formula is based on the rule for the divergence of a product between
a stress tensor o = —pl + 2S[w], where 2S[w];; = 0, w; + 0z;w;, and a vector
field v. We have

div(ov) = (—Vp + Aw) - v + 2S[w] : S[v] — pdive + v - Vdivw, (73)

where A : B = A;;B;;. As afirst consequence, we derive an integration by parts
formula.

Lemma 6 Let E C R? be a bounded domain with smooth boundary OE. As-
sume further that v, q;, f;, © = 1,2 are smooth functions on the closure of E¢
with decay property

c c c
lvi(z)] < ok [Vvi(z)], |gi(z)| < e [fi(z)] < e
for |x| > R > 0. If v;,q; are solutions of the Stokes equations

dive; = f divv; =0 n E°

with (03)ki = —qi0ki + Oz, (Ui); + Ox, (ui)k, they satisfy the Green’s formula
/ vy - (o9m) dS +/ vy - fodx = / vy - (o1m) dS +/ vy frdx (74)
OFE ¢ oFE ¢

where n is the outer normal field to E.
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Proof: We present a proof for completeness. More details can be found in
[12]. Let Bg be a ball with radius R > R such that E C Bg. The divergence
theorem implies

/ div(agvl)dm = —/ (0’2’01) -ndS +/ (O’Q’Ul) -ndS.
E°NBg OE O0BRr

Using (73), we find div(oqv1) = 2S[v1] : S[ve] + v1 - fo, so that
/ 2S[vq] : S[vs] dx +/ vy - fodx
E°NBg E°NBg

:—/8Evl-(02n)d5+/ (0301) - ndS.

OBRr

Note that symmetry of oo has been used in the first integral on the right.
Subtracting the corresponding equation with reversed roles of indices and using
the decay properties, (74) follows. [

With a very similar proof, we obtain the following result.

Lemma 7 Let E C R? be a bounded domain with smooth boundary OE. As-
sume further that v,q are smooth solutions of the Stokes equation

Vg=Av, divv; =0 mn E°

with decay property

p@) < Ve@)le@) <
for |x| > R> 0. Then,
/ v-(on)dS =2 [ Slv]: Sw|de (75)
OF Ee

where n is the outer normal field to E and 0 = —ql + 2S[v].

Using Lemma 7 we can show the invertibility of the matrix

ij = w;y - (a[wk]n) dS, k,j = 1,...,6 (76)
oE

where wy, ..., wg are of the Stokes equation in E¢ without source term and
with Dirichlet boundary conditions

w=¢€, k=1,2,3, wy,=yANe, k=4,5,6, on OF (77)

The vectors ey, es, eg as synonym for the standard unit vectors eq, es, e3 in R3.
The stress tensors corresponding to wy are denoted olwyg] = —qil + 2S5[wy]
with pressure functions gy.
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Lemma 8 Let E C R? be a bounded domain with smooth boundary OE. As-
sume further that wi,qx, k =1,...,6 are smooth solutions of the homogeneous
Stokes equation with Dirichlet conditions (77) on the closure of E€ with decay

property

C _
[Vog(@)], g (z)| < —5 lz| > R > 0.

on()] < i

c
=
Then the matriz L € R%*® given in (76) is invertible.

Proof: Let us assume that A € RS is in the kernel of L. In particular, we
have

6 6
0= Z )\kij)\j = w - (U[w]n) dS, w = Z)\kwk
k=1 oE k=1
According to Lemma 7, we conclude S[w] = 0 and Lemma 4 implies w(x) =

B(a)x + v. Since all wy are decaying at infinity, it follows that o = v =0 so
that w vanishes. In particular, w vanishes at the boundary F and since the
boundary values (77) are linearly independent, all Ay, must be zero which shows
the injectivity of L. Since L is a square matrix, invertibility follows. [ |

D Details for the ellipsoidal geometry

D.1 The surface measure

We consider the ellipsoid

dq
E =DB, D= do , dy>0.
ds

where By = {z € R3 : |z| < 1} denotes the unit ball in R3. The tangent space
at y € OF is spanned by Dty, Dts where t, to are tangential at z = Dily. In
particular,

O=z-t;=(D"'y) t;=(D%y) - (Dt;) i=1,2

so that n = D~2y/|D~2y| is the normal vector at y € JE. To calculate the
change in surface volume when passing from 0B; integrals to OF integrals, we
consider the rectangle with sides t; and t3 at z € 9B;. The image of this
rectangle has sides Dt;, Dty and its area is given by

1
det(Dty, Dty , n) = e det(Dt, , Dt,, D™%y)
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Projecting D~y onto the normal D~ 'y at 0By, we have

det D _

det(Dty, Dty, n) = M(D 3y) - (D 'y)det(ty, ty, D™ 1y).

Since det(t; , to, D~ 'y) is the area of the original rectangle, the volume change
is given by
dsS
dS(z) = W)

S ) - — D ly.
det DD 2y ~ Y (78)

D.2 Surface moments

Using expression (45) for the surface force on the ellipsoid
(olwg]n)(y) dS(y) = ay det Dwy(Dz) dS(z), y=Dze0F

we now calculate the required moments in (44) which are for k =1,...,6
Fy :/ olwgndS, My :/ y ANolwg|ndS, Sk :/ Y @ olwg|ndsS.
oF oF oF
In general, a P moment of the surface force is given by
g P(y)(clwi]n)(y) dS(y) = axdet D g P(Dz)wy(Dz)dS(z).
E B

If P is a homogeneous polynomial, then we can write the surface integral over
0B as volume integral over Bi. In fact if Q) is a homogeneous polynomial of
degree [

1
Q(z) dx = / Q(rz)dSr?dr
B1 0 0B,

1
1
= / 2 dr Q(z)dS = —— Q(z)dS
0 0B, 143 Jop,
Thus, the resulting expression for the moments of the surface force is
1
P(y)olwgndS = ax|E|(l+3)—=— | P(Dx)wi(Dx)dx  (79)
oE |B1] Jp,

where the fields wy inside of the body are defined as continuation of their
polynomial values on the boundary

wi(y) =er k=1,2,3, wi(y) =yANer k=4,56, yeFE

and [ is the degree of Pwy, i.e. | = degP for k =1,2,3 and [ = 1 + deg P for
k=4,5,6.

To compute the coefficients F' in (44), we choose P(y) = 1. Noting that,
because of symmetry, polynomials of odd degree average to zero over the unit
ball, we immediately find

3ak|E|ek k= 1,2,3,
Fy =
0 k=4,5,6.
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For M and Sk, we choose P(y) € {y1,y2,y3}. Again, the averages of odd
degree polynomials vanish which now involves £ = 1,2,3. On the other hand,
the product of y; with wy(y) gives rise to general homogeneous second order
polynomials (I = 2). We remark that

1
|B1| J B,

To calculate My, M5, Mg, we take P(y) = B(y) in (79). Since wy(y) =
B(y)ey, k = 4,5,6, we have P(y)wi(y) = B%(y)er = (y @ y — |y|*I)e; and,
in view of (79) and (80)

1
(Dz) ® (Dx)dx = D— / x®xdeD = -~ D> (80)
|B1] JB, 5

M, = ap|E|(D? — (trD*)I)er,  k =4,5,6.

Note that

1

D? — (trD*)I =
[B1] /i,

1
(Da:)@(Da:)—]Da:\2ldw:E/Ey®y—\y|21dy

is, up to the sign, the inertia tensor T' of E defined in (23)

d3 + d3
T = d3 + d3
d? + d3
Thus,
0 k=1,2,3
Mk; — ) ) 9
—Ozk|E|T6k k= 4,5,6.

Since the degree of y ® wg(y) is odd for k = 1,2,3, the moment matrix Sy
vanishes in that case. For k = 4,5,6, we have

y® B(y)ep, = —y ® Bleyp)y = —y @ yB (ex) =y @ yB(ey)

and with = 2 in (79) and (80) we eventually get

g, =Y k=1,2,3,
. Jory ®@ olwindS = ax|E|D*B(e;,) k= 4,5,6.

D.3 Evolution of orientation vectors

In section 4.1, we have seen that the leading order solvability conditions reduce
to the equations (46)

—ey, - TRY (wg — curlug/2) = RYS[uo)Ry : D*Bley), k=1,2,3

if the body under consideration is an ellipsoid. Using this specification of wy,
we can set up the differential equation

RO = B(wQ)RQ, RO(O) = R(O) (81)
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for the leading order rigid body rotation Ry, or equivalently, for the three
orientation vectors py; = Rpe;.
In order to derive these equations for p;, we first calculate the right hand side
of (46) explicitly. Setting A = R{JS[uo|Ro, we find
(d3 — d3)Aas
A:D?B(ey) = | (&3 —dd)Ai3 | ,  k=1,23

(d% - d%)A21 k

and by bringing the inertia tensor T to the right hand side, (46) reduces to

d3—d3
Ags ditd;
ds—d
Rg(wo — curl 'LL()/2) =A A13 s A= d%eré . (82)
A d2—d3

d2+d3

Next, we combine this result with equation (81) for which we need B(wy).
Applying B to the left hand side of (82) and observing (55), we find

B(R{(wo — curlug/2)) = R{B(wo)Ro — R B(curlug/2)Ry.

Denote the diagonal entries of A in (82) by \; and setting a = (Ass, A13, 421)7,
we obtain with symmetry of A

0 —A3A12 A2Ai3
B(Aa) = A3 Ao 0 —A A3
—AA31 AMAsz 0

and the differential equation for Ry reads
. 1
Ry = B(LUO)RO = §B(CUI‘1 ’u,o)RO + RQB(ACL) (83)

The matrix equation can equivalently be written as a system of equations for
the columns py; = Rpe;. Considering, for example, the first column, we find

0
ROB(Aa)61 = Ry A3 Ae = Ro()\gez ® ey — Ageg ® eg)Ael.
o

Note that the tensor product terms are of the form €1, Amer ® €. Moreover,
we have A = R} S[ug]Ry and Roe, ® exR) = (Roer) ® (Roey) so that, in
general,

RoB(Aa)e; = > eikmAmpor, ® PopS[uolpy;,  i=1,2,3.

k,m

Hence, by applying (83) to the vectors e;, we end up with the following system
of equations

. 1 .
Poi = gcurluo A Do; + Z €ikmAmPor © PorS [Uo]Po; 1=1,2,3

k,m

which is supplemented by initial conditions py;(0) = R(0)e; according to (81).
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